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✱✥✦✿❁✥✪✩❈❀❱❖✭ ❘✵✰✲❙❚✰❘❯ ✮✯✰✲✳✴✰✲❦✵✶✷ ④✩✿✥✽❋✩✥✤✥ ✱★✥✤✧✥✸✾✥❃✩✪✥✺✧✥✭ ❲✩✩✿❀✩✫

♠❏✻ ✽✤✹❣✭ ②✲❳❨✶✶✷ ❇✧✥✸✾✥✱✤✥✱❆✥✭ ✱★✥✤✧✥✸✾✥❃✩✪✥✺✧✥✭ ★✸✾ ✽❏❑✫✧❩

✱✤✥✦✿❁✥✱✤✥ ①✩■❖❆✭ ✮✯✰✲✳✴✰✲❦✵✶✷ ❇✧✥✸✾✥✱✤✥✱❆✥✭ ✱★✥✤✧✥✸✾✥❃✩✪✥✺✧✥✭ ★✸✾ ✽❏❑✫✧

✱✤✥❬✧✥ ✽❭✩❀✩❪✧✭ ②✲❳❨✶✶✭ ✪✩❈✬✧✻ ❀❫✽❖❲✩✩ ✽✦✬✩✤ ✽✦▲✩✫✻✭ ✤❱✪❈❆✫ ✽✦❣✩✪✭ ✽❏❑✫✧

❀❫✽❏❴❖✩✿ ❣✩✿✪✿✭ ♦❙✶❵❛ ❜❙❝✰❞ ❢❤❥✰✮♥✭ ✤✪✫✩ ✽❬❇♣✫✩ ❃✬✩❏❆✧ ❬✹①✫✩■✪✭ ✬★✩✾✺✬

❬✧✥✱✤✥❀✧✥ ✪✩❈❱✭ ✮✯✰✲✳✴✰✲❦✵✶✷ ④✩✿✥✽❋✩✥✤✥ ✱★✥✤✧✥✸✾✥❃✩✪✥✺✧✥✭ ❆■✤❱✪✭ ✬★✩✾✺✬❩

✤✹❈✻ ✦✼❁❆✩✪ ✽✤q❣✩✭ ✮rstrs❯r✷ ✤✹✉✦✇❁✽❖ ✉✦❱❁✫✭ ③✩❊✩❉✻✩❀✼✪✧✭ ★✸✾ ✽❏❑✫✧

✤✹❈✻ ❆✼❏①✫✭ ②✲❳❨✶✶✷ ✤✧✥❃✩✸✾✥✸✾✥✺✧✥✭ ✱★✥✤✧✥✸✾✥❃✩✪✥✺✧✥✭ ★✸✾ ✽❏❑✫✧

✤✧✥❃✩✪✥❀❫❏✧❀✭ ✵⑤✰❥♥ ✮✯✰✲✳✴✰✲❦✵✶✷ ①✽❊✩❖ ✽✦❲✩✩①✭ ❲✩✩✪❖✧✻ ✽✦⑥✩★ ✤✹✉⑦✩✩★✭ ❬✹①✫✩■✪✭ ✬★✩✾✺✬

✤✼❈✩⑦✩✩ ✦❆✩✾✭ ✶r⑧✶✭ ✸✥①✩✥❆✼✥✽✦✥✽✦✥✭ ★✸✾ ✽❏❑✫✧

✉★✿❣✩ ✺✩✸✺❄✤✭ ❜❙❝✰❞ ❢❤❥✰✮♥✷ ❃✩✽❏✽❖ ❆✩❑✻✩ ✉✦❱❁✫ ✱✫❣✩✽✪✬✩✭ ❬✹①✫✩■✪✭ ✬★✩✾✺✬
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♦✟✠✡✟✠ ☛☞✌✍✎ ✱✏✑✒✓✔✑✱✕ ✖✗✑✒✘✰✑✒❦✏✙✚ ✥✟✠✛✜✠✢☞✠✢✣✠✎ ✢✤✠☞✟✠✛✜✠✦✧★✠✩✟✠✎ ✤✛✜ ☛✪✫✬✟

❢✭✮✯✲ ✳✴✵✮✶✷✸✵✹✶✵✺

✦✧★✠✡✟✠ ☛✈✍✧★✻✎ ✓✼✽✑✏ ✾✑✿❀ ✏✗✑✒❁ ✏❂❃✼❄✽✚ t✤✡✪ ☛❅✧❆✧✧ ♦✻✌❇✪❈ ☛❉❉✧✻✬✟✎ t✤✡✪❊❋✻●❍✬✎ ✣■❏ ✡❈✪✻❅✧

✢✠ ♦✻❇✠ ★✧t✡❍●✎ ✱✏✑✒✓✔✑✱✕ ✖✗✑✒✘✰✑✒❦✏✙✚ ❆✧✻✠☛❅✧✠☞✠ ✢✤✠☞✟✠✛✜✠✦✧★✠✩✟✠✎ ④✧✧✻✡✧✬✎ ✣■❏ ✡❈✪✻❅✧

✢☞✠❋✟✠☛❑✧✡✧▲✟✎ ②✒▼◆✙✙✚ ★✧t❖✟❏ ✡❈☛●④✧✧ ☛♦❖✧☞ ☛♦P✧✬❏✎ ☞❍★t✣✬ ☛♦✍✧★✎ ☛✪✫✬✟

✡✟✠✢✤✠✣✫✍✧✻❑✧✧✎ ✏◗ ✓✔✑❘✑✑ ✓❙❚✒✔✑✽ ❯☛♦❱✧✤ ♦✻✌❇✪❈❊❲❳✎ ☛❅✧❆✧✧ ☛✤✪✻❅✧✧✬❏✎ ★✧❨✩❩✟❏ ★✧t❬✧✤✟ ❆✧✻❑✧✎

☛✪✫✬✟ ☞★❖✧★✎ ✤✛✜ ☛✪✫✬✟

✡✟✠♦✻❇✠ ☛●♦✧★✟✎ ✏◗✑❄✽ ❭✑❄❪▼❁ ❯✦✠✡❈✧✠❳✎ ♦✻✌❇✪❈✟❏ ☛♦P✧✬❏ ☞✌✈▲✤

☞❫✣● ♦❫❇✣✧★ t❴✤✎ ②✒▼◆✙✙✎ ♦✻❇✠✢✬✠t❴✤ ✛✌✩★ ❖✧✬✻t✎ ☞✧☞✤✟ t✤✡✪❊✍✧❵✧★☞✎ ❛✠✡❈✠

❜❝❞�❡ ❧☎✆✝✂✞

✍❫♦❫❇✣ ☛☞✌✍✎ ✖✗✑✒✘✰✑✒❦✏✙✚ ✥✟✠✛✜✠✢☞✠✢✣✠✎ ✢✤✠☞✟✠✛✜✠✦✧★✠✩✟✠✎ ✤✛✜ ☛✪✫✬✟
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✐✄☎✆✝ ✞✟✠ ✡☛☞✆✌ ☎✞✍✐ ✞✟✠ ☞✎✏ ✡✑✒✑✟☞✓✆ ✝✑✒✔✕✑✑✎✑ ✌✟☛ ✖✑✑✗ ✎✟✘✟ ✞✑✎✟ ☞✘✙✘☞✎☞✚✑✆ ✖✑✑☞✗✒✑✟☛ ✝✛

❝✜✄✌✢✣✒ ☞✤✥✐☞✦✑✒✑✟☛ ✞✟✠ ❝✑✧✟ ✌✟☛ ✐☞✧★✑✩✪ ✡✑✖✑✑✧ ✫✒✬✆ ✝✧✆✛ ✜✭✮ ✐✛✯✖✑✑☎✝✧ ✞✄✠✌✑✧✰ ✐✛✯✓✛✯✤✛✯✰ ✓✞✑✜✧

✘✞✑✟✩✒ ☞✞✉✑✎✒✰ ✡✘☛✆✐✄✧✰ ✡✑☛✱✲ ✐✲✩✟✕✑✳ ☞✞✘✑✒✝ ❝✄✓✑✴✟✰ ✎✟✬✵✧✧✰ ☞✞✩✖✑✔ ❝✄✘✒✑✩✛ ✓✢☞✘✒✧ ✝✑✎✟✓✰

❧✬✝✧✩✑✧✑ ✵✑✭✝✰ ✘✑✗✐✄✧✰ ✌✜✑✧✑★✤✶✳ ✞☛☞✩✆✑ ✝✑✎✧✑✰ ✎✟✬✵✧✧✰ ❧✞✑✟✔✩✒ ✝✷✒✑ ☞✞✉✑✎✒✰ ☞✞✝✑❧✐✄✧✛

✓✘✐✩ ✞✟☛✠✩✲✰ ✘t✔ ☞✩✣✎✛✳ ✐✛✯✏✎✯❧✵✩✟✞✑✰ ✗☞✦✑✆ ☞✞✖✑✑✗✰ ✖✑✑✧✆✛✒ ☞✞✸✑✘ ❧☛☎✹✑✑✘✰ ❝☛✗✎✑✭✧✰ ✝✘✑✔✤✝✳

✐✛✯✞✟✠✯☞✆✞✑✧✛✰ ✺✻✼✽✾ ✿✼✽❀❁❂ ❃✡✯✐✲✑✯❄✰ ✞✟☛✠✩✲✛✒ ☞✞✉✑✎✒ ❧☛✗❅✘✳ ✓✗✩✛✕✑ ❧✧✦✑✰ ❧✑☛☞✚✒✝✛ ☞✞✖✑✑✗✰

☞✩✣✎✛ ☞✞✕✞☞✞✉✑✎✒✳ ✞✄✠❢✢❧ ✚✑✑✘✰ ②❆❁❇❈❈❉ ☞✕✑❝✎✛ ✘✟✕✑✘✎ ✐✛✯✓✛✯ ✝✑❊✎✟✓ ✡✑✓✌✗❋✰ ❃●✯✐✲✯❄✳

❧✄✌✆ ✞✄✠✌✑✧ ✓✭✘✰ ②❆❁❇❈❈ ❃✗☞✦✑✆❄✳ ✞✟✠✯✏✎✯ ✓✭✘ t☛✤✧ ✝✑✎✟✓✰ ❧✑❧✘✛✰ ✓✘✐✩❍✜✑✹✑✧❧ ❃●✯✐✲✯❄✳

✡✑✧✯✐✛✯ ☞✗✜✑✧✟ ✎✟✬✵✧✧✰ ❃❝✛✯✡✑✧✯❧✛❄✰ ✓✘✐✩ ☞✕✑■✑✑ ✞✟☛✠✩✲✰ ☞✵✵✑✟✎✛✰ ✓✘✐✩❍❝✭✆✢✎ ❃✌✯✐✲✯❄✳ ❧☛✗✛✆✑

✡✧✑✟✴❏✑✰ ✐✛✯✓✛✯✤✛✯✰ ✏✯✐✛✯✓✟✯ ☎✞✢✠✎✰ ❧✑✞✟✠✆✰ ✘t✔ ☞✩✣✎✛✳ ✐✛✯✏✘✯✌✣✜✑✟❑✑✑✰ ❧✜❍☞✕✑■✑✑ ☞✘✩✟✕✑✝ ❃☞✞✸✑✘

✞✟☛✠✩✲❄✰ ☞✕✑■✑✑ ☞✘✩✟✕✑✑✎✒ ✧✑★✤✶✛✒ ✧✑✓✱✑✘✛ ■✑✟❑✑✰ ☞✩✣✎✛ ❧✧✝✑✧✰ ☞✩✣✎✛✳ ✴✛✯✡✑✧✯✕✑✌✑✔✰ ✐✛✯✓✛✯✤✛✯✰

✓✞✑✜✧ ✘✞✑✟✩✒ ☞✞✉✑✎✒ ✌☛✄✗✟✕✑✐✄✧✰ ☞✩✣✎✛✳ ❧✧✑✟✓✰ ✐✛✯✓✛✯✤✛✯ ✧✑✓✝✛✒ ✝✷✒✑ ✌✑▲✒☞✌✝ ☞✞✉✑✎✒✰ ✍✐

✘✗✧✰ ☞✩✣✎✛✳ ✌✘✑✟✓ ✞✄✠✌✑✧ ❅✑✞✄✠✧✰ ▼◆❖P◆❖◗◆❖✰ ✴✛✯✏✯✞✛✯ ✐☞❪✎✝ ☎✞✢✠✎✰ ✧✑✓✟✷✩✧ ✘✗✧✰ ✕✑✑☞✜❝✑❝✑✩✰

✗✑☞✓✒✑❝✑✩ ❃●✯✐✲✯❄✳ ✡✑✧✯✐✛✯✌✑✭✒✔✰ ✧✛✴✧✰ ✏✘✯❧✛✯t✔✯✡✑✧✯✤✛✯✰ ✘t✔ ☞✩✣✎✛✮

✐☞✧★✑✩✪ ✏✘✯❧✛✯t✔✯✡✑✧✯✤✛✰ ☞✜☛✩✛ ✍✐✑✆☛✧✦✑ ✞✟✠ ✐✄✘✧✑✞✎✑✟✝✘ ✜✟✆✄ ✡✑✒✑✟☞✓✆ ✝✑✒✔✕✑✑✎✑ ✌✟☛ ☞✘✙✘☞✎☞✚✑✆

✖✑✑☞✗✒✑✟☛ ✝✛ ❝✜✄✌✢✣✒ ☞✤✥✐☞✦✑✒✑✟☛ ✞✟✠ ☞✎✏ ✡✑✖✑✑✧✛ ✜✭❘ ✓✛✯✴✛✯ ❋✎✰ ❈◆❥❈ ❃✡✯✐✲✑✯❄ ✏✘✯❧✛✯t✔✯✡✑✧✯✤✛✯✰

✘✒✛ ☞✩✣✎✛✮ ❧✄✘✛✎ ❝✓✑✓✰ ❙❚❯✼✼❱✼❲✽❳✼❉ ✗☞✦✑✆ ☞✞✖✑✑✗✰ ✏❧✯❧✛✯t✔✯✡✑✧✯✤✛✯✰ ✗✄✴✗✑☛✞✰ ✜☞✧✒✑✦✑✑✮ ✐✛✯ ✞✟✠✯

✓✭✘ ❃❧✎✑✜✝✑✧❄✰ ▼❨✼❆❩❬✼❆❦✺❈ ❃✗☞✦✑✆ ☞✞✖✑✑✗❄✰ ☞✩✣✎✛ ☞✞✕✞☞✞✉✑✎✒✰ ☞✩✣✎✛✮

✕✑✭☞■✑✝ ✞ ✐✲✕✑✑❧☞✘✝ ❧✜✒✑✟✗ ✞✟✠ ☞✎✏ ✐☞✧★✑✩✪ ✐✲✑✟✐✟✠❧✧ ✏✌✯✵✷✩✲✑✰ ☞✞✖✑✑✗✑▲✒■✑✑ ✴✛✯t✔✯✏❧✯✏✌✰
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�Mathematics is the indispensable instrument of

all physical research.– BERTHELOT �

2.1  ❍✁✂✄☎✆✁ (Introduction)
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✝✘❢✟✕✟✙✔ ❝✴✛✟✝♥✬ ①✝✞✟✠ ✫✜✌ ✎✟✙ ✦✫✜✌ ✣✦✲✠ ✯✜ ✯✌✣✌☞ ✝✫✚✠✜ ✦✑✌ ✭✑✯✜
❫✯✌✵✛✟ m, ✯✌✵✛✟ n,  ✯✜ ❧✟✜✒✙ ✦✑✶✮ ❫✗✜✵✟✟ l, ✗✜✵✟✟ m, ✘✜✢ ✯✫✟✌✠✗ ✦✑✶✮
❫✯✫✲✷✤✛ A,  ✯✫✲✷✤✛ B ✡✟ ❞✏✯✫✲✷✤✛ ✦✑✶✬ ❝✓ ✯✎✟✙ ✫✜✌ ✦✫ ♥✜✵✟✠✜
✦✑✌ ✝✡ ✝✡✯✙ ✯✌✣✌☞ ✫✌ ❣✜✯✜ ✛✲✧✫ ✯✝✸✫✝✚✠ ✦✟✜✠✜ ✦✑ ✌ ✝✭✓✘✜✢ ✹✟✒✡ ❣✡
✝✓✝✍✤✠ ✺✫ ✫✜✌ ✦✟✜✠✜ ✦✑✌✬ ❝✯ ☛✳✛✟✛ ✫✜✌ ✦✫ ✯✙✵✟✜✌①✜ ✝✡ ✝✡✯ ✏✻✡✟✗
♥✟✜ ✯✫✲✷✤✛✟✜✌ ✘✜✢ ✯♥✼✛✟✜✌ ✘✜✢ ✛✲✧✫ ✣✓✟❣ ✭✟ ✯✡✠✜ ✦✑✌ ☛✟✑✗ ✝✏✢✗ ❞✓
✛✲✧✫✟✜✌ ✫✜✌ ☛✟✓✜ ✘✟✚✜ ♥✟✜✓✟✜✌ ✯♥✼✛✟✜✌ ✘✜✢ ✣✙✤ ✣✓✓✜ ✘✟✚✜ ✯✌✣✌☞✟✜✌ ✡✟✜ ✯✲✼✏❀✒
✡✗✜✌①✜✬ ☛✌✠ ✫✜✌✮ ✦✫ ❣✜✯✜ ✝✘✍✟✜❀✟ ✯✌✣✌☞✟✜✌ ✘✜✢ ✣✟✗✜ ✫✜✌ ✭✟✓✜✌①✜✮ ✭✟✜ ✏✢✚✓ ✣✓✓✜
✘✜✢ ✛✟✜✧✛ ✦✑✌✬ ✏✢✚✓ ✡✙ ✏✝✗✡♦✏✓✟ ①✝✞✟✠ ✫✜✌ ☛✴✛✌✠ ✫✦✽✘✏✾✞✟✔ ✦✑ ✿✛✟✜✌✝✡ ✛✦ ❣✡ ✘✼✠✲ ✯✜ ♥✾✯✗✙ ✘✼✠✲
✘✜✢ ✣✙✤ ①✝✞✟✠✟✓✲✯✟✗ ✛✕✟✟✠✕✛ ✯✌①✠✠✟ ✘✜✢ ✝✘✤✟✗ ✡✟ ☛✝✎✟①✻✦✞✟ ✡✗✠✙ ✦✑✬
2.2  ❁☎❂❃❄❅✁❆❇ ✆✁ ✆✁❈❉❊❅ ❋❂●✁■ (Cartesian Product of Sets)

✫✟✓ ✚✙✝✭❣ ✝✡ A, ♥✟✜ ✏✻✡✟✗ ✘✜✢ ✗✌①✟✜✌ ✡✟ ☛✟✑✗ B, ✠✙✓ ✘✼✠✲☛✟✜✌ ✡✟ ✯✫✲✷✤✛ ✦✑✮ ☛✕✟✟✔✠✖
A = {✚✟✚✮ ✓✙✚✟}☛✟✑✗ B = {b, c, s},

✭✦✟t b, c ☛✟✑✗ s ✺✫✍✟Ø ✝✡✯✙ ✝✘✍✟✜❀✟ ✣✑①✮ ✡✟✜✒ ☛✟✑✗ ✡✫✙✭ ✡✟✜ ✝✓❏✝✏✠
✡✗✠✜ ✦✑✌✬ ❝✓ ♥✟✜✓✟✜✌ ✯✫✲✷✤✛✟✜✌ ✯✜ ✝✡✠✓✜ ✏✻✡✟✗ ✡✙ ✗✌①✙✓ ✘✼✠✲☛✟✜✌ ✘✜✢ ✛✲✧✫ ✣✓✟❣ ✭✟
✯✡✠✜ ✦✑✌❑ ✺✫✣▲ ✠✗✙✘✜✢ ✯✜ ✏✻①✝✠ ✡✗✠✜ ✦✲❣ ✦✫ ♥✜✵✟✠✜ ✦✑✌ ✝✡ ✝✓✸✓✝✚✝✵✟✠ ▼
✝✎✟◆✓❖✝✎✟◆✓ ✛✲✧✫ ✏✻✟P✠ ✦✟✜✠✜ ✦✑✌✬ (✚✟✚, b), (✚✟✚, c), (✚✟✚, s), (✓✙✚✟, b), (✓✙✚✟, c),

(✓✙✚✟, s)✬ ❝✯ ✏✻✡✟✗ ✦✫✜✌ ▼ ✝✎✟◆✓❖✝✎✟◆✓ ✘✼✠✲❣t ✏✻✟P✠ ✦✟✜✠✙ ✦✑✌ ✥☛✟✘❜✢✝✠ ◗❘❙★✬

❚❯❱❲❱ 2

❳❨❩❨❬ ❭❪❨ ❴❵❛❡

(Relations and Functions)

G.W.Leibnitz

(1646-1716 A.D.)

❤✐❥❦♠♣q 2.1
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❢☎✆✝✞ ✟✠✡✡☛✡☞✌ ✍☞ ✎✏✑✒✡ ✟✞❢✓✔ ❢✟✕ ✔✟ ✖❢✏✗ ✘✙✚✏✕ ☛✛✘✛✡☞✌ ✟✡ ✛✜ ✘✙✚✏ ✜✢✕ ❢✓✍☞ ✛✖ ✟✡☞✣✤✟

✏☞✌ ❢✝❡✡✗☞ ✜✢✌ ☛✡✢✑ ❢✓✥✟✡☞ ✔✟ ✦✧✍✑☞ ✍☞ ❢✟✍✞ ❢✛★✡☞✣✡ ✖✏ ✏☞✌ ✍✏✧❢✜✗ ❢✟✘✡ ✓✡✗✡ ✜✢ ☛✩✡✡✪✗✫ (p,q),

p ✬ P ☛✡✢✑  q ✬ Q❆ ❜✍☞ ❢✥✭✥❢✝❢❡✡✗ ☎❢✑✮✡✡✣✡✡ ✍☞ ✎☎✣✯ ❢✟✘✡ ✓✡ ✍✟✗✡ ✜✢❆

✐✰✱✲✳✳✴✳✳ 1  ✦✡☞ ☛❢✑♥✗ ✍✏✙✵✶✘✡☞✌ P ✗✩✡✡ Q ✟✡ ✟✡✗✞✪✘ ✷✙✒✡✥ P × Q ♠✥ ✍✮✡✞ ✖❢✏✗ ✘✙✚✏✡☞✌ ✟✡

✍✏✙✵✶✘ ✜✢✕ ❢✓✥✟✡☞ ☎❧✩✡✏ ✸✡✯✟ P ✍☞ ✗✩✡✡ ❢✹✗✞✘ ✸✡✯✟ Q, ✍☞ ✝☞✟✑ ✺✥✡✘✡ ✓✡ ✍✟✗✡ ✜✢❆ ☛✗✻

P × Q = { (p,q) : p  ✬ P, q  ✬ Q }

✘❢✦ P ✘✡ Q ✏☞✌ ✍☞ ✟✡☞❜✪ ✮✡✞ ❢✑♥✗ ✍✏✙✵✶✘ ✜✢✕ ✗✡☞ ♠✥✟✡ ✟✡✗✞✪✘ ✷✙✒✡✥ ✮✡✞ ❢✑♥✗ ✍✏✙✵✶✘ ✜✡☞✗✡ ✜✢✕

☛✩✡✡✪✗✫ P × Q = ✼

♠☎✑✡☞♥✗ ✦✽✣✯✡✌✗ ✍☞ ✜✏ ✓✡✥✗☞ ✜✢✌ ❢✟

A × B = {(✝✡✝,b), (✝✡✝,c), (✝✡✝,s), (✥✞✝✡,b), (✥✞✝✡,c), (✥✞✝✡,s)}❆

☎✙✥✻ ❢✥✭✥❢✝❢❡✡✗ ✦✡☞ ✍✏✙✵✶✘✡☞✌ ☎✑ ❢✛✶✡✑ ✟✞❢✓✔❆

A = {DL, MP, KA}, ✓✜✡t DL, MP, KA ❢✦✾✝✞✕ ✏✿✘ ☎❧✦☞★✡✕ ✗✩✡✡

✟✥✡✪✯✟ ✟✡☞ ❢✥❞❢☎✗ ✟✑✗☞ ✜✢✌ ☛✡✢✑ B = {01,02, 03}✖✏★✡✻ ❢✦✾✝✞✕ ✏✿✘

☎❧✦☞★✡ ☛✡✢✑ ✟✥✡✪✯✟ ✹✡✑✡ ✷✡❢❀❁✘✡☞✌ ✛☞❂ ❢✝✔ ✓✡✑✞ ✝✡❜✍☞✌✍ ❃✝☞✯ ✟✞ ✍✡✌✛☞❂❢✗✟

✍✌❡✘✡✔t ☎❧✟✯ ✟✑✗☞ ✜✢✌❆

✘❢✦ ✗✞✥ ✑✡❄✘ ❢✦✾✝✞✕ ✏✿✘ ☎❧✦☞★✡ ☛✡✢✑ ✟✥✡✪✯✟✕ ✷✡❢❀❁✘✡☞✌ ✛☞❂

✝✡❜✍☞✌✍ ❃✝☞✯ ✛☞❂ ❢✝✔ ✍✌✛☞❂✗ ☎②❢✗ ❅✍✌✛☞❂❢✗✟✞❇ ❜✍ ☎❧❢✗✺✌❈ ✛☞❂ ✍✡✩✡ ✺✥✡

✑✜☞ ✜✡☞✌ ❢✟ ✍✌✛☞❂✗ ☎②❢✗✕ ✍✏✙✵✶✘ A ✛☞❂ ☛✛✘✛ ✍☞ ☎❧✡✑✌✮✡ ✜✡☞✕ ✗✡☞ ❜✥ ✍✏✙✵✶✘✡☞✌ ✍☞ ☎❧✡❃✗ ✜✡☞✥☞ ✛✡✝☞ ✘✙✚✏

✟✡✢✥ ✍☞ ✜✢✌ ✗✩✡✡ ❜✥ ✘✙✚✏✡☞✌ ✟✞ ✛✙❂✝ ✍✌❡✘✡ ❢✟✗✥✞ ✜✢ ❅☛✡✛✽❂❢✗ ❉❊❉❇❋

☎❧✡❃✗ ✜✡☞✥☞ ✛✡✝☞ ✘✙✚✏ ❜✍ ☎❧✟✡✑ ✜✢✌✕ (DL,01), (DL,02), (DL,03), (MP,01), (MP,02),

(MP,03), (KA,01), (KA,02), (KA,03) ☛✡✢✑ ✍✏✙✵✶✘ A ✗✩✡✡ ✍✏✙✵✶✘ B ✟✡ ✟✡✗✞✪✘ ✷✙✒✡✥ ❜✍

☎❧✟✡✑ ✜✡☞✷✡✕

A × B = {(DL,01), (DL,02), (DL,03), (MP,01), (MP,02), (MP,03), (KA,01), (KA,02),

     (KA,03)}.

✘✜ ✍✑✝✗✡ ✍☞ ✦☞❡✡✡ ✓✡ ✍✟✗✡ ✜✢ ❢✟ ✟✡✗✞✪✘ ✷✙✒✡✥ ✏☞✌ ❜✍ ☎❧✟✡✑ ● ✘✙✚✏ ✜✢✌

♥✘✡☞✌❢✟ ✍✏✙✵✶✘ A ☛✡✢✑ B ✏☞✌ ✍☞ ☎❧❍✘☞✟ ✏☞✌ ■ ☛✛✘✛ ✜✢✌❆ ❜✍✍☞ ✜✏☞✌ ● ✍✌✮✡✛ ✍✌✛☞❂✗

☎②❢✗✘✡t ❢✏✝✗✞ ✜✢✌❆ ✘✜ ✮✡✞ ✥✡☞✯ ✟✞❢✓✔ ❢✟ ❜✥ ☛✛✘✛✡☞✌ ✛☞❂ ✘✙✚✏ ✺✥✡✥☞ ✟✡ ✖✏

✏✜❏✛☎✧✒✡✪ ❅❢✥✒✡✡✪✘✟❇ ✜✢❆ ♠✦✡✜✑✒✡ ✛☞❂ ❢✝✔ ✍✡✌✛☞❂❢✗✟ ✍✌❡✘✡ (DL, 01) ✛✜✞ ✥✜✞✌

✜✢ ✓✡☞ ✍✡✌✛☞❂❢✗✟ ✍✌❡✘✡ (01, DL) ✜✢❆

☛✌✗ ✏☞✌ ✎☎✣✯✞✟✑✒✡ ✛☞❂ ❢✝✔ ✍✏✙✵✶✘ A= {a
1
, a

2
} ☛✡✢✑

B = {b
1
, b

2
, b

3
, b

4
} ☎✑ ❢✛✶✡✑ ✟✞❢✓✔ ❅☛✡✛✽❂❢✗ ❉❊■❇❆ ✘✜✡t

A × B = {( a
1
, b

1
), (a

1
, b

2
), (a

1
, b

3
), (a

1
, b

4
), (a

2
, b

1
), (a

2
, b

2
), (a

2
, b

3
), (a

2
, b

4
)}.

✈❑▲▼◆❖P 2.2

✈❑▲▼◆❖P 2.3
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❀✠✡ A ✈☛☞✌ B❪ ✍☛✎✏✠✍✑ ✒✓✔❀☛✈☛✕✓ ✍✕✖ ✒✗✘✙✚❀ ✍✕✖ ✛✜✒✗✘✙✚❀ ✢☛✕✓❪ ✏☛✕ ✣✒ ✜✤✑☛✌ ✜✤☛✥✏ ✦ ✧✠✗✏

❀✘★✗ ✠✑✒✩ ✒✗✏✪ ✍✕✖ ✠✫✓✡✘✈☛✕✓ ✑✩ ✠✎✬☛✠✏ ✠✭✮✠✜✏ ✑✌✏✕ ✢☞✓ ✏✬☛☛ ❀✢ ✎✜✯✰ ✢☞ ✠✑ (a
1
, b

2
) ✜✌ ✠✎✬☛✏

✠✫✓✡✘❪ (b
2
, a

1
) ✜✌ ✠✎✬☛✏ ✠✫✓✡✘ ✒✕ ✠✐☛✱✭ ✢☞✓✲

✳ ❢✴✵✶✷✸✹

(i) ✡☛✕ ✧✠✗✏ ❀✘★✗ ✒✗☛✭ ✢☛✕✏✕ ✢☞✓❪ ❀✠✡ ✈☛☞✌ ✍✕✖✍✪ ❀✠✡ ✛✭✍✕✖ ✒✓♥✏ ✜✤✬☛✗ ✺☛✰✑ ✒✗☛✭

✢☛✕✓ ✈☛☞✌ ✒✓♥✏ ✠❣✏✩❀ ✺☛✰✑ ✐☛✩ ✒✗☛✭ ✢☛✕✓✲

(ii) ❀✠✡ A ✗✕✓  p ✈✍❀✍ ✏✬☛☛ B ✗✕✓ q ✈✍❀✍ ✢☞✓❪ ✏☛✕ A × B ✗✕✓ pq ✈✍❀✍ ✢☛✕✏✕ ✢☞✓ ✈✬☛☛✻✏✼

❀✠✡ n(A) = p ✏✬☛☛ n(B) = q,  ✏☛✕ n(A × B) = pq.

(iii) ❀✠✡ A ✏✬☛☛ B ✈✠✌✽✏ ✒✗✘✙✚❀ ✢☞✓ ✈☛☞✌ A ❀☛ B ✗✕✓ ✒✕ ✑☛✕✣✻ ✈✜✠✌✠✗✏ ✢☞❪ ✏☛✕

A × B ✐☛✩ ✈✜✠✌✠✗✏ ✒✗✘✙✚❀ ✢☛✕✏☛ ✢☞✲

(iv) A × A × A = {(a, b, c) : a, b, c ✾ A}. ❀✢☛✿  (a, b, c) ❁✑ ✧✠✗✏ ✠❂☛✑

✑✢✪☛✏☛ ✢☞✲

♠❃✸❄❅✷✸ 1  ❀✠✡ (x + 1, y – 2) = (3,1), ✏☛✕ x ✈☛☞✌ y ✍✕✖ ✗☛✭ ♦☛✏ ✑✩✠❆❁✲

❄❇ ✽❀☛✕✓✠✑ ✧✠✗✏ ❀✘★✗ ✒✗☛✭ ✢☞❪ ✣✒✠✪❁ ✒✓♥✏ ✺☛✰✑ ✐☛✩ ✒✗☛✭ ✢☛✕✓♥✕✲

✈✏❈ x + 1 = 3  ✈☛☞✌  y – 2 = 1.

✒✌✪ ✑✌✭✕ ✜✌ x = 2 ✈☛☞✌ y = 3.

♠❃✸❄❅✷✸ 2 ❀✠✡  P = {a, b, c} ✈☛☞✌ Q = {r}, ✏☛✕ P × Q ✏✬☛☛ Q × P ♦☛✏ ✑✩✠❆❁✲ ✽❀☛ ✡☛✕✭☛✕✓ ✑☛✏✩✻❀

♥✘①☛✭ ✒✗☛✭ ✢☞✓❉

❄❇  ✑☛✏✩✻❀ ♥✘①☛✭ ✑✩ ✜✠✌✐☛☛✯☛☛ ✒✕

P × Q =  {(a, r), (b, r), (c, r)} ✈☛☞✌ Q × P =  {(r, a), (r, b), (r, c)}

✽❀☛✕✓✠✑❪ ✧✠✗✏ ❀✘★✗☛✕✓ ✑✩ ✒✗☛✭✏☛ ✑✩ ✜✠✌✐☛☛✯☛☛ ✒✕❪ ❀✘★✗ (a, r) ❀✘★✗ (r, a), ✍✕✖ ✒✗☛✭ ✭✢✩✓ ✢☞ ✈☛☞✌

❀✢ ✫☛✏ ✑☛✏✩✻❀ ♥✘①☛✭ ✍✕✖ ✜✤❊❀✕✑ ❀✘★✗ ✍✕✖ ✠✪❁ ✪☛♥❋ ✢☛✕✏✩ ✢☞❪ ✠❆✒✒✕ ✢✗ ✠✭✯✑✯☛✻ ✠✭✑☛✪✏✕ ✢☞✓ ✠✑

P × Q ● Q × P.

✏✬☛☛✠✜❪ ✜✤❊❀✕✑ ✒✗✘✙✚❀ ✗✕✓ ✈✍❀✍☛✕✓ ✑✩ ✒✓✔❀☛ ✒✗☛✭ ✢☞✲

♠❃✸❄❅✷✸ 3 ✗☛✭ ✪✩✠❆❁ ✠✑ A = {1,2,3}, B = {3,4} ✈☛☞✌ C = {4,5,6}. ✠✭❍✭✠✪✠✔☛✏ ♦☛✏ ✑✩✠❆❁❈

(i) A × (B ■ C) (ii) (A × B) ■ (A × C)

(iii) A × (B ❏ C) (iv) (A × B) ❏ (A × C)

❄❇  (i) ✡☛✕ ✒✗✘✙✚❀☛✕✓ ✍✕✖ ✒✍✻✠✭✯❑ ✑✩ ✜✠✌✐☛☛✯☛☛ ✒✕ (B ■ C) = {4}.

✈✏❈ A × (B ■ C) = {(1,4), (2,4), (3,4)}.

(ii) ✈✫  (A × B) = {(1,3), (1,4), (2,3), (2,4), (3,3), (3,4)}
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✈☎✆✝   (A × C) = {(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)}

❜✞✟✠✡   (A × B) ☛ (A × C)  = {(1, 4), (2, 4), (3, 4)}.

(iii) ❉☞☎✌✍✟✎ (B ✏ C) = {3, 4, 5, 6}

✈✑✒ A × (B ✏ C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,3),

(3,4), (3,5), (3,6)}.

(iv) ❍☎☎✓ ✔ii✮ ✞✌ A × B ✑r☎☎ A × C ✞❧✕✖✗☞☎✌✍ ✘✌✙ ✚✛☞☎✌✓ ✞✌ ✜❧✌✍ ✟✢✣✢✟✠✟✤☎✑ ✚✛☎✥✑ ✜☎✌✑☎ ✜✆✒

(A × B) ✏ (A × C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6),

(3,3), (3,4), (3,5), (3,6)}.

♠✦✧★✩✪✧ 4  ☞✟❀ P = {1, 2},  ✑☎✌ ✞❧✕✖✗☞ P × P × P ❑☎✑ ✎✫✟✬✡✭

★❣  P × P × P =  {(1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2), (2,2,1), (2,2,2)}.

♠✦✧★✩✪✧ 5  ☞✟❀ R ✞❧✯✑ ✘☎✯✑✟✘✎ ✞✍✤☞☎✈☎✌✍ ✎☎ ✞❧✕✖✗☞ ✜✆✰ ✑☎✌ ✎☎✑✫✱☞ ✓✕✲☎✢ R × R  ✈☎✆✝

R × R × R ❉☞☎ ✟✢✳✟✚✑ ✎✝✑✌ ✜✍✆?

★❣ ✎☎✑✫✱☞ ✓✕✲☎✢ R × R ✞❧✕✖✗☞ R × R={(x, y) : x, y ✴ R}

✎☎✌ ✟✢✳✟✚✑ ✎✝✑☎ ✜✆✰ ✟✬✞✎☎ ✚✛☞☎✌✓ ✟❞✟✘❧ ✞❧✟✵✶ ✘✌✙ ✟✷✍❀✕✈☎✌✍ ✘✌✙ ✟✢❀✌✱✸☎☎✍✎☎✌✍ ✎☎✌ ✚✛✎✶ ✎✝✢✌ ✘✌✙ ✟✠✡

✟✎☞☎ ✬☎✑☎ ✜✆✭ R × R × R ✞❧✕✖✗☞ R × R × R ={(x, y, z) : x, y, z ✴ R}

✎☎✌ ✟✢✳✟✚✑ ✎✝✑☎ ✜✆✰ ✟✬✞✎☎ ✚✛☞☎✌✓ ✟✹☎✟✘❧✫☞ ✈☎✎☎✸☎ ✘✌✙ ✟✷✍❀✕✈☎✌✍ ✘✌✙ ✟✢❀✌✱✸☎☎✍✎☎✌ ✍ ✎☎✌ ✚✛✎✶ ✎✝✢✌ ✘✌✙

✟✠✡ ✟✎☞☎ ✬☎✑☎ ✜✆✭

♠✦✧★✩✪✧ 6 ☞✟❀  A × B ={(p, q),(p, r), (m, q), (m, r)}, ✑☎✌ A ✈☎✆✝ B ✎☎✌ ❑☎✑ ✎✫✟✬✡✭

★❣ A = ✚✛r☎❧ ✐☎✶✎☎✌✍ ✎☎ ✞❧✕✖✗☞  = {p, m}

B = ✟❞✑✫☞ ✐☎✶✎☎✌✍ ✎☎ ✞❧✕✖✗☞ = {q, r}.

✺✻✼✽✾✿❁❂ ❃❄❅

1. ☞✟❀  
2 5 1

1
3 3 3 3

x
,y – ,

❆ ❇ ❆ ❇
❈ ❊❋ ● ❋ ●

■ ❏ ■ ❏
, ✑☎✌ x ✑r☎☎  y ❑☎✑ ✎✫✟✬✡✭

2. ☞✟❀ ✞❧✕✖✗☞  A ❧✌✍ 3 ✈✘☞✘ ✜✆✍ ✑r☎☎ ✞❧✕✖✗☞ B = {3, 4, 5}, ✑☎✌ (A×B) ❧✌✍ ✈✘☞✘☎✌✍ ✎✫

✞✍✤☞☎ ❑☎✑ ✎✫✟✬✡✭

3. ☞✟❀  G = {7, 8} ✈☎✆✝  H = {5, 4, 2}, ✑☎✌ G × H ✈☎✆✝  H × G ❑☎✑ ✎✫✟✬✡✭

4. ✷✑✠☎❜✡ ✟✎ ✟✢✣✢✟✠✟✤☎✑ ✎r☎✢☎✌✍ ❧✌✍ ✞✌ ✚✛❝☞✌✎ ✞❝☞ ✜✆ ✈r☎✘☎ ✈✞❝☞ ✜✆✭ ☞✟❀ ✎r☎✢ ✈✞❝☞

✜✆✰ ✑☎✌ ✟❀✡ ✓✡ ✎r☎✢ ✎☎✌ ✞✜✫ ✷✢☎ ✎✝ ✟✠✟✤☎✡✭

(i) ☞✟❀ P = {m, n} ✈☎✆✝ Q = { n, m}, ✑☎✌  P × Q = {(m, n),(n, m)}.
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(ii) ❀✠✡  A ✈☛☞✌ B ✈✠✌✍✎ ✏✑✒✓✔❀ ✕☞✖✗ ✎☛✘  A × B Ø✠✑✎ ❀✒✙✑☛✘✖  (x, y) ❞☛ ✚❞ ✈✠✌✍✎

✏✑✒✓✔❀ ✕☞✗ ✛✏ ✜✢❞☛✌ ✠❞ x ✣ A ✎r☛☛  y ✣ B.

(iii) ❀✠✡  A = {1, 2}, B = {3, 4}, ✎☛✘ A × (B ✤ ✥) = ✥.

5. ❀✠✡  A = {–1, 1}, ✎☛✘ A × A × A ❑☛✎ ❞✦✠✧✚★

6. ❀✠✡  A × B = {(a, x),(a , y), (b, x), (b, y)} ✎☛✘ A ✎r☛☛ B ❑☛✎ ❞✦✠✧✚★

7. ✑☛❡ ✩✦✠✧✚ ✠❞  A = {1, 2}, B = {1, 2, 3, 4}, C = {5, 6} ✎r☛☛  D = {5, 6, 7, 8}. ✏✪❀☛✠✜✎

❞✦✠✧✚ ✠❞

(i) A × (B ✤ C) = (A × B) ✤ (A × C).  (ii) A × C, B × D ❞☛ ✚❞ ✫✜✏✑✒✓✔❀ ✕☞★

8. ✑☛❡ ✩✦✠✧✚ ✠❞  A = {1, 2} ✈☛☞✌  B = {3, 4}.  A × B ✠✩✠❢☛✚★  A × B ♦✘✬ ✠❞✎❡✘

✫✜✏✑✒✓✔❀ ✕☛✘✖♠✘✭ ✫❡❞✦ ✏✮✔✦ ✯❡☛✛✚★

9. ✑☛❡ ✩✦✠✧✚ ✠❞ A ✈☛☞✌ B ✡☛✘ ✏✑✒✓✔❀ ✕☞✖✗ ✧✕☛♥ n(A) = 3 ✈☛☞✌ n(B) = 2.  ❀✠✡ (x, 1),

 (y, 2), (z, 1), A × B ✑✘✖ ✕☞✖✗ ✎☛✘ A ✈☛☞✌ B, ❞☛✘ ❑☛✎ ❞✦✠✧✚✗ ✧✕☛♥ x, y ✈☛☞✌ z ✠✰☛✱❡✲✠✰☛✱❡

✈♦❀♦ ✕☞✖★

10. ❞☛✎✦✳❀ ♠✒✴☛❡ A × A ✑✘✖ 9 ✈♦❀♦ ✕☞✖✗ ✠✧❡✑✘✖ (–1,0) ✎r☛☛ (0,1) ✰☛✦ ✕☞★ ✏✑✒✓✔❀ A ❑☛✎ ❞✦✠✧✚

✎r☛☛ A × A ♦✘✬ ✵☛✘✶☛ ✈♦❀♦ ✰☛✦ ❑☛✎ ❞✦✠✧✚★

2.3  ✷✸✹✸✺ (Relation)

✡☛✘ ✏✑✒✓✔❀☛✘✖ P = {a,b,c} ✎r☛☛ Q = {Ali,

Bhanu, Binoy, Chandra, Divya} ✜✌ ✠♦✔☛✌

❞✦✠✧✚★ P ✎r☛☛ Q ♦✘✬ ❞☛✎✦✳❀ ♠✒✴☛❡ ✑✘✖ ✻✼

Ø✠✑✎ ❀✒✙✑ ✕☞✖✗ ✠✧✱✕✘✖ ✛✏ ✜✢❞☛✌ ✏✮✔✦✯✽

✠❞❀☛ ✧☛ ✏❞✎☛ ✕☞✗
P × Q = {(a, Ali), (a,Bhanu), (a, Binoy),

..., (c, Divya)}.

✈✯ ✕✑ ✜✢✪❀✘❞ Ø✠✑✎ ❀✒✙✑ ✾x, y✿ ♦✘✬ ✜✢r☛✑ ❁☛❂❞ x ✎r☛☛ ✠❃✎✦❀ ❁☛❂❞ y ♦✘✬ ✯✦✔ ✚❞ ✏✖✯✖❄

R ❅r☛☛✠✜✎ ❞✌ P × Q ❞☛ ✚❞ ✫✜✏✑✒✓✔❀ ✛✏ ✜✢❞☛✌ ✜✢☛❆✎ ❞✌ ✏❞✎✘ ✕☞✖★

R = { (x,y): x, ❡☛✑ y ❞☛ ✜✢r☛✑ ✈❇☛✌ ✕☞, x ❈ P, y ❈ Q} ✛✏ ✜✢❞☛✌
R = {(a, Ali), (b, Bhanu), (b, Binoy), (c, Chandra)}

✏✖✯✖❄ R ❞☛ ✚❞ ✡❉✠✶❂✲✠✔❊☛✴☛✗ ✠✧✏✘ ✎✦✌ ✈☛✌✘❢☛ ❞✕✎✘ ✕☞✖✗ ✈☛❞❉✠✎ ❋●❍ ✑✘✖ ✜✢✡✠✵☛✳✎ ✕☞★

✐■❏▲▼▼◆▼▼ ❖ ✠❞✏✦ ✈✠✌✍✎ ✏✑✒✓✔❀ A ✏✘ ✈✠✌✍✎ ✏✑✒✓✔❀ B ✑✘✖ ✏✖✯✖❄ ❞☛✎✦✳❀ ♠✒✴☛❡

A × B ❞☛ ✚❞ ✫✜✏✑✒✓✔❀ ✕☛✘✎☛ ✕☞ ❀✕ ✫✜✏✑✒✓✔❀ A × B ♦✘✬ Ø✑✠✎ ❀✒✙✑☛✘✖ ♦✘✬ ✜✢r☛✑ ✎r☛☛ ✠❃✎✦❀

❁☛❂❞☛✘✖ ♦✘✬ ✑P❀ ✚❞ ✏✖✯✖❄ ❅r☛☛✠✜✎ ❞✌❡✘ ✏✘ ✜✢☛❆✎ ✕☛✘✎☛ ✕☞★ ✠❃✎✦❀ ❁☛❂❞✗ ✜✢r☛✑ ❁☛❂❞ ❞☛ ✜✢✠✎✠✯✖✯

❞✕✩☛✎☛ ✕☞★

◗❘❙❚❯❱❲ 2.4
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✐☎✆✝✞✞✟✞✞ 3  ❧✠✡☛☞✌ A ❧✍ ❧✠✡☛☞✌ B ✠✍❡ ❧❡✎❡✏ R ♦✍✑ ✒✓✠✔ ✌✡✕✠✖✍❡ ♦✍✑ ❧✗✖✘ ✙✚✛✖✠ ✜✖✢✣✖✍❡ ♦✍✑ ❧✠✡☛☞✌

✣✖✍ ❧❡✎❡✏ R ✣✖ ✙✚✖❡✔ ✣❞✔✍ ❞✤❡✥

✐☎✆✝✞✞✟✞✞ 4 ❧✠✡☛☞✌ A ❧✍ ❧✠✡☛☞✌ B ✠✍❡ ❧❡✎❡✏ R ♦✍✑ ✒✓✠✔ ✌✡✕✠✖✍❡ ♦✍✑ ❧✗✖✘ ✓✦✔✘✌ ✜✖✢✣✖✍❡ ♦✍✑ ❧✠✡☛☞✌

✣✖✍ ❧❡✎❡✏ R ✣✖ ✙✓✧❧✧ ✣❞✔✍ ❞✤❡✥ ❧✠✡☛☞✌ B ❧❡✎❡✏ R  ✣✖ ❧❞★✙✚✖❡✔ ✣❞✩✖✔✖ ❞✤✥ ✪✖✍✢ ✣✘✓✫✬ ✓✣✭

✙✓✧❧✧ ✮ ❧❞✙✚✖❡✔

✯ ☎❢✰✐✱✞✲ (i) ✬✣ ❧❡✎❡✏ ✣✖ ✎✘✫✘✌ ✓✪✳✙✴✖ ✌✖ ✔✖✍ ✧✖✍✵✢✧ ✓♦✓✏ ✌✖ ❧✠✡☛☞✌ ✓✪✠✖✶✴✖ ✓♦✓✏

✦✖✧✖ ✓✣✌✖ ✫✖ ❧✣✔✖ ❞✤✥

(ii)✬✣ ✔✘✧ ✷✖✧✍✸✖ ✓✣❧✘ ❧❡✎❡✏ ✣✖ ✬✣ ✹✺✓✻✢ ✓☞✼✖✴✖ ❞✤✥

♠✽✞✾✆✱✞ 7 ✠✖✪ ✩✘✓✫✬ ✓✣ A = {1, 2, 3, 4, 5, 6}.  R = {(x, y) : y =  x + 1 }  ✦✖✧✖ A  ❧✍ A

✠✍❡ ✬✣ ❧❡✎❡✏ ✙✓✧✗✖✖✓✻✖✔ ✣✘✓✫✬✥

(i)  ❜❧ ❧❡✎❡✏ ✣✖✍ ✬✣ ✔✘✧ ✷✖✧✍✸✖ ✦✖✧✖ ✹✿✖✖✶❜✬✥

(ii)  R ♦✍✑ ✙✚✖❡✔✭ ❧❞✙✚✖❡✔ ✔✛✖✖ ✙✓✧❧✧ ✓✩✓✸✖✬✥

✾❣ (i) ✙✓✧✗✖✖✻✖✖ ✦✖✧✖

R = {(1,2), (2,3), (3,4), (4,5), (5,6)}.

 ❧❡❀✔ ✔✘✧ ✷✖✧✍✸✖ ✷✖♦✺✑✓✔ ❁❂❃ ✠✍❡ ✙✚✹✓✿✖✶✔ ❞✤✥

(ii) ❞✠ ✹✍✸✖ ❧✣✔✍ ❞✤❡ ✓✣ ✙✚✛✖✠ ✜✖✢✣✖✍❡

✣✖ ❧✠✡☛☞✌ ✷✛✖✖✶✔❄ ✙✚✖❡✔={1, 2, 3, 4, 5,} ❜❧✘

✙✚✣✖✧✭ ✓✦✔✘✌ ✜✖✢✣✖✍❡ ✣✖ ❧✠✡☛☞✌ ✷✛✖✖✶✔❄ ✙✓✧❧✧

= {2, 3, 4, 5, 6}✔✛✖✖ ❧❞✙✚✖❡✔ = {1, 2, 3, 4, 5, 6}.

♠✽✞✾✆✱✞ 8  ✪✘☞✍ ✷✖♦✺✑✓✔ ❁❂✉ ✠✍❡ ❧✠✡☛☞✌ P ✷✖✤✧ Q ♦✍✑ ✎✘☞ ✬✣ ❧❡✎❡✏ ✹✿✖✖✶✌✖ ❀✌✖ ❞✤✥ ❜❧ ❧❡✎❡✏

✣✖✍ ❅i❆ ❧✠✡☛☞✌ ✓✪✠✖✶✴✖ ✳✙ ✠✍❡ ❅ii❆ ✧✖✍✵✢✧ ✳✙ ✠✍❡ ✓✩✓✸✖✬✥ ❜❧♦✍✑ ✙✚✖❡✔ ✔✛✖✖ ✙✓✧❧✧ ❇✌✖ ❞✤❡❈

✾❣  ✵✙✻✢✔▲ ❧❡✎❡✏ R, “x, y ✣✖ ♦❀✶ ❞✤”

(i) ❧✠✡☛☞✌ ✓✪✠✖✶✴✖ ✳✙ ✠✍❡, R = {(x, y): x,  y  ✣✖ ♦❀✶ ❞✤✭ x ❉ P, y ❉ Q}

(ii) ✧✖✍✵✢✧ ✳✙ ✠✍❡, R = {(9, 3), (9, –3),

(4, 2), (4, –2), (25, 5), (25, –5)}

❜❧ ❧❡✎❡✏ ✣✖ ✙✚✖❡✔  {4, 9, 25} ❞✤✥

❜❧ ❧❡✎❡✏ ✣✖ ✙✓✧❧✧ {– 2, 2, –3, 3, –5, 5}.

✪✖✍✢ ✣✘✓✫✬ ✓✣ ✷♦✌♦ 1, P ♦✍✑ ✓✣❧✘ ✗✖✘ ✷♦✌♦

❧✍ ❧❡✎❡✓✏✔ ✪❞✘❡ ❞✤ ✔✛✖✖ ❧✠✡☛☞✌ Q ❜❧ ❧❡✎❡✏ ✣✖

❧❞✙✚✖❡✔ ❞✤✥

✈❊❋●❍■❏ 2.5

✈❊❋●❍■❏ 2.6
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✠❢✡☛☞✌✍✎   ✥✏✑✒ ✑✓✔✕✖✗ A ✑✘ ✑✓✔✕✖✗ B ✓✘❡ ✑❡✙❡✚✛✘❡ ✏✒ ✏✔✜ ✑❡✢✗✛✣ A × B ♦✘✤ ✑❡✦✛♦

♠✧✑✓✔✕✖✗✛✘❡ ✏✒ ✑❡✢✗✛ ♦✘✤ ✙★✛✙★ ✩✛✘✪✒ ✩✫✬ ✗✥✭ n(A ✮ ✯ p ✈✛✫★  n(B) = q, ✪✛✘  n(A × B) =

pq ✈✛✫★ ✑❡✙❡✚✛✘❡ ✏✒ ♦✔✤✜ ✑❡✢✗✛ 2pq ✩✛✘✪✒ ✩✫✬

✰✱✍✲✳✌✍ 9  ✓✛✴ ✜✒✥✵✶ ✥✏ A = {1, 2} ✈✛✫★ B = {3, 4}. A ✑✘ B ✓✘❡ ✑❡✙❡✚✛✘❡ ✏✒ ✑❡✢✗✛ ✷✛✪ ✏✒✥✵✶✬

✲❣   ✗✩✛❀ A × B = {(1, 3), (1, 4), (2, 3), (2, 4)}.

❉✗✛✘❡✥✏ n (A×B ) = 4, ❜✑✥✜✶ A×B ♦✘✤ ♠✧✑✓✔✕✖✗✛✘❡ ✏✒ ✑❡✢✗✛ 24 ✩✫✬ ❜✑✥✜✶ A ✑✘ B ♦✘✤

✑❡✙❡✚✛✘❡ ✏✒ ✑❡✢✗✛ 24 ✩✫✬

✠❢✡☛☞✌✍✎     A ✑✘ A ♦✘✤ ✑❡✙❡✚ ✏✛✘ ✸A ✧★ ✑❡✙❡✚✹ ✦✛✒ ✏✩✪✘ ✩✫❡✬

✐✺✻✼✽✾✿❁ 2.2

1. ✓✛✴ ✜✒✥✵✶ ✥✏ A = {1, 2, 3,...,14}.R = {(x, y) : 3x – y = 0, ✵✩✛❀  x, y ❂ A} ⑥✛★✛✣  A

✑✘ A ✏✛ ✶✏ ✑❡✙❡✚ R ✥✜✥✢✛✶✬ ❜✑♦✘✤ ✧❃✛❡✪✣ ✑✩✧❃✛❡✪ ✈✛✫★ ✧✥★✑★ ✥✜✥✢✛✶✬

2. ✧❃✛♦❄✤✪ ✑❡✢✗✛✈✛✘❡ ♦✘✤ ✑✓✔✕✖✗ ✧★ R = {(x, y) : y =  x + 5, x ✑❡✢✗✛ ❅ ✑✘ ✏✓✣ ✶✏ ✧❃✛♦❄✤✪

✑❡✢✗✛ ✩✫✣ x, y ❆N}⑥✛★✛ ✶✏ ✑❡✙❡✚ R ✧✥★✦✛✛✥❇✛✪ ✏✒✥✵✶✬ ❜✑ ✑❡✙❡✚ ✏✛✘ (i) ★✛✘❥❈★ ❊✧ ✓✘❡

❜✑♦✘✤ ✧❃✛❡✪ ✈✛✫★ ✧✥★✑★ ✥✜✥✢✛✶✬

3. A = {1, 2, 3, 5} ✈✛✫★ B = {4, 6, 9}. A ✑✘ B ✓✘❡ ✶✏ ✑❡✙❡✚

R = {(x, y): x ✈✛✫★ y ✏✛ ✈❡✪★ ✥♦❇✛✓ ✩✫✣ x ❂ A, y ❂ B} ⑥✛★✛ ✧✥★✦✛✛✥❇✛✪ ✏✒✥✵✶✬ R ✏✛✘

★✛✘❥❈★ ❊✧ ✓✘❡ ✥✜✥✢✛✶✬

4. ✈✛♦❄✤✥✪ ❋●❍✣ ✑✓✔✕✖✗ P ✑✘ Q ✏✛ ✶✏

✑❡✙❡✚ ✭■✛✛❏✪✒ ✩✫✬ ❜✑ ✑❡✙❡✚ ✏✛✘

(i) ✑✓✔✕✖✗ ✥✴✓✛❏❑✛ ❊✧ (ii) ★✛✘❥❈★ ❊✧ ✓✘❡

✥✜✥✢✛✶✬ ❜✑♦✘✤ ✧❃✛❡✪ ✪▲✛✛ ✧✥★✑★ ❉✗✛ ✩✫❡▼

5. ✓✛✴ ✜✒✥✵✶ ✥✏ A = {1, 2, 3, 4, 6}. ✓✛✴

✜✒✥✵✶ ✥✏ R,  A ✧★ {(a, b): a , b ❆A,

✑❡✢✗✛ a ✑❡✢✗✛ b ✏✛✘ ✗▲✛✛♦▲✛ ✥♦✦✛✛✥✵✪

✏★✪✒ ✩✫}⑥✛★✛ ✧✥★✦✛✛✥❇✛✪ ✶✏ ✑❡✙❡✚ ✩✫✬

(i) R ✏✛✘ ★✛✘❥❈★ ❊✧ ✓✘❡ ✥✜✥✢✛✶

(ii) R ✏✛ ✧❃✛❡✪ ✷✛✪ ✏✒✥✵✶

(iii) R ✏✛ ✧✥★✑★ ✷✛✪ ✏✒✥✵✶✬

6. R = {(x, x  + 5) : x ❂ {0, 1, 2, 3, 4, 5}}⑥✛★✛ ✧✥★✦✛✛✥❇✛✪ ✑❡✙❡✚ R ♦✘✤ ✧❃✛❡✪ ✈✛✫★ ✧✥★✑★ ✷✛✪

✏✒✥✵✶✬

◆❖P◗❘❙❚ 2.7
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7. ❧☎✆☎✝ R = {(x, x3) : x ❧☎✞✟✠ ✡☛ ❧☞ ✌✍ ✎✌ ✏✑✠✠✒✟ ❧☎✞✟✠ ✓✔} ✌✠☞ ✥✠☞✕✖✥ ✗✘ ✍☞☎ ✙✚✙✞✠✎✛

8. ✍✠❡ ✚✜✙✢✎ ✙✌ A = {x, y, z} ✏✠✔✥ B = {1, 2},  A ❧☞ B ♦☞✣ ❧☎✆☎✝✠☞☎ ✌✜ ❧☎✞✟✠ ✤✠✦ ✌✜✙✢✎✛

9. ✍✠❡ ✚✜✙✢✎ ✙✌ R, Z ✘✥✐ R = {(a,b): a,  b ✧ Z, a – b ✎✌ ✘✱★✠✠✩☎✌ ✓✔}, ⑥✠✥✠ ✘✙✥✑✠✠✙✪✠✦ ✎✌

❧☎✆☎✝ ✓✔✛ R ♦☞✣ ✘✫✠☎✦ ✦✬✠✠ ✘✙✥❧✥ ✤✠✦ ✌✜✙✢✎✛

2.4 ✭✮✯✰ (Function)

❜❧ ✏❡✲✳✴☞✵ ✍☞☎✐ ✓✍ ✎✌ ✙♦✶✠☞✪✠ ✘✫✌✠✥ ♦☞✣ ❧☎✆☎✝ ✌✠ ✏✷✟✟❡ ✌✥☞☎✸☞✐ ✙✢❧☞ ✭✮✯✰ ✌✓✦☞ ✓✔☎✛ ✓✍ ✘✣✚❡

✌✠☞ ✎✌ ✙❡✟✍ ♦☞✣ ✗✘ ✍☞☎ ✵☞✞✠ ❧✌✦☞ ✓✔☎✐ ✙✢❧❧☞ ♦✲✣✴ ✙✵✎ ✓✲✎ ✏♦✟♦✠☞☎ ❧☞ ❡✎ ✏♦✟♦ ❞✹✘✺❡ ✓✠☞✦☞

✓✔☎✛ ✘✣✚❡ ✌✠☞ ❧✱✙❣✦ ✌✥❡☞ ♦☞✣ ✙✚✎ ✏❡☞✌ ✘✵ ✘✫✟✲✻✦ ✙✌✎ ✢✠✦☞ ✓✔☎✐ ✢✔❧☞ ✼✘✫✙✦✙❣✽✠✾ ✏✬✠♦✠ ✼✘✫✙✦✙❣✽✠★✠✾

✭✿❀❁❂❂❃❂❂ 5 ✎✌ ❧✍✲✳❣✟ A ❧☞ ❧✍✲✳❣✟ B ✌✠ ❧☎✆☎✝✐  f  ✎✌ ✘✣✚❡ ✌✓✚✠✦✠ ✓✔✐ ✟✙✵ ❧✍✲✳❣✟ A

♦☞✣ ✘✫✹✟☞✌ ✏♦✟♦ ✌✠ ❧✍✲✳❣✟ B ✍☞☎✐ ✎✌ ✏✠✔✥ ♦☞✣♦✚ ✎✌ ✘✫✙✦✙✆☎✆ ✓✠☞✦✠ ✓✔✛

✵✱❧✥☞ ✶✠♥✵✠☞☎ ✍☞☎✐ ✘✣✚❡ f, ✙✌❧✜ ✏✙✥✻✦ ❧✍✲✳❣✟ A ❧☞ ✎✌ ✏✙✥✻✦ ❧✍✲✳❣✟ B ✌✠ ✓✔✐ ❜❧ ✘✫✌✠✥

✌✠ ❧☎✆☎✝ ✙✌ f  ✌✠ ✘✫✠☎✦ A ✓✔ ✦✬✠✠ f  ♦☞✣ ✙✌❧✜ ✑✠✜ ✵✠☞ ✙✑✠✺❡ ❄✙✍✦ ✟✲❅✍✠☞☎ ♦☞✣ ✘✫✬✠✍ ❆✠✖✌ ❧✍✠❡

❡✓✜☎ ✓✔ ☎✛

✟✙✵ f,  A ❧☞ B ✌✠ ✎✌ ✘✣✚❡ ✓✔ ✦✬✠✠ (a, b) ❇ f, ✦✠☞ f (a) = b, ✢✓✠t b ✌✠☞ f ♦☞✣ ✏☎✦✸✩✦

a ✌✠ ✘✫✙✦✆❈✆ ✦✬✠✠ a ✌✠☞ b ✌✠ ✼✭❉❊❋ ✭●✿❍✿■❏■✾ ✌✓✦☞ ✓✔☎✛

A ❧☞ B ♦☞✣ ✘✣✚❡  f ✌✠☞ ✘✫✦✜✌✠✹✍✌ ✗✘ ✍☞☎ f: A ❑ B ❧☞ ✙❡✗✙✘✦ ✌✥✦☞ ✓✔☎✛

✙✘✴✚☞ ❞✵✠✓✥★✠✠☞☎ ✘✥ ✷✟✠❡ ✵☞❡☞ ❧☞ ✓✍ ❧✥✚✦✠ ❧☞ ✵☞✞✠✦☞ ✓✔☎ ✙✌ ❞✵✠✓✥★✠ ❢ ✍☞☎ ✙✵✟✠ ❧☎✆☎✝ ✎✌

✘✣✚❡ ❡✓✜☎ ✓✔✐ ✌✟✠☞☎✙✌ ✏♦✟♦ ▲ ✌✠ ✌✠☞❜✩ ✘✫✙✦✙✆☎✆ ❡✓✜☎ ✓✔✛

✘✲❡▼ ❞✵✠✓✥★✠ ◆ ✍☞☎ ✙✵✟✠ ❧☎✆☎✝ ✎✌ ✘✣✚❡ ❡✓✜☎ ✓✔ ✻✟☞✠☎✙✌ ❜❧♦☞✣ ✘✫✠☎✦ ♦☞✣ ♦✲✣✴ ✏♦✟♦✠☞☎ ♦☞✣ ✎✌

❧☞ ✏✙✝✌ ✘✫✙✦✙✆☎✆ ✓✔☎✛ ❞✵✓✠✥★✠ ❖ ✑✠✜ ✘✣✚❡ ❡✓✜☎ ✓✔ P✻✟✠☞☎◗❘✛ ❡✜❣☞ ✙✵✎ ❞✵✠✓✥★✠✠☞☎ ✍☞☎ ✆✓✲✦ ❧☞

❧☎✆☎✝✠☞☎ ✘✥ ✙♦❣✠✥ ✌✥☞☎✸☞✐ ✙✢❡✍☞☎ ❧☞ ♦✲✣✴ ✘✣✚❡ ✓✔☎ ✏✠✔✥ ✵✱❧✥☞ ✘✣✚❡ ❡✓✜☎ ✓✔ ☎✛

♠❙❂❚❀❯❂ 10 ✍✠❡ ✚✜✙✢✎ ✙✌ N ✘✫✠♦❱✣✦ ❧☎✞✟✠✏✠☞☎ ✌✠ ❧✍✲✳❣✟ ✓☞ ✏✠✔✥ N ✘✥ ✘✙✥✑✠✠✙✪✠✦ ✎✌ ❧☎✆☎✝

R ❜❧ ✘✫✌✠✥ ✓✔ ✙✌ R = {(x, y) : y = 2x, x, y ❇ N}.

R ♦☞✣ ✘✫✠☎✦✐ ❧✓✘✫✠☎✦ ✦✬✠✠ ✘✙✥❧✥ ✻✟✠ ✓✔☎? ✻✟✠ ✟✓ ❧☎✆☎✝✐ ✎✌ ✘✣✚❡ ✓✔◗

❚✯ R ✌✠ ✘✫✠☎✦✐ ✘✫✠♦❱✣✦ ❧☎✞✟✠✏✠☞☎ ✌✠ ❧✍✲✳❣✟ N ✓✔✛ ❜❧✌✠ ❧✓✘✫✠☎✦ ✑✠✜ N ✓✔✛ ❜❧✌✠ ✘✙✥❧✥ ❧✍

✘✫✠♦❱✣✦ ❧☎✞✟✠✏✠☞☎ ✌✠ ❧✍✲✳❣✟ ✓✔✛

✻✟✠☞☎✙✌ ✘✫✹✟☞✌ ✘✫✠♦❱✣✦ ❧☎✞✟✠ n ✌✠ ✎✌ ✏✠✔✥ ♦☞✣♦✚ ✎✌ ✓✜ ✘✫✙✦✙✆☎✆ ✓✔✐ ❜❧✙✚✎ ✟✓ ❧☎✆☎✝

✎✌ ✘✣✚❡ ✓✔✛

♠❙❂❚❀❯❂ 11  ❡✜❣☞ ✙✵✎ ❧☎✆☎✝✠☞☎ ✍☞☎ ❧☞ ✘✫✹✟☞✌ ✌✠ ✙❡✥✜✉✠★✠ ✌✜✙✢✎ ✏✠✔✥ ✘✫✹✟☞✌ ✵✶✠✠ ✍☞☎ ✌✠✥★✠ ❧✙✓✦

✆✦✚✠❜✎ ✙✌ ✻✟✠ ✟✓ ✘✣✚❡ ✓✔ ✏✬✠♦✠ ❡✓✜☎◗

(i) R = {(2,1),(3,1), (4,2)}, (ii) R = {(2,2),(2,4),(3,3), (4,4)}

(iii) R = {(1,2),(2,3),(3,4), (4,5), (5,6), (6,7)}
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❣✠ (i) ❉✡☛☞✌✍✎ R ♦☞✏ ✑✒☛✌✓ ♦☞✏ ✑✒✔✡☞✎ ✕♦✡♦ ✖✗ ✘✗ ✙ ♦☞✏ ✑✒✍✓✍✚✌✚ ✕✍✛✓✜✡ ✢✣✌✗ ✤✥✍✦✧ ✡✢ ✥✌✚✌★

✧✎ ✑✏✦✱ ✢✣✩

(ii) ❉✡☛✌✍✎ ✧✎ ✢✜ ✑✒✪☛✫ ✕♦✡♦ ✖✗ ✬☛☞ ✍✭☛✮✱✯✍✭☛✮✱ ✑✒✍✓✍✚✌✚☛☞✌ ✖ ✕☛✣✰ ✙ ✥☞ ✥✌✚✌✍★✓ ✢✣✗

✤✥✍✦✧ ✡✢ ✥✌✚✌★ ✧✎ ✑✏✦✱ ✱✢✜✌ ✢✣✌✩

(iii) ❉✡☛☞✌✍✎ ✑✒✔✡☞✎ ✕♦✡♦ ✎☛ ✧✎ ✕☛✣✰ ♦☞✏♦✦ ✧✎ ✑✒✍✓✍✚✌✚ ✢✣✗ ✤✥✍✦✧ ✡✢ ✥✌✚✌★ ✧✎

✑✏✦✱ ✢✣✩

✐✲✳✴✵✵✶✵✵ 6 ✧✎ ✧☞✥☞ ✑✏✦✱ ✎☛☞ ✍✷✥✎☛ ✑✍✰✥✰ ♦☛✸✓✍♦✎ ✥✌✹✡☛✕☛☞✌ ✎☛ ✥✫✺✻✼✡ ✡☛ ✽✥✎☛ ✎☛☞✤✾

✽✑✥✫✺✻✼✡ ✢☛☞✗ ✿✵❀❁✲✿❂ ❃✵❄ ✐❅✠❄ ✎✢✓☞ ✢✣✌✩ ✡✍✬ ♦☛✸✓✍♦✎ ✼✰ ♦☛✦☞ ✍✎✥✜ ♦☛✸✓✍♦✎ ✫☛✱

✑✏✦✱ ✎☛ ✑✒☛✌✓ ✭☛✜ ♦☛✸✓✍♦✎ ✥✌✹✡☛✕☛☞✌ ✎☛ ✥✫✺✻✼✡ ✕✪☛♦☛ ✽✥✎☛ ✎☛☞✤✾ ✽✑✥✫✺✻✼✡ ✢☛☞ ✓☛☞ ✤✥☞

✿✵❀❁✲✿❂ ✐❅✠❄ ✭☛✜ ✎✢✓☞ ✢✣✌✩

♠❆✵❣✳❇✵ 12 ✫☛✱ ✦✜✍✷✧ ✍✎ N ♦☛✸✓✍♦✎ ✥✌✹✡☛✕☛☞ ✌ ✎☛ ✥✫✺✻✼✡ ✢✣✩  f : N ❈ N,

f (x) = 2x + 1, ✛☛✰☛ ✑✍✰✭☛☛✍⑥☛✓ ✧✎ ♦☛✸✓✍♦✎ ✫☛✱ ✑✏✦✱ ✢✣✩ ✤✥ ✑✍✰✭☛☛⑥☛☛ ✎☛ ✑✒✡☛☞❊ ✎✰♦☞✏✗ ✱✜✼☞

✬✜ ❊✤✾ ✥☛✰♥☛✜ ✎☛☞ ✑❋♥☛✾ ✎✜✍✷✧✩

x 1 2 3 4 5 6 7

y f (1) = ... f (2) = ... f (3) = ... f (4) = ... f (5) = ... f (6) = ... f (7) = ...

❣✠  ✑❋♥☛✾ ✎✜ ✢✺✤✾ ✥☛✰♥☛✜ ✱✜✼☞ ✬✜ ❊✤✾ ✢✣●

x 1 2 3 4 5 6 7

y f (1) = 3 f (2) = 5 f (3) = 7 f (4) = 9 f (5) = 11 f (6) = 13 f (7) =15

2.4.1  ✿❍❅■ ✐❅✠❄ ❏✵❑✳ ♠❄✿▲❅ ❏✵✠▲▼✵ (Some

functions and their graphs)

(i) ❁r◆❃❂ ✐❅✠❄ (Identity function)  ✫☛✱

✦✜✍✷✧ R ♦☛✸✓✍♦✎ ✥✌✹✡☛✕☛☞✌ ✎☛ ✥✫✺✻✼✡

✢✣✩ y =  f(x), ✑✒✔✡☞✎ x ❖R ✛☛✰☛ ✑✍✰✭☛☛✍⑥☛✓

♦☛✸✓✍♦✎ ✫☛✱ ✑✏✦✱ f : R P R  ✢✣✩ ✤✥

✑✒✎☛✰ ♦☞✏ ✑✏✦✱ ✎☛☞ ❁r◆❃❂ ✐❅✠❄ ✎✢✓☞

✢✣✌✩ ✡✢☛◗ ✑✰ f ♦☞✏ ✑✒☛✌✓ ✓✪☛☛ ✑✍✰✥✰ R ✢✣✌✩

✤✥✎☛ ✕☛✦☞✹☛ ✧✎ ✥✰✦ ✰☞✹☛☛ ✢☛☞✓☛ ✢✣

❘✕☛♦❙✏✍✓ ✖❚❯❱✩ ✡✢ ✰☞✹☛☛ ✫❋✦ ✍✚✌✬✺ ✥☞

✢☛☞ ✎✰ ✷☛✓✜ ✢✣✩ ✈❲❳❨❩❬❭ 2.8
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(ii) ✈☎✆ ✝✞✟✠ (Constant function) y = f (x) = c t✡☛☞   c ✱✌ ✍✎✏ ✡✑ ✍☛✑✏ ✒✓✔✕✖✌

x ✗ R ⑥☛✏☛ ✒✘✏✙☛☛✘✚☛✛ ✱✌ ✜☛✢✛✘✜✌ ✣☛✤ ✒✥✦✤ f: R ✧ R ✡✑❣ ✕✡☛☞ ✒✏ f ✌☛ ✒✓☛★✛ R ✡✑ ✍☛✑✏ ✩✪✌☛

✒✘✏✪✏ {c} ✡✑❣ f ✌☛ ✍☛✦✖✫☛ x-✍✬☛ ✜✖✥ ✪✣☛★✛✏ ✱✌ ✏✖✫☛☛ ✡✑✭ ✩✮☛✡✏✯☛ ✜✖✥ ✘✦✱ ✕✘✮  f(x)=3 ✒✓✔✕✖✌

x ✗ R ✡✑✭ ✛☛✖ ✰✪✌☛ ✍☛✦✖✫☛ ✍☛✜✲✥✘✛ ✳✴✵ ✣✖★ ✮✶☛☛✷✰✷ ✏✖✫☛☛ ✡✑❣

✸✹✺✻✼✽✾ 2.9

(iii) ❝✿❀✝❁ ✝✞✟✠ ❂❃ ❝✿❀✝❁❄❂ ✝✞✟✠ (Polynomial function) ✒✥✦✤ f : R ❅ R, ✱✌

❆✡❇✒✮❈✕ ✒✥✦✤ ✌✡✦☛✛☛ ✡✑✭ ✕✘✮ R ✜✖✥ ✒✓✔✕✖✌ x ✜✖✥ ✘✦✱✭  y  =  f (x) = a
0
 + a

1
x  + a

2
x2

+ ...+ a
n
 xn, t✡☛☞ n ✱✌ ❉✯☛✖✛✏ ✒❊✯☛☛✷★✌ ✡✑ ✛❋☛☛ a

0
, a

1
, a

2
,...,a

n
●R.

f(x) = x3 – x2 + 2, ✍☛✑✏ g(x) = x4 + 2 x, ⑥☛✏☛ ✒✘✏✙☛☛✘✚☛✛ ✒✥✦✤ ✱✌ ❆✡❇✒✮❈✕ ✒✥✦✤ ✡✑ t❆ ✘✌

h(x) = 

2

3x + 2x ⑥☛✏☛ ✒✘✏✙☛☛✘✚☛✛ ✒✥✦✤ h, ❆✡❇✒✮❈✕ ✒✥✦✤ ✤✡❈★ ✡✑❣ ❍■✕☛✖★❏❑

♠❁❃✿✆▲❃ 13 y = f(x) = x2, x ● R ⑥☛✏☛ ✒✥✦✤ f: R ✧ R, ✌❈ ✒✘✏✙☛☛✚☛☛ ✌❈✘t✱❣ ✰✪ ✒✘✏✙☛☛✚☛☛

✌☛ ✒✓✕☛✖❞ ✌✏✜✖✥ ✤❈✎✖ ✮❈ ❞✰✷ ✛☛✘✦✌☛ ✌☛✖ ✒❊✏☛ ✌❈✘t✱❣ ✰✪ ✒✥✦✤ ✌☛ ✒✓☛★✛ ✛❋☛☛ ✒✘✏✪✏ ■✕☛ ✡✑★❏ f

✌☛ ✍☛✦✖✫☛ ✙☛❈ ✫☛❈★✘✎✱❣

x – 4 –3 –2 –1 0 1 2 3 4

y = f(x) = x2

✿✟  ✒❊✏❈ ✌❈ ✡❇✰✷ ✛☛✘✦✌☛ ✤❈✎✖ ✮❈ ❞✰✷ ✡✑✐
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x – 4 –3 –2 –1 0 1 2 3 4

y = f (x) = x2 16 9 4 1 0 1 4 9 16

f ✥✠ ✡☛✠☞✌  = {x : x✍R}, f ✥✠ ✡✎✏✑✏ = {x2: x ✍ R}.  f ✥✠ ❞✠✒✓✔✠ ❞✠✕✖✗✎✌ ✘✙✚✛ ✜✓☞ ✡☛✢✎✣✠✤✌

❣✦✧

✈★✩✪✫✬✭ 2.10

♠✮✯✰✱✲✯ 14 f (x) = x3, x✍R ⑥✠✏✠ ✡✎✏✳✠✠✎✴✠✌ ✡✗✒✵ f :R ✶ R ✥✠ ❞✠✒✓✔✠ ✔✠✷☞✎✸✹✧

✰✺  ❀❣✠✻ ✡✏

f(0) = 0, f(1) = 1, f(–1) = –1, f(2) = 8, f(–2) = –8,  f(3) = 27; f(–3) = –27, ❜✼❀✠✎✢✧

f = {(x,x3): x✍R} f ✥✠

❞✠✒✓✔✠ ❞✠✕✖✗✎✌ ✘✙✚✚ ✜✓☞

✔✠✷☞✸✠ ❬❀✠ ❣✦✧

✽✾✿❁❂❃❄ 2.11
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(iv) ✐☎✆✝✞✟ ✐✠✡☛ (Rational functions)
( )

( )

f x

g x
, ♦☞✌ ✍✎✏✑✒ ♦☞✌ ✍✌✓✔ ✕✖✑✗ f(x) r✘✑✑ g(x)

✱✏ ✍✎✑✙r ✚☞✙✛ x ✏☞ ✍✥✒✜✑✑✥✢✑r ✣✖✤✍✦✧★ ✍✌✓✔ ✖✙✩✛ ✥✕✪✚☞✙ g(x) ✫ 0 ✐☎✆✝✞✟ ✐✠✡☛ ✏✖✓✑r☞ ✖✩✙✬

♠✭✮✯✆✰✮ 15 ✱✏ ♦✑✲r✥♦✏ ✚✑✔ ✍✌✓✔  f : R – {0} ✳ R ✏✧ ✍✥✒✜✑✑✢✑✑
1

( ) =f x
x

,

x ✴ R –{0} ⑥✑✒✑ ✏✧✥✕✱✬ ✵✪ ✍✥✒✜✑✑✢✑✑ ✏✑ ✍✎★✑☞✶ ✏✒♦☞✌ ✥✔✷✔✥✓✥✸✑r r✑✥✓✏✑ ✏✑☞ ✍✹✺✑✻ ✏✧✥✕✱✬ ✵✪

✍✌✓✔ ✏✑ ✍✎✑✙r r✘✑✑ ✍✥✒✪✒ ✼★✑ ✖✩✙✽

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y  = 
1

x
... ... ... ... ... ... ... ... ...

✯✡ ✍✹✺✑✻ ✏✧ ✶✵✻ r✑✥✓✏✑ ✵✪ ✍✎✏✑✒ ✖✩✾

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y = 
1

x
– 0.5 – 0.67 –1 – 2 4 2 1 0.67  0.5

✵✪✏✑ ✍✎✑✙r✛ ❜✑✹✿★ ♦☞✌ ❀✥r✥✒✼r ✪✚✲r ♦✑✲r✥♦✏ ✪✙✸★✑✱✗ ✖✩✙ r✘✑✑ ✵✪✏✑ ✍✥✒✪✒ ✜✑✧ ❜✑✹✿★ ♦☞✌ ❀✥r✥✒✼r

✪✚✲r ♦✑✲r✥♦✏ ✪✙✸★✑✱✗ ✖✩✙✬ f ✏✑ ❀✑✓☞✸✑ ❀✑♦❁✌✥r ❂❃❄❂ ✚☞✙ ✍✎✦✥❜✑✻r ✖✩✬

✈❅❆❇❈❉❊ 2.12
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(v)   ❡✠✡✠☛☞ ✡✌✍✎ (Modulus functions)   f(x) =  |x| ✐✏✑✒✓✔ x ✕ R ✥✖✗✖ ✐✘✗✙✖✖✘✚✖✛ ✐✜✢✣

f: R✤R, ❡✠✡✠☛☞ ✡✌✍✎ ✔✦✢✖✛✖ ✦✧★ x ♦✓✜ ✐✏✑✒✓✔ ✩✪✖✓✫✖✗ ✬✖✣ ♦✓✜ ✘✢✭  f(x),  x ♦✓✜ ✮✗✖✮✗ ✦✖✓✛✖

✦✧★ ✐✗❣✛✯ x ♦✓✜ ✩✪✖ ✬✖✣✖✓❣ ♦✓✜ ✘✢✭,  f(x) ✔✖ ✬✖✣ x, ♦✓✜ ✬✖✣ ♦✓✜ ✩✪✖ ♦✓✜ ✮✗✖✮✗ ✦✖✓✛✖ ✦✧✰ ✱✲✖✖✳✛✴

0
( )

0

x,x
f x

x,x

✵✶
✷ ✸

✹ ✺✻

✬✖✐✖❣✔ ✐✜✢✣ ✔✖ ✱✖✢✓✼✖ ✱✖♦✽✜✘✛ ✾✿❀❁ ✬✓❣ ✘❂✒✖ ✦✧★ ✬✖✐✖❣✔ ✐✜✢✣ ✔✖✓ ❢✎❃✡❄❅✠ ❡✠✎ ✡✌✍✎ ✙✖❆

✔✦✛✓ ✦✧❣★

✈❇❈❉❊❋● 2.13

(vi) ❢❍■ ✡✌✍✎ (Signum functions) ✐✏✑✒✓✔ x ❏R✰ ♦✓✜ ✘✢✭

1 0

( ) 0 0

1 0

, x

f x , x

, x

❑▲♥

❑▲♥

❑▲♥

✥✖✗✖ ✐✘✗✙✖✖✘✚✖✛ ✐✜✢✣ f:R✤R ✘▼◆ ✐✜✢✣ ✔✦✢✖✛✖ ✦✧★

✘▼◆ ✐✜✢✣ ✔✖ ✐✏✖❣✛ R ✦✧★ ✐✘✗❖✗ ❖✬✯P▼✒ {–1, 0, 1}✦✧★

✱✖♦✽✜✘✛ ✾✿❀◗ ✬✓❣ ✘▼◆ ✐✜✢✣ ✔✖ ✱✖✢✓✼✖ ❂❘✖✖✳✒✖ ❙✒✖ ✦✧★

(vii) ❡❚❯✠❡ ✡❱❲✠✠❳☞ ✡✌✍✎ (Greatest integer

functions)  f(x) = [x], x ❏R ✥✖✗✖ ✐✘✗✙✖✖✘✚✖✛ ✐✜✢✣
✈❇❈❉❊❋● 2.14

0 0 0x x❨❩❬ r❭❦❦ ❨❩❬
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f: R ✟ R, x ❧☎ ✆✝ ✞✠ x ♦☎✡ ☛☞✠☛☞ ✝✌✍✠✝ ✎✏✑✠✠✒✓✆ ✆✠ ✝✠✔ ✕✖✌✑✠ ✗✘✠☞✑✠✙ ✆☞✚✠ ✌✛ ✜☎❧✠ ✎✡✢✔

❡✣✤✥❡ ✦✧★✥✥✩✪✫ ✦✬✭✮ ✆✌✢✠✚✠ ✌✛✯

[x], ✆❞ ✎✰☞✱✠✠✲✠✠ ❧☎ ✌✝ ✳☎✴✠ ❧✆✚☎ ✌✛✓ ✰✆

[x] = –1 ✞✰✳ –1 ✵ x < 0

[x] =   0 ✞✰✳ 0 ✵ x < 1

[x] =   1 ✞✰✳ 1 ✵ x < 2

[x] =   2 ✞✰✳ 2 ✵ x < 3 ❜✶✞✰✳

❜❧ ✎✡✢✔ ✆✠ ✷✠✢☎✴✠ ✷✠♦✸✡✰✚ ✹✺✻✼ ✝☎✓ ✳✽✠✠✒✞✠ ✕✞✠ ✌✛✯

✈✾✿❀❁❂❃ 2.15

2.4.2  ❄❅❆❇❈❄❉ ❊❋●❍❅■❏ ❉❅ ❑▲▼◆❈❖❅❇ (Algebra of real functions) ❜❧ ✷✔P◗❘☎✳ ✝☎✓❙ ✌✝

❧❞✴✠☎✓✕☎ ✰✆ ✰✆❧ ✎✖✆✠☞ ✳✠☎ ♦✠❚✚✰♦✆ ✎✡✢✔✠☎✓ ✆✠☎ ❯✠☎❱❲✠ ❯✠✚✠ ✌✛❙ ✜✆ ♦✠❚✚✰♦✆ ✎✡✢✔ ✆✠☎ ✳✏❧☞☎ ✝☎✓

❧☎ ❳✠❨✠✞✠ ❯✠✚✠ ✌✛❙ ✜✆ ♦✠❚✚✰♦✆ ✎✡✢✔ ✆✠☎ ✰✆❧❞ ✷✰✳✽✠ ✗✞✌✠❩ ✷✠✰✳✽✠ ✆✠ ✷✰✱✠✎✖✠✞ ♦✠❚✚✰♦✆

❧✓✴✞✠ ❧☎ ✌✛✙ ❧☎ ✕P✑✠✠ ✰✆✞✠ ❯✠✚✠ ✌✛❙ ✳✠☎ ♦✠❚✚✰♦✆ ✎✡✢✔✠☎✓ ✆✠ ✕P✑✠✠ ✰✆✞✠ ❯✠✚✠ ✌✛ ✚❬✠✠ ✜✆ ♦✠❚✚✰♦✆

✎✡✢✔ ✆✠☎ ✳✏❧☞☎ ❧☎ ✱✠✠✕ ✰✳✞✠ ❯✠✚✠ ✌✛✯

(i) ♥✥❭ ❪✥❫❴❵❪✫ ✦✬✭✮✥❭✪ ✫✥ ❛✥❭❝  ✝✠✔ ✢❞✰❯✜ ✰✆ f : X ✟ R ✚❬✠✠ g : X ✟ R ✆✠☎❜✒ ✳✠☎

♦✠❚✚✰♦✆ ✎✡✢✔ ✌✛✓❙ ❯✌✠❩ X ❢ R. ✚☛ ✌✝ (f + g): X ✟ R ✆✠☎❙ ❧✱✠❞ x ❣ X ♦☎✡ ✰✢✜❙

(f + g) (x) = f (x) + g (x), ⑥✠☞✠ ✎✰☞✱✠✠✰✲✠✚ ✆☞✚☎ ✌✛✓✯
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(ii) ✱✠ ✡☛☞✌✍✡✠ ✎✏✑✒ ✓✔✕ ✖✔ ✗✘✖✙✔ ✠☛✔ ✚☛✛☛✒☛  ❡✜✢ ✣✤✥✦✧ ✥★ f : X ✩ R r✪✜✜

g: X ✩ R ★✜❞✫✬ ✭✜❞ ✮✜✯r✥✮★ ✰✲✣✢ ✳✴✵✶ ✦✳✜✷ X ✸ R. r✹ ✳❡ (f – g) : X✩R ★✜❞ ✺✻✜✤

x ✼ X, ✮❞✲ ✥✣✧ (f–g) (x) = f(x) –g(x), ⑥✜✽✜ ✰✥✽✻✜✜✥✾✜r ★✽r❞ ✳✴✵✿

(iii) ✱✠ ❀✍✗❁☛ ✖✔ ❂❃❄☛☛ ❡✜✢ ✣✤✥✦✧ ✥★ f : X✩R ✧★ ✮✜✯r✥✮★ ❡✜✢ ✰✲✣✢ ✳✴ r✪✜✜ ❅

✧★ ❆✥✭❇✜ ✳✴✿ ❈✳✜✷ ❆✥✭❇✜ ✺❞ ✳❡✜✽✜ ❆✥✻✜✰❉✜❈ ✥★✺✤ ✮✜✯r✥✮★ ✺✵❊❈✜ ✺❞ ✳✴✿ r✹ ❋●❍✜✢✰✲✣

❅ f , X ✺❞ R ❡❞✵ ✧★ ✰✲✣✢ ✳✴✶ ✦✜❞ (❅ f ) (x) =  ❅ f (x), x ✼X ✺❞ ✰✥✽✻✜✜✥✾✜r ✳✜❞r✜ ✳✴✿

(iv) ✗☛✔ ✡☛☞✌✍✡✠ ✎✏✑✒☛✔✕ ✠☛ ❂❃❄☛✒  ✭✜❞ ✮✜✯r✥✮★ ✰✲✣✢✜❞✵  f: X ✩ R r✪✜✜ g: X✩R ★✜

❋●❍✜✢✰✲✣ ①❈✜ ❋●❍✜✜■ ✧★ ✰✲✣✢ fg: X✩R ✳✴✶ ✦✜❞ ✺✻✜✤ (fg) (x) = f(x) g(x), x ✼ X ⑥✜✽✜

✰✥✽✻✜✜✥✾✜r ✳✴✿ ✫✺❞ ✍❢✕✗❃❁☛❏ ❂❃❄☛✒ ✻✜✤ ★✳r❞ ✳✴✵✿

(v) ✗☛✔ ✡☛☞✌✍✡✠ ✎✏✑✒☛✔✕ ✠☛ ♥☛☛❂✎✏✑  ❡✜✢ ✣✤✥✦✧ ✥★  f r✪✜✜ g, X✩R ⑥✜✽✜ ✰✥✽✻✜✜✥✾✜r✶

✭✜❞ ✮✜✯r✥✮★ ✰✲✣✢ ✳✴✵✶ ✦✳✜✷ X ❑ R.  f  ★✜ g ✺❞ ✻✜✜❋✰✲✣✶ ✥✦✺❞
f

g
 ✺❞ ✥✢▲✥✰r ★✽r❞ ✳✴✵✶ ✧★ ✰✲✣✢

✳✴✶ ✦✜❞ ✺✻✜✤ x ✼ X  ✦✳✜✷ g(x) ▼ 0, ✮❞✲ ✥✣✧✶
( )

( )
( )

f f x
x

g g x

◆ ❖
P◗ ❘

❙ ❚
, ⑥✜✽✜ ✰✥✽✻✜✜✥✾✜r ✳✴✿

♠✗☛❯✙❄☛ 16  ❡✜✢ ✣✤✥✦✧ ✥★ f(x) = x
2 

r✪✜✜ g(x) = 2x + 1 ✭✜❞ ✮✜✯r✥✮★ ✰✲✣✢ ✳✴✵✿

(f + g) (x), (f –g) (x), (fg) (x), ( )
f

x
g

❱ ❲
❳ ❨
❩ ❬

 ❭✜r ★✤✥✦✧✿

❯✑  ✯✰✾❪r❫

(f + g) (x) = x
2

 + 2x + 1, (f –g) (x) =  x
2

 – 2x – 1,

(fg) (x) = x
2

 (2x + 1) = 2x
3

 + x
2

,  ( )
f

x
g

◆ ❖
◗ ❘
❙ ❚

 = 
2

2 1

x

x ❴
, x ❵ 

1

2
❛

♠✗☛❯✙❄☛ 17 ❡✜✢ ✣✤✥✦✧ ✥★  f(x) = x  r✪✜✜  g(x) = x ➼❍✜❞❜✜✽ ✮✜✯r✥✮★ ✺✵❊❈✜❆✜❞✵ ✮❞✲ ✥✣✧

✰✥✽✻✜✜✥✾✜r ✭✜❞ ✰✲✣✢ ✳✴✵✶ r✜❞ (f + g) (x), (f – g) (x) (fg) (x) ❆✜✴✽ 
f

g

❱ ❲
❳ ❨
❩ ❬

 (x) ❭✜r ★✤✥✦✧✿

❯✑  ❈✳✜✷ ✳❡❞✵ ✥✢❝✢✥✣✥❊✜r ✰✥✽❍✜✜❡ ✥❡✣r❞ ✳✴✵❫

(f + g) (x) =  x + x, (f – g) (x)  = x   – x ,

(fg) x  =  

3

2x( x ) x❣  ❆✜✴✽ ( )
f

x
g

◆ ❖
◗ ❘
❙ ❚

 

1

2 0
–x

x , x
x

❤ ❤ ✐
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✐☎✆✝✞✟✠✡ 2.3

1. ❢☛☞☛❢✌❢✍✎✏ ✑✒✓✒✔✎✕✒ ✖✕✒ ✗✎✘☛ ✑✕ ✙✚✌☛ ✛✘✒✜ ✗✎✢✣✎ ✗✎ ✤✥✌✕✍✎ ✗✦❢✧★✩ ✪❢✫ ✑✒✓✒✔ ★✗ ✙✚✌☛

✛✘❣ ✏✎✕ ✤✑✗✎ ✙❢✢✑✢ ❢☛✔✎✬❢✢✏ ✗✦❢✧★✭
(i) {(2,1), (5,1), (8,1), (11,1), (14,1), (17,1)}

(ii) {(2,1), (4,2), (6,3), (8,4), (10,5), (12,6), (14,7)}

(iii) {(1,3), (1,5), (2,5)}.

2. ❢☛☞☛❢✌❢✍✎✏ ✮✎✯✏❢✮✗ ✙✚✌☛✎✕ ✒ ✮✕✚ ✙✰✎✒✏ ✏✱✎✎ ✙❢✢✑✢ ✲✎✏ ✗✦❢✧★✭

(i) f(x) = – x (ii) f(x) = 29 x✳ .

3. ★✗ ✙✚✌☛  f(x) = 2x –5 ⑥✎✢✎ ✙❢✢✴✎✎❢✵✎✏ ✛✘✩ ❢☛☞☛❢✌❢✍✎✏ ✮✕✚ ✖✎☛ ❢✌❢✍✎★✭
(i) f (0), (ii)  f (7), (iii)  f (–3).

4. ✙✚✌☛ ‘t’ ✑✕❢✥✑✪✑ ✏✎✙✖✎☛ ✗✎ ✙✚✎✢✕☛✛✎❧✶ ✏✎✙✖✎☛ ✖✕✒ ✙✰❢✏❢✷✸✎✣✎ ✗✢✏✎ ✛✘❣ ✧✎✕

 t(C) = 
9C

5
  + 32 ⑥✎✢✎ ✙❢✢✴✎✎❢✵✎✏ ✛✘✒ ❢☛☞☛❢✌❢✍✎✏ ✗✎✕ ✲✎✏ ✗✦❢✧★✭

(i) t (0)   (ii)   t (28)   (iii)   t (–10)   (iv)   C ✗✎ ✖✎☛❣ ✧✓ t (C) = 212.

5. ❢☛☞☛❢✌❢✍✎✏ ✖✕✒ ✑✕ ✙✰✹✪✕✗ ✙✚✌☛ ✗✎ ✙❢✢✑✢ ✲✎✏ ✗✦❢✧★✭
(i) f (x) = 2 – 3x, x ✺ R, x > 0.

(ii) f (x) = x2 + 2, x ★✗ ✮✎✯✏❢✮✗ ✑✒✍✪✎ ✛✘✩

(iii) f (x) = x,  x ★✗ ✮✎✯✏❢✮✗ ✑✒✍✪✎ ✛✘✩

✻✼✻✼✽ ✾✿❀❁❂❃❀

♠❄❅❆❇❈❅ 18  ✖✎☛ ✌✦❢✧★ ❢✗ R ✮✎✯✏❢✮✗ ✑✒✍✪✎♦✎✕ ✒ ✗✎ ✑✖❉❊✷✪ ✛✘✩ ★✗ ✮✎✯✏❢✮✗ ✙✚✌☛

f: R❋R ✗✎✕  f(x) = x + 10

⑥✎✢✎ ✙❢✢✴✎✎❢✵✎✏ ✗✦❢✧★ ♦✎✕✢ ❧✑ ✙✚✌☛ ✗✎ ♦✎✌✕✍✎ ✍✎✦✒❢✷★✩

❆●  ✪✛✎❍❣ ✛✖ ✫✕✍✎✏✕ ✛✘✒ ❢✗ f(0) = 10, f(1) = 11,

f(2) = 12, ..., f(10) = 20, ♦✎❢✫ ♦✎✘✢  f(–1) = 9,

f(–2) = 8, ..., f(–10) = 0, ❧✹✪✎❢✫✩

♦✏✭ ❢✫★ ✛❉★ ✙✚✌☛ ✮✕✚ ♦✎✌✕✍✎ ✗✎ ♦✎✗✎✢ ♦✎✮✈✚❢✏ ■❏❑▲

✖✕✒ ✫❡✎✎✬★ ▼★ ◆✙ ✗✎ ✛✎✕▼✎✩

❖P◗❘❙❈❅❚     f(x) = mx + c , x ✺ R, ★✗ ✢✘❢✍✎✗

✙✚✌☛ ✗✛✌✎✏✎ ✛✘❣ ✧✛✎❍ m ★✮✒ c ♦✷✢ ✛✘✒✩ ✤✙✢✎✕❯✏ ✙✚✌☛

✢✘❢✍✎✗ ✙✚✌☛ ✗✎ ★✗ ✤✫✎✛✢✣✎ ✛✘✩
❱❲❳❨❩❬❭ 2.16
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♠✠✡☛☞✌✡ 19 ❡✍✎ ✏✑✒✓✔ ✒✕ R, Q ✖✗ Q ❡✗✘ R = {(a,b): a,b ✙ Q r✚✍✍ a – b ✙ Z}. ⑥✍✛✍

✐✒✛✜✍✍✒✢✍r✣ ✔✕ ✖✘✤✘✥ ✦✧★ ✒✖✩ ✕✑✒✓✔ ✒✕

(i) (a,a) ✪ R ✖✜✍✑ a ✪ Q ♦✗✫ ✒✏✔

(ii) (a,b) ✪ R ✕✍ r✍❞✐✬✭ ✦✧ ✒✕ (b, a) ✪ R

(iii) (a,b) ✪ R ✈✍✧✛ (b,c) ✪ R ✕✍ r✍❞✐✬✭ ✦✧ ✒✕ (a,c) ✪R

☛❣ (i) ❉✬✍✗✘✒✕ a – a = 0 ✪ Z, ✒✓✖✖✗ ✒✎✢✕✢✍✭ ✒✎✕✏r✍ ✦✧ ✒✕ (a, a) ✪ R.

(ii) (a,b) ✪ R ✕✍ r ✍ ❞ ✐✬ ✭ ✦ ✧ ✒✕ a – b ✪ Z. ❜✖ ✒✏✔ , b – a ✪ Z.

✈r✮, (b, a) ✪ R

(iii) (a, b) r✚✍✍ (b, c)  ✪ R r✍❞✐✬✭ ✦✧ ✒✕ a – b ✪ Z. b – c ✪ Z.  ❜✖✒✏✔,

a – c = (a – b) + (b – c) ✪ Z. ✈r✮, (a,c) ✪ R

♠✠✡☛☞✌✡ 20  ✬✒❀  f = {(1,1), (2,3), (0, –1), (–1, –3)}, Z ✖✗ Z.❡✗✘ ✔✕ ✯✛✧✒✰✍✕ ✐✫✏✎ ✦✧✣ r✍✗

f(x) ❑✍r ✕✑✒✓✔★

☛❣  ❉✬✍✗✘✒✕ f ✔✕ ✛✧✒✰✍✕ ✐✫✏✎ ✦✧✣ ❜✖✒✏✔  f (x) = mx + c. ✐✱✎✮ ❉✬✍✗✘✒✕ (1, 1), (0, – 1) ✪ R

✦✧★ ❜✖✒✏✔✣ f (1) = m + c = 1 r✚✍✍  f (0) = c = –1. ❜✖✖✗ ✦❡✗✘ m = 2 ✒❡✏r✍ ✦✧ ✈✍✧✛ ❜✖ ✐❢✕✍✛

f(x) = 2x – 1.

♠✠✡☛☞✌✡ 21 ✐✫✏✎
2

2

3 5
( ) =

5 4

x x
f x

x – x

✲ ✲

✲
 ✕✍ ✐❢✍✘r ❑✍r ✕✑✒✓✔★

☛❣  ❉✬✍✗✘✒✕ x
2

 –5x + 4 = (x – 4) (x –1), ❜✖✒✏✔ ✐✫✏✎ f, x = 4 ✈✍✧✛ x = 1 ♦✗✫ ✈✒r✒✛❉r ✈✳✬

✖✜✍✑ ♦✍✴r✒♦✕ ✖✘✰✬✍✈✍✗ ✘ ♦✗✫ ✒✏✔ ✐✒✛✜✍✍✒✢✍r ✦✧★ ✈r✮ f ✕✍ ✐❢✍✘r R – {1, 4} ✦✧★

♠✠✡☛☞✌✡ 22  ✐✫✏✎  f ,

f (x) = 

1 0

1 0

1 0

x, x

, x

x , x

✵ ✶✷
✸

✹✺
✸ ✻ ✼✽

⑥✍✛✍ ✐✒✛✜✍✍✒✢✍r ✦✧★  f (x)  ✕✍ ✈✍✏✗✰✍ ✰✍✑✘✒✾✔★

☛❣  ✬✦✍✿ f(x) = 1 – x, x < 0,  ✖✗

f(– 4) = 1 – (– 4) = 5;

f(– 3) = 1 – (– 3) = 4,

f(– 2) = 1 – (– 2) = 3

f(–1) = 1 – (–1)  = 2; ❜❞✬✍✒❀



52 ①�✁✂✄

✈☎✆✝ f(1) = 2, f (2) = 3, f (3) = 4

f(4) = 5 ❜✞✟☎✠✡☛ ☞✟☎✌✍✠✎  f(x) = x + 1, x > 0.

✈✏✑ f  ✎☎ ✈☎❞✌✒☎ ✈☎✓✔✕✠✏ ✖✗✘✙ ✚✌✍ ✡✛☎☎✜✢ ✣✤

✎☎ ✥☎✌✦☎✧

★✩✪✫✪ ✬ ✭✮ ✯✰✯✰✱ ✭✲✳✴✫✰✵✶

1.  ❧✍✷✍✸  f , 

2 0 3
( ) =

3 3 10

x , x
f x

x, x

✹ ✺ ✺✻
✼

✺ ✺✻✽
  ⑥☎✝☎ ✤✠✝✾☎☎✠✿☎✏ ✥✆✧

❧✍✷✍✸ g, 

2 , 0 2
( )

3 , 2 10

x x
g x

x x

✹ ✺ ✺✻
❀✼

✺ ✺✻✽
  ⑥☎✝☎ ✤✠✝✾☎☎✠✿☎✏ ✥✆✧

✡✛☎☎✜❜✢ ✠✎ ☞✟☎✌✍ f ✢✎ ✤✕❞❁ ✥✆ ✈☎✆✝ g  ✤✕❞❁ ❁✥✐✍ ✥✆✧

2.  ✟✠✡  f (x) = x
2

,  ✏☎✌
(1 1) (1)

(1 1 1)

f . – f

. –
  ❑☎✏ ✎✐✠❂✢✧

3.  ✤✕❞❁  f (x) 

2

2

2 1

8 12

x x

x – x

❃ ❃
❄

❃
 ✎☎ ✤❅☎✍✏ ❑☎✏ ✎✐✠❂✢✧

4.  f (x)  = ( 1)x ❆  ⑥☎✝☎ ✤✠✝✾☎☎✠✿☎✏ ✓☎❇✏✠✓✎ ✤✕❞❁ f ✎☎ ✤❅☎✍✏ ✏❈☎☎ ✤✠✝❧✝ ❑☎✏ ✎✐✠❂✢✧

5. f (x) = 1x –  ⑥☎✝☎ ✤✠✝✾☎☎✠✿☎✏ ✓☎❇✏✠✓✎ ✤✕❞❁ f ✎☎ ✤❅☎✍✏ ✏❈☎☎ ✤✠✝❧✝ ❑☎✏ ✎✐✠❂✢✧

6. ✚☎❁ ❞✐✠❂✢ ✠✎ 

2

2
, ,:
1

x
f x x

x

❉ ❊❋ ●❍ ❍
■ ❏▲▼ ◆ ❖

P❍ ❍◗ ❘❙ ❚
R R ❧✌ R ✚✌✍ ✢✎ ✤✕❞❁ ✥✆✧ f ✎☎ ✤✠✝❧✝

✠❁✸☎✜✠✝✏ ✎✐✠❂✢✧

❯❱❲❳❨❩❬ 2.17
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7. ❡✠ ✡ ☛☞✌✍✎ ✌✏   f, g : R✑R Ø❡ ✒✠ ✓  f(x) = x + 1, g(x) = 2x – 3. ⑥✠ ✔✠ ✕✌ ✔✖✠ ✠ ✌✗✠ ✘ ✙✚ ✛

f  + g, f – g ✈✠ ✚ ✔ 
f

g
 ❑✠ ✘ ✏☞✌ ✍✎ ✛

8. ❡✠ ✡ ☛☞✌✍✎ ✌ ✏  f = {(1,1), (2,3), (0,–1), (–1, –3)} Z ✜✢ Z ❡✢✣✤ f(x) = ax + b, ⑥ ✠ ✔✠

✕✌ ✔✖ ✠ ✠ ✌ ✗ ✠ ✘ ✎ ✏ ✕✐ ☛ ✡ ✙✚ ✤ ✍ ✙✠ ✥  a, b. ✏✠ ✢ ❞ ✦ ✕✧ ★✠ ✠ ✦✣ ✏ ✙✚ ✣ ✛  a, b ✏✠ ✢ ✌ ✡ ✩✠ ✦✌ ✔✘ ✏☞ ✌ ✍✎ ✛

9. R = {(a, b) : a, b ✪N ✘ r✠ ✠ a = b
2

} ⑥✠ ✔✠ ✕✌ ✔✖✠ ✠ ✌✗✠ ✘ N ✜✢ N ❡✢✣✤ ✎✏ ✜✣✫✣✩ R  ✙✚ ✛ ❣ ✬✠

✌✡ ❢✡✌ ☛✌ ✭✠ ✘ ✏r✠ ✡ ✜✮ ✬ ✙✚ ✣✯

(i) (a,a) ✰ R, ✜✖ ✠☞  a ✰ N, (ii) (a,b) ✰ R, ✏✠ ✘ ✠ ✮ ✕✬✦ ✙✚ ✌ ✏ (b,a) ✰ R

(iii) (a,b) ✰ R, (b,c) ✰ R  ✏✠ ✘✠ ✮✕✬ ✦ ✙✚ ✌ ✏ (a,c) ✰ R?

✕✱ ✮✬✢ ✏ ✲ ✒✠ ✠ ❡✢✣ ✈ ✕✡✢ ✳ ✴✠ ✔ ✏✠ ✈✠ ✚✌✵ ✮✬ ✖✠ ☞ ✫ ✘ ☛✠ ❞ ✎✛

10. ❡✠ ✡ ☛☞✌✍✎ ✌✏  A ={1,2,3,4}, B = {1,5,9,11,15,16} ✈✠✚ ✔  f = {(1,5), (2,9), (3,1), (4,5),

(2,11)}. ❣ ✬✠ ✌ ✡❢✡✌ ☛✌✭✠ ✘ ✏r✠ ✡ ✜✮ ✬ ✙✚✣ ✯

(i) f , A ✜✢ B ❡✢✣ ✎ ✏ ✜✣✫✣✩ ✙✚ ✛ (ii) f , A ✜✢ B ❡✢✣ ✎ ✏ ✕✐☛ ✡ ✙✚ ✛

✕✱ ✮✬✢ ✏ ✲ ✒✠ ✠ ❡✢✣ ✈ ✕✡✢ ✳ ✴✠ ✔ ✏✠ ✈ ✠✚ ✌✵ ✮✬ ✫✘ ☛✠ ❞ ✎ ✛

11. ❡✠ ✡ ☛☞✌ ✍✎ ✌ ✏ f , f = {(ab, a + b) : a, b ✪ Z} ⑥ ✠ ✔✠ ✕✌ ✔✖✠ ✠ ✌✗✠ ✘ Z × Z ✏✠ ✎ ✏ ✳ ✕✜❡ ✶✷✵ ✬

✙✚ ✛ ❣ ✬✠ f, Z ✜✢ Z ❡✢✣ ✎ ✏ ✕✐☛ ✡ ✙✚ ✯ ✈ ✕✡✢ ✳ ✴✠ ✔ ✏✠ ✈✠ ✚✌✵ ✮✬ ✖ ✠☞ ✸ ✕✗✹ ✏☞✌ ✍✎ ✛

12. ❡✠ ✡ ☛☞✌ ✍✎ ✌ ✏ A = {9,10,11,12,13}✘ r✠ ✠ f : A✑N, f (n) = n ✏✠ ❡ ✙ ✴✠ ❡ ✈✖ ✠✠ ✺ ✬ ✻ ✶★✠ ✏

⑥ ✠ ✔✠ ✤ ✕✌ ✔✖✠ ✠ ✌✗✠ ✘ ✙✚ ✛ f ✏✠ ✕✌ ✔✜✔ ❑ ✠✘ ✏☞✌ ✍✎ ✛

✼✽ ✾✽ ✿ ❀✽

❞ ✜ ✈ ❜ ✬✠ ✬ ❡ ✢✣ ✙❡ ✡✢✣ ✜✣ ✫✣✩ ✘ r✠ ✠ ✕✐☛ ✡ ✏✠ ✈ ❜ ✬✬✡ ✌ ✏✬✠ ✙✚ ✛ ❞ ✜ ✈ ❜✬✠ ✬ ✏☞ ❡ ✶✭ ✬ ✫✠ ✘✠ ✢✣

✏✠ ✢ ✡☞✵✢ ✌ ✲ ✬✠ ✍✠ ✔✙✠ ✙✚ ✛

❁ ❂❃ ❄❅ ❆❇❈ ❄  ✌✏✜☞ ✌ ❉✒✠ ✢✗✠ Ø❡ ❡✢✣ ✜❡ ✧✌✙✘ ✈ ❉✬❉✠ ✢✣ ✏✠ ✎ ✏ ✬ ✶❊❡ ✛

❁ ❋ ●❅ ❍ ■ ❆ ❏ ❇▲ ●▼ ✜❡ ✶✷ ✵ ✬✠ ✢✣ A ✘r✠ ✠ B ✏✠ ✏✠ ✘ ☞ ✦✬ ✻ ✶★✠ ✡✤ ✜❡ ✶✷✵ ✬

A × B  =  {(a,b): a ✰ A, b ✰ B} ✙✠ ✢✘ ✠ ✙✚ ✛ ✌ ❉✒✠ ✢✗✠ ◆ ✕ ✜✢

R × R = {(x, y): x, y ✰ R} ✈✠ ✚ ✔ R × R × R = (x, y, z): x, y, z ✰ R}

❁ ✬✌ ✲  (a, b) = (x, y), ✘✠ ✢ a = x ✘ r✠ ✠ b = y.

❁ ✬✌✲  n(A) = p ✘ r✠ ✠ n(B) = q, ✘ ✠✢ n(A × B) = pq.

❁ A × ❖ = ❖
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☎ ❧✆✝✆✞✟✠✡ A × B ☛ B × A.

☎ ☞✌✍✌✎  ❧✝✏✑✒✟ A ❧✓ ❧✝✏✑✒✟ B ✝✓❡ ❧❡✔❡✕  R, ❞✆✠✖✗✟ ✘✏✙✆✚ A × B ❞✆ ✛❞ ✜✢❧✝✏✑✒✟

❣✆✓✠✆ ❣✣✤ ✥✦❧✓ A × B ✧✓★ ✩✥✝✠ ✟✏✪✝✆✓❡ ✧✓★ ✢✫✬✆✝ ✭✆✮❞ x ✠✬✆✆ ✥✯✠✖✟ ✭✆✮❞ y ✧✓★ ✔✖✒

✥❞❧✖ ❧❡✔❡✕ ❞✆✓ ✧✥✙✆✗✠ ❞❢✧✓★ ✢✫✆✰✠ ✥❞✟✆ ✦✆✠✆ ❣✣✱

☎  ✥❞❧✖ ✲✧✟✧ x  ❞✆✤ ❧❡✔❡✕ R ✧✓★ ✲❡✠✘✗✠✤ ✢✫✥✠✥✔❡✔ y ❣✆✓✠✆ ❣✣✤ ✦❣✆✳ (x, y) ✴ R,

☎  ❧❡✔❡✕ R  ✧✓★ ✩✥✝✠ ✟✏✪✝✆✓❡ ✧✓★ ✢✫✬✆✝ ✭✆✮❞✆✓❡ ❞✆ ❧✝✏✑✒✟✤ ❧❡✔❡✕ R ❞✆ ✢✫✆❡✠ ❣✆✓✠✆ ❣✣✱

☎ ❧❡✔❡✕ R  ✧✓★ ✩✥✝✠ ✟✏✪✝✆✓❡ ✧✓★ ✥✯✠✖✟ ✭✆✮❞✆✓❡ ❞✆ ❧✝✏✑✒✟✤ ❧❡✔❡✕ R ❞✆ ✢✥❢❧❢ ❣✆✓✠✆ ❣✣✱

☎ ✐✵✶✷ ❧✝✏✑✒✟ A ❧✓ ❧✝✏✑✒✟ B ✝✓❡ ✢★✸✚ f  ✛❞ ✥✧✥✹✆✺✮ ✢✫❞✆❢ ❞✆ ❧❡✔❡✕ ❣✆✓✠✆ ❣✣✤ ✥✦❧✝✓❡

❧✝✏✑✒✟ A ✧✓★ ✢✫♦✟✓❞ ✲✧✟✧ x ❞✆ ❧✝✏✑✒✟ B ✝✓❡ ✛❞ ✲✆✣❢ ✧✓★✧✸ ✛❞ ✢✫✥✠✥✔❡✔ y ❣✆✓✠✆

❣✣ ✻❧ ✔✆✠ ❞✆✓ ❣✝ f: A✼B ✦❣✆✳   f(x) = y ✥✸✽✆✠✓ ❣✣❡✱ ✱

☎ A ✢★✸✚ f ❞✆ ✢✫✆❡✠ ✠✬✆✆ B ✜❧❞✆ ❧❣✢✫✆❡✠ ❣✆✓✠✆ ❣✣✱

☎ ✢★✸✚ f ❞✆ ✢✥❢❧❢✤ f ✧✓★ ✢✫✥✠✥✔❡✔✆✓❡ ❞✆ ❧✝✏✑✒✟ ❣✆✓✠✆ ❣✣✱

☎ ✥❞❧✖ ✧✆✾✠✥✧❞ ✢★✸✚ ✧✓★ ✢✫✆❡✠ ✠✬✆✆ ✢✥❢❧❢ ✿✆✓✚✆✓❡ ❣✖ ✧✆✾✠✥✧❞ ❧❡✽✟✆✲✆✓❡ ❞✆ ❧✝✏✑✒✟

✲✬✆✧✆ ✜❧❞✆ ✛❞ ✜✢❧✝✏✑✒✟ ❣✆✓✠✆ ❣✣✡

☎ ✐✵✶✷❀❁✌ ❂❀ ✍❃❄❅❆❇❀❈  ✢★✸✚ f : X ✼ R ✠✬✆✆ g : X ✼ R, ✧✓★ ✥✸✛ ❣✝ ✥✚❉✚✥✸✥✽✆✠

✢✥❢❊✆✆✺✆✆✛✳ ✿✓✠✓ ❣✣❡✱

(f + g) (x) = f(x) + g(x), x ✴ X

(f – g) (x) = f (x) – g(x), x ✴ X

 (f.g) (x) = f (x) .g (x), x ✴ X, k ❞✆✓✻✗ ✲✒❢ ❣✣✱

(kf) (x) = k f (x), x ✴ X

( )
f

x
g

 = 
( )

( )

f x

g x
, x ✴ X, g(x) ☛ 0
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�Analysis and natural philosopy owe their most important discoveries to

this fruitful means, which is called induction. Newton was indebted

to it for his theorem of the binomial and the principle of

universal gravity. – LAPLACE �

4.1  ❍✁✂✄☎✆✁ ✝Introduction✮
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✒✎❧✫✹☞✠✧① ✢✣✤

✞✎①✙✎ ✚✧✜ ✞✚✫✔☛✡✴ ✒✠①✙✎ ✡✚✛✜ ✫✹✶☞✧✏ ✞✥✬✠✞✡ ✚✧✜ ✒★☞☞✎ ✫✔ ✒✠✓✠✞✔✡ ✢✠✧✡✠ ✢✣ ✡✬✠✠ ✵✗✙✧✍
✫✹✶☞✧✏ ✑✚✍ ✢✔ ✗✍✕✠✚ ✞✥✬✠✞✡ ✏✠✧ ★☞✠✎ ✙✧✍ ✔✷✠✡✧ ✢❧✑ ■✠❏✎✠✒✠✧✍ ✚✧✜ ✞✎✔☛✺✠✟✠ ❑✠✔✠ ✑✏ ✒✎❧✙✠✞✎✡ ✏✬✠✎
✞✚✏✞✗✡ ✞✏☞✠ ✼✠✡✠ ✢✣✤ ✵✗✏✠✧ ①✞✟✠✡ ✙✧✍ ✫✹✠☞✰ ✫✹☞✠✧① ✞✏☞✠ ✼✠✡✠ ✢✣ ✡✬✠✠ ✚✣❢✠✞✎✏ ✞✌✍✡✎✴ ✼✢✠▲ ✒✠▲✏▼◆✠✧✍
✏✠ ✗✍①✹✢ ✡✬✠✠ ✞✚r✠✳✧✲✠✟✠ ✙✠✎✏ ✢✠✧✡✠ ✢✣✴ ✏✠ ☞✢ ✙❧✷☞ ✒✠✓✠✔ ✢✣✤ ✵✗ ✫✹✏✠✔✴ ✗✔✳ ✕✠✠✲✠✠ ✙✧✍ ✢✙ ✏✢
✗✏✡✧ ✢✣✍ ✞✏ ✒✠①✙✎ r✠❖❞ ✏✠ ✒✬✠✛ ✞✚✞r✠✲❏ ✞✥✬✠✞✡☞✠✧✍ ☞✠ ✡✬☞✠✧✍ ✗✧ ✭☞✠✫✏☛✏✔✟✠ ✏✔✎✧ ✗✧ ✢✣✤

G. Peano

(1858-1932 A.D.)

4P◗❘❙❘

❚❯❱❲❳❤❨ ❩❬❭❪❫ ❴❬ ❵❛❝❬❡❥

(Principle of Mathematical Induction)
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x + 1 ❥ S ✍❝ ✘t✒✌ x ❥ S. ✳✗✒✕✖✏✘ N, ✍✒✕ ✏✘ ✧✘ ✙✒✎✔✏✬✘ ★✔✤❣✐✗ ✭✮✢ R ✘✒ ★❝★✕ ✦✒✕✹✒

♠✩★✔✤❣✐✗ ✭✮✢ ✩✏✪✑✒✒✔✓❴ R ✣✕✥ ✏✘★✌ t✒✌ ✧✕★✕ ♠✩★✔✤❣✐✗ ✔✕✖ ✍✒✕ ✙✒✎✔✏✬✘ ✭✮✢ N ✙✏✬✣✒✗▲ ▼✩
★✕ ★✔✒✏✭✓ ✭✒✕✓✒ ✭✮✵

♥❦♣q❏rs

✔✒✬ ✷✌✏✍✧ ✏✘ ✭✔ ✩◆✒✣❧✥✓ ★✖✜✗✒✙✒✕✖ 1, 2, 3,...,n, ✣✕✥ ✗✒✕✎ ✣✕✥ ✏✷✧ ★✯✉✒ ✩◆✒❵✓ ✘✪✬✒ ✐✒✭✓✕ ✭✮✖ ✙✫✒✒▲✓✇

✧✘ ★✯✉✒ ✍✒✕ ✏✘ n = 3 ✣✕✥ ✏✷✧ 1 + 2 + 3 ✘✒ ✔✒✬ ✱✕✓✒ ✭✮✢ n = 4 ✣✕✥ ✏✷✧ 1 + 2 + 3 + 4 ✘✒

✔✒✬ ✱✕✓✒ ✭✮ P②✗✒✏✱✵ ✙✒✮✪ ✔✒✬ ✷✌✏✍✧ ✏✘ ✭✔ ✏✘★✌ ✩◆✘✒✪ ★✕ ✗✭ ✏✣✛✣✒★ ✘✪✬✕ ✣✕✥ ✏✷✧ ✩◆✕✏✪✓ ✭✒✕✓✕

✭✮✖ ✏✘ ★✯✉✒ 1 + 2 + 3+...+ n = 
( 1)

2

n n ③
★✭✌ ✭✮✵
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❀☎ ✆✝✞✟ ✠✟✡☛✠ ☞✌✍ ✠✎✏✆✌ ✑✆✒ ✑✓❀✟ ✔✟ ✆✓☛✟ ☎✎✕ ☎☞✖ ✑✗✑✘✙☛ ☎✚ n ✠✌✏ ✥✛✜✟✗✢✆✟✣ ✙✟☎✌ ✤✦✖

✴✗ ✧✝★✟✟✩✓ ☞✟✗✟✌✍ ✠✌✏ ✑✪✦ ✓✫✟✗ ✓✟✌ ✆✬❀✟✑✧☛ ✓✣ ✆✓☛✌ ☎✎✍✖ ✑✓✍☛✢ ✥✆ ✧✭✑✮❀✟ ✓✟ ☞✟✗ n ✠✌✏ ✆✯✟✚

☞✟✗✟✌✍ ✠✌✏ ✑✪✦ ✆✝✞✟ ✓✟✌ ✑✆✒ ✗☎✚✍ ✓✣ ✆✓☛✚ ☎✎❡ ✥✆✠✌✏ ✑✪✦ ✦✓ ✦✌✆✚ ✑✮❀✟ ✰✟✱✍✲✟✪✟ ✓✚ ✳✟✠✘❀✓☛✟

☎✎✖ ✑✔✆✓✟ ✧✭✯✟✟✠ ✥✆ ✧✭✓✟✣ ✓✟ ☎✟✌ ✑✓ ✦✓ ❣✟✣ ✑✓✆✚ ✴✗ ✧✝★✟✟✩✓ ✠✌✏ ✑✪✦ ✆✝✞✟ ✠✌✏ ✑✆✒ ☎✟✌ ✔✟✗✌

✠✌✏ ❣✟♦ ✳✟✤✟☞✚ ✴✗ ✧✝★✟✟✩✓✟✌✍ ✠✌✏ ✑✪✦ ✆✝✞✟ ✑✗✣✍☛✣ ✳✧✗✌ ✳✟✧ ✑✆✒ ☎✟✌ ✔✟☛✟ ☎✎❡ ✥✆ ✧✭✓✟✣ ✓✚

✑✮❀✟ ✰✟✱✍✲✟✪✟ ✓✟✌ ✤✑★✟☛✚❀ ✳✟✤☞✗ ✑✠✑✴ ✈✟✣✟ ✵✬✧✶✗ ✆☞✷✟ ✔✟ ✆✓☛✟ ☎✎❡

4.3  ✸✹✺✻✼✽✾ ✿✻✸❁❂ ❃✻ ✹❄❅✻❆✼ (The Principle of Mathematical Induction)

✓❞✧✗✟ ✓✚✑✔✦ ✴✗ ✧✝★✟✟ ✩✓ P(n)  ✆✌ ✆✍❣✒ ✦✓ ✑♦❀✟ ✓✫✟✗ ✥✆ ✧✭✓✟✣ ☎ ✎ ✑✓

(i) n = 1, ✠✌✏ ✑✪✦ ✓✫✟✗ ✆✬❀ ☎✎ ✳✫✟✟❇☛❈ P(1) ✆✬❀ ☎✎ ✳✟✎✣

(ii) ❀✑♦  n = k, ✦✓ ✧✭✟✠✱✏☛ ✆✍✲❀✟✖ ✠✌✏ ✑✪✦ ✓✫✟✗ ✆✬❀ ☎✎ ☛✟✌ n = k + 1, ✠✌✏ ✑✪✦ ✯✟✚

✓✫✟✗ ✆✬❀ ☎✎ ✳✫✟✟❇☛❈ P(k) ✓✚ ✆✬❀☛✟ ✓✟ ☛✟✬✧❀❇ ☎✎ P (k + 1) ✓✚ ✆✬❀☛✟❡

✳☛❉ ✆✯✟✚ ✧✭✟✠✱✏☛ ✆✍✲❀✟ n ✠✌✏ ✑✪✦ P(n) ✆✬❀ ☎✎❡

✤✢★✟  (i) ☞✟✞✟ ☛✫❀ ✓✟ ✓✫✟✗ ☎✎❡ ✦✌✆✚ ✧✑✣✑✡✫✟✑☛❀✟❊ ✯✟✚ ☎✟✌ ✆✓☛✚ ☎✎✍ ✔❣ n ❋ 4 ✠✌✏ ✆✯✟✚ ☞✟✗✟✌✍

✠✌✏ ✑✪✦ ✓✫✟✗ ✆✬❀ ☎✟✌❡ ✥✆ ✑✡✫✟✑☛ ☞✌✍✖ ✧✭✫✟☞ ✙✣★✟ n = 4 ✆✌ ✧✭✟✣✍✯✟ ☎✟✌✤✟ ✳✟✎✣ ☎☞ ✧✑✣★✟✟☞ ✓✟✌

n = 4  ✠✌✏ ✑✪✦ ✳✫✟✟❇☛❈ P(4) ✆✬❀✟✑✧☛ ✓✣✌✍✤✌❡

✤✢★✟ (ii) ✧✭✑☛❣✍✑✴☛ ✤✢★✟✴☞❇ ☎✎❡ ❀☎ ✑✗✘✙❀✧✝✠❇✓ ✗☎✚✍ ✓☎☛✟ ✑✓ ✑♦❀✟ ✓✫✟✗ n = k ✠✌✏ ✑✪✦ ✆✬❀ ☎✎✖

✧✣✍☛✢ ✠✌✏✠✪ ✥☛✗✟ ✓☎☛✟ ☎✎ ✑✓ ❀✑♦ ❀☎ n = k ✠✌✏ ✑✪✦ ✓✫✟✗ ✆✬❀ ☎✎✖ ☛✟✌ n =  k + 1 ✠✌✏ ✑✪✦ ✯✟✚

✆✬❀ ☎✎❡ ✥✆ ✧✭✓✟✣ ✤✢★✟✴☞❇ ✓✚ ✆✬❀☛✟ ✑✆✒ ✓✣✗✌ ✠✌✏ ✑✪✦ ✠✌✏✠✪ ✐●❍■❏❑❍▲■ ▼◆❖P ◗conditional

proposition❘ ✓✟✌ ✑✆✒ ✓✣☛✌ ☎✎✍❉ ❙❀✑♦ n = k ✠✌✏ ✑✪✦ ✓✫✟✗ ✆✬❀ ☎✎ ☛✟✌ ❀☎ n = k + 1 ✠✌✏ ✑✪✦

✯✟✚ ✆✬❀ ☎✎❚❡ ✥✆✌ ✓✯✟✚❯✓✯✟✚ ❱◆❲❳❨ ❩◆ ❬❭❪◆ ◗Induction step❘ ✓☎✟ ✔✟☛✟ ☎✎❡ ✥✆ ✳✟✤☞✗

✙✣★✟ ☞✌✍ ♣n = k ✠✌✏ ✑✪✦ ✓✫✟✗ ✆✬❀ ☎✎❫ ✓✚ ✳✑✯✟✴✟✣★✟✟ ◗assumption❘ ❱◆❲❳❨ ✐❍❭❩❴✐❨◆

◗Induction hypothesis❘ ✓☎✪✟☛✚ ☎✎❡

✵♦✟☎✣★✟✟✫✟❇❉ ✤✑★✟☛ ☞✌✍ ❣☎✢✴✟ ✦✓ ✆✝✞✟ ✲✟✟✌✔✟ ✔✟ ✆✓☛✟ ☎✎ ✔✟✌ ✑✓✆✚ ✧✎♠✗❇ ✠✌✏ ✳✗✢❵✧ ☎✟✌☛✟ ☎✎✖

✔✎✆✌
1 = 12   =1

4 = 22 = 1 + 3

9 = 32 = 1 + 3 + 5

16 = 42 = 1 + 3 + 5 + 7, ✥✬❀✟✑♦❡

è❀✟✗ ♦✚✑✔✦ ✑✓ ✧✭✫✟☞ ♦✟✌ ✑✠❛✟☞ ✧✭✟✠✱✏☛ ✆✍✲❀✟✳✟✌✍ ✓✟ ❀✟✌✤ ✑✈☛✚❀ ✧✭✟✠✱✏☛ ✆✍✲❀✟ ✓✟ ✠✤❇ ☎✎✖ ✧✭✫✟☞ ☛✚✗

✑✠❛✟☞ ✧✭✟✠✱✏☛ ✆✍✲❀✟✳✟✌✍ ✓✟ ❀✟✌✤ ☛✱☛✚❀ ✧✭✟✠✱✏☛ ✆✍✲❀✟ ✓✟ ✠✤❇ ☎✎✖ ✥✬❀✟✑♦❡ ✳☛❉ ✥✆ ✧✎♠✗❇ ✆✌ ✧✭☛✚☛ ☎✟✌☛✟

☎✎ ✑✓

1 + 3 + 5 + 7 + ... + (2n – 1) = n2 , ✳✫✟✟❇☛❈

✧✭✫✟☞ n ✑✠❛✟☞ ✧✭✟✠✱✏☛ ✆✍✲❀✟✳✟✌✍ ✓✟ ❀✟✌✤ n ✓✟ ✠✤❇ ☎✎❡
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❡✌✍ ✎✏✑✒✓ ✑✔

P(n): 1 + 3 + 5 + 7 + ... + (2n – 1) = n2

❣❡ ✑✕✖ ✔✗✍✌ ✘✌❣✙✚ ❣✛✜ ✑✔ P✭n✮✢ n ✥✚✣ ✕✤✌✏ ❡✌✍✌✚✜ ✥✚✣ ✑✎✓ ✕✦✧ ❣✛★ ✩✑✪✌✙✏✧ ✫✌✩❡✍ ✥✚✣

✐✬✧✌✚✩ ✥✌✎✏ ✯✐✐✑✰✌ ✥✚✣ ✐✬✱✌❡ ✘✗✪✌ ❡✚✜ P✭✲✮ ✔✌✚ ✕✦✧ ✑✕✖ ✔✗✙✚ ❣✛✜★ ✳✕ ✘✗✪✌ ✔✌✚ ✴✵✶ ✷✸✹✺ ✔❣✙✚

❣✛✜★ ✐✬✦✧✻✌✙✼

1 = 12 ✫✱✌✌✈✙✽ P✭✲✮ ✕✦✧ ❣✛★

✫✩✎✌ ✘✗✪✌ ✾✺✿✴❀ ✷✸✹✺ ✭Induction step✮ ✔❣✎✌✙✌ ❣✛★ ✧❣✌❁ ❣❡ ✔❂✐✍✌ ✔✗✙✚ ❣✛✜ ✑✔ P (k)

✕✦✧ ❣✛ ✒❣✌❁ k ,✓✔ ✐✬✌✥❃✣✙ ✕✜❄✧✌ ❣✛ ✫✌✛✗ ❣❡✚✜  P (k + 1) ✔✏ ✕✦✧✙✌ ✑✕✖ ✔✗✍✚ ✔✏ ✫✌✥❞✧✔✙✌

❣✛ ❅✧✌✚✜✑✔ P (k) ✕✦✧ ❣✛✢ ✫✙✼

P (k) : 1 + 3 + 5 + 7 + ... + (2k – 1) = k2 ... (1)

P (k+1) ✐✗ ✑✥✘✌✗ ✔✏✑✒✓

P (k + 1) : 1 + 3 + 5 + 7 + ... + (2k – 1) + {2(k +1) – 1} ... (2)

= k2 + (2k + 1) [(1) ✥✚✣ ✐✬✧✌✚✩ ✕✚]

= (k + 1)2

✳✕✑✎✓, P (k + 1) ✕✦✧ ❣✛ ✫✌✛✗ ✫❧ ✫✌✩❡✑✍✔ ✯✐✐✑✰✌ ✐❆✪✌✈ ❣❇✳✈★

✫✙✼ ✕✤✌✏ ✐✬✌✥❃✣✙ ✕✜❄✧✌✫✌✚✜ n  ✥✚✣ ✑✎✓ P(n) ✕✦✧ ❣✛★

♠❈✺❉✸✹✺ 1 ✕✤✌✏ n ❊ 1 ✥✚✣ ✑✎✓✢ ✑✕✖ ✔✏✑✒✓

12 + 22 + 32 + 42 +…+ n2     = 
( 1)(2 1)

6

n n n❋ ❋
.

❉✶  ❡✌✍ ✎✏✑✒✓ ✑✔ ✑●✧✌ ✔✱✌✍ P(n) ❣✛✢ ✫✱✌✌✈✙✽

P(n) :  12 + 22 + 32 + 42 +…+ n2     = 
( 1)(2 1)

6

n n n❋ ❋

n = 1 ✥✚✣ ✑✎✓✢ P(1): 1 = 
1(1 1)(2 1 1)

6

❋ ❍ ❋
=  

1 2 3
1

6

❍ ❍
■  ✒✌✚✑✔ ✕✦✧ ❣✛★

✑✔✕✏ ❢✍ ✐❆❆✪✌✌❏✔ k ✥✚✣ ✑✎✓ ✔❂✐✍✌ ✔✏✑✒✓ ✑✔ P(k) ✕✦✧ ❣✛✢ ✫✱✌✌✈✙✽

12 + 22 + 32 + 42 +…+ k2     = 
( 1)(2 1)

6

k k k❑ ❑
...(1)

✫❧ ❣❡ ✑✕✖ ✔✗✚✜✩✚ ✑✔  P(k + 1) ✤✌✏ ✕✦✧ ❣✛✢
(12  +22  +32  +42  +…+k2  ) + (k + 1) 2

= 
2( 1)(2 1)

( 1)
6

k k k
k

❋ ❋
❋ ❋ [(1) ✥✚✣ ✐✬✧✌✚✩ ✕✚]
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=
2( 1) (2 1) 6( 1)

6

k k k k☎ ☎ ☎ ☎

= 

2( 1) (2 7 6)

6

k k k✆ ✆ ✆

= 
( 1)( 1 1){2( 1) 1}

6

k k k✝ ✝ ✝ ✝ ✝

❜ ✞ ✟✠✡☛ ☞, P(k + 1) ✞❧✌ ✍ ✎ ✏✑ ✡✒☛ ✓ P (k) ✞❧✌ ✍ ✎✔

✈✕ ✖ ✗✘✙☛ ✕✓ ✌ ✈☛ ✗✚ ✛ ✘✞✜ ☛ ✢✕ ✞✣ ✞✒ ☛✓ ✟✠☛ ✤✥✦✕ ✞✢✧ ✌☛ ✈☛ ✣ ✢ N ✤✣✦ ✘★✩ ✡✪☛ ✛  P(n) ✞❧✌ ✍ ✎✔

♠ ✫✬✭ ✮✯✭ 2 ✞✒☛ ✓ ✰✛ ✟ ✱✙☛ ☛ ✲✡ n ✤✣ ✦ ✘★✩ ✘✞✜ ✡✓ ✘✏✩ ✘✡ 2n > n.

✬❣ ✚☛ ✛ ★✓ ✘✏✩ ✘✡ P(n):  2n > n

✏✑ n=1, 21>1. ✈✕ ✖ P(1) ✞❧✌ ✍ ✎✔

✡ ❞✟ ✛☛ ✡✓ ✘✏✩ ✘✡ ✘✡✞✓ ✰ ✛ ✟ ✱✙☛ ☛ ✲✡ k ✤✣✦ ✘★✩ P(k) ✞❧✌ ✍ ✎ ✈✪☛ ☛ ✳✕ ✴
P(k) : 2k  > k ... (1)

✈✑ ✍✚ ✘✞✜ ✡☞✣ ✢✗✣ ✘✡ P(k +1) ✞❧✌ ✍ ✎ ✏✑ ✡✒ ☛✓ P(k) ✞❧✌ ✍ ✎✔

✵✶ ✷ ✤✣✦ ✸☛ ✣ ✛☛ ✣ ✢ ✟✹☛ ☛ ✣ ✢ ✚✣ ✢ ✺ ✡☛ ✗✻✙☛ ☛ ✡☞✛✣ ✟☞ ✍✚

2. 2k

 

> 2k ✟✠☛ ✼✕ ✡☞✕ ✣ ✍ ✎✢✔

✈✪☛☛✳✕✴ 2 k + 1 > 2k = k + k > k + 1

❜ ✞✘★✩, P(k + 1) ✞❧✌ ✍ ✎ ✏✑ ✡✒ ☛ ✓ P(k) ✞❧ ✌ ✍ ✎ ✔ ✈✕ ✖ ✗✘✙☛ ✕✓ ✌ ✈☛ ✗✚ ✛ ✽☛ ☞☛ ✾ ✟✠ ❧✌✣ ✡ ✰ ✛ ✟ ✱✙☛ ☛ ✳✡

n ✤✣✦ ✘★✩ P(n) ✞❧ ✌ ✍ ✎✔

♠ ✫✭✬ ✮✯✭ 3 ✞✒ ☛ ✓ ✟ ✱✙☛ ☛ ✲✡ n ✿ 1 ✤✣ ✦ ✘★✩✾ ✘✞✜ ✡✓ ✘✏✩✖

1 1 1 1
...

1.2 2.3 3.4 ( 1) 1

n

n n n
❀ ❀ ❀ ❀ ❁

❀ ❀ .

✬ ❣ ✚☛ ✛ ★✓ ✘✏✩ ✘✡ ✘✸ ✌☛ ✡✪☛ ✛ P(n) ✍ ✎ ✕✪☛ ☛ ✍ ✚

P(n):  
1 1 1 1

...
1.2 2.3 3.4 ( 1) 1

n

n n n
❂ ❂ ❂ ❂ ❃

❂ ❂ ❢❄❅❆❇ ❈ ❉❊❋

❜ ✞ ✟✠✡☛☞  P(1):
1 1 1

1.2 2 1 1
❁ ❁

❀
, ✏☛✣ ✘✡ ✞❧✌ ✍ ✎ ✔ ✈✕ ✖ P(n), n = 1 ✤✣✦ ✘★✩ ✞❧✌ ✍ ✎✔

✡ ❞✟ ✛☛ ✡✓ ✘✏✩ ✘✡ ✟ ✱✙☛ ☛ ✲✡ k ✤✣✦ ✘★✩ P(k) ✞❧✌ ✍ ✎
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✈✌✍✍✎✏✑
1 1 1 1

...
1.2 2.3 3.4 ( 1) 1

k

k k k
✒ ✒ ✒ ✒ ✓

✒ ✒ ... (1)

❣✔✕✖ P(k + 1) ❞✍✕ ✗✘✙ ✚✗✛ ❞✜✢✍ ❣✣ ✤✥ P(k) ✗✘✙ ❣✣❧ ✦✗ ❣✕✏✧ ✚✢★✢✚✩✚✪✍✏ ✫✜ ✚✬✭✍✜ ❞✮✚✤✯❧

1 1 1 1 1
...

1.2 2.3 3.4 ( 1) ( 1) ( 2)k k k k
✰ ✰ ✰ ✰ ✰

✰ ✰ ✰

=  
1 1 1 1 1

...
1.2 2.3 3.4 ( 1) ( 1)( 2)k k k k

✱ ✲
✳ ✳ ✳ ✳ ✳✴ ✵✳ ✳ ✳✶ ✷

= 
1

1 ( 1)( 2)

k

k k k
✒

✒ ✒ ✒ [(1) ♦✸✹ ✺✻✼✽✸✾ ✿✸]

= 
( 2) 1

( 1)( 2)

k k

k k

✒ ✒

✒ ✒
 = 

2( 2 1)

( 1)( 2)

k k

k k

❀ ❀

❀ ❀
 = 

❁ ❂

❁ ❂ ❁ ❂

2
1

1 2

k

k k

❃

❃ ❃
 = 

❄ ❅

❄ ❅

❄ ❅

❄ ❅

1 1

2 1 1

k k

k k

❆ ❆
❇

❆ ❆ ❆

✦✗ ✫❜❞✍✜ ❞✌✍✢ P(k + 1) ✗✘✙ ❣✣ ✤✥ ❞❈✍✮ P(k) ✗✘✙ ❣✣❧ ✈✏❉ ❊✚❋✍✏✮✙ ✈✍❊✔✢ ✚✗✛✍✖✏ ●✍✜✍ ✗❈✍✮

✫✐❋✍✍❍❞✍✕✖✖ n ■ 1 ✬✕❏ ✚✩✯ P(n) ✗✘✙ ❣✣❧

♠❑▲▼◆❖▲ 4  ✫❜✘✙✕❞ P✢ ✫✐❋✍✍❍❞ n ✬✕❏ ✚✩✯◗ ✚✗✛ ❞✮✚✤✯ ✚❞ 7n – 3n❪ 4 ✗✕ ✚✬❈✍✍✚✤✏ ❣✍✕✏✍ ❣✣❧

▼❘  ✔✍✢ ✩✮✚✤✯ ✚❡✙✍ ❞✌✍✢ P(n) ❣✣ ✈✌✍✍✎✏✑

P(n) :  7n – 3n❪ ❙ ✗✕ ✚✬❈✍✍✚✤✏ ❣✣❧

❣✔ ✫✍✏✕ ❣✣✖

P(1):  71 – 31 = 4 ✤✍✕ ✚❞ 4 ✗✕ ✚✬❈✍✍✚✤✏ ❣✍✕✏✍ ❣✣❧ ✦✗ ✫❜❞✍✜ P(n), n = 1 ✬✕❏ ✚✩✯ ✗✘✙ ❣✣❧

❞❚✫✢✍ ❞✮✚✤✯ ✚❞ ✯❞ P✢ ✫✐❋✍✍❍❞ k ✬✕❏ ✚✩✯ P(k) ✗✘✙ ❣✣◗

✈✌✍✍✎✏, P(k) : 7k – 3k, 4 ✗✕ ✚✬❈✍✍✚✤✏ ❣✍✕✏✍ ❣✣❧

✈✏❉ ❣✔ ✚✩✪✍ ✗❞✏✕ ❣✣✖  7k – 3k = 4d, ✤❣✍t  d ❯ N.

✈✥◗ ❣✔ ✚✗✛ ❞✜✢✍ ✭✍❣✏✕ ❣✣✖ ✚❞ P(k + 1) ✗✘✙ ❣✣◗ ✤✥ ❞❈✍✮ P(k ) ✗✘✙ ❣✣❧

✈✥ 7(k+1)– 3(k + 1) = 7(k + 1) – 7.3k + 7.3k – 3(k  + 1)

= 7(7k – 3k) + (7 – 3)3k

= 7(4d) + (7 – 3)3k

= 7(4d) + 4.3k  = 4(7d + 3k)
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✈☎✆✝✞ ✟☎✆✠✝ ✡☛ ☞✞ ✌☛✍✎✝☛ ☞✏☎ ✆✑ 7(k  + 1)  – 3(k + 1), ✹ ✡☛ ✆✒✓✎✎✆✔✝ ☞✎☛✝✎ ☞✏✕ ✖✡ ✟✗✑✎✘, P(k + 1) ✡❧✙

☞✏ ✔❣ ✑✓✎✚  P(k) ✡❧✙ ☞✏✕  ✖✡✆❜✛✜ ✢✆✣✎✝✚✙ ✈✎✢✞✤ ✆✡✥✎☎✝ ✡☛ ✟✗❧✙☛✑ ✦✤ ✟✧✣✎✎★✑ n ✒☛♦ ✆❜✛ ✑✩✎✤

P(n) ✡❧✙ ☞✏✕

♠✪✫✬✭✮✫ 5 ✡✓✎✚ ✟✗✎✒✯♦✝ ✡☎✍✙✎✈✎☛☎ n ✒☛♦ ✆❜✛ ✆✡✥ ✑✚✆✔✛ ✆✑ (1 + x)n ✰ (1 + nx), ✔☞✎t
x > – 1.

✬✱ ✞✎✤ ❜✚✆✔✛ ✆✑ ✆✌✙✎ ✑✩✎✤ P(n) ☞✏

✈✩✎✎✲✝✳ P(n): (1 + x)n ✰ (1 + nx),  x > – 1 ✒☛♦ ✆❜✛

✔❣ n = 1, P(n) ✡❧✙ ☞✏ ✠✙✎☛☎✆✑ ( 1+x) ✰  (1 + x) ✔✎☛ x > –1 ✒☛♦ ✆❜✛ ✡❧✙ ☞✏

✑❞✟✤✎ ✑✚✆✔✛ ✆✑

P(k): (1 + x)k  ✰ (1 + kx), x > – 1 ✡❧✙ ☞✏✕ ... (1)

✈❣ ☞✞ ✆✡✥ ✑✘✤✎ ✴✎☞✝☛ ☞✏☎ ✆✑ P(k + 1) ✡❧✙ ☞✏☎✜ x > –1 ✒☛♦ ✆❜✛✜ ✔❣ ✑✓✎✚ P(k) ✡❧✙ ☞✏✕

... (2)

✡✒✲✡✆✞✑✎ (1 + x)k + 1 = (1 + x)k (1 + x) ✟✘ ✆✒✴✎✘ ✑✚✆✔✛✕

✆✌✙✎ ☞✏ ✆✑ x > –1, ✖✡ ✟✗✑✎✘ (1+x) > 0.

✖✡✆❜✛ (1 + x)k ✰ (1 + kx), ✑✎ ✟✗✙✎☛✢ ✑✘ ☞✞ ✟✎✝☛ ☞✏☎✜

(1 + x) k + 1 ✰ (1 + kx)(1 + x)

✈✩✎✎✲✝✳ (1 + x)k + 1 ✰  (1 + x + kx + kx2). ... (3)

✙☞✎t k ✛✑ ✟✗✎✒✯♦✝ ✡☎✍✙✎ ☞✏ ✈✎✏✘ x2 ✰ 0 ✖✡ ✟✗✑✎✘ kx2 ✰ 0. ✖✡✆❜✛✜

(1 + x + kx + kx2) ✰ (1 + x + kx),

✈✎✏✘ ✖✡ ✟✗✑✎✘✜ ☞✞ ✟✗✎✵✝ ✑✘✝☛ ☞✏☎

(1 + x)k + 1   ✰ (1 + x + kx)

✈✩✎✎✲✝✳ (1 + x)k + 1   ✰  [1 + (1 + k)x]

✖✡ ✟✗✑✎✘✜ ✑✩✎✤ ✶✷✸ ✆✡✥ ☞✎☛✝✎ ☞✏✕ ✈✝✺ ✢✆✣✎✝✚✙ ✈✎✢✞✤ ✆✡✥✎☎✝ ✡☛ ✡✓✎✚ ✟✗✎✒✯♦✝ ✡☎✍✙✎✈✎☛☎ n ✒☛♦

✆❜✛ P(n) ✡❧✙ ☞✏✕

♠✪✫✬✭✮✫ 6 ✆✡✥ ✑✚✆✔✛ ✆✑ ✡✓✎✚ n ✻ N ✒☛♦ ✆❜✛ 2.7n + 3.5n – 5, 24 ✡☛ ✓✎✎✼✙ ☞✏✕

✬✱ ✞✎✤ ❜✚✆✔✛ ✆✑ ✑✩✎✤ P(n) ✖✡ ✟✗✑✎✘ ✟✆✘✓✎✆✽✎✝ ☞✏ ✆✑

P(n) : 2.7n + 3.5n – 5, 24 ✡☛ ✓✎✎✼✙ ☞✏

✔❣ n = 1 ✒☛♦ ✆❜✛ P(n) ✡❧✙ ☞✏✕ ☞✞ ✟✎✝☛ ☞✏☎

2.7 + 3.5 – 5 = 24 ✔✎☛ ✆✑ 24 ✡☛ ✓✎✎✼✙ ☞✏✕

✑❞✟✤✎ ✑✚✆✔✛ ✆✑ P(k) ✡❧✙ ☞✏✕
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✈✌✍✍✎✏✑ 2.7k + 3.5k – 5 = 24q, t✒✓✔ q ✕ N ... (1)

✈✒ ✖✗ ✓✘✙ ✔✚✛✍ ✜✍✖✏✢ ✖✣✤ ✓✔ P(k + 1) ✘❧✥ ✖✣✦ t✒ ✔✧✍★ P(k) ✘❧✥ ✖✣✦
✖✗ ❣✍✏✢ ✖✣✤✩

2.7k+1 + 3.5k+1 – 5 = 2.7k . 71 + 3.5k . 51 – 5

= 7 [2.7k + 3.5k – 5 – 3.5k + 5] + 3.5k . 5 – 5

= 7 [24q – 3.5k + 5] + 15.5k –5

= 7 × 24q – 21.5k + 35 + 15.5k – 5

= 7 × 24q – 6.5k + 30

= 7 × 24q – 6 (5k – 5)

= 7 × 24q – 6 (4p) [(5k – 5), ✹ ✔✍ ✪✫✬✍t ✖✣ ✭✮✥✍✢✤✯✰✩ p ✕ N

= 7 × 24q – 24p

= 24 (7q – p)

= 24 × r, r = 7q – p, ✔✍✢❞✎ ❣✱✍✲✳✴✏ ✘✤✵✥✍ ✖✣✦ ... (2)

❖✥✤t✔ ✭✶✰ ✔✍ ✷✍✥✍✸ ❣✺✍ ✻✹ ✘✢ ✧✍✍✼✥ ✖✣✦
❞✘ ❣✱✔✍✚✩ P(k + 1) ✘❧✥ ✖✣✩ t✒ ✔✧✍★ P(k) ✘❧✥ ✖✣✦ ✈✏✽ ✪✓✬✍✏★✥ ✈✍✪✗✛ ✓✘✙✍✤✏ ✘✢✩ ✘✧✍★
n ✕ N ✲✢✴ ✓♦✾ P(n) ✘❧✥ ✖✣✦

♠✿❀❁❂❃❀ ❄ ✓✘✙ ✔★✓t✾ ✓✔✽

12 + 22 + ... + n2  > 
3

3

n
, n ✕ N

❁❅ ✗✍✛ ♦★✓t✾ ✓✔ ✓✷✥✍ ✔✌✍✛ P(n) ✖✣✩

✈✌✍✍✎✏✑ , P(n) : 12 + 22 + ... + n2  > 

3

3

n
,  n ❆ N

✖✗ ❇✥✍✛ ✷✢✏✢ ✖✣✤ ✓✔ n = 1 ✲✢✴ ✓♦✾✩  P(n) ✘❧✥ ✖✣ ✮✥✍✢✤✓✔ P(1) : 

3
2 1

1
3

❈

✔❉❣✛✍ ✔★✓t✾ ✓✔  P(k) ✘❧✥ ✖✣✩

✈✌✍✍✎✏✑ , P(k) : 12 + 22 + ... + k2  > 

3

3

k
... (1)

✈✒ ✖✗ ✓✘✙ ✔✚✢✤✪✢ ✓✔ P(k + 1) ✘❧✥ ✖✣ t✒ ✔✧✍★ P(k) ✘❧✥ ✖✣✦
✖✗ ❣✍✏✢ ✖✣✤✩ 12 + 22 + 32 + ... + k2 + (k + 1)2

= ❊ ❋ ● ❍ ● ❍
3

2 22 2 21 2 ... 1 1
3

k
k k k■ ■ ■ ■ ■ ❏ ■ ■ [(1)✲✢✴ ❣✱✥✍✢✪ ✘✢]
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=
1

3
 [k3 + 3k2 + 6k + 3]

=
1

3
 [(k + 1)3 + 3k + 2] > 

1

3
 (k + 1)3

❜☎ ✆✝✞✟✠✡ P(k + 1) ☎❧☛ ☞✌✍✟ ✎✏ ✞✑✟✒ P(k) ☎❧☛ ☞✓✔ ✍✕✖ ✗✘✙✟✕✒☛ ✍✟✗✚✛ ✜✟✠✟ n ✢ N ✥✣✤ ✘✦✧

P(n) ☎❧☛ ☞✓✔

♠★✩✪✫✬✩ ✭ ✆✝❧☛✣✞ ✆✝✟✥✐✤✕ ☎✮✯☛✟ n ✥✣✤ ✘✦✧ ✗✘✙✟✕✒☛ ✍✟✗✚✛ ✘☎✰✟✮✕ ✜✟✠✟ ✱✟✟✕✟✮✞✟✣✮ ✞✟ ✘✛☛✚

(ab)n = anbn ✘☎✰ ✞✒✘✎✧✔

✪❣  ✚✟✛ ✦✒✘✎✧ ✘❡☛✟ ✞✲✟✛ P(n) ☞✓✔

✍✲✟✟✈✕✳ P(n) : (ab)n = anbn.

☞✚ ✴☛✟✛ ❡✣✕✣ ☞✓✮ ✘✞ n = 1 ✥✣✤ ✘✦✧ P(n) ☎❧☛ ☞✓✡ ✵✶✷✘✞ (ab)1 = a1b1.

✞❞✆✛✟ ✞✒✘✎✧ P(k) ☎❧☛ ☞✓

✍✲✟✟✈✕✳   (ab)k = akbk ... (1)

☞✚ ✘☎✰ ✞✠✣✮✗✣ ✘✞ P(k + 1) ☎❧☛ ☞✓ ✎✏ ✘✞ P(k) ☎❧☛ ☞✓✔

✍✏✡ ☞✚ ✆✟✕✣ ☞✓✮✡

(ab)k + 1 = (ab)k (ab)

= (ak bk) (ab) [(1) ☎✣]

= (ak . a1) (bk . b1)

= ak+1 . bk+1

❜☎✘✦✧✡ P(k + 1) ☎❧☛ ☞✓ ✎✏ ✞✑✟✒ P(k) ☎❧☛ ☞✓✔ ✍✕✖ ✗✘✙✟✕✒☛ ✍✟✗✚✛ ✘☎✰✟✮✕ ✜✟✠✟ ✆✝❧☛✣✞ ✆✝✟✥✐✤✕

☎✮✯☛✟ n ✥✣✤ ✘✦✧ P(n) ☎❧☛ ☞✓✔

✸✹✺✻✼✽✾✿ 4.1

☎✑✟✒ n ✢ N ✥✣✤ ✘✦✧ ✗✘✙✟✕✒☛ ✍✟✗✚✛ ✘☎✰✟✮✕ ✥✣✤ ✆✝☛✟✣✗ ✜✟✠✟ ✘☎✰ ✞✒✘✎✧ ✘✞✖

1. 1 + 3 + 32 + ... + 3n – 1 = 
(3 1)

2

n ❀
.

2. 13 + 23 + 33 + … +n3 = 

2
( 1)

2

n n ❁❂ ❃
❄ ❅
❆ ❇

.

3.
1 1 1 2

1
(1 2) (1 2 3) (1 2 3 ) ( 1)

n
...

...n n
❈ ❈ ❈ ❈ ❉

❈ ❈ ❈ ❈ ❈ ❈ ❈
.
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4. 1.2.3 + 2.3.4 +…+ n(n+1) (n+2) = 
( 1)( 2)( 3)

4

n n n n✌ ✌ ✌

5. 1.3 + 2.32 + 3.33 +…+ n.3n = 

1(2 1)3 3

4

nn ✍✎ ✏

6. 1.2 + 2.3 + 3.4 +…+ n (n+1) = 
( 1)( 2)

3

n n n✑ ✑✒ ✓
✔ ✕
✖ ✗

7. 1.3 + 3.5 + 5.7 +…+ (2n–1) (2n+1) = 
2(4 6 1)

3

n n n✏ ✎

8. 1.2 + 2.22 + 3.22 + ...+n.2n = (n–1) 2n + 1 + 2

9.
1 1 1 1 1

... 1
2 4 8 2 2n n

✘ ✘ ✘ ✘ ✙ ✚

10.
1 1 1 1

...
2.5 5.8 8.11 (3 1)(3 2) (6 4)

n

n n n
✑ ✑ ✑ ✑ ✛

✜ ✑ ✑

11.
1 1 1 1 ( 3)

...
1.2.3 2.3.4 3.4.5 ( 1)( 2) 4( 1)( 2)

n n

n n n n n

✑
✑ ✑ ✑ ✑ ✛

✑ ✑ ✑ ✑

12. a + ar + ar2 +…+ arn-1 = 
( 1)

1

na r

r

✎

✎

13.
2

2

3 5 7 (2 1)
1 1 1 ... 1 ( 1)

1 4 9

n
n

n

✑✢ ✣ ✢ ✣ ✢ ✣ ✢ ✣
✑ ✑ ✑ ✑ ✛ ✑✤ ✥ ✤ ✥ ✤ ✥ ✤ ✥

✦ ✧ ✦ ✧ ✦ ✧ ✦ ✧

14.
1 1 1 1

1 1 1 ... 1 ( 1)
1 2 3

n
n

✢ ✣ ✢ ✣ ✢ ✣ ✢ ✣
✑ ✑ ✑ ✑ ✛ ✑✤ ✥ ✤ ✥ ✤ ✥ ✤ ✥

✦ ✧ ✦ ✧ ✦ ✧ ✦ ✧

15. 12 + 32  + 52  + …+ (2n–1)2  = 
(2 1)(2 1)

3

n n n★ ✌

16.
1 1 1 1

...
1.4 4.7 7.10 (3 2)(3 1) (3 1)

n

n n n
✑ ✑ ✑ ✑ ✛

✜ ✑ ✑

17.
1 1 1 1

...
3.5 5.7 7.9 (2 1)(2 3) 3(2 3)

n

n n n
✑ ✑ ✑ ✑ ✛

✑ ✑ ✑
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18. 1 + 2 + 3 +…+ n < 
1

8
(2n + 1)2

19. n (n + 1) (n + 5)❪ ☎✆✝✞✟ ✠ ✡✟ ☛✡ ☞✌✍✟✎ ✏✑✒

20. 102n – 1 + 1 ☎✆✝✞✟ ❧❧ ☎✓ ✔✟✟✕✞ ✏✑✒

21. x2n – y2n, ( x + y ) ☎✓ ✔✟✟✕✞ ✏✑✒

22. 32n+2 – 8n – 9, ☎✆✝✞✟ ✖ ☎✓ ✔✟✟✕✞ ✏✑✒

23. 41n – 14n❪ ☎✆✝✞✟ ✗✘ ✡✟ ☛✡ ☞✌✍✟✎ ✏✑✒
24. (2n + 7) < (n + 3)2

✙✚✛✚✜✢✚

✣ ☞✤✍✟✥✦✞ ✤✧✆✥★ ✡✟ ☛✡ ✩✪✫ ✬✟✭✟✮ ✤★☞✩★✟✯✩✡ ✤✰✰✓✧★ ✏✑✒ ✤★☞✩★ ✰✓✱ ✤✰✲✮✦✥❪

✬✟☞✩✤★✡ ✤✰✰✓✧★❪ ✤✔✟✈★ ✳✴✟✟✬✟✓✆ ✰✓✱ ✬✵✞✞★ ✶✟✮✟ ☛✡ ✬★✌✩✟✤★✥ ✡✷✟★ ✤✰✡✤☎✥ ✡✮★✓

✲✮ ✤★✔✟✐✮ ✡✮✥✟ ✏✑❪ ✎✸✥✡ ✤✡ ✏✮ ☛✡ ✳✴✟✟ ✡✟ ✲✹✓✺✟✍✟ ★ ✡✮ ✤✫✞✟ ☞✞✟ ✏✟✓✒

✣ ☞✤✍✟✥✦✞ ✬✟☞✩★ ✤☎✻✟✆✥ ☛✡ ☛✓☎✟ ☎✟✭★ ✏✑ ✤✎☎✡✟ ✲✹✞✟✓☞ ✤✰✤✰✭ ✲✹✡✟✮ ✰✓✱ ☞✤✍✟✥✦✞

✡✷✟★✟✓✆ ✡✟✓ ✤☎✻ ✡✮★✓ ✰✓✱ ✤✫☛ ✤✡✞✟ ✎✟ ☎✡✥✟ ✏✑✒ ✭★ ✲✪✍✟✟❞✡✟✓✆ ☎✓ ☎✆✸✆✤✭✥ ✼☎ ✲✹✡✟✮

✰✓✱ ✲✹✯✞✓✡ ✡✷✟★ ✡✟✓ P(n) ✩✟★ ✫✓✥✓ ✏✑✆❪ ✤✎☎✡✦ ☎✯✞✥✟ n = 1 ✰✓✱ ✤✫☛ ✎✟♦✧✦ ✎✟✥✦ ✏✑✒

✼☎✰✓✱ ✸✟✳ ✤✡☎✦ ✭★ ✲✪✍✟✟❞✡ k, ✰✓✱ ✤✫☛ P(k) ✡✦ ☎✯✞✥✟ ✡✟✓ ✩✟★ ✡✮ P (k+1) ✡✦

☎✯✞✥✟ ✤☎✻ ✡✮✥✓ ✏✑✆✒

✽✾✿❀❁✚✿✙❂ ❃❄❅❆❇✚❈✿❉

✬✈✞ ☎✆✡❊✲★✟✬✟✓✆ ✬✟✑✮ ✤✰✤✭✞✟✓✆ ✰✓✱ ✤✰✲✮✦✥ ☞✤✍✟✥✦✞ ✬✟☞✩★ ✶✟✮✟ ❋✲✲✤●✟ ✤✡☎✦ ❍✞✤■✥ ✤✰✴✟✓❏✟

✶✟✮✟ ✤✡☎✦ ✤★✤✴✧✥ ✡✟✫ ✩✓✆ ✤✡✞✟ ☞✞✟ ✬✟✤✰❏✡✟✮ ★✏✦✆ ✏✑✒ ✞✏ ✡✏✟ ✎✟✥✟ ✏✑ ✤✡ ☞✤✍✟✥✦✞

✬✟☞✩★ ✤☎✻✟✆✥ Phythagoreans ✡✟✓ ❑✟✥ ✷✟✟✒ ☞✤✍✟✥✦✞ ✬✟☞✩★ ✤☎✻✟✆✥ ✰✓✱ ✲✹✟✮✆✔✟ ✡✮★✓ ✡✟

▲✓✞ ✲✹✱✟✆☎✦☎✦ ☞✤✍✟✥❑ Blaise Pascal ✡✟✓ ✤✳✞✟ ✎✟✥✟ ✏✑✒ ✬✟☞✩★ ✴✟▼✳ ✡✟ ✲✹✞✟✓☞ ✬✆☞✹✓◆✟

☞✤✍✟✥❑ John Wallis ★✓ ✤✡✞✟ ✷✟✟✒ ✸✟✳ ✩✓✆ ✼☎ ✤☎✻✟✆✥ ✡✟ ✲✹✞✟✓☞ ✤✶✲✳ ✲✹✩✓✞ ✡✦ ❋✲✲✤●✟

✲✹✟❖✥ ✡✮★✓ ✩✓✆ ✤✡✞✟ ☞✞✟✒ De Morgan ★✓ ☞✤✍✟✥ ✰✓✱ ✺✟✓P✟ ✩✓✆ ✤✰✤✔✟✈★ ✤✰❏✟✞✟✓✆ ✲✮ ✸✏✌✥ ✞✟✓☞✳✟★

✤✡✞✟ ✏✑✒ ✰✏ ✲✏✫✓ ❍✞✤■✥ ✷✟✓❪ ✤✎✈✏✟✓✆★✓ ✼☎✓ ✲✤✮✔✟✟✤❏✟✥ ✤✡✞✟ ✏✑ ✬✟✑✮ ☞✤✍✟✥✦✞ ✬✟☞✩★ ★✟✩ ✤✳✞✟

✏✑ ✥✷✟✟ ☞✤✍✟✥✦✞ ▲✓✤✍✟✞✟✓✆ ✰✓✱ ✬✤✔✟☎✮✍✟ ❑✟✥ ✡✮★✓ ✰✓✱ ✤✫☛ De Morgan ✡✟ ✤★✞✩

✤✰✡✤☎✥ ✤✡✞✟✒

G. Peano ★✓ ◗✲❏❘✥✞✟ ❍✞■✥ ✬✤✔✟✭✟✮✍✟✟✬✟✓✆ ✰✓✱ ✲✹✞✟✓☞ ✶✟✮✟ ✲✹✟✰❙✱✥ ☎✆✝✞✟✬✟✓✆ ✰✓✱ ☞✌✍✟✟✓✆ ✡✦

❍✞✌✯✲✤●✟ ✡✮★✓ ✡✟ ❋●✟✮✳✟✤✞✯✰ ✤✫✞✟❪ ✤✎✈✏✓✆ ✬✸ ✤✲✞✟★✟✓✆ ✰✓✱ ✬✤✔✟☞❙✏✦✥ ✡✏✥✓ ✏✑✆✒ ✤✲✞✟★✟✓✆ ✰✓✱

✬✤✔✟☞❙✏✦✥ ✩✓✆ ☎✓ ☛✡ ✡✟ ✲✌★✰✐✱✷✟★ ☞✤✍✟✥✦✞ ✬✟☞✩★ ✡✟ ✤☎✻✟✆✥ ✏✑✒
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5.1 ✥✁✂✄☎✆✁ (Introduction)

❢✝◆✞✟ ✠✡☛☛☞☛✌✍ ✎✌✍ ✏✎✑✌ ✒✠ ☞☛✓✔ ✕☛✌ ✖✔ ✠✟ ✒✠ ✗☛☛✘✟✙ ✚✎✟✠✔✛☛☛✌✍
✠☛ ✘❞☛☛ ✒✠ ✖✔ ✠✟ ❢✜✗☛☛✘✟✙ ✚✎✟✠✔✛☛☛✌✍ ✠☛ ☞✢✙✙✑ ❢✠✙☛ ✏✓✣
✏✎✑✌ ✕✌❣☛☛ ✏✓ ❢✠ ✚✎✟✠✔✛☛ x2 + 1 = 0 ✠☛ ✠☛✌✤✦ ✧☛★✘❢✧✠ ✏✞ ✑✏✟✍
✏✓ ✩✙☛✌✍❢✠ x2 + 1 = 0 ✚✌ ✏✎✌✍ x2 = – 1 ✝✐☛✪✘ ✏☛✌✘☛ ✏✓ ☞☛✓✔ ✝✐✫✙✌✠
✧☛★✘❢✧✠ ✚✍❣✙☛ ✠☛ ✧♦✦ ✬✌✛☛✌✘✔ ✏☛✌✘☛ ✏✓ ✤✚❢✞✒ ✧☛★✘❢✧✠ ✚✍❣✙☛
✝✐✛☛☛✞✟ ✠☛✌ ✭✮✏✕ ✝✐✛☛☛✞✟ ✧✌✯ ✰✝ ✎✌✍ ✭✱✲☛✑✌ ✠✟ ☞☛✧✳✙✠✘☛ ✏✓ ❢✴✚✚✌
❢✠ ✏✎ ✚✎✟✠✔✛☛ x2 = – 1 ✠☛ ✏✞ ✝✐☛✪✘ ✠✔ ✚✧✌✯✍✣ ✧☛★✘✧ ✎✌✍✵ ✎✶❣✙
♠✷✌✳✙ ✚✎✟✠✔✛☛ ax2 + bx + c = 0 ✠☛ ✏✞ ✝✐☛✪✘ ✠✔✑☛ ✏✓✵ ✴✏☛✸
D = b2 –  4ac < 0 ✏✓, ✴☛✌❢✠ ✧☛★✘❢✧✠ ✚✍❣✙☛☞☛✌✍ ✠✟ ✝✐✛☛☛✞✟ ✎✌✍
✚✍❧☛✧ ✑✏✟✍ ✏✓✣
5.2 ✹✄✺☎✻ ✹✼✽✾✁✿❀ (Complex Numbers)

✏✎ ✠❁✝✑☛ ✠✔✌✍ ❢✠ 1❂  ✚✍✧✌✯✘✑ i ✚✌ ❢✑✰❢✝✘ ✏✓✣ ✘✭ ✏✎✌✍ 2 1i ❃ ❄ ✝✐☛✪✘ ✏☛✌✘☛ ✏✓✣ ✤✚✠☛ ✘☛✫✝✙✦
✏✓ ❢✠ i, ✚✎✟✠✔✛☛ x2 + 1 = 0 ✠☛ ✒✠ ✏✞ ✏✓✣

a + ib ✧✌✯ ✝✐☛✰✝ ✠✟ ✒✠ ✚✍❣✙☛ ✴✏☛✸ a ☞☛✓✔ b ✧☛★✘❢✧✠ ✚✍❣✙☛✒✸ ✏✓✍✵ ✒✠ ✚❢❅✎✬ ✚✍❣✙☛
✝❢✔❧☛☛❢❆☛✘ ✠✔✘✟ ✏✓✣ ♠✕☛✏✔✛☛ ✧✌✯ ❢✞✒✵ 2 + i3,  (– 1) + 3i ,  

1
4

11
i

❇❈ ❉❊ ❋ ●❍ ■  ✚❢❅✎✬ ✚✍❣✙☛✒✸ ✏✓✍✣
✚❢❅✎✬ ✚✍❣✙☛ z = a + ib ✧✌✯ ❢✞✒✵ a ❏✁❑▲✄❏✆ ✥✁✁▼ ✠✏✞☛✘☛ ✏✓ ✘❞☛☛ Rez ✜☛✔☛ ❢✑✰❢✝✘

❢✠✙☛ ✴☛✘☛ ✏✓ ☞☛✓✔ b ✆✁❖P✄◗✆ ✥✁✁▼ ✠✏✞☛✘☛ ✏✓ ✘❞☛☛ Imz ✜☛✔☛ ❢✑✰❢✝✘ ❢✠✙☛ ✴☛✘☛ ✏✓✣ ♠✕☛✏✔✛☛
✧✌✯ ❢✞✒✵ ✙❢✕ z = 2 + i5, ✘✭ Rez = 2 ☞☛✓✔ Imz = 5 ✕☛✌ ✚❢❅✎✬ ✚✍❣✙☛✒✸ z

1
 = a + ib ✘❞☛☛  z

2
 =

c + id ✚✎☛✑ ✏☛✌✍♦✟ ✙❢✕ a = c ☞☛✓✔ b = d.

W. R. Hamilton

 (1805-1865 A.D.)

5✈❘❙❚❙

❯❱❲❳❨ ❯❩❬❭❪❫❴ ❵❪❛❜ ❱❝❡❪❪❤❥❭ ❯❳❥❦❜♥❪
(Complex Numbers and Quadratic Equations)
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♠☎✆✝✞✟✆ 1 ❀✠✡ 4x + i(3x – y) = 3 + i (– 6), t☛☞✌ x ✈☞✍✎ y ♦☞✏✑✠♦✒ ✓✔✕❀☞✖✌ ☛✍✔✗ ✑✘ x ✈☞✍✎ y

❑☞✑ ✒✙✠t✖✚

✝❣ ☛✛✜✔ ✠✡❀☞ ☛✍

4x + i (3x – y) = 3 + i (– 6) ... (i)

✡☞✜♥☞✜✔ ✈☞✜✎ ♦✜✢ ♦☞✏✑✠♦✒ ✑✣☞☞ ✒☞✤✥✠♥✒ ✦☞☞✧☞✜✔ ✒☞✜ ✓✛☞♥ ★✜✑✜ ☛✩✖✗ ☛✛✜✔ ✥✪☞✫✑ ☛☞✜✑☞ ☛✍✗

4x = 3, 3x – y = – 6,

✠t❢☛✜✔ ❀✩✧✥✑✬ ☛★ ✒✎♥✜ ✥✎✗
3

4
x ✭  ✈☞✍✎

33

4
y ✭

5.3  ❧✮✯✰✱ ❧✲✳✴✆✵✆✶✲ ✷✆ ✸✹✺✻✮✟✆✼ (Algebra of Complex Numbers)

❜✓ ✦☞☞✧ ✛✜✔✗ ☛✛ ✓✠✽✛✾ ✓✔✕❀☞✈☞✜✔ ♦✜✢ ✘✙t✧✠✿☞✑ ✒☞ ✠♦✒☞✓ ✒✎✜✔✧✜✚

5.3.1 ❁❂❃ ❄❅❆❇❈❉ ❄❊❋●❂❍❂❃❊ ■❂ ●❂❃❏ (Addition of two complex numbers) ❀✠✡

z
1
 = a + ib ✈☞✍✎ z

2
 = c + id ✒☞✜❜❞ ✡☞✜ ✓✠✽✛✾ ✓✔✕❀☞✖✌ ☛✍✔✚ ✑✘ z

1
 + z

2
 ♦✜✢ ❀☞✜✧ ✒☞✜ ✠♥✽♥✠★✠✕☞✑ ▲✥

✓✜ ✥✠✎✦☞☞✠▼☞✑ ✠✒❀☞ t☞✑☞ ☛✍◆

z
1
 + z

2
 = (a + c) + i (b + d), t☞✜ ✠✒ ✥✩♥◆ ✖✒ ✓✠✽✛✾ ✓✔✕❀☞ ☛✍✚

❖✡☞☛✎✿☞ ♦✜✢ ✠★✖✗ (2 + i3) + (– 6 +i5) = (2 – 6) + i (3 + 5) = – 4 + i 8

✓✠✽✛✾ ✓✔✕❀☞✈☞✜✔ ♦✜✢ ❀☞✜✧ ✠♥✽♥✠★✠✕☞✑ ✥✪✧✩✿☞☞✜✔ ✒☞✜ ✓✔✑✩▼P ✒✎✑✜ ☛✍✔✚

(i) ❄❊◗❘■ ❅❙●❇ ✡☞✜ ✓✠✽✛✾ ✓✔✕❀☞✈☞✜✔ ✒☞ ❀☞✜✧✥✢★ ✖✒ ✓✠✽✛✾ ✓✔✕❀☞ ☛☞✜✑✙ ☛✍✗ ✈✣☞☞❞✑

✓☞✎✙ ✓✠✽✛✾ ✓✕❀☞✈☞✜✔ z
1
 ✑✣☞☞ z

2
♦✜✢ ✠★✖✗ z

1
 + z

2
✖✒ ✓✠✽✛✾ ✓✔✕❀☞ ☛✍✚

(ii) Ø❇ ❅◗❅❙❇● ❅❙●❇ ✠✒❢☛✙✔ ✡☞ ✜ ✓✠✽✛✾ ✓✔✕❀☞✈☞ ✜✔ z
1

✑✣☞☞ z
2

♦✜✢ ✠★✖

z
1
 + z

2
 = z

2

 + z
1

(iii) ❄❂❚❯●❱ ❅❙●❇ ✠✒❢☛✙ ✔ ✑✙♥ ✓✠✽✛✾ ✓✔✕❀☞✈☞ ✜ ✔ z
1
, z

2
✑✣☞☞ z

3
♦✜✢ ✠★✖

(z
1
 + z

2
) + z

3
 = z

1
 + (z

2
 + z

3
).

(iv) ●❂❃❏❂❲❇■ ❳❲❄❇■ ■❂ ❍❅❨❳❲◗ ✓✠✽✛✾ ✓✔✕❀☞ 0 + i 0 (0 ♦✜✢ ❩☞✎☞ ✡❬☞☞❞❀☞ t☞✑☞ ☛✍)✗

❀☞✜✧☞❭✛✒ ✑❭✓✛✒ ✈✣☞♦☞ ❬☞❪❢❀ ✓✠✽✛✾ ✓✔✕❀☞ ✒☛★☞✑☞ ☛✍ ✠t✓✓✜ ✠✒ ✥✪❭❀✜✒ ✓✠✽✛✾

✓✔✕❀☞ z, z + 0 = z.

(v) ●❂❃❏❂❲❇■ ❫❴❅❳❵❂❃❇ ■❂ ❍❅❨❳❲◗ ✥✪❭❀✜✒ ✓✠✽✛✾ ✓✔✕❀☞ z = a + ib, ♦✜✢ ✠★✖ ☛✛✜✔

✓✠✽✛✾ ✓✔✕❀☞ – a + i(– b) (– z ♦✜✢ ❩☞✎☞ ✡❬☞☞❞❀☞ t☞✑☞ ☛✍) ✥✪☞✫✑ ☛☞✜✑✙ ☛✍✗ t☞✜✠✒ ❀☞✜✧☞❭✛✒

✥✪✠✑★☞✜✛ ✈✣☞♦☞ z ✒☞ ❛✿☞ ✒☛★☞✑☞ ☛✍✚ ☛✛ ✥✪✜✠❝☞✑ ✒✎✑✜ ☛✍✔ ✠✒ z + (–z) = 0

(❀☞✜✧☞❭✛✒ ✑❭✓✛✒)✚
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5.3.2 ✥✓✔ ✕✖✗✘✙ ✕✚✛✜✓✢✓✔✚ ✣✓ ✢✚✤✦ (Difference of two complex numbers) ❢✧★✩✪✫ ✬✪ ✭✮✯

✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ z
1 
✷✶✈✹ z

2
 ✧✶ ✷✫❞✹ z

1
 – z

2
 ❢✺✱✺ ✻✼✧✶✹ ✰✸ ✻❢✹✽✶✶❢✾✶❞ ❢✧✵✶ ✿✶❞✶ ✩✈❀

z
1
 – z

2
 = z

1
 + (–z

2
) ♠✬✶✩✹❁✶✶❂✶✯ (6 + 3i) – (2 – i) = (6 + 3 i) + (–2 + i) ✷✶✈✹

(2 – i) + (– 6 – 3 i) = – 4 – 4 i

5.3.3 ✕✖✗✘✙ ✕✚✛✜✓✢✓✔✚ ✣✓ ❃❄❅✓❆ (Multiplication of two complex numbers) ✲✶✺ ❡✪❢✿❇

z
1
 = a + ib ❞❂✶✶ z

2
 = c + id ✧✶✸✮✯ ✬✶✸ ✰❢✱✲✳ ✰✫✴✵✶❇❈ ✩✈✫❉ ❞❊ ✭❋❁✶✺✻●❡ z

1
z

2
❢✺✱✺❢❡❢✴✶❞ ❍✻

✰✸ ✻❢✹✽✶✶❢✾✶❞ ❢✧✵✶ ✿✶❞✶ ✩✈❀

z
1
 z

2
 = (ac –  bd) + i(ad + bc)

♠✬✶✩✹❁✶ ■✸● ❢❡❇, (3 + i5) (2 + i6) = (3 × 2 – 5 × 6) + i(3 × 6 + 5 × 2) = – 24 + i28

✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ ■✸● ✭❋❁✶✺ ✧✪ ✰✫❢❏✵✶ ✲✸✫ ❢✺✱✺❢❡❢✴✶❞ ✻✼✭❋❁✶ ✩✶✸❞✸ ✩✈✫❀

(i) ❑▲▼◆❖ P◗❘❙ ✬✶✸ ✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ ✧✶ ✭❋❁✶✺✻●❡♥ ❇✧ ✰❢✱✲✳ ✰✫✴✵✶ ✩✶✸❞✪ ✩✈♥ ✰✶✹✪

✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ z
1
❞❂✶✶ z

2
■✸● ❢❡❇♥ ✭❋❁✶✺✻●❡ z

1
, z

2
❇✧ ✰❢✱✲✳ ✰✫✴✵✶ ✩✶✸❞✪ ✩✈❉

(ii) Ø❙ P▼P◗❙❘ P◗❘❙ ❢✧★✩✪✫ ✬✶✸ ✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ z
1
❞❂✶✶ z

2
■✸● ❢❡❇♥

z
1
 z

2
 = z

2
 z

1

(iii) ❑❚❯❱❘❲ P◗❘❙ ❢✧★✩✪✫ ❞✪✺ ✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ z
1
, z

2
❞❂✶✶ z

3
■✸● ❢❡❇

(z
1
 z

2
) z

3
 = z

1
 (z

2
 z

3
)

(iv) ①❳❨❚❚❩❙❖ ❬❩❑❙❖ ❖❚ ❭❚P❪❬❩▼ ✰❢✱✲✳ ✰✫✴✵✶ 1 + i 0 (1 ■✸● ❫✶✹✶ ✬❴✶✶✯✵✶ ✿✶❞✶ ✩✈),

①❳❨❚❚❩❙❖ ❬❩❑❙❖ ✷❂✶■✶ ❵❖❛ ❑P❜❙❝ ❑▲❣❘❚ ✧✩❡✶❞✶ ✩✈ ❢✿✰✰✸ ❢✧ ✻✼❤✵✸✧ ✰❢✱✲✳

✰✫✴✵✶ z ■✸● ❢❡❇ z.1 = z

(v) ①❳❨❚❚❩❙❖ ✐❥P❬❛❚❦❙ ❖❚ ❭P❪❬❩▼ ✻✼❤✵✸✧ ❴✶♦★✵✸♣✶✹ ✰❢✱✲✳ ✰✫✴✵✶ z = a + ib

(a q 0, b q 0) ■✸● ❢❡❇♥ ✩✲✸✫ ✰❢✱✲✳ ✰✫✴✵✶ 2 2 2 2

a –b
i

a b a b
r

r r
 (

1

z
✷❂✶■✶

z–1 ■✸● ❫✶✹✶ ✬❴✶✶✯✵✶ ✿✶❞✶ ✩✈s ✻✼✶t❞ ✩✶✸❞✪ ✩✈♥ z ✧✪ ✭❋❁✶✶❤✲✧ ✻✼❢❞❡✶✸✲ ✧✩❡✶❞✪ ✩✈ ❢✿✰✰✸

❢✧
1

1z.
z
✉  (✭❋❁✶✶❤✲✧ ❞❤✰✲✧)

(vi) ✇▲②◗ P◗❘❙ ❢✧★✩✪✫ ❞✪✺ ✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫ z
1
, z

2
, z

3
■✸● ❢❡❇

(a)  z
1
 (z

2
 + z

3
) = z

1
 z

2
 + z

1
 z

3

(b)  (z
1
 + z

2
) z

3
 = z

1
 z

3
 + z

2
 z

3

5.3.4 ✥✓✔ ✕✖✗✘✙ ✕✚✛✜✓✢✓✔✚ ✣✓ ③✓✓❃④⑤⑥ (Division of two complex numbers) ❢✧★✩✪✫ ✬✶✸

✬✪ ✩❋✮✯ ✰❢✱✲✳ ✰✫✴✵✶✷✶✸✫  z
1 
❞❂✶✶ z

2
■✸● ❢❡❇♥ ✿✩✶❈ z

2
 q 0, ✽✶✶✭✻●❡

1

2

z

z
 ❢✺✱✺❢❡❢✴✶❞ ✻✼✧✶✹ ✰✸
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✐☎✆✝✞✞☎✟✞✠ ☎✡☛✞ ☞✞✠✞ ✌✍  
1

1
2 2

1z
z

z z
✎

♠✏✞✌✆✑✞ ✒✓✔ ☎✕✖✗ ✘✞✙ ☎✕☛✞ z
1
 = 6 + 3i ✥✞✍✆ z

2
 = 2 – i

✠r
1

2

1
6 3 )

2

z
i

z i

✚ ✛✜ ✢ ✣✤ ✦✧★ ✩ = ✪ ✫6 3i✬  
✭ ✮

✭ ✮

✭ ✮
2 22 2

12

2 1 2 1
i

✯ ✰✱ ✱
✲ ✳✴
✲ ✳✴ ✱ ✴ ✱✵ ✶

= ✷ ✸
2

6 3
5

i
i

✹✺ ✻✹ ✼ ✽
✾ ✿

= ❀ ❁ ❀ ❁
1 1

12 3 6 6 9 12
5 5

i i❂ ❃ ❄ ❄ ❅ ❆ ❄❇ ❈

5.3.5 i ❞❉ ❊❋❋● (Power of i ) ✌✘✓❍ ■✞✠ ✌✍❍ ❏

❑ ▲3 2 1i i i i i✎ ✎ ▼ ✎ ▼ , ◆ ❖ P ◗
2 24 2 1 1i i✎ ✎ ▼ ✎

❘ ❙ ❚ ❯
2 25 2 1i i i i i✎ ✎ ▼ ✎ ,  ❱ ❲ ❳ ❨

3 36 2 1 1i i✎ ✎ ▼ ✎ ▼ ❩❬☛✞☎✏✗

❩❜❭ ✐❪✡✞✆ ✌✘ ✥✞✍✆ ✝✞❭ ✐❪✞❫✠ ✡✆✠✓ ✌✍❍❏  
1 2

2

1 1 1
, 1,

1 1

i i
i i i

i i i

❴ ❴✜ ✣ ✜ ✜ ✧ ✜ ✜ ✜ ✧
✧ ✧

3 4

3 4

1 1 1 1
, 1

1 1

i i
i i i

i ii i

❴ ❴✜ ✜ ✣ ✜ ✜ ✜ ✜ ✜
✧

❜✞✘✞❧☛ ❵✐ ❜✓✗ ☎✡❜❭ ✐❛✑✞✞❝✡ k ✒✓✔ ☎✕✖✗ i4k = 1, i4k + 1 = i, i4k + 2 = –1, i4k + 3 = – i

5.3.6 ❡❞ ❢❣❋ ❤❋❥●❦❤❞ ♥♦♣q❋ ❤st ❤✉✈✇②③ (The square roots of  a negative

real number)

■✞✠ ✌✍❏ i2 = –1 ✥✞✍✆ ( – i)2 = i2 = – 1. ❩❜☎✕✖ – 1 ✒✓✔ ✒④⑤✘❛✕ i ✥✞✍✆ – i ✌✍❍⑥

☛⑦☎✐ ☎⑧⑨ 1▼ , ✡✞ ✥⑩✞⑤ ✌✘✞✆✓ ☎✕✖ ✒✓✔✒✕ i ✌✞✓④✞⑥

✥r ✌✘ ✏✓❶✞ ❜✡✠✓ ✌✍❍ ☎✡ i ✥✞✍✆ –i ✏✞✓✙✞✓❍ ❜✘❭✡✆✑✞ x2 + 1 = 0 ✥⑩✞✒✞ x2 = –1 ✒✓✔ ✌✕ ✌✍❍⑥

❩❜❭ ✐❪✡✞✆✗ ❷ ❸ ❷ ❸
2 2

3 3i ❹  i2 = 3 (– 1) = – 3

✥✞✍✆ ❺ ❻
2

3 i❼  = ❽ ❾
2

3❼  i2 = – 3
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❜✓✔✕✖ – 3 ♦✗✘ ♦✙✚✛✜✕ 3 i ✥✢✣✤ 3 i✦ ❣✣✧★

✔❢✘✤ ✓✗ ♦✗✘♦✕ 3 i  ❞✢✗ ✩✪✢✢✚✫✗ ♦✗✘ ✔✕✖ ❣✬ ❢✭✮✬❞ 3✯ ❞✢ ❢✭✰✢✗✙ ✔❞✰✢ ✱✢✮✢ ❣✣✲ ✥✳✢✢✚✮✴

3✵  = 3 i .

✓✢✛✢✶✰✮✰✢ ✰✔✩ a ✖❞ ✷✫✢✸✛❞ ♦✢✹✮✔♦❞ ✓✧✺✰✢ ❣✣✲ ✮✻ a✦  = 1a ✼  = a i ,

❣✛ ✱✢✫✮✗ ❣✣✧ ✔❞ ✓✽✢✬ ✷✫✢✸✛❞ ♦✢✹✮✔♦❞ ✓✧✺✰✢✥✢✗✧ a ✥✢✣✤ b ♦✗✘ ✔✕✖ a b ab✾ ✿ ✰❣

❢✔✤✐✢✢✛ ✮✻ ✽✢✬ ✓✸✰ ❣✢✗✙✢✲ ✱✻ a > 0, b < 0 ✰✢ a < 0, b > 0.

❉✰✢ ❣✢✗✙✢ ❀ ✰✔✩ a < 0, b < 0, ❣✛ ❜✓❞✬ ✱✢❁❂ ❞✤✮✗ ❣✣✧

✫✢✗✉ ❞✬✔✱✖ ✔❞ i2 = ❃1 ❃1  = ( )( 1)❄ ❄1  = 1  = 1 ✱✢✗✔❞ ❜✓ ✻✢✮ ❞✢ ✔♦✤✢✗✷✢✽✢✢✓ ❣✣ ✔❞

i2 = –1

❜✓✔✕✖✲ a b ab✾ ❅ ✰✔✩ a ✥✢✣✤ b ✩✢✗✫✢✗✧ ❆✐✢ ♦✢✹✮✔♦❞ ✓✧✺✰✢✖❁ ❣✣ ✧★

✥✢✙✗ ✰✔✩ a ✥✢✣✤ b ✩✢✗✫✢✗✧ ✛✗✧ ✓✗ ❞✢✗❜✚ ✽✢✬ ✪✢✜✶✰ ❣✣✲ ✮✻ ✹❢❇✉ ❈❢ ✓✗ a b ab❊ ❋ = 0

5.3.7 r●❍■❏ (Identities) ❣✛ ✔✫❑✫✔✕✔✺✢✮ ✮✸✓✛❞ ❞✢✗ ✔✓▲ ❞✤✮✗ ❣✣✧▼

✔❞✶❣✬✧ ✓✔❑✛◆ ✓✧✺✰✢✥✢✗✧ z
1
✥✢✣✤ z

2
♦✗✘ ✔✕✖

( z
1
 + z

2 
)2 =  z

1

2 + z
2

2 + 2z
1
z

2

♠❖❖PÙ❦ ❣✛✗✧ ❢✭✢◗✮ ❣✢✗✮✢ ❣✣✲ ( z
1
 + z

2 
)2 = ( z

1
 + z

2 
) ( z

1
 + z

2 
)

=  (z
1
 + z

2
) z

1
+ (z

1
 + z

2
) z

2
❘✻✧✉✫ ✔✫✰✛❙

= 2 2
1 2 1 1 2 2z z z z z z ❘✻✧✉✫ ✔✫✰✛❙

= 2 2
1 1 2 1 2 2z z z z z z ❘✙❚✐✢✫ ❞✢ ❯✛ ✔♦✔✫✛✰ ✔✫✰✛❙

= 2 2
1 1 2 22z z z z❱ ❱

❜✓✬ ✽✢✢❁✔✮ ❣✛ ✔✫❑✫✔✕✔✺✢✮ ✮✸✓✛❞✢✗ ✧ ❞✢✗ ✔✓▲ ❞✤ ✓❞✮✗ ❣✣✧▼

(i) ❲ ❳
2 2 2

1 2 1 1 2 22z z z z z z❨ ❩ ❨ ❬

(ii) ❭ ❪
3 3 2 2 3

1 2 1 1 2 1 2 23 3z z z z z z z z❬ ❩ ❬ ❬ ❬

(iii) ❲ ❳
3 3 2 2 3

1 2 1 1 2 1 2 23 3z z z z z z z z❨ ❩ ❨ ❬ ❨

(iv) ❫ ❴ ❫ ❴
2 2
1 2 1 2 1 2z – z z z z – z❵ ❛

♦✢✹✮♦ ✛✗✧ ✻❣❚✮ ✓✗ ✩✜✓✤✗ ✮✸✓✛❞✢✗✧ ❞✢✗ ✱✢✗✔❞ ✓✽✢✬ ♦✢✹✮✔♦❞ ✓✧✺✰✢✥✢✗ ✧ ♦✗✘ ✔✕✖ ✓✸✰ ❣✣✧✲ ✓✽✢✬

✓✔❑✛◆ ✓✧✺✰✢✥✢✗✧ ❞✬ ✓✸✰✮✢ ♦✗✘ ✔✕✖ ✔✓▲ ✔❞✰✢ ✱✢ ✓❞✮✢ ❣✣★
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♠☎✆✝✞✟✆ 2 ✥✠✡✠✥☛✥☞✌✍ ✎✌✏ a + ib ✑✏✒ ✓✔ ✕✏✖ ✗✘✙✍ ✎✚✏✖✛

(i) ✜ ✢
1

5
8

i i
✣ ✤✦ ✧ ★
✩ ✪

(ii) ✫ ✬ ✫ ✬2i i✭  

3
1

8
i

✮ ✯✰✱ ✲✳ ✴

✝❣ (i) ✜ ✢
1

5
8

i i
✣ ✤✦ ✧ ★
✩ ✪

 = 
25

8
i

✵
 = ✶ ✷

5
1

8

✵
✵  = 

5

8
= 

5
0

8
i✸

(ii) ✹ ✺ ✹ ✺
3

1
2

8
i i i

✮ ✯✰ ✰✱ ✲✳ ✴
 = 

51
2

8 8 8
i✻ ✻

✻ ✻
  = ✼ ✽

2
21

256
i  

1

256
i i✾

♠☎✆✝✞✟✆ 3 (5 – 3i)3 ✎✌✏ a + bi ✑✏✒ ✓✔ ✕✏✖ ✗✘✙✍ ✎✚✏✖✛

✝❣ ✿✕✏✖ ✔❀✌❁✍ ✿❂❃ (5 – 3i)3  = 53 – 3 × 52 × (3i) + 3 × 5 (3i)2 – (3i)3

= 125 –  225i –  135 + 27i  = – 10 –  198i

♠☎✆✝✞✟✆ 4 ❄ ❅❄ ❅3 2 2 3 i❆ ❇ ❆ ❆ ✎✌✏ a + ib ✑✏✒ ✓✔ ✕✏✖ ✗✘✙✍ ✎✚✏✖♦

✝❣ ✿✕✏✖ ✔❀✌❁✍ ✿❂ ❈ ❉ ❈ ❉3 2 2 3 i❊ ❋ ❊ ❊   = ● ❍ ● ❍3 2 2 3i i❊ ❋ ❊

     = 26 3 2 6 2i i i■ ❏ ❏ ■  = ❑ ▲ ❑ ▲6 2 3 1 2 2 i❆ ❇ ❇ ❇

5.4 ❧▼◆❖P ❧◗❘❙❚ ❯❚ ❖❚❱❚◗❯ ❲❚❳❨ ❧◗❙❩❬❖❭  (The Modulus and the Conjugate

of a Complex Number)

✕✌✠ ☛❡✥❪❫ z = a + ib ❫✎ ❴✥✡✕❵ ❴✖☞✘✌ ✿❂♦ ✍❛ z ✎✌ ✕✌✔✌✖✎❃ ❪✌✏ | z | ⑥✌✚✌ ❜❝✌✌❞✘✌ ❪✌✍✌ ✿❂❃ ✎✌✏

➼❢✌✏❤✌✚ ✑✌✐✍✥✑✎ ❴✖☞✘✌ a b
2 2❥  ⑥✌✚✌ ✔✥✚❦✌✌✥♥✌✍ ✥✎✘✌ ❪✌✍✌ ✿❂ ♣q✌✌❞✍r | z | = a b

2 2❥ ♣✌❂✚

z ✎✌ ❴✖✘st✕❡❃ ❪✌✏ z ⑥✌✚✌ ❜❝✌✌❞✘✌ ❪✌✍✌ ✿❂❃ ❴✥✡✕❵ ❴✖☞✘✌ a – ib ✿✌✏✍✌ ✿❂❃ ♣q✌✌❞✍r z  = a – ib

✉❜✌✿✚❢✌ ✑✏✒ ✥☛❫❃ 2 23 3 1 10i❏ ✈ ❏ ✈ , 2 22 5 2 ( 5) 29i■ ✈ ❏ ■ ✈ ,

♣✌❂✚ 3 3i i✇ ② ③ ,  2 5 2 5i i④ ⑤ ⑦ , 3 5i③ ③  = 3i – 5

✿✕ ✔❀✏✥⑧✌✍ ✎✚✍✏ ✿❂✖ ✥✎ ➼❢✌✏❤✌✚ ❴✥✡✕❵ ❴✖☞✘✌ z = a + ib ✎✌ ⑨s❢✌✌⑩✕✎ ✔❀✥✍☛✌✏✕

z–1 = 
1

a ib❶
 = 2 2 2 2

a b
i

a b a b

■
❏

❏ ❏
 = 2 2

a ib

a b

■
❏

 =  2

z

z
❃ ✿✌✏✍✌ ✿❂

♣q✌✌❞✍r z 
2

z z❷

♣⑨❀✍✛ ✥✎❸✿❡✖ ❜✌✏ ❴✥✡✕❵ ❴✖☞✘✌♣✌✏ ✖ z
1 
❫✑✖ z

2 
✑✏✒ ✥☛❫ ✥✠✡✠✥☛✥☞✌✍ ✥✠♥✎♥✌✌✏✖❞ ✎✌✏ ❴s⑨✕✍✌ ❴✏ ✗✘s⑩✔❸✠

✥✎✘✌ ❪✌ ❴✎✍✌ ✿❂✛
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(i) 1 2 1 2z z z z✓ (ii)
11

2 2

zz

z z
✔ , ❀✕✖ 2 0z ✗

(iii)
1 2 1 2z z z z✓ (iv)

1 2 1 2z z z z✘ ✓ ✘

(v)
1 1

2 2

z z

z z

✙ ✚
✛✜ ✢

✣ ✤
 ❀✕✖  z

2
 ✥ 0.

♠✦✧★✩✪✧ 5 2 – 3i ❞✫ ✬✭✮✫✫✯✰❞ ✱✲✕✳✴✫✵✰ ✶✫✳ ❞✷✕✸✹✺

★❣ ✰✫❡ ✕✴❀✫ z = 2 – 3i

✳r z  = 2 + 3i ✈✫✻✼ 2 2 22 ( 3) 13z ✽ ✾ ✿ ✽

❜❁✕✴✹❂ 2 – 3i ❞✫ ✬✭✮✫✫✯✰❞ ✱✲✕✳✴✫✵✰

z–1 2

2 3 2 3

13 13 13

z i
i

z

❃
✔ ✔ ✔ ❃ ✱✲✫✐✳ ❄✫✵✳✫ ❄✻✺

➴✱✼ ✕✖❀✫ ✬❀✫ ❁✫✼✫ ❄✴ ✕❡❅❡✕✴✕❆✫✳ ❇❈✬ ❁✵ ❉✫✷ ✕✖❆✫✫❀✫ ✸✫ ❁❞✳✫ ❄✻❊

z–1 = 
1 2 3

2 3 (2 3 )(2 3 )

i

i i i

❋
●

❍ ❍ ❋
 = 2 2

2 3 2 3 2 3

13 13 132 (3 )

i i
i

i

❋ ❋
● ● ❋

❍

♠✦✧★✩✪✧ 6 ✕❡❅❡✕✴✕❆✫✳ ❞✫✵ a + ib ■✵❏ ❑✱ ✰✵❈ ▲❀▼✳ ❞✼✵❈✺

(i)
5 2

1 2

i

i

◆
❖

(ii) i–35

★❣ (i)
5 2

1 2

i

i

◆
❖

 = 
5 2 1 2

1 2 1 2

i i

i i

◆ ◆
P

❖ ◆
= 

◗ ❘
2

5 5 2 2 2

1 2

i i

i

❙ ❙ ❚

❚

=
3 6 2 3(1 2 2 )

1 2 3

i i❯ ❯
❱

❯
 = 1 2 2i❲

(ii)

❳ ❨

35

35 17
2

1 1 1 i
i

i ii i i

❩ ✓ ✓ ✓ ❬
❚

 = 2

i
i

i
✓

❚
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✐☎✆✝✞✟✠✡ 5.1

☛☞✌✍ ✎ ✏✑ ✎✒ ✓✔ ✔✕ ✏✖✗✘✙ ✏✚✛✜✢✣✢✑ ✚ ✘✑ ✚ ☛☞✤✜✑✔ ✔✢✑ a + ib ✥✑✦ ✧☛ ✘✑✚ ★✜✩✓ ✔✕✖✪✫✬

1. ✭ ✮
3

5
5

i i
✯ ✰✱✲ ✳
✴ ✵

2. i i
9 19✶ 3. i

✷39

4. 3(7 + i7) + i (7 + i7) 5. (1 – i) – ( –1 + i6)

6.  
1 2 5

4
5 5 2

i i
✸ ✹ ✸ ✹✺ ✻ ✺✼ ✽ ✼ ✽
✾ ✿ ✾ ✿

7.
1 7 1 4

4
3 3 3 3

i i i
❀ ❁❂ ❃ ❂ ❃ ❂ ❃❄ ❄ ❄ ❅ ❅ ❄❆ ❇ ❆ ❇ ❆ ❇❈ ❉❊ ❋ ❊ ❋ ❊ ❋● ❍

8. (1 – i)4 9.

3
1

3
3

i
❂ ❃❄❆ ❇
❊ ❋

10.

3
1

2
3

i
❂ ❃❅ ❅❆ ❇
❊ ❋

☛☞✌✍ ✎✎ ✏✑ ✎■ ✔✕ ✏✖✗✘✙ ✏✚✛✜✢✣✢✑✚ ✘✑✚ ☛☞✤✜✑✔ ✔✢ ❏❑▲✢✢✤✘✔ ☛☞✖✓▼✢✑✘ ◆✢✓ ✔✕✖✪✫✬

11. 4 –  3i 12. 5 3i❖ 13. – i

14. ✖✍✗✍✖▼✖✛✢✓ ★✜✚✪✔ ✔✢✑ a + ib ✥✑✦ ✧☛ ✘✑✚ ★✜✩✓ ✔✕✖✪✫P

◗ ❘ ◗ ❘

◗ ❘ ◗ ❘

3 5 3 5

3 2 3 2

i i

i i

❙ ❚

❙ ❚ ❚

5.5 ✈✞❯❱❲❳ ❨✠ ✈✞❩❬ ❭☎❪✟✡❫ ❴✝❵✐❛✞ (Argand Plane and Polar Representation)

✪t✏✢ ✖✔ ❜✘ ☛❜▼✑ ✏✑ ❜✕ ✪✢✍✓✑ ❜t ✚ ✖✔ ✥✢❝✓✖✥✔ ✏✚✛✜✢✣✢✑✚ (x, y) ✥✑✦ ☛☞✤✜✑✔ ❞✖✘✓ ✜❑❡✘ ✥✑✦ ✏✚❏✓❢
❜✘✑✚ X Y ✓▼ ✘✑✚ r✢✑ ☛✢❣❝☛✖❣✔ ▼✚❤ ❣✑✛✢✢✣✢✑✚ ✥✑✦
✏✚r❧✢❥ ✘✑✚ ✖✪❦❜✑✚ x– ✣♠✢ y – ✣♠✢ ♥✢❣✢ ✪✢✍✢ ✪✢✓✢
❜t❢ ✫✔ ✣✖♥✓✕✜ ✖❤✚r❑ ☛☞✢♦✓ ❜✢✑✓✢ ❜t✬ ✣♣✢✢❥✓q
✏✖✗✘✙ ✏✚✛✜✢ x + iy ✔✢ ✪✢✑ ❞✖✘✓ ✜❑❡✘
(x,y) ✥✑✦ ✏✚❏✓ ❜t❢ ✓▼ ✘✑✚ ✫✔ ✣✖♥✓✕✜ ✖❤✚r❑
(x, y) ✥✑✦ ✧☛ ✘✑✚ s✜✢✖✘✓✕✜ ✖✍✧☛▲✢ ✖✔✜✢ ✪✢
✏✔✓✢ ❜t✬ ✜❜ ✔♣✢✍ ✖✥▼✢✑✘✓P ✏✤✜ ❜t✬

✔❑✉ ✏✖✗✘✙ ✏✚✛✜✢✣✢✑✚ ✪t✏✑ 2 + 4i,

 –2 + 3i, 0 + 1i, 2 + 0i, –5 –2i ✣✢t❣ 1–2i ✔✢✑
✪✢✑✖✔ ❞✖✘✓ ✜❑❡✘✢✑✚ (2, 4), (–2,3), (0,1), (2,0),

(–5,–2) ✣✢ t ❣ (1, –2) ✥ ✑ ✦ ✏ ✚❏ ✓ ❜ t ✚ ❢
✣✢✥✇✦✖✓ 5.1 ✘✑✚ ✖❤✚r❑✣✢✑✚ A, B, C, D, E ✣✢t❣ F

♥✢❣✢ s✜✢✖✘✓✕✜ ✖✍✧☛▲✢ ✖✔✜✢ ❏✜✢ ❜t✬ ②③④⑤⑥⑦⑧ 5.1
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r✓✔ ✕✖✗✘✙✚ ✛✜✢✣✙✤ ✕✥✚✦✧ ✤★✙ ✩✤ ✗✕✪✘✫

✗✚✬✣★ ✭★✮★ ✕✯✕✦✰✱✲ ✕✤✣★ ✳✣★ ✴✵✔ ✗✕✪✘✫ r✓

✣★ ❀★✳✰✚✶ r✓ ✤✴✓★r★ ✴✵✷

❀★✳✰ ✚✶ r✓ ✘✙✚ ✗✕✪✘✫ ✗✚✬✣★ (x + iy) ✤★

✘★✛★✚✤ ✕✥✚✦✧ P(x,y) ✗✙ ✘✸✓ ✕✥✚✦✧ O(0,0) ✹✙✺

✥ ❝✻ ✤❝ ✦ ✸✮ ❝ ✭ ★✮ ★ ✛ ✜ ★✼r ✴★ ✙r ★ ✴ ✵

✽❀★✹✾✺✕r ✿❁❂❃✷

x–❀✈★ ✛✮ ✕✥✚✦✧✔ ✗✕✪✘✫ ✗✚✬✣★❀★✙ ✚

a + i0 ❄✛ ✹✙✺ ✗✚✳r ✴★✙r✙ ✴✵✚ ❀★✵✮ y–❀✈★ ✛✮

✕✥✚✦✧✔ ✗✕✪✘✫ ✗✚✬✣★❀★✙✚ 0 + ib ❄✛ ✹✙✺ ✗✚✳r

✴★✙r✙ ✴✵✚✷ ❀★✳✰ ✚✶ r✓ ✘✙✚  x–❀✈★ ❀★✵✮ y–❀✈★

Ø✘❅★❆ ✹★❇r✕✹✤ ❀✈★ ❀★✵✮ ✤★❈✛✕✯✤ ❀✈★

✤✴✓★r✙ ✴✵✚✷

❀★✳✰ ✚✶ r✓ ✘✙✚ ✗✕✪✘✫ ✗✚✬✣★ z = x + iy ❀★✵✮ ❉✗✤❝ ✗✚✣✧❊✘❝ z = x – iy ✤★✙ ✕✥✚✦✧❀★✙✚

P(x, y) ❀★✵✮ Q(x, –y) ✹✙✺ ✭★✮★ ✕✯❄✕✛r ✕✤✣★ ✳✣★ ✴✵✷ ❋✣★✕✘r❝✣ ●★★✱★★ ✗✙✔ ✕✥ ✚✦✧

(x, –y) ✹★❇r✕✹✤ ❀✈★ ✹✙✺ ✗★✛✙✈★ ✕✥✚✦✧ (x, y) ✤★ ✦✛✰❍★ ✛✜✕r✕✥✚✥ ✤✴✓★r★ ✴✵ ✽❀★✹✾✺✕r ✿❁■❃✷

❏❑▲▼◆❖P ◗❘❙

❏❑▲▼◆❖P ◗❘❚

◗❘◗❘❯ ❱❲ ❳❨❩❬❭ ❳❪❫❴❵ ❲❵ ❛❜❞❡❢❴ ❨❣❤✐❥❵ (Polar representation of a complex

number) ✘★✯★ ✕✤ ✕✥✚✦✧ P. ➼❍★✙❦★✮ ✗✕✪✘✫ ✗✚✬✣★ z = x  + iy ✤★ ✕✯❄✛❍★ ✤✮r★ ✴✵✷ ✘★✯★ ✕✤ ✕✦✱✲

✮✙✬★★✬★✚✶ OP ✤❝ ✓✚✥★❉✰ r ✴✵ ❀★✵✮ ♠ ✹✴ ✤★✙❍★ ✴✵ ✖★✙ OP, x–❀✈★ ✤❝ ♥✯★✢✘✤ ✕✦❅★★ ✹✙✺ ✗★♦★

✥✯★r★ ✴✵✷
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❣☎ ✆✝✞✟ ✠✡☛ ☞✌ P ♦✞✍✎☞♦✌ ✏☛✑✝✞✒✞✡☛ ♦✡✓

Ø☞☎✎ ✝✔✕☎ ( r, ✖ ) ✏✡ ✒☞✥✎✗✝ ✘✙ ✏✡ ☞✟✆✞✞✚☞✛✎

☞✌✝✞ ❢✞✎✞ ❣✜✢ ( r, ✖ ) ☞✣☛✠✔ P ♦✡✓ ✤✦✔♦✗✝ ☞✟✠✡✚✧✞✞☛✌

✌❣❞✞✎✡ ❣✜☛ ✒✞♦★✓☞✎ ✩✪✫ ✠✡☞✑✞✬✢

❣☎ ☎✭❞ ☞✣☛✠✔ ✌✞✡ ✤✦✔♦ ✎✮✞✞ x –✒✈✞ ✌✗ ✤✟ ☞✠✧✞✞

✌✞✡ ✙✦✞✛☛☞✯✞✌ ✛✡✑✞✞ ☎✞✟✎✡ ❣✜☛✢

✝❣✞❀ x = r cos ✖, y = r sin ✖ ✒✞✜✛ ✰✏☞❞✬

z = r (cos ✖ + i sin ✖), ✏☞✱☎✲ ✏☛✑✝✞ ✌✞ ✤✦✔♦✗✝

✘✙ ✌❣❞✞✎✞ ❣✜✢ ✝❣✞❀ 2 2
r x y z✳ ✴ ✳ ✌✞✡ z

✌✞ ☎✞✙✞☛✌ ✌❣✎✡ ❣✜☛ ✒✞✜✛ ✖❪ ✏☞✱☎✲ ✏☛✑✝✞ ✌✞

✵✶✷✸✶✶✹✵ ✝✞ ✺✶✻✶✼ ✌❣❞✞✎✞ ❣✜ ✎✮✞✞ ✌✞✡✽✞✞☛✌ z ✏✡ ☞✟✘☞✙✎ ❣✞✡✎✞ ❣✜✢

☞✌✏✗ ✏☞✱☎✲ ✏☛✑✝✞ z ✾ 0❪ 0 ✿ ✖ < 2❁ ☎✡☛ ✖ ✌✞ ♦✡✓♦❞ ☎✞✟ ✏☛❂✎ ❣✜☛✢ ☞✙✓✛ ✯✞✗❪ 2❁ ✌✗

❞☛✣✞✰✚ ♦✡✓ ☞✌✏✗ ✠✭✏✛✡❪ ✒☛✎✛✞❞ ♦✡✓ ☞❞✬❪ ②✠✞❣✛✽✞ ♦✡✓ ✎✞✜✛ ✙✛ – ❁ <  ✖ ❃ ❁ ✰✏ ✙✦✌✞✛ ✌✞ ✬✌

✒☛✎✛✞❞ ❣✞✡ ✏✌✎✞ ❣✜✢ ❣☎ ✖ ✌✞ ✬✡✏✞ ☎✞✟❪ ☞❢✏☎✡☛ ✌✗ – ❁ <  ✖ ❃ ❁❄ z ✌✞ ✼❡❅✻ ✺✶✻✶✼ ✌❣❞✞✎✞

❣✜ ✒✞✜✛ arg z ✏✡ ☞✟✘☞✙✎ ☞✌✝✞ ❢✞✎✞ ❣✜✢ ✒✞♦★✓☞✎ ✩✪✩ ✒✞✜✛ ✩✪❆ ✠✡☞✑✞✬✢

✺✶❇❈❉❊❋ ●❍■

✺✶❇❈❉❊❋ 5.5 ❏ ❑0 2▲ ▼ ◆ ❖

✺✶❇❈❉❊❋ 5.6 (– ❁ < ✖ ❃ ❁ )
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♠✓✔✕✖✗✔ 7 ✥✘✙✚✛ ✥✜✢✣✤ 1 3z i✦ ✧ ★✤✩ ✪✫✬✭✮✣ ✯✰ ✚✩✜ ✘✱✯✘✰✲ ★✮✘✳✴✵

✕❣ ✚✤✱✤ 1 = r cos ✶, 3  = r sin ✶

♥✤✩✱✤✩✜ ✲✷✰✸ ★✤ ✭✹✺ ★✷✭✩✸ ✻✤✼✷ ✳✤✩✽✾✱✩ ✰✷ ✿✚✩✜ ✰✫✤❀✲ ✿✼❁

❂ ❃2 2 2cos ❄ sin ❄ 4r ❅ ❆

✻✈✤✤✺✲❇ 4 2r ❈ ❈  (✰✫✘✲♥✐✤✺ ✯✰ ✥✩❁  r >0)

❜✥✘❉✴
1

cos ❊
2

❋ , 
3

sin ●
2

❍

❜✱✥✩ ✰✫✤❀✲ ✿✤✩✲✤ ✿✼ ■
❏

❑
3

❜✥✘❉✴ ✻✰✩✘▲✤✲ ✪✫✬✭✮✣ ✯✰
▼ ▼

2 cos sin
3 3

z i
◆ ❖P ◗❘ ❙
❚ ❯

✥✘✙✚✛ ✥✜✢✣✤ ✥✜✢✣✤ ★✤✩ ✻✤✭❱✸✘✲ 5.7 ✚✩✜ ♥✐✤✤✺✣✤ ✹✣✤ ✿✼✵

♠✓✔✕✖✗✔ ❲ ✥✘✙✚✛ ✥✜✢✣✤
16

1 3i

❳
❨

 ★✤✩ ✪✫✬✭✮✣ ✯✰ ✚✩✜ ✯✰✤✜✲✘✷✲ ★✮✘✳✴✵

✕❣ ♥✮ ✿✬❜✺ ✥✘✙✚✛ ✥✜✢✣✤
16

1 3i

❳
❨

 = 
16 1 3

1 3 1 3

i

i i

❩ ❩
❬

❭ ❩

=
❪ ❫

❪ ❫

❪ ❫
2

16 1 3 16 1 3

1 31 3

i i

i

❴ ❴ ❴ ❴
❵

❛❴

= ❝ ❞4 1 3 4 4 3i i❡ ❡ ❢ ❡ ❤  ❥✻✤✭❱✸✘✲ 5.8❦

✚✤✱✤  – 4 = r cos ✶, 4 3  = r sin ✶

♥✤✩✱✤✩✜ ✻✤✩✷ ✭✹✺ ★✷✭✩✸ ✻✤✼✷ ✳✤✩✽✾✱✩ ✰✷ ✿✚✩✜ ✰✫✤❀✲ ✿✤✩✲✤ ✿✼  16 + 48 = ♦ ♣2 2 2cos q + sin qr

✘✳✥✥✩ ✿✚✩✜ ✰✫✤❀✲ ✿✤✩✲✤ ✿✼❁ r2 = 64, ✻✈✤✤✺✲❇ r = 8

❜✥✘❉✴❁ cos ✶ = r
1

2
,  sin ✶  = 

3

2
 

s 2s
t = s – =

3 3

✉✔✇①②③④  5.7

✉✔✇①②③④  5. 8
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❜☎✆✝✞✟ ✠✡☛☞✌✍ ✎✏✑☛✒✌ ✓✔ = 
2✕ 2✕

8 cos sin
3 3

i
✖ ✗

✘✙ ✚
✛ ✜

✐✢✣✤✥✦✧★ 5.2

✔✏☞✩ ✪ ☎✫ ✬ ✭✍ ☎✆✮✯✰ ☎✱✲✌✡✠✡✫✱ ✯✫✱ ✔✏✳✌✫✍ ✍✡ ✯✡✔✡✱✍ ✠✡✴✵ ✍✡✫✶✡✡✱✍ ✷✡✭ ✍✒✆✸✞✹

1.  z = – 1 –  i 3 2. z = – 3  + i

✔✏☞✩ 3 ☎✫ 8 ✭✍ ☎✆✮✯✰ ☎✱✲✌✡✠✡✫✱ ✯✫✱ ✔✏✳✌✫✍ ✍✡✫ ✎✏✑☛✒✌ ✓✔ ✯✫✱ ✓✔✡✱✭✆✵✭ ✍✒✆✸✞✹

3. 1 – i 4. – 1 + i 5. – 1 – i

6. – 3 7. 3  + i 8. i

5.6 ✺✻✼✥✥✽★✾ ✿❀★❁❂❃✥ (Quadratic Equations)

❣✯✫✱ ✔❣✝✫ ❣✒ ✆❄❅✡✡✭✒✌ ☎✯✒✍✵✶✡✡✫✱ ☛✫❆ ❇✡✵✫ ✯✫✱ ✸✡✩✍✡✵✒ ❣✴ ✠✡✴✵ ❣✯✩✫ ❈✩✍✡✫✱ ☛✡❉✭✆☛✍ ☎✱✲✌✡✠✡✫✱ ☛✫❆

☎✯✑❧❊✌ ✯✫✱ ❈✩ ✆❉❋✡✆✭✌✡✫✱ ✯✫✱ ❣✝ ✆✍✌✡ ❣✴ ✸❣✡● ✆☛✆☛❍✭✍✵ ■  0 ❣✴❏ ✠❇ ❣✯ ✆✩✮✩✆✝✆✲✡✭ ✆❄❅✡✡✭✒✌

☎✯✒✍✵✶✡ ☛✫❆ ❇✡✵✫ ✯✫✱ ✆☛❊✡✵ ✍✵✭✫ ❣✴✱✹

ax2 + bx + c = 0 ✆✸☎✯✫✱ a, b, c ☛✡❉✭✆☛✍ ♦✑✶✡✡✱✍ ❣✴✱ ✠✡✴✵ a ❑ 0

✯✡✩ ✝✒✆✸✞ ✆✍ b2 – 4ac < 0

❣✯ ✸✡✩✭✫ ❣✴✱ ✆✍ ❣✯ ☎✆✮✯✰ ☎✱✲✌✡✠✡✫✱ ☛✫❆ ☎✯✑❧❊✌ ✯✫✱ ▲✶✡✡✳✯✍ ☛✡❉✭✆☛✍ ☎✱✲✌✡✠✡✫✱ ☛✫❆ ☛♦▼✯◆✝

✆✩✍✡✝ ☎✍✭✫ ❣✴✱❏ ❜☎✆✝✞ ❈✔✌✑▼❍✭ ☎✯✒✍✵✶✡ ☛✫❆ ❣✝ ☎✆✮✯✰ ☎✱✲✌✡✠✡✫✱ ☛✫❆ ☎✯✑❧❊✌ ✯✫✱ ❣✴✱ ✸✡✫✆✍

2 4

2

b b ac
x

a

❖ P ❖
◗

24

2

b ac b i

a

❖ P ❖
◗  ❄✡✵✡ ✔✏✡⑥✭ ❣✡✫✭✫ ❣✴✱❏

❘❢❙❚❯❱❲❳ ✌❣✡● ✔✵✟ ✍✑❨ ✝✡✫♦ ✌❣ ✸✡✩✩✫ ☛✫❆ ✆✝✞ ❈✳☎✑✍ ❣✡✫✱♦✫✟ ✆✍ ✆✍☎✒ ☎✯✒✍✵✶✡ ✯✫✱ ✆✍✭✩✫

✯◆✝ ❣✡✫✱♦✫❡ ❜☎ ☎✱❩❬✡▼ ✯✫✱✟ ✆✩✮✩✆✝✆✲✡✭ ✔✏✯✫✌ ✍✡✫ ❈❭✝✫✲✡ ❪✆❇✩✡ ❈✔✔✆❫✡❴ ☛✫❆ ✆✍✌✡ ♦✌✡ ❣✴ ✆✸☎✫

❵❇✒✸♦✆✶✡✭ ✍✒ ✯◆✝ ✔✏✯✫✌❛ ☛✫❆ ✓✔ ✯✫✱ ✸✡✩✡ ✸✡✭✡ ❣✴❏

➯✞✍ ❇❣✑✔❩ ☎✯✒✍✵✶✡ ✍✡ ✍✯ ☎✫ ✍✯ ✞✍ ✯◆✝ ❣✡✫✭✡ ❣✴❝❏

❜☎ ✔✏✯✫✌ ☛✫❆ ✔❆✝❉☛✓✔ ❣✯ ✆✩✮✩✆✝✆✲✡✭ ✯❣❫☛✔◆✶✡▼ ✔✆✵✶✡✡✯ ✔✵ ✔❣●❊✭✫ ❣✴✱❏

➯n ❅✡✡✭ ✍✒ ✞✍ ❇❣✑✔❩ ☎✯✒✍✵✶✡ ✯✫✱ n ✯◆✝ ❣✡✫✭✫ ❣✴✱❏❝

♠❞❲❤❥❱❲ 9 x2 + 2 = 0 ✍✡✫ ❣✝ ✍✒✆✸✞❏

❤❦ ♥ ❣✯✫✱ ✆❩✌✡ ❣✴ x2 + 2 = 0

✌✡ x2 = – 2

✠❋✡✡▼✭✈ x = 2♣ q  = 2♣ i
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♠✓✔✕✖✗✔ 10 x2 + x + 1= 0 ✥✘✙ ✚✛ ✥✜✢✣✤✦

✕❣ ✧✚✘★ b2 – 4ac = 12 – 4 × 1 × 1 = 1 –  4 = – 3

❜✩✢✛✤✪ ❜✩✫✙✬ ✚✛ x = 
1 3 1 3

2 1 2

i✭ ✮ ✭ ✭ ✮
✯

✰
✚✱✲

♠✓✔✕✖✗✔ ✳✳ 25 5 0x x✴ ✴ ✵ ✥✘✙ ✚✛ ✥✜✢✣✤✦

✕❣ ✧✚✘★✪ ✩❀✜✥✶✷✘ ✥✘ ✢✫✢✫✸✹✥✶ 21 4 5 5✺ ✻ ✻  = 1 –  20 = – 19 ✚✱✦

❜✩✢✛✤ ✚✛
1 19 1 19

2 5 2 5

i✼ ✽ ✼ ✼ ✽
✾ ✚✱✦

✐✿❁❂❃❄❅❆ 5.3

✢❢❇❢✢✛✢❈✘✹ ✩❀✜✥✶✷✘✘✙✲ ❀✙✲ ✩✙ ❉❊❋✧✙✥ ✥✘✙ ✚✛ ✥✜✢✣✤●

1. x2 + 3 = 0 2. 2x2 + x + 1 = 0 3. x2 + 3x + 9 = 0

4. – x2 + x – 2 = 0 5. x2 + 3x + 5 = 0 6. x2 – x + 2 = 0

7. 22 2 0x x❍ ❍ ■ 8. 23 2 3 3 0x x✺ ❏ ❑

9.
2 1

0
2

x x▲ ▲ ▼ 10.
2 1 0

2

x
x ▲ ▲ ▼

◆❄◆❄❖ P◗❃❘❙❚❃

♠✓✔✕✖✗✔ 12
(3 2 )(2 3 )

(1 2 )(2 )

i i

i i

❯ ❱

❱ ❯ ✥✘ ✩✲✧❲❳❀✜ ❨✘✹ ✥✜✢✣✤✦

✕❣ ✧✚✘★
(3 2 )(2 3 )

(1 2 )(2 )

i i

i i

❯ ❱

❱ ❯  =
6 9 4 6

2 4 2

i i

i i

❱ ❯ ❱

❯ ❱ ❱
 = 

12 5 4 3

4 3 4 3

i i

i i

❩ ❬
❭

❩ ❬

=
48 36 20 15 63 16

16 9 25

i i i❯ ❱ ❱ ❯
❪

❱
 = 

63 16

25 25
i❫

❜✩✢✛✤
(3 2 )(2 3 )

(1 2 )(2 )

i i

i i

❴ ❵

❵ ❴ ✥✘ ✩✲✧❲❳❀✜✪
63 16

25 25
i❵ ✚✱✦
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♠☎✆✝✞✟✆ ✠✡ ❢☛☞☛❢✌❢✍✎✏ ✑❢☞✒✓ ✑✔✍✕✎✖✎✗✔ ✘✎ ✒✎✙✎✔✘ ✚✛✔ ✘✎✗✜✎✎✔✘ ✢✎✏ ✘✣❢✤✚✥

(i)
1

1

i

i

✦

✧
(ii)

1

1 i✦

✝❣ ★✒✗✔ ✙✩✎✪✏ ★✫✬
1

1

i

i

✦

✧
= 

1 1 1 1 2

1 1 1 1

i i i
i

i i

✭ ✭ ✮ ✭
✯ ✰ ✰

✮ ✭ ✭
= 0 + i

✖✈✬ 0 = r cos ✱, 1 = r sin ✱

♥✎✗☛✎✗✔ ✖✎✗✲ ✛✳✴ ✘✲✛✗✵ ✤✎✗✶✷✏✗ ★✸✚ ★✒✗✔ ✙✩✎✪✏ ★✎✗✏✎ ★✫✬  r2 = 1 ✖✹✎✎✴✏✺ r = 1 ✏✹✎✎

cos ✱ = 0, sin ✱ = 1

❜✑❢✌✚,
✻

✼
2

✽

❜✑ ✙✩✘✎✲
1

1

i

i

✦

✧
 ✘✎ ✒✎✙✎✔✘ 1 ★✫ ✏✹✎✎ ✘✎✗✜✎✎✔✘

✾

2
★✎✗✳✎✥

(ii)
1 1 1 1

1 (1 )(1 ) 1 1 2 2

i i i

i i i

✮ ✮
✰ ✰ ✰ ✮

✭ ✭ ✮ ✭

✒✎☛ ✌✣❢✤✚
1

2
= r cos ✱, – 

1

2
 = r sin ✱

❍✎✎✳ (i) ✘✣ ✏✲★ ★✒ ✙✩✎✪✏ ✘✲✏✗ ★✫✔✬

r = 
1

2
, cos ✱ = 

1

2
, sin ✱ =  

_ 1

2

❜✑❢✌✚
✿

❀
4

❁
❂

1

1 i❃
✘✎ ✒✎✙✎✔✘

1

2
 ✏✹✎✎ ✘✎✗✜✎✎✔✘

✿

4

❁
★✫✥

♠☎✆✝✞✟✆ ✠❄ ✕❢♥ x + iy = 
a ib

a ib

❅

❆  ★✫ ✏✎✗, ❢✑❇ ✘✣❢✤✚ ❢✘ x2 + y2 = 1

✝❣ ★✒✗✔ ✙✩✎✪✏ ★✫✬ x + iy = 
( ) ( )

( ) ( )

a ib a ib

a ib a ib

✭ ✭

✮ ✭
 = 

2 2

2 2

2a b abi

a b

❈ ❉

❉
 = 

2 2

2 2 2 2

2a b ab
i

a b a b

❈
❉

❉ ❉
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❜✓✔✕✖✗ x –  iy = 

2 2

2 2 2 2

2a b ab
i

a b a b

✘
✘

✙ ✙

❜✓ ✚✛✜✢✣ x2 + y2 = (x + iy) (x – iy) =

2 2 2 2 2

2 2 2 2 2 2

( ) 4

( ) ( )

a b a b

a b a b

✘
✙

✙ ✙

=

2 2 2

2 2 2

( )

( )

a b

a b

✙
✙  = 1

♠✤✥✦✧★✥ 15 ✩ ✜✢ ✪✢✫✬✔✪✜ ✭✢✮ ✯✬✢❜✖✗ ✰✯✔✜

3 2 sin✱
1 2 sin✱

i

i

✲
✳  ✭✢❡✢ ✪✢✫✬✔✪✜ ✴✵✶

✦❣ ✴✭✷✸ ✚✛✢✹✬ ✴✵✗
3 2 sin✺
1 2 sin✺

i

i

✻
✼ =

(3 2 sin✺) (1 2 sin✺)

(1 2 sin✺) (1 2 sin✺)

i i

i i

✻ ✻
✼ ✻

=

2

2

3+6 sin✽ + 2 sin✽ – 4sin ✽
1+ 4sin ✽

i i

=

2

2 2

3 4sin ✺ 8 sin✺
1 4sin ✺ 1 4sin ✺

i✼
✻

✻ ✻

✔❢✾✢ ✴✿❀✢ ✴✵ ✔✜ ✓✔❁✭❂ ✓✸❃✾✢ ✪✢✫✬✔✪✜ ✴✵✶

❜✓✔✕✖ 2

8sin❄
1 4sin ❄❅

 = 0 ❀❆✢✢❇✬❈ sin ✩ = 0

❀✬ ✩  =  n❉, n ❊ Z.

♠✤✥✦✧★✥ 16 ✓✔❁✭❂ ✓✸❃✾✢
1

❋ ❋
cos sin

3 3

i
z

i

●
❍

■
✜✢✷ ❏✛✿✪❑✾ ▲✚ ✭✷✸ ✚✔✣✪✔✬❇✬ ✜❑✔✰✖✶

✦❣ ✴✭✷✸ ✚✛✢✹✬ ✴✵✗ z =
1

1 3

2 2

i

i

▼

◆

=
❖ P2 3 1 32( 1) 1 3

1 31 3 1 3

i ii i

i i

◗ ❘ ◗❘ ❘❙ ❚
◗◗ ❘

 = 
3 1 3 1

2 2
i

❯ ❱❱
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❡☎✆ ✝✞✟✠✡
3 1 3 1

☛ ☛
2 2

r cos , r sin
☞ ✌

✍ ✍

♥☎✎✆☎✎✏ ✑☎✎✒ ✓✔✕ ✖✒✓✎✗✘ ✠☎✎✙✚✛✎ ✜✢✡ ✜❡✎✏ ✣✤☎✥✛ ✜☎✎✛☎ ✜✦✘
2 2

2 3 1 3 1

2 2
r

✧ ★ ✧ ★✩ ✪
✫ ✪✬ ✭ ✬ ✭✬ ✭ ✬ ✭

✮ ✯ ✮ ✯
= 

✰ ✱
2

2 3 1
2 4

2
4 4

✲ ✳✴✵ ✶ ✷✸ ✹ ✺ ✺

✑✈☎☎✕✛✻ r 2✼  ❜✽✽✎

3 1 3 1
cos✾ , sin✾

2 2 2 2

✿ ❀
❁ ❁  ✣✤☎✥✛ ✜☎✎✛☎ ✜✦

❜✽✟✝✡ ❂ ❂ 5❂
❃

4 6 12
❄ ❅ ❄  ❆❇❈☎✎✏ ❉❊

✑✈☎☎✕✛✻✘
5❋ 5❋

2 cos sin
12 12

i
● ❍■❏ ❑
▲ ▼

 ◆✤✢✓✞❈ ❖✣ ✜✦P

◗❘❙❚❙ 5 ✐❯ ❱❲❱❲❳ ✐❨❩❬❚❲❭❪

1.

3
25

18 1
i

i

❫ ❴❵ ❛❀❝ ❞❢ ❣
❤ ❥❝ ❞❦ ❧

✖☎ ❡☎✆ ♠☎✛ ✖✞✟✠✡P

2. ✟✖♦✜✞✏ ♥☎✎ ✽✟♣❡q ✽✏r❈☎✑☎✎✏ z
1

✑☎✦✒ z
2

✓✎✗ ✟✝✡✘ ✟✽s ✖✞✟✠✡t
Re (z

1
 z

2
) = Rez

1
 Rez

2
 – Imz

1
 Imz

2

3.
1 2 3 4

1 4 1 5

i

i i i

✉✇ ② ✇ ②✉③ ④ ③ ④✉ ⑤ ⑤⑥ ⑦ ⑥ ⑦
 ✖☎✎ ❡☎✆✖ ❖✣ ❡✎✏ ✣✟✒✓✟✛✕✛ ✖✞✟✠✡P

4. ❈✟♥
a ib

x iy
c id

⑧
⑧ ⑨

⑧
 ✘ ✛☎✎ ✟✽s ✖✞✟✠✡ ✟✖

2 2
2 2

2 2
( 2 )

a b
x y

c d

5. ✟✆♣✆✟✝✟r☎✛ ✖☎✎ ◆✤✢✓✞❈ ❖✣ ❡✎✏ ✣✟✒✓✟✛✕✛ ✖✞✟✠✡t

(i) ⑩ ❶
2

1 7

2

i

i

❷

❸ (ii)
1 3

1– 2

i

i

❹

✣✤❺✆ ❻ ✽✎ ❼ ❡✎✏ ✟♥✡ ✔✡ ✣✤❽❈✎✖ ✽❡✞✖✒❾☎ ✖☎✎ ✜✝ ✖✞✟✠✡t

6.
2 20

3 4 0
3

x x❿ ❅ ❄ 7.
2 3

2 0
2

x x❿ ❅ ❄
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8. 227 10 1 0x x✓ ✔ ✕ 9. 221 28 10 0x x✓ ✔ ✕

10. ❀✖✗ z
1
 = 2 – i, z

2
 = 1 + i, 

1 2

1 2

1

–

z z

z z i

✘ ✘
✘ ✥✙ ✚✙✛ ✜✙✢ ✥✣✖✤✦✧

11. ❀✖✗ a + ib = 

2

2

( )

2 1

x i

x

★
★

, ✖❢✩ ✥✣✖✤✦ ✖✥✪ a2 + b2 = 
✫ ✬

2 2

2
2

( 1)

2 1

x

x

✭

✭

12. ✚✙✛✙ z
1
 = 2 – i, z

2
 = –2 + i, ✖✛✮✛ ✥✙ ✚✙✛ ✖✛✥✙✖✯✦✧

(i) 1 2

1

Re
z z

z

✰ ✱
✲ ✳
✴ ✵

(ii)
1 1

1
Im

z z

✰ ✱
✲ ✳
✴ ✵

13. ❢✖✮✚✶ ❢✷✸❀✙
1 2

1 3

i

i

✹
✺

✥✙ ✚✙✻✙✷✥ ✼✙✽✾ ✥✙✿❁✙✙✷✥ ✜✙✢ ✥✣✖✤✦✧

14. ❀✖✗ (x – iy) (3 + 5i),  –6 – 24i ✥✣ ❢✷❀❂❃✚✣ ❄✽ ✢✙✿ ❅✙❆✢✖❅✥ ❢✷✸❀✙✦❇ x ✼✙✽✾ y ✜✙✢ ✥✣✖✤✦✧

15.
1 1

1 1

i i

i i

❈ ❉
❉

❉ ❈ ✥✙ ✚✙✻✙✷✥ ✜✙✢ ✥✣✖✤✦✧

16. ❀✖✗ (x + iy)3 = u + iv, ✢✙✿ ✗♥✙✙❊❋✦ ✖✥
2 24( – )

u v
x y

x y
❈ ●

17. ❀✖✗ ❍ ✼✙✽✾ ■ ✖❏✙❑✛ ❢✖✮✚✶ ❢✷✸❀✙✦❇ ❄✽✷ ✤❄✙❇ ▲ 1▼ , ✢r
◆ ❖

1 ❖◆
–

– ✥✙ ✚✙✛ ✜✙✢ ✥✣✖✤✦✧

18. ❢✚✣✥✾❁✙ 1 2
x x

– i P  ❅✿♦ ♥✙◗❑❀✿❘✙✾ ✻◗❁✙✙❋ ✷✥ ✚◗✯✙✿✷ ✥✣ ❢✷✸❀✙ ✜✙✢ ✥✣✖✤✦✧

19. ❀✖✗ (a + ib) (c + id) (e + if) (g + ih) = A + iB ❄✽

✢✙✿ ✗♥✙✙❋❊✦ ✖✥ (a2 + b2) (c2 + d2) (e2 + f 2) (g2 + h2) = A2 + B2

20. ❀✖✗ 
1

1
1

m
i

– i

❙ ❚❯
❱❲ ❳

❨ ❩
, ✢✙✿ m ✥✙ ❑❀◗✛✢✚ ✻◗❁✙✙❋✷✥ ✚✙✛ ✜✙✢ ✥✣✖✤✦✧



122      ①�✁✂✄

❧☎✆☎✝✞☎

✟ a + ib ✥✠✡ ☛☞✌✍☛ ✎✏ ✑✎ ✒✓✔✕✌✖ ✗✘✌✙ a ✚✌✛✜ b ✥✌♦✢✣✥✎ ✒✓✔✕✌✑✙ ✘✛✓✖ ✑✎ ✒✣✤✦✧ ✒✓✔✕✌

✎✘❞✌✢✏ ✘✛✖ a ✒✣✤✦✧ ✒✓✔✕✌ ✎✌ ✥✌♦✢✣✥✎ ★✌✌✩ ✚✌✛✜ b ❜✒✎✌ ✎✌✪☛✣✫✎ ★✌✌✩

✎✘❞✌✢✌ ✘✛✬

✟ ✦✌✫✌ z
1
 = a + ib ✚✌✛✜ z

2
 = c + id✖ ✢❪

(i) z
1
 + z

2
 = (a + c) + i (b + d)

(ii) z
1
 z

2
  = (ac – bd) + i (ad + bc)

✟ ✣✎✒✏ ❢✌✭✮✕✠✯✌✜ ✒✣✤✦✧ ✒✓✔✕✌ z = a + ib (a ✰ 0, b ✰ 0) ✥✠✡ ✣❞✑✖ ✑✎ ✒✣✤✦✧ ✒✓✔✕✌

2 2 2 2

a b
i

a b a b

✱
✲

✲ ✲
, ✎✌ ✚✣♦✢✳✥ ✘✌✠✢✌ ✘✛✖ ❜✒✠

1

z
 ✕✌ z–1 ✴✌✜✌ ✣✫✣✵✶✷✸ ✣✎✕✌ ✗✌✢✌ ✘✛

✚✌✛✜ z ✎✌ ✹✺✻✼✼✽✾✿ ❀❁❂❃❄✼❅✾ ✎✘❞✌✢✌ ✘✛ ✣✗✒✒✠ ✣✎ (a + ib) 

2

2 2 2 2

a b
i

a b a b

❆ ❇❈
❉❊ ❋

❉ ❉● ❍

= 1 + i0 =1 ☛☞✌✐✢ ✘✌✠✢✌ ✘✛✬

✟ ✣✎✒✏ ☛✭■✌✌❏✎ k ✥✠✡ ✣❞✑, i4k = 1, i4k + 1 = i, i4k + 2 = – 1, i4k + 3 = – i

✟ ✒✣✤✦✧ ✒✓✔✕✌ z = a + ib ✎✌ ✒✓✕❑▲✦✏ z ✴✌✜✌ ✣✫✣✵✶✷✸ ✣✎✕✌ ✗✌✢✌ ✘✛ ✚✌✛✜ z  = a – ib

✴✌✜✌ ✵❢✌✌✶✕✌ ✗✌✢✌ ✘✛✬

✟ ✒✣✤✦✧ ✒✓✔✕✌ z = x + iy ✎✌ ▼☞❑✥✏✕ ✍☛ r (cos ◆ + i sin ◆), ✘✛✖ ✗✘✌✙ r = 2 2
x y❖

(z ✎✌ ✦✌☛✌✓✎) ✚✌✛✜ cos◆  = 
x

r
, sin◆  = 

y

r
 (◆P z ✎✌ ✿✼❅✻✼✼◗✿ ✎✘❞✌✢✌ ✘✛✬❘ ◆ ✎✌

✦✌✫✖ ✣✗✒✒✠ ✣✎ – ❙ < ◆ ❚ ❙, z ✎✌ ❀❁✾✺❯✼ ✿✼❅✻✼✼◗✿ ✎✘❞✌✢✌ ✘✛✬

✟ ✑✎ n ❱✌✌✢✥✌❞✠ ❪✘❑☛✵ ✒✦✏✎✜■✌ ✥✠✡ n ✦✭❞ ✘✌✠✢✠ ✘✛✓✬

✟ ✑✎ ✣✴❱✌✌✢✏✕ ✒✦✏✎✜■✌ ax2 + bx + c = 0, ✗✘✌✙ a, b, c ❲ R, a ✰ 0, b2 – 4ac < 0,

✥✠✡ ✘❞ x = 
24

2

b ac b

a

❳ ❨ ❳
i ✥✠✡ ✴✌✜✌ ☛☞✌✐✢ ✘✌✠✢✠ ✘✛✓✬

❩❬❭❫❴☎❭❧❵ ❛❝❡❣❤☎❥❭❦

✕✭✫✌✣✫✕✌✠✓ ✫✠ ❜✒ ✢♠✕ ✎✌✠ ☛✘♥✌✫✌ ♠✌✌ ✣✎ ✑✎ ♣■✌ ✒✓✔✕✌ ✥✠✡ ✥✩✶✦✭❞ ✎✌ ✥✌♦✢✣✥✎ ✒✓✔✕✌

☛q✣✢ ✦✠✓ ✎✌✠❜✶ ✚✣♦✢✳✥ ✫✘✏✓ ✘✛ ☛✜✓✢❑ ❜✒✎✌ ✧✠✕ ★✌✌✜✢✏✕ ✩✣■✌✢r Mahavira st✉✈ ❜✶✇❘

✎✌✠ ✗✌✢✌ ✘✛ ✣✗✮✘✌✠✓✫✠ ✒✥✶☛☞♠✌✦ ❜✒ ✎✣②✫✌❜✶ ✎✌ ♦☛✷✸✢③ ④✪❞✠✔✌ ✣✎✕✌✬ ⑤④✮✘✌✠✓✫✠ ✚☛✫✏
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♦✓✔✕✖ ❫✗✘✙✚✛ ✜✚✢ ✜✣✗✤✥✦ ✧★✩ ✪✖✫✬✫ ✕✭ ✮✯✫ ✰✱✫✕✲✫✳ ✴✭ ✵✶✯✫✷♦✸✷ ✰✱✫✕✲✫✳ ✹✺✻✩ ✺✼✽ ✾✖✿

❜❀✭✫ ♦✸✷✧✶❁ ✹✺✻✩ ✺✫★✖✫ ✺✼❂❃❃ ✴✭ ❄✶❀✱★ ❅✫✫✱✖✻✬ ✸✕✯✫✖❆ Bhaskara ✹★ ❇❇❈❉ ❜✷❊ ✧★ ✩ ✾✵✹✻

♦✓✔✕✖ ❫❋●❍✗✘✙✚✛✦ ✧★✩ ❅✫✻ ✕❁■✫✫ ✺✼✽ ❏✮✯✫ ✱✫✕✲✫ ✭✫ ✭✫★❜✷ ♦✸✷✧✶❁ ✹✺✻✩ ✺✫★✖✫ ✺✼ ❑✬✫★ ✩✕✭

✬✺ ✴✭ ♦✸✷ ✹✺✻✩ ✺✼❂▲ Cardan ✰❇❈▼❈ ❜❊✳ ✹★ x + y = 10, xy = 40 ✭✫★ ✺❁ ✭✱✹★ ✧★ ✩

♠◆✵❖✹ ❀✧P✬✫ ✵✱ ◗✬✫✹ ✕❄✬✫❂ ♠❖✺✫★✩✹★ x = 5 + 15❘ ✖❙✫✫ y = 5 – 15❘  ❜❀♦★✔ ✺❁

♦★✔ ❚✵ ✧★✩ ❆✫✖ ✕✭✬✫ ✕❯❀★ ♠❖✺✫★ ✩✹★ P♦✬✩ ✾✧✫❖✬✭✱ ✕❄✬✫ ✕✭ ✬★ ❀✩■✬✫✴❱ ❲✬❙✫✷ (useless) ✺✼✩❂

Albert Girard ✰❁✸❅✫✸ ❇❳❨❈ ❜✷❊✳ ✹★ ✮✯✫ ❀✩■✬✫✾✫★✩ ♦★✔ ♦✸✷✧✶❁ ✭✫★ P♦✻✭✫✱ ✕✭✬✫ ✾✫✼✱ ✭✺✫

✕✭✽ ❜❀❀★ ✺✧ ✪✺❢✵❄✻✬ ❀✧✻✭✱✯✫ ✭✻ ✕❯✖✹✻ ❩✫✫✖ ✺✫★✸✻✽ ♠✖✹★ ✧✶❁ ✵❬✫❭✖ ✭✱✫✹★ ✧★✩ ❀❪✫✧ ✺✫★✩✸★❂

Euler ✹★ ❀♦✷✵❬❙✫✧ 1❴ ✭✫★  i ❀✩♦★✔✖✹ ✵❬❄✫✹ ✕✭✬✫ ✖❙✫✫ W.R. Hamilton ✰❁✸❅✫✸ ❇❵❛❉

❜✷❊✳ ✹★ ✴✭ ✲✫❢❝ ✸✕✯✫✖✻✬ ✵✕✱❅✫✫❞✫✫ ❄★✭✱ ✾✫✼✱ ✖❙✫✫✭✕❙✫✖ ❡✭✫❣✵✕✹✭ ❀✩■✬✫❃ ♦★✔ ✵❬✬✫★✸ ✭✫★

❤✫★✐❥✖★ ✺❢✴ ❀✕❦✧♥ ❀✩■✬✫ a + ib ✭✫★ ♦✫P✖✕♦✭ ❀✩■✬✫✾✫★✩ ♦★✔ ♣✕✧✖ ✬❢q✧ (a, b) ♦★✔ ❚✵ ✧★✩

✵❬P✖❢✖ ✕✭✬✫❂

— r —



�Mathematics is the art of saying many things in many

different ways. — MAXWELL�

6.1  ❍✁✂✄☎✆✁ (Introduction)

❢✝✞✟ ✠ ✡☛☞ ☞✌ ☞✍ ✎ ✏✍ ✎ ✑ ✏ ✒ ✡ ✓✔ ✌ ☞✕✔ ✖ ☞✍ ✓✔ ✔ ☞❢✗ ☞✘ ☞✍ ✎ ✙✍✚ ✛ ✏✠ ✡✔ ✜☞ ☞✍ ✎ ✢✣ ☞ ☞ ✗ ☞☞❢✤ ✖ ✡ ✝✥ ✗✦ ☞✍ ✎ ✡☞✍ ✛ ✏✠ ✡✔ ✜☞ ☞✍ ✎
✏✍ ✎ ✝❢✔✙❡ ✢✢ ✡✔✙✍✚ ✑✟ ✡✔ ✦ ☞ ✛✠✧ ☞ ✓★✙✍ ✚ ✑ ✕✎✩ ✌ ✪ ✑ ✏ ☞✔✍ ✏❢✫ ✢✬✡ ✏✍ ✎ ✫✙ ✭☞ ☞✙ ✢✮ ✘✑ ✝✥ ✗ ✦ ✯ ✰✢ ☞ ✑ ✕ ❢ ✡

➯ ✱ ✘☞ ✗☞ ☞❢✤ ✖✡ ✝✥ ✗✦ ☞✍ ✎ ✡☞✍ ✛ ✖ ✕✙ ✒ ✡ ✛ ✏✠ ✡✔ ✜☞ ✙✍✚ ✲ ✝ ✏✍ ✎ ✝❢✔✙❡ ✢ ✢ ✡✔ ✦ ☞ ✛ ✎✭ ☞✙ ✑ ✕✳ ✴ ✯ ✖☞✑ ✔ ✜☞✢ ✮
✌ ☞ ✝✡✠ ✡☛ ☞☞ ✙✍✚ ✛ ✭☞✠ ❢✙✈ ☞❡✣ ☞ ✘ ☞✍ ✎ ✡✠ ✵ ✶ ✓☞✷ ✸ ✹ ✺ ✻ ✛✍ ✏✠ ✼ ✛✍ ✡✏ ✑ ✕✽ ✌ ☞ ✝✡✠ ✡☛☞ ☞ ✏✍ ✎ ✌❢✾ ☞ ✡✢✏

✻✺ ✏✍ ✿☞✍ ✎ ✘☞ ✙ ★✚❡✛ ✘☞ ✶ ✘☞ ✖ ☞✍ ✦ ☞✍ ✎ ✛ ✏☞ ✛ ✡✢✠ ✑ ✕ ✎✩ ✘✑ ☞ ✶ ✑ ✏✍ ✎ ✒✍✛✍ ✡✣ ☞ ✦ ❢ ✏✟ ✢✍ ✑ ✕✎ ❢ ❀✦ ✏✍ ✎ ‘<’ ❁✛✍ ✡✏❂✽
‘>’ ❁✛✍ ✌❢ ❃✡❂, ‘❄’ ❁✛✍ ✡✏ ✘☞ ✪✔ ☞ ✪✔❂ ‘❅’ ❁✛✍ ✌ ❢ ❃✡ ✘ ☞ ✪✔☞ ✪✔❂ ❢ ✓❆ ✝✥ ✘ ★✱✢ ✑ ☞✍ ✢✍ ✑ ✕ ✎✩ ✷ ❇✑✍ ✎ ✑ ✏

❈❉❊❋ ●■❏ ❑ (Inequalities) ✡✑ ✢✍ ✑ ✕✎✩
✷✛ ✌✾ ✘ ☞ ✘ ✏✍ ✎✽ ✑ ✏ ✒ ✡ ✘☞ ✖☞✍ ✓✔ ✔ ☞❢ ✗☞ ✘☞✍ ✎ ✡✠ ✔ ✕❢✧ ☞ ✡ ✌✛❢ ✏✡☞✌ ☞✍ ✎ ✡☞ ✌✾ ✘✘✦ ✡✔✍ ✎❜✍✩

✌✛❢✏✡☞✌ ☞✍ ✎ ✡☞ ✌✾ ✘✘✦ ❢✙▲☞✦✽ ❜❢✜☞✢✽ ✛☞✎❢✧✘✡✠✽ ✷ ✬▼✢✏✡☞✔✠ ✛✏✫✘☞✌ ☞✍ ✎ (optimisation problems),

✌✣ ☞ ✸✗☞ ☞✫◆ ☞✽ ✏✦ ☞✍ ❢✙▲ ☞ ✦ ✷ ❖✘ ☞❢✖ ✛✍ ✛ ✎✪ ✎❢✾ ☞ ✢ ✛ ✏✫ ✘ ☞✌ ☞✍ ✎ ✡☞✍ ✑ ✟ ✡✔ ✦✍ ✏✍ ✎ ✌ ❖✘ ✎✢ ✯✝✘ ☞✍❜✠ ✑ ✕✩
6.2 P◗ ✄☎ ✆✁❘ ❙ (Inequalities)

✑ ✏ ❢ ✦❣ ✦❢✟ ❢✧ ☞ ✢ ❢✫✣ ☞❢ ✢✘ ☞✍ ✎ ✝✔ ❢✙ ✓☞✔ ✡✔ ✢✍ ✑ ✕ ✎✮
(i) ✔❢✙ 200 ❚ ✝✘✍ ✟✍ ✡✔ ✓☞✙✟ ✧ ☞✔✠ ✖✦✍ ✙✍ ✚ ❢✟✒ ✪ ☞✿ ☞☞✔ ❀ ☞✢ ☞ ✑ ✕✽ ✓☞✙✟ 1 ❢ ✡❜✥ ☞❯ ✙✍✚ ✝✕✙✍✚ ▼☞✍ ✎ ✏✍ ✎

✯✝✟ ✤✾ ☞ ✑ ✕✎✩ ✒ ✡ ❢ ✡✟ ☞✍ ✓☞✙✟ ✙✍✚ ✝✕✙✍✚ ▼ ✡☞ ✏♠ ❱✘ 30 ❚✝✘✍ ✑ ✕✩ ✘❢ ✖ x ✯✛✙✍✚ ❲ ☞✔ ☞ ✧ ☞✔✠ ✖✍ ❜✒ ✓☞✙✟
✙✍ ✚ ✝✕✙✍✚ ▼☞✍ ✎ ✡✠ ✛ ✎✧ ✘ ☞ ✡☞✍ ♦✘ ✱✢ ✡✔ ✢☞ ✑ ☞✍✽ ✢ ☞✍ ✯✛✙✍✚ ❲ ☞✔ ☞ ✧ ☞ ✓✸ ✡✠ ❜✷ ✸ ✾ ☞ ✦✔ ☞❢✗ ☞ 30 x ❚ ✝✘✍ ✑ ☞✍❜✠✩

✱✘ ☞✍ ✎❢ ✡ ✯✛✍ ✓☞✙✟ ✡☞✍ ✝✕✙✍ ✚ ▼☞✍ ✎ ✏✍ ✎ ✑ ✠ ✧ ☞✔✠ ✖ ✦☞ ✑ ✕ ✷✛❢✟ ✒ ✙✑ 200 ❚ ✝✘✍ ✡✠ ✝♠✔✠ ✾ ☞✦✔ ☞❢ ✗☞ ✡☞✍ ✧ ☞ ✓✸
✦✑ ✠✎ ✡✔ ✝☞✒❜ ☞ ❁ ✱ ✘☞✍ ✎✳ ❂✩ ✌ ✢✮

30x < 200 ... (1)

✫ ✝✬▼✢✮ ✡✣ ☞✦ ❁i❂ ✛ ✏✠ ✡✔ ✜☞ ✦✑✠ ✎ ✑ ✕✽ ✱✘ ☞✍ ✎❢ ✡ ✷ ✛ ✏✍ ✎ ✛ ✏✢ ☞ (equality) ✡☞ ❢ ✓❆ ❁=❂ ✦✑✠ ✎ ✑ ✕✩

❥ ❳❨❩❬ ❭ ❪❫❨❴ ❭❬ ❵❛

(Linear Inequalities)

❝❞ ❤ ✐❤ 6



     ❥�✁✂✄☎ ✆✝✁✞☎✄✟✠       125

✭ii✮ ✡☛☞✌✍✌ ✎☛✏ ✑✌✒ 120 ✥✑✓☛ ✔✕✖ ✗✘✒✒☛ ✎✔ ✙✚✛ ✡✗✘✜✢✡ ✎ ✑☛✣ ✤✌✡✦✧✣✌ ★✌✔✩✦ ✔✕✪ ✡✗✘✜✢✡ ✙✌

✍❡✫✓ 40 ✥✑✓☛ ✬✌✕✡ ✑☛✣ ✙✌ ✍❡✫✓ 20 ✥✑✓☛ ✔✕✪ ✯✒ ✗✜✰✌✗✩ ✍☛✖ ✓✗✧ ✡☛☞✌✍✌ ✱✌✡✌ ✤✌✡✦✧☛ ✲✳ ✡✗✘✜✢✡ ✙✦

✒✖✤✓✌ x ✩✰✌✌ ✑☛✣ ✙✦ ✒✖✤✓✌ y ✔✌☛ ✩✌☛ ❣✒✎☛✏ ✱✌✡✌ ✴✓✓ ✙✦ ✲✓✦ ✙✚✵ ✶✌✣✡✌✗☞✌ ✭40x +20y✮ ✥✑✓☛

✔✕✪ ✯✒ ✑✷✙✌✡ ✔✍ ✑✌✩☛ ✔✕✖ ✗✙
40x + 20y ✸ 120 ... (2)

❉✓✌☛ ✖✗✙ ✯✒ ✗✜✰✌✗✩ ✍☛✖ ✤✌★✹ ✙✦ ✲✓✦ ✙✚✵ ✶✌✣✡✌✗☞✌ ✬✗✶✌✙✩✍ ✺✻✼ ✥✑✓☛ ✔✕✪ ✶✓✌✣ ✧✦✗✘✳ ✙✰✌✣ ✭✻✮

✎☛✏ ✧✌☛ ♦✌✌✲ ✔✕✖✪
40x + 20y < 120 ... (3)

✬✌✕✡ 40x + 20y = 120 ... (4)

✙✰✌✣ ✭❞✮ ✒✍✦✙✡✽✌ ✣✔✦✖ ✔✕✾ ✘✿✗✙ ✙✰✌✣ ✭❀✮ ✒✍✦✙✡✽✌ ✔✕✪ ❣✑✡✌☛❉✩ ✙✰✌✣ ✘✕✒☛ ✭✺✮✾ ✭✻✮ ✩✰✌✌

✭❞✮ ✈❁❂❃❄❅ ✙✔✵✌✩☛ ✔✕✖✪

✐❂❆❇❅❅❈❅❅ 1 ✳✙ ✬✒✗✍✙✌✾ ✧✌☛ ✎✌✜✩✗✎✙ ✒✖✤✓✌✬✌☛✖ ✓✌ ✧✌☛ ✿✦✘✦✓ ✴✓✖✘✙✌☛✖ ✍☛✖ ‘<’, ‘>’, ‘✸’ ✓✌ ‘❊’

✎☛✏ ✗★❋ ✎☛✏ ✑✷✓✌☛✲ ✒☛ ✿✣✩✦ ✔✕✖✪

3 < 5;  7 > 5 ✬✌✗✧ ❁❧●❍❅❧❄ ✈❁❂❃❄❅ ✎☛✏ ❣✧✌✔✡✽✌ ✔✕✖✪ ✘✿✗✙

 x < 5; y > 2; x  ❊  3,  y ✸  4 ✯❜✓✌✗✧ ■❅❅❂❏❑❄ ▲▼❆❅❧❄◆ ✈❁❂❃❄❅ ✎☛✏ ❣✧✌✔✡✽✌ ✔✕✖✪

3 < 5 < 7 ✭✯✒☛ ✑❖P✩☛ ✔✕✖ ◗✾ ❞ ✒☛ ✿❘P✌ ✎ ❙ ✒☛ ✛✌☛✢✌ ✔✕✮, 3 <  x < 5 ✭✯✒☛ ✑❖P✩☛ ✔✕✖ x, 3 ✒☛ ✿❘P✌ ✓✌

✿✡✌✿✡ ✔✕ ✎ 5 ✒☛ ✛✌☛✢✌ ✔✕) ✬✌✕✡ 2 < y < 4 ❂❢❚✈❁❂❃❄❅ ✎☛✏ ❣✧✌✔✡✽✌ ✔✕✖✪

✬✒✗✍✙✌✬✌☛ ✖ ✎☛✏ ✙✚ ✛ ✬❯✓ ❣✧✌✔✡✽✌ ✗✣❱✣✗✵✗✤✌✩ ✔✕✖ ❲

ax + b < 0 ... (5)

ax + b > 0 ... (6)

ax + b ✸ 0 ... (7)

ax + b ❊ 0 ... (8)

ax + by < c ... (9)

ax + by > c ... (10)

ax + by ✸ c ... (11)

ax + by ❊  c ... (12)

ax2 + bx + c ✸ 0 ... (13)

ax2 + bx + c > 0 ... (14)

Ø✍✌✖✙ ✭5✮✾ ✭6✮✾ ✭9✮✾ ✭10✮ ✬✌✕✡ ✭14✮ ❁❳❂❨❂■▼❩ ✈❁❂❃❄❅❬❭ ✩✰✌✌ Ø✍✌✖✙ ✭7✮✾ ✭8✮✾

✭11✮✾ ✭12✮ ✬✌✕✡ ✭13✮ ✈❁❂❃❄❅❬❭ ✙✔✵✌✩✦ ✔✕✖✪ ✓✗✧ a  0 ✔✌☛ ✩✌☛ Ø✍✌✖✙ ✭5✮ ✒☛ ✭8✮ ✩✙

✙✦ ✬✒✗✍✙✌✳❪ ✳✙ ★✡ ✡✌✗☞✌ x ✎☛✏ ✡✕✗✤✌✙ ✬✒✗✍✙✌✳❪ ✔✕✖ ✬✌✕✡ ✓✗✧ a  0 ✩✰✌✌ b  0 ✔✌☛ ✩✌☛ Ø✍✌✖✙

✭9✮ ✒☛ ✭12✮ ✩✙ ✙✦ ✬✒✗✍✙✌✳❪ ✧✌☛ ★✡ ✡✌✗☞✌✓✌☛✖ x ✩✰✌✌ y ✎☛✏ ✡✕✗✤✌✙ ✬✒✗✍✙✌✳✖❪ ✔✕✖✪

Ø✍✌✖✙ ✭13✮ ✬✌✕✡ ✭14✮ ✙✦ ✬✒✗✍✙✌✳❪ ✡✕✗✤✌✙ ✣✔✦✖ ✔✕✖✪ ✎✌✜✩✎ ✍☛✖ ✓✔ ✳✙ ★✡ ✡✌✗☞✌ x ✎☛✏

❂❢❫❅❅❩❴❍ ✈❁❂❃❄❅❬❭ ✔✕✖✾ ✘✿ a ❵ 0.
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❜☎ ✆✝✞✟✞ ✠✡☛ ☞✠ ✌✡✍✌✎ ✏✑ ✒✓ ✆✟✔✓ ✕✟✡ ✒✓ ✓✟✖✗✟✞✟✡☛ ✌✡✍ ✓✔✖✘✟✑ ✆☎✖✠✑✟✆✟✡☛ ✑✟

✆✝✞✞✈ ✑✓✡☛✙✡✚

6✲3 ✱✛ ✜✢ ✢✣✤✥✣ ✦✧★ ✢✩✤✪✣✛ ✫✬✤✭✛✣✫✣✧✮ ✛✣ ✯✰✳✴✤✵✣✶✰✷ ✸✹ ✫✣✩✢ ✺✻✛✣

✫✣✹✧✪✣✰✷ ✤✻✼✽✵✣ (Algebraic Solutions of Linear Inequalities in One Variable

and their Graphical Representation)

✆✈✾✿✟✟✙ 6❀2 ✌✡✍ ✆☎✖✠✑✟ ❁1❂ ✆❃✟✟❄❅❆ 30x < 200 ✐✓ ✖✌✒✟✓ ✑❇✖❈✏✚ ✝✞✟✈ ✕✡☛❉ ✖✑ ✞☞✟❊ x ✒✟✌✎

✌✡✍ ✐✔✌✡✍♦✟✡☛ ✑❇ ☎☛✘✞✟ ✑✟✡ ❋✞●❅ ✑✓❅✟ ☞✔✚

▲✐❍♦❅■ x ✏✑ ❏❑✟✟▼✠✑ ✐◆❑✟✟❖✑ ✆❃✟✌✟ ✖✿✟P✈ ✈☞❇☛ ☞✟✡ ☎✑❅✟ ☞✔✚

❜☎ ✆☎✖✠✑✟ ✑✟ ◗✟✞✟❊ ✐❘✟ 30x ✆✟✔✓ ✕✟✞✟❊ ✐❘✟ 200 ☞✔✚

x = 0 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (0) = 0 < 200 ❁✕✟✞✟❊ ✐❘✟❂❉ ❈✟✡✖✑ ☎▼✞ ☞✔✚

x = 1 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (1) = 30  < 200 ✕✟✞✟❊ ✐❘✟❂❉ ❈✟✡✖✑ ☎▼✞ ☞✔✚

x = 2 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (2) = 60 < 200, ❈✟✡ ✖✑ ☎▼✞ ☞✔✚

x = 3 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (3) = 90 < 200, ❈✟✡ ✖✑ ☎▼✞ ☞✔✚

x = 4 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (4) = 120 < 200, ❈✟✡ ✖✑ ☎▼✞ ☞✔✚

x = 5 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (5) = 150 < 200, ❈✟✡ ✖✑ ☎▼✞ ☞✔✚

x = 6 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (6) = 180 < 200, ❈✟✡ ✖✑ ☎▼✞ ☞✔✚

x = 7 ✌✡✍ ✖✎✏❉ ◗✟✞✟❊ ✐❘✟ = 30 (7) = 210  < 200, ❈✟✡ ✖✑ ✆☎▼✞ ☞✔✚

♠✐✞✾❄●❅ ✖▲❃✟✖❅ ✠✡☛ ☞✠ ✐✟❅✡ ☞✔☛ ✖✑ ♠✐✞✾❄●❅ ✆☎✖✠✑✟ ✑✟✡ ☎▼✞ ✑❃✟✈ ✑✓✈✡ ✌✟✎✡ x ✌✡✍ ✠✟✈

✌✡✍✌✎ 0❉ 1❉ 2❉ 3❉ 4❉ 5 ✆✟✔✓ 6 ☞✔☛✚ x ✌✡✍ ♠✈ ✠✟✈✟✡☛ ✑✟✡ ❈✟✡ ✖✕✏ ✆☎✖✠✑✟ ✑✟✡ ✏✑ ☎▼✞ ✑❃✟✈

◗✈✟❅✡ ☞✟✡☛❉ ♠P☞✡☛ ❙❚❯❱❲❳ ❲❳ ❨❩ ✑☞❅✡ ☞✔☛✚ ✆✟✔✓ ☎✠✾❬✒✞ {0, 1, 2, 3, 4, 5, 6} ✑✟✡ ☞✎ ☎✠✾❬✒✞

✑☞❅✡ ☞✔☛✚

❜☎ ✐❭✑✟✓❉ ✏✑ ✒✓ ✓✟✖✗✟ ✌✡✍ ✖✑☎❇ ✆☎✖✠✑✟ ✑✟ ☞✎❉ ✒✓ ✓✟✖✗✟ ✑✟ ✌☞ ✠✟✈ ☞✔❉ ❈✟✡ ❜☎✡ ✏✑

☎▼✞ ✑❃✟✈ ◗✈✟❅✟ ☞✟✡✚

☞✠✈✡ ♠✐✞✾❄●❅ ✆☎✖✠✑✟ ✑✟ ☞✎ ❣✐❭✞✟☎ ✆✟✔✓ ✿✟◆✎ ✖✌✖✝✟❪ (trial and error method) ☎✡ ✐❭✟❧❅

✖✑✞✟ ☞✔✚ ❈✟✡ ✆✖❢✑ ☎✾✖✌❢✟❈✈✑ ✈☞❇☛ ☞✔✚ ▲✐❍♦❅■ ✞☞ ✖✌✖✝✟ ✆✖✝✟✑ ☎✠✞ ✎✡✈✡ ✌✟✎❇ ❅❃✟✟

✑✿✟❇❞✑✿✟❇ ☎☛✿✟✟❋✞ ✈☞❇☛ ☞✟✡❅❇ ☞✔✚ ☞✠✡☛ ✆☎✖✠✑✟✆✟✡☛ ✌✡✍ ☞✎ ✌✡✍ ✖✎✏ ✆✖✝✟✑ ✆❬❫❇ ✞✟ ❴✠◗❵

❅✑✈❇✑ ✑❇ ✆✟✌✗✞✑❅✟ ☞✔✚ ❜☎☎✡ ✐☞✎✡ ☞✠✡☛ ☎☛✘✞✟☛✑ ✆☎✖✠✑✟✆✟✡☛ ✌✡✍ ✑✾❫ ✆✟✔✓ ✙✾❑✟✝✟✠❄ ☎❇✘✟✈✡ ✒✟✖☞✏

✆✟✔✓ ✆☎✖✠✑✟✆✟✡☛ ✑✟✡ ☞✎ ✑✓❅✡ ☎✠✞ ♠✈✑✟ ✖✈✞✠✟✡☛ ✑❇ ❅✓☞ ✐✟✎✈ ✑✓✈✟ ✒✟✖☞✏✚

✆✟✐✑✟✡ ▲✠✓❑✟ ☞✟✡✙✟ ✖✑ ✓✔✖✘✟✑ ☎✠❇✑✓❑✟✟✡☛ ✑✟✡ ☞✎ ✑✓❅✡ ☎✠✞ ☞✠ ✖✈❛✈✖✎✖✘✟❅ ✖✈✞✠✟✡☛ ✑✟ ✐✟✎✈

✑✓❅✡ ☞✔☛■

❯❝❡❱ 1 ✏✑ ☎✠❇✑✓❑✟ ✌✡✍ ✕✟✡✈✟✡☛ ✐❘✟✟✡☛ ✠✡☛ ☎✠✟✈ ☎☛✘✞✟✏❊ ❈✟✡❤❥❇ ❁✆❃✟✌✟ ❦✟♦✟❜❄❂ ❈✟ ☎✑❅❇ ☞✔✚
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❢✡☛☞ 2 ✥✌ ✍✎✏✌✑✒✓ ✔✕✖ ✗✓✕✘✓✕✙ ✚✛✓✓✕✙ ✎✕✙ ✍✎✓✘ ✜✓✢✣✤✕✦✑ ✍✙✧✤✓★✓✕✙ ✍✕ ✩✪✒✓✓ ✫★✬✓✔✓ ✭✓✓✩✮ ✯✌✤✓ ✰✓

✍✌✦✓ ❧✱✲

★✍✯✎✌✓★✓✕✙ ✌✓✕ ❧✈ ✌✑✦✕ ✍✎✤ ❧✎ ✚✪✘✳ ✴✣❧✏✙ ✯✘✤✎✓✕✙ ✌✓ ✚✓✈✘ ✦✬✓✓ ✯✘✤✎ ✵ ✎✕✙ ✌✪✶ ✍✙✜✓✓✕✷✘ ✔✕✖

✍✓✬✓ ✌✑✦✕ ❧✱✙✲ ★✙✦✑ ✎✓✸✓ ✴✦✘✓ ❧✱ ✯✌ ✹✒✓✓✺✎✌ ✍✙✧✤✓★✓✕✙ ✍✕ ★✍✯✎✌✓ ✔✕✖ ✗✓✕✘✓✕✙ ✚✛✓✓✕✙ ✌✓✕ ✩✪✒✓✓ ✫✤✓

✭✓✓✩✮ ✌✑✘✕ ✚✑ ★✍✯✎✌✓ ✔✕✖ ✯❍✻ ✯✔✚✑✏✦ ❧✓✕ ✰✓✦✕ ❧✱✙ ✫★✬✓✓✼✦✽ ‘<’ ✌✓✕ >, ‘✾’ ✌✓✕ ‘✿’ ✴✺✤✓✯✗ ✌✑

✯✗✤✓ ✰✓✦✓ ❧✱✮✲ ✴✍✌✓ ✌✓✑✒✓ ✯✘❀✘✯✈✯✧✓✦ ✦✬✤✓✕✙ ✍✕ ❁✚❂❃ ❧✱✳

3 > 2 ✰t✯✌ – 3 < – 2

– 8 < – 7 ✰t✯✌ (–8) (–2) > (–7) (–2), ★✬✓✓✼✦✽ 16 > 14

✴✍ ✚❜✌✓✑ ★✍✯✎✌✓★✓✕✙ ✌✓✕ ❧✈ ✌✑✘✕ ✔✕✖ ✯✈✥ ❧✎ ✯✘❀✘✯✈✯✧✓✦ ✯✘✤✎✓✕✙ ✌✓ ❄❅✈✕✧✓ ✌✑✦✕ ❧✱✙✳

❢✡☛☞ 1 ✥✌ ★✍✯✎✌✓ ✔✕✖ ✗✓✕✘✓✕✙ ✚✛✓✓✕✙ ✎✕✙❆ ★✍✯✎✌✓ ✔✕✖ ✯❍✻✓✕✙ ✌✓✕ ✚❜✭✓✓✯✔✦ ✯✌✥ ✯t✘✓ ✍✎✓✘ ✍✙✧✤✓✥❇

✰✓✕❈❉✏ ✫★✬✓✔✓ ❊✓❃✓✴✼✮ ✰✓ ✍✌✦✏ ❧✱✙✲

❢✡☛☞ 2 ✯✌✍✏ ★✍✯✎✌✓ ✔✕✖ ✗✓✕✘✓✕✙ ✚✛✓✓✕✙ ✌✓✕ ✍✎✓✘ ❋✓✘✓✺✎✌ ✍✙✧✤✓★✓✕✙ ✍✕ ✩✪✒✓✓ ✫✤✓ ✭✓✓✩✮ ✯✌✤✓ ✰✓

✍✌✦✓ ❧✱✲ ✚✑✙✦✪ ✗✓✕✘✓✕✙ ✚✛✓✓✕✙ ✌✓✕ ✍✎✓✘ ✹✒✓✓✺✎✌ ✍✙✧✤✓★✓✕✙ ✍✕ ✩✪✒✓✓ ✫✤✓ ✭✓✓✩❆ ✌✑✦✕ ✍✎✤ ★✍✯✎✌✓ ✔✕✖

✯❍✻ ✦✗✘✪✍✓✑ ✚✯✑✔●✦✦ ✌✑ ✯✗✥ ✰✓✦✕ ❧✱✙✲

★✓✴✥ ★t ❧✎ ✌✪✶ ❄✗✓❧✑✒✓✓✕✙ ✚✑ ✯✔❍✓✑ ✌✑✦✕ ❧✱✙✲

♠■❏❑▲▼❏ 1 30 x < 200, ✌✓✕ ❧✈ ◆✓✦ ✌✏✯✰✥ ✰t

(i) x ✥✌ ✚❜✓✔❖✖✦ ✍✙✧✤✓ ❧✱✲

(ii) x ✥✌ ✚✢✒✓✓P✌ ❧✱✲

❑❣ ◆✓✦ ❧✱ ✯✌ 30 x < 200

★✬✓✔✓
30 200

30 30

x
◗ ✫✯✘✤✎ 2✮

★✬✓✔✓ x < 
20

3
(i) ✰t x ✥✌ ✚❜✓✔❖✖✦ ✍✙✧✤✓ ❧✱✲

❁✚❂❃✦✳ ✴✍ ✯❁✬✓✯✦ ✎✕✙ x ✔✕✖ ✯✘❀✘✯✈✯✧✓✦ ✎✓✘ ✌✬✓✘ ✌✓✕ ✍✺✤ ✌✑✦✕ ❧✱✙✲

x = 1❆ 2❆ 3❆ 4❆ 5❆ 6

★✍✯✎✌✓ ✌✓ ❧✈ ✍✎✪❘❍✤ {1❆ 2❆ 3❆ 4❆ 5❆ 6} ❧✱

(ii) ✰t x ✥✌ ✚✢✒✓✓P✌ ❧✱

❁✚❂❃✦✳ ✴✍ ✯❁✬✓✯✦ ✎✕✙ ✯✗✥ ✩✥ ★✍✯✎✌✓ ✔✕✖ ❧✈ ❧✱✙✳

..., – 3, –2, –1, 0, 1, 2, 3, 4, 5, 6

★✍✯✎✌✓ ✌✓ ❧✈ ✍✎✪❘❍✤ {...,–3, –2,–1, 0, 1, 2, 3, 4, 5, 6} ❧✱
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♠☎✆✝✞✟✆ 2 ✥✠ ✡☛☞✌✍✎ 5x✫3< 3x+1❪ ✌✏

(i) x ✍✡ ✑✒✓✔✔✕✡ ✥✖✗ (ii) x ✍✡ ✘✔✙✚☞✘✡ ✛✜✢✣✔ ✥✖✗

✝❣ ☞❢✣✔ ✥✖❪ ☞✡ 5x –3 < 3x + 1

✈✤✔✘✔ 5x –3 + 3 < 3x +1 +3 (☞✦✣✧ 1)

✈✤✔✘✔ 5x < 3x +4

✈✤✔✘✔ 5x – 3x < 3x + 4 – 3x (☞✦✣✧ 1)

✈✤✔✘✔ 2x < 4

✈✤✔✘✔ x < 2 (☞✦✣✧ 2)

(i) ✌✏ x ✍✡ ✑✒✓✔✔✕✡ ✥✖✗  ❜✛ ☞✙✤✔☞✚ ✧★✜ ☞❢✍ ✩✍ ✈✛☞✧✡✔ ✘★✪ ✥✠

..., – 4, – 3, – 2, – 1, 0, 1

✈✚✎ ✥✠ ✛✧✬✭✮✣ {..., ✫4❪ ✫3❪ ✫2❪ ✫1❪ 0❪ 1}

(ii) ✌✏ x ✍✡ ✘✔✙✚☞✘✡ ✛✜✢✣✔ ✥✖✗ ❜✛ ☞✙✤✔☞✚ ✧★✜ ✈✛☞✧✡✔ ✡✔ ✥✠ x < 2 ✛★ ❧✣✯✚ ✥✖✗ ❜✛✡✔

✈✤✔✰ ✥✖ ☞✡ ✱ ✛★ ✲✔★✳☛ ✛✧✙✚ ✘✔✙✚☞✘✡ ✛✜✢✣✔✍✴ ✈✛☞✧✡✔ ✘★✪ ✥✠ ✥✖✜✗ ✈✚✎ ✈✛☞✧✡✔ ✡✔ ✥✠

✛✧✬✭✮✣ (– ✵, 2). ✥✖✗

✥✧✦★ ✈✛☞✧✡✔✈✔★✜ ✘★✪ ✥✠ ✑✶✔✘✷✪✚ ✛✜✢✣✔✈✔★✜❪ ✑✒✓✔✔✰✡✔★✜ ✚✤✔✔ ✘✔✙✚☞✘✡ ✛✜✢✣✔✈✔★✜ ✘★✪ ✛✧✬✭✮✣✔★✜ ✑✸

☞✘✮✔✸ ✡✸✘★✪ ✹✔✚ ☞✡✍ ✥✖✜✗ ✈✔✩★ ✌✏ ✚✡ ✈✺✣✤✔✔ ✘✻✓✔✚ ✦ ✥✔★❪ ✥✧ ❜✛ ✈✼✣✔✣ ✧★✜ ✈✛☞✧✡✔✈✔★✜ ✡✔

✥✠ ✘✔✙✚☞✘✡ ✛✜✢✣✔✈✔★✜ ✘★✪ ✛✧✬✭✮✣ ✧★✜ ✥☛ ✹✔✚ ✡✸★✜✩★✗

♠☎✆✝✞✟✆ 3 ✥✠ ✡☛☞✌✍ 4x + 3 < 6x +7.

✝❣ ✹✔✚ ✥✖ ☞✡ 4x + 3 < 6x + 7

✈✤✔✘✔ 4x – 6x < 6x + 4 – 6x

✈✤✔✘✔ – 2x < 4 ✈✤✔✘✔ x > – 2

✈✤✔✔✰✚✽ –✱ ✛★ ✏✾✿☛ ✛✧✙✚ ✘✔✙✚☞✘✡ ✛✜✢✣✔✍✴❪ ☞❢✍ ✩✍ ✈✛☞✧✡✔ ✘★✪ ✥✠ ✥✖✜✗ ✈✚✎ ✥✠ ✛✧✬✭✮✣

(–✱❪ ✵) ✥✖✗

♠☎✆✝✞✟✆ 4 ✥✠ ✡☛☞✌✍ 
5 2

5
3 6

– x x
–❀

✝❣ ✥✧★✜ ✹✔✚ ✥✖ ☞✡
5 2

5
3 6

– x x
–❀

✣✔ 2 (5 – 2x)   ❁  x – 30

✣✔ 10 – 4x ❁ x – 30

✣✔ – 5x ❁ – 40,

✣✔ x  ❂  8
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✈✡☛☛☞✌✍ ✎✏✑✒ ✑✓✔✌ ✕☛✔✌✖✕✗ ✑✘✙✚☛✎✛ ✜☛✏ 8 ✑✏ ✥✢✣✒ ✚☛ ✥✤☛✥✤ ✦✧★ ✈✌✩ ✪✑ ✈✑✖✓✗☛ ✕✏✫ ✦✬

x ✭ [8❪ ✮✯

♠✰✱✲✳✴✱ 5 ✦✬ ✗✒✖✜✎ 7x + 3 < 5x + 9 ✌✡☛☛ ✪✑ ✦✬ ✗☛✏ ✑✘✙✚☛ ✤✏✙☛☛ ✵✤ ✈☛✬✏✖✙☛✌ ✗✒✖✜✎★

✲❣ ✦✓✏✘ ✶☛✌ ✦✧ 7x + 3 < 5x + 9

✚☛ 2x < 6 ✚☛ x < 3

✑✘✙✚☛ ✤✏✙☛☛ ✵✤ ✪❧✦✏✘ ✦✓ ✖✷✸✷✖✬✖✙☛✌ ✵✹✗☛✤ ✑✏ ✵✹✺↔✻☛✌ ✗✤ ✑✗✌✏ ✦✧✘ ✼✈☛✕✽✫✖✌ 6✾1✯★

✿✱❀❁❂❃❄ 6.1

♠✰✱✲✳✴✱ 6 ✦✬ ✗✒✖✜✎ 
3 4 1

1
2 4

x x❅ ❆
❇ ❅  ✌✡☛☛ ✪✑ ✦✬ ✗☛✏ ✑✘✙✚☛ ✤✏✙☛☛ ✵✤ ✈☛✬✏✖✙☛✌ ✗✒✖✜✎★

✲❣
3 4 1

1
2 4

x x❈ ❉
❊ ❈

✚☛
3 4 3

2 4

x x❅ ❅
❇

✚☛ 2 (3x – 4) ❋ (x – 3)

✚☛ 6x – 8 ❋ x – 3

✚☛ 5x ❋ 5  or  x ❋ 1

✑✘✙✚☛ ✤✏✙☛☛ ✵✤ ✪❧✦✏✘ ✦✓ ✖✷✸✷✖✬✖✙☛✌ ✵✹✗☛✤ ✑✏ ✵✹✺↔✻☛✌ ✗✤ ✑✗✌✏ ✦✧✘ ✼✈☛✕✽✫✖✌ 6✾2✯✩

✿✱❀❁❂❃❄ 6.2

♠✰✱✲✳✴✱ 7 ✗❞☛☛ XI ✕✏✫ ✵✹✡☛✓ ✑●☛ ✕ ✖❍✌✒✚ ✑●☛ ✗✒ ✵✤✒❞☛☛✈☛✏✘ ✓✏✘ ✎✗ ■☛●☛ ✕✏✫ ✵✹☛❏✌☛✘✗ 62 ✈☛✧✤

48 ✦✧✘★ ✕✦ ❧✚❑✷✌✓ ✈✘✗ ✶☛✌ ✗✒✖✜✎❪ ✖✜✑✏ ✕☛↔▲☛✗ ✵✤✒❞☛☛ ✓✏✘ ✵☛✗✤ ✕✦ ■☛●☛ 60 ✈✘✗ ✗☛ ❧✚❑✷✌✓

✈☛✧✑✌ ✵✹☛❏✌ ✗✤ ✑✕✏✫★

✲❣ ✓☛✷ ✬✒✖✜✎ ✖✗ ■☛●☛ ✕☛↔▲☛✗ ✵✤✒❞☛☛ ✓✏✘ x ✈✘✗ ✵✹☛❏✌ ✗✤✌☛ ✦✧★

✌✥
62 48

60
3

x❆ ❆
❇

✚☛ 110 + x ❋ 180 ✚☛  x ❋ 70
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❜☎ ✆✝✞✟✠ ✡☎ ☛✟☞✟ ✞✟✌ ✍✟✎✏✟✞ ✆✠✑✒✟✟ ✓✌✔ ✕✖✗✘✙✓ 70 ✥✔✞ ✆✝✟✚✙ ✞✠✘✌ ✛✟✜✢✣✤

♠✦✧★✩✪✧ 8 Ø✓✟✫✙ ✜✍✏✟✓ ☎✔✬✖✟✥✟✌✔ ✍✌✭ ✣✌☎✌ ✖✮✯✓ ✰✟✙ ✞✑✜✱✣✲ ✜✱✘✓✌✔ ✳✟✌✘✟✌✔ ☎✔✬✖✟✣✴ 10 ☎✌ ✵✶✷✑

✢✟✌✔✲ ✥✟❣✠ ✡✘✞✟ ✖✟✌✫✆✭✸ 40 ☎✌ ✞✓ ✢✟✌✔✤

★✹ ✓✟✘ ✜✸✖✟ ✜✞ ✳✟✌ Ø✓✟✫✙ ✜✍✏✟✓ ✆✝✟✍✺✭✙ ☎✔✬✖✟✥✟✌✔ ✓✌✔ ☛✟✌✻✑ ✜✍✏✟✓ ☎✔✬✖✟ x ✢❣✤ ❜☎ ✆✝✞✟✠ ✳✗☎✠✑

✜✍✏✟✓ ☎✔✬✖✟ x + 2 ✢❣✤ ✆✝✼✘✟✘✮☎✟✠

x > 10 ... (1)

✙r✟✟ x + ( x + 2) < 40 ... (2)

✽2✾ ✞✟✌ ✢✸ ✞✠✘✌ ✆✠ ✢✓ ✆✟✙✌ ✢❣✔ ✜✞

2 x + 2 < 40

✖✟ x < 19 ... (3)

(1) ✥✟❣✠ (3) ☎✌ ✜✘✏✞✏✟✿ ✖✢ ✢❣ ✜✞

10< x <19

❜☎ ✆✝✞✟✠ ✜✍✏✟✓ ☎✔✬✖✟ x ✍✌✭ ✥♦✟✑✏✻ ✓✟✘ 10 ✥✟❣✠ 19 ✍✌✭ ✵✑✛ ✢❣✔✤ ❜☎✜✸✣ ☎♦✟✑ ☎✔♦✟✍ ✥♦✟✑✏✻ ✱✟✌✶✷✌

(11, 13), (13, 15) (15, 17), (17, 19) ✢✟✌✔✫✌✤

✐❀❁❂❃❄❅❆ 6❇1

1❈ ✢✸ ✞✑✜✱✣ ❉ 24x < 100✲ ✱✵

(i) x ✣✞ ✆✝✟✍✺✭✙ ☎✔✬✖✟ ✢❣✤ (ii) x ✣✞ ✆✗❊✟✟❋✞ ✢❣✤

2❈ ✢✸ ✞✑✜✱✣❉ ●12x > 30✲ ✱✵

(i) x ✣✞ ✆✝✟✍✺✭✙ ☎✔✬✖✟ ✢❣✤ (ii) x ✣✞ ✆✗❊✟✟❋✞ ✢❣✤

3❈ ✢✸ ✞✑✜✱✣❉ 5x●3 < 7✲ ✱✵

(i) x ✣✞ ✆✗❊✟✟❋✞ (ii) x ✣✞ ✍✟❍✙✜✍✞ ☎✔✬✖✟ ✢❣✤

4. ✢✸ ✞✑✜✱✣ ❉ 3x + 8 > 2, ✱✵

(i) x ✣✞ ✆✗❊✟✟❋✞ (ii) x ✣✞ ✍✟❍✙✜✍✞ ☎✔✬✖✟ ✢❣✤

✜✘❢✘✜✸✜✬✟✙ ✆✝✼✘ 5 ☎✌ 16 ✙✞ ✍✟❍✙✜✍✞ ☎✔✬✖✟ x ✍✌✭ ✜✸✣ ✢✸ ✞✑✜✱✣❉

5. 4x + 3 < 5x + 7 6. 3x – 7 > 5x – 1

7. 3(x – 1) ■ 2 (x – 3) 8. 3 (2 – x) ❏ 2 (1 – x)

9. 11
2 3

x x
x ❑ ❑ ▲ 10. 1

3 2

x x
▼ ❑
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11.
3( 2) 5(2 )

5 3

x x✡ ✡
☛ 12.

1 3 1
4 ( 6)

2 5 3

x
x

☞ ✌
✍ ✎ ✏✑ ✒

✓ ✔

13. 2 (2x + 3) – 10 < 6 (x – 2) 14. 37 – (3x + 5) > 9x – 8 (x – 3)

15.
(5 2) (7 3)

4 3 5

x x x✡ ✡
✕ ✡ 16.

(2 1) (3 2) (2 )

3 4 5

x x x✡ ✡ ✡
✖ ✡

✐✗✘✙ 17 ✥✚ 20 ✛✜ ✜✢ ✣✥✤✦✜✧✣✧✚★ ✜✧ ✩✪ ✫✧✛ ✜✢✤✬✭ ✛✮✧✧ ✯✰✩✚★ ✥★✱✲✧ ✳✚✱✧✧ ✐✳ ✣✧✪✚✤✱✧✛

✜✢✤✬✭❞

17. 3x – 2 < 2x + 1 18. 5x – 3 > 3x – 5

19. 3 (1 – x) < 2 (x + 4) 20.
(5 2) (7 3)

2 3 5

x x x

21✴ ✳✤✵ ✙✚ ✐✩✪✢ ✶✧✚ ✭✜✜ ✐✳✢✷✧✧ ✦✚★ 70 ✣✧✸✳ 75 ✣★✜ ✐✗✧✹✛ ✤✜✭ ✩✸★❞ ✵✩ ✰✲✺✙✛✦ ✣★✜ ✫✧✛ ✜✢✤✬✭✻

✤✬✥✚ ✵✩ ✛✢✥✳✢ ✭✜✜ ✐✳✢✷✧✧ ✦✚★ ✐✧✜✳ 60 ✣★✜ ✜✧ ✰✲✺✙✛✦ ✣✧✸✥✛ ✐✗✧✹✛ ✜✳ ✥✵✚✼❞

22✴ ✤✜✥✢ ✐✧❢✽✲✾✦ ✦✚★ ✿✗✚❀ 'A' ✐✧✙✚ ✵✚✼ ✤✪✭ ✭✜ ❁✲✤❂✛ ✜✧✚ ✥❃✧✢ ✐✧❄❅ ✐✳✢✷✧✧✣✧✚★ ❆✐✗❇✲✚✜ 100

✦✚★ ✥✚❡ ✦✚★ 90 ✣★✜ ✲✧ ✣✤❈✧✜ ✣★✜ ✜✧ ✣✧✸✥✛ ✐✗✧✹✛ ✜✳✙✧ ❅✧✤✩✭❞ ✲✤✶ ✥❉✙✢✛✧ ✵✚✼ ✐✗✮✧✦ ❅✧✳

✐✳✢✷✧✧✣✧✚★ ✵✚✼ ✐✗✧✹✛✧★✜ 87✻ 92✻ 94 ✣✧✸✳ 95 ✩✧✚★ ✛✧✚ ✵✩ ✰✲✺✙✛✦ ✣★✜ ✫✧✛ ✜✢✤✬✭ ✤✬✥★✚ ✐✧★❅✵✢★

✐✳✢✷✧✧ ✦✚★ ✐✗✧✹✛ ✜✳✵✚✼ ✥❉✙✢✛✧ ✯✥ ✐✧❢✽✲✾✦ ✦✚★ ✿✗✚❀ 'A' ✐✧✭✿✢❞

23✴ 10 ✥✚ ✜✦ ✾✦✧✿✛ ✤✵❊✧✦ ✥★✱✲✧✣✧✚★ ✵✚✼ ✭✚✥✚ ✲❉❋✦ ✫✧✛ ✜✢✤✬✭ ✤✬✙✵✚✼ ✲✧✚✿✐✼✪ 11 ✥✚ ✣✤❈✧✜

✩✧✚★❞

24✴ ✾✦✧✿✛ ✥✦ ✥★✱✲✧✣✧✚★ ✵✚✼ ✭✚✥✚ ✲❉❋✦ ✫✧✛ ✜✢✤✬✭✻ ✤✬✙✦✚★ ✥✚ ✐✗❇✲✚✜ 5 ✥✚ ●❀❍✚ ✩✧✚★✻ ✛✮✧✧ ✯✙✜✧

✲✧✚✿✐✼✪ 23 ✥✚ ✜✦ ✩✧✚❞

25✴ ✭✜ ✤■✧❃✧❉✬ ✜✢ ✥●✥✚ ●❀❍✢ ❃✧❉✬✧ ✥●✥✚ ❏✧✚❑✢ ❃✧❉✬✧ ✜✢ ✛✢✙ ✿❉✙✢ ✩✸ ✛✮✧✧ ✤■✧❃✧❉✬ ✜✢ ✛✢✥✳✢ ❃✧❉✬✧

✥●✥✚ ●❀❍✢ ❃✧❉✬✧ ✥✚ 2 ✥✚✦✢ ✜✦ ✩✸❞ ✛✢✥✳✢ ❃✧❉✬✧ ✜✢ ✰✲✺✙✛✦ ✪★●✧▲▼ ✫✧✛ ✜✢✤✬✭ ✬●✤✜ ✤■✧❃✧❉✬

✜✧ ✐✤✳✦✧✐ ✰✲✺✙✛✦ 61 ✥✚✦✢ ✩✸❞

26✴ ✭✜ ❁✲✤❂✛ 91 ✥✚✦✢ ✪★●✚ ●✧✚❀▼ ✦✚★ ✥✚ ✛✢✙ ✪★●✧▲▼✲✧❄ ✜✧❑✙✧ ❅✧✩✛✧ ✩✸❞ ✶✺✥✳✢ ✪★●✧▲▼ ✥●✥✚ ❏✧✚❑✢

✪★●✧▲▼ ✥✚ 3 ✥✚✦✢ ✣✤❈✧✜ ✣✧✸✳ ✛✢✥✳✢ ✪★●✧▲▼ ✥●✥✚ ❏✧✚❑✢ ✪★●✧▲▼ ✜✢ ✶✺✙✢ ✩✸❞ ✥●✥✚ ❏✧✚❑✚ ●✧✚❀▼

✜✢ ✥★❃✧✧✤✵✛ ✪★●✧▲▼✲✧❄ ❂✲✧ ✩✸★✻ ✲✤✶ ✛✢✥✳✧ ❑❉✜❀❍✧ ✶✺✥✳✚ ❑❉✜❀❍✚ ✥✚ ✜✦ ✥✚ ✜✦ 5 ✥✚✦✢ ✣✤❈✧✜

✪★●✧ ✩✧✚②

[❧◆❖P◗❘ ✲✤✶ ✥●✥✚ ❏✧✚❑✚ ●✧✚❀▼ ✜✢ ✪★●✧▲▼ x ✥✚✦✢ ✩✧✚✻ ✛● ❆x + 3❡ ✥✚✦✢ ✣✧✸✳ 2x ✥✚✦✢ ✾✦✘✧❙ ✶✺✥✳✚

✣✧✸✳ ✛✢✥✳ ✚ ❑❉✜❀❍ ✧ ✚ ★ ✜✢ ✪★●✧▲▼✲✧❄ ✩✸ ★❞ ▲✥ ✐✗✜✧✳ x + (x + 3) + 2x ❚ 91 ✣✧✸✳

2x ❯ (x + 3) + 5]
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6✲4 ♥☎✆ ✝✞ ✞☎✟✠☎✡☎✆☛ ☞✆✌ ✞✍✟✎☎✏ ✑✒✟✓✏☎✑☎✆☛ ✏☎ ✑☎✔✆✎☎✕✡ ✖✔ (Graphical

Solution of Linear Inequalities in Two Variables)

✐✗✘✙ ✚✛✜✢✣✣✤ ✥✙✦ ✗✥✛✙ ✧✙★✣✣ ✗✩ ✪✫ ✬✫ ✭✮ ✮✣✪✯✣ ✰✙✱ ✮✩✪★✣✫ ✚✳✪✥✫✣ ✫✣ ✚✣✘✙★✣ ✬✫ ✪✭✴✣✵✶ ✪✛✷✐✸✣

✗✩ ✚✣✩✮ ✚✳✪✥✫✣ ✰✙✱ ✗✘ ✫✣ ✰✸✣❣✛ ✫✮✛✙ ✫✵ ✬✫ ✳✮✘ ✪✰✪✹✣ ✗✩✺ ✚✻ ✗✥ ✧✣✙ ✭✮ ✮✣✪✯✣✶✣✙✦ ✫✵ ✮✩✪★✣✫

✚✳✪✥✫✣ ✰✙✱ ✚✣✘✙★✣✛ ✫✣ ✰✸✣❣✛ ✫✮✙✦✤✙✺

✗✥ ✼✣✛✽✙ ✗✩✦ ✪✫ ✬✫ ✮✙★✣✣ ✫✣✽✵❣✶ ✽✘ ✫✣✙ ✮✙★✣✣ ✰✙✱ ✚✪✽✪✮✾✽ ✧✣✙ ✢✣✣✤✣✙✦ ✥✙✦ ✻✣✿❀✽✵ ✗✩✺ ✐❁❂✶✙✫

✢✣✣✤ ✫✣✙ ✈❃❄❅❆❇❈ ✫✗✽✙ ✗✩✦✺ ✬✫ ❉✹✰✣❣✹✣✮ ✮✙★✣✣ ✽✘ ✫✣✙ ✻✣✶✣✿ ✚✹✣❣❊✽✘ ✰ ✧✣✶✣✿ ✚✹✣❣❊✽✘ ✥✙✦ ✪✰✢✣✣✪✼✽

✫✮✽✵ ✗✩ ✚✣✩✮ ✬✫ ❉✹✰✙❣✽✮ ❞non-vertical❋ ✮✙★✣✣ ✬✫ ✽✘ ✫✣✙ ✪✛✭✘✣ ✚✹✣❣❊✽✘ ✰ ❉✐✮✵ ✚✹✣❣❊✽✘

✥✙✦ ✪✰✢✣✣✪✼✽ ✫✮✽✵ ✗✩✺ ✚✣✰❡✱✪✽ 6●3 ✰ ✚✣✰❡✱✪✽ 6●4❋✺

✈❄❍■❏❑❇ 6.3 ✈❄❍■❏❑❇ 6.4

✫✣✽✵❣✶ ✽✘ ✥✙✦ ✬✫ ▲✻✧✜✜ ✶✣ ✽✣✙ ✮✙★✣✣ ✐✮ ✪▼◆✣✽ ✗✣✙✤✣ ✶✣ ✚✹✣❣❊✽✘ I ✶✣ II ✥✙✦ ✪▼◆✣✽ ✗✣✙✤✣✺ ✚✻

✗✥ ✐✮✵❖✣✸✣ ✫✮✙✦✤✙ ✪✫ ✾✶✣ ✬✫ ✽✘ ✥✙✦ ✪▼◆✣✽ ▲✻✧✜✜ ✫✣ ✚✳✪✥✫✣ ax + by < c ✶✣ ax + by > c ✳✙

✫✣✙P❣ ✳✦✻✦✹✣ ✗✩◗

✚✣P✬ ✗✥ ✥✣✛ ✘✙✦ ax + by = c, ... (1)

✬✫ ✮✙★✣✣ ✗✩ ✼✗✣✿ a ❘ 0 ✽◆✣✣ b  ❘ 0 ✗✩✺

✚✻ ✶✗✣✿ ✽✵✛ ✳✦✢✣✣✰✛✣✬✿ ✗✩✦❙
(i) ax + by = c (ii) ax + by > c (iii) ax + by < c.

▼✐❚❀✽❙ ✪▼◆✣✪✽ (i) ✥✙✦ (i) ✫✣✙ ✳✦✽✜❚❀ ✫✮✛✙ ✰✣✘✙ ✳✢✣✵ ▲✻✧✜ (x, y) (i) ❯✣✮✣ ✪✛✷✪✐✽ ✮✙★✣✣ ✐✮ ✪▼◆✣✽

✗✩✦ ✚✣✩✮ ✪✰✘✣✙✥✽❙✺

✪▼◆✣✪✽ (ii) ✥✙✦ ✐✗✘✙ ✗✥ ✥✣✛ ✘✙✽✙ ✗✩✦ ✪✫ b > 0 ✚✣✩✮ ✮✙★✣✣ ax + by = c, b > 0, ✐✮ ✬✫ ▲✻✧✜ P

(❱,❲) ✘✙✽✙ ✗✩✦ ✽✣✪✫ a❱ + b❲ = c.

✥✣✛✣ ✚✹✣❣❊✽✘ II ✥✙✦ ✫✣✙P❣ ▲✻✧✜ Q (❱ , ❳) ✗✩ ❞✚✣✰❡✱✪✽ ❨●❩❋✺
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✈✡ ✈☛☞✌✍✎✏ 6✲5 ✥✑ ✒✓ ✎✔✕✖✕☛✗ ✎✔✖☛✘✏✑ ✒✙ ✎✖

✚ > ✛ ✭✜✢☛✑✣✤✦

✢☛ b ✧  > b✛

✢☛ a★ + b ✚ > a★ + b✛

✢☛ a★ + b ✚ > c ✭✜✢☛✑✣✤✦

✢☛❀ Q(★✩ ✧ ), ✈✥✎✓✖☛ ax + by > c ✖☛✑ ✥✣✏❞✕✪

✖✫✏✬ ✒✙✮

✈✯☛☛✗✏✰❀ ✫✑✱☛☛ ax + by = c ☞✑✍ ♦✳✫ ✈✴☛✗✵✏✘ II ✓✑✣

✎❢✯☛✏ ✥✶☛✬ ✷✡✸❞ ✈✥✎✓✖☛ ax + by > c ✖☛✑ ✥✣✏❞✕✪

✖✫✏✑ ✒✙✣✮

✎☞✘☛✑✓✏✹ ✓☛✔☛ ✫✑✱☛☛ ax + by = c ✳✫ ✺✖ ✷✡✸❞ P

(★, ✛) ✒✙ ✈☛✙✫ Q(★, ✚) ✖☛✑✻✗ ✷✡✸❞❀ ✈✥✎✓✖☛

ax + by > c ✖☛✑ ✥✣✏❞✕✪ ✖✫✏☛ ✒✙✮

✏☛✎✖ a★ + b✚ > c

✼  a★ + b ✚ > a★ + b✛

✼  ✚ > ✛ (✜✢☛✑✣✎✖ b > 0)

✈✯☛☛✗✗✏✰ Q(★, ✧ ) ✈✴☛✗✵✏✘ II ✓✑✣ ✎❢✯☛✏ ✒✙

✈✏✹ ✈✴☛✗✵✏✘ II ✖☛ ✖☛✑✻✗ ✶☛✬ ✷✡✸❞ ✈✥✎✓✖☛ ax + by > c ✖☛✑ ✥✣✏❞✕✪ ✖✫✏☛ ✒✙ ✈☛✙✫ ✎☞✘☛✑✓✏✹ ✖☛✑✻✗

✷✡✸❞ ➥☛✑ ✈✥✎✓✖☛ ax + by > c ✖☛✑ ✥✣✏❞✕✪ ✖✫✏☛ ✒✙❀ ✈✴☛✗✵✏✘ II ✓✑✣ ✎❢✯☛✏ ✒☛✑✏☛ ✒✙✮

✻✥✬ ✳❜✖☛✫ ✒✓ ✎✥✽ ✖✫ ✥✖✏✑ ✒✙✣ ✎✖ b < 0 ☞✑✍ ✎✘✺ ☞✑ ✥✶☛✬ ✷✡✸❞ ➥☛✑ ✈✥✎✓✖☛

ax + by > c ✖☛✑ ✥✣✏❞✕✪ ✖✫✏✑ ✒✙✣❀ ✈✴☛✗✵✏✘ I ✓✑✣ ✎❢✯☛✏ ✒☛✑✏✑ ✒✙✣ ✈☛✙✫ ✎☞✘☛✑✓✏✹

✈✏✹ ✒✓ ✻✥ ✎✔✕✖✕☛✗ ✳✫ ✈☛✏✑ ✒✙✣ ✎✖ ☞✑ ✥✶☛✬ ✷✡✸❞ ➥☛✑ ✈✥✎✓✖☛ ax + by > c ; b > 0 ✢☛

b < 0 ☞✑✍ ✈✔❞✥☛✫❀ ✖☛✑ ✥✣✏❞✕✪ ✖✫✏✑ ✒✙✣ ☞✑ ✈✴☛✗✵✏✘ II ✢☛ I ✓✑✣ ✥✑ ✎✖✥✬ ✺✖ ✏✘ ✓✑✣ ✎❢✯☛✏ ✒☛✑✏✑ ✒✙✣

✈☛✙✫ ✎☞✘☛✑✓✏✹✮

✈✥✎✓✖☛ ax + by > c ✖☛ ✈☛✘✑✱☛✔ ✻✔ ✈✴☛✗✵✏✘☛✑✣ ✓✑✣ ✥✑ ✺✖ ✈✴☛✗✵✏✘ ✒☛✑✾☛ ✿✭✎➥✥✑

❣❁❂❃❄❅❆❄ (Solution region) ✖✒✏✑ ✒✙✣❇ ✈☛✙✫ ✻✥ ✈✴☛✗✵✏✘ ✖☛✑ ◆❄❈❄❉❊❋● ❃❄❅❆❄ (Shaded region)

⑥☛✫☛ ✎✔❍✎✳✏ ✖✫✏✑ ✒✙✣✮

■❊❏❑▲▼❄❖  1 ☞✒ P☛✑◗☛ ✎➥✥✓✑✣ ✎✖✥✬ ✈✥✎✓✖☛ ☞✑✍ ✥✣✳❘❙☛✗ ✒✘ ✎❢✯☛✏ ✒☛✑ ✣❀ ❚✥✑ ✈✥✎✓✖☛ ✖☛

❣❁❂❃❄❅❆❄ (Solution region) ✖✒✏✑ ✒✙✣✮

2❯ ✎✖✥✬ ✈✥✎✓✖☛ ⑥☛✫☛ ✎✔❍✎✳✏ P☛✑◗☛ ✖☛✑ ✳✒❱☛✔✔✑ ☞✑✍ ✎✘✺❀ ✎✖✥✬ ✈✴☛✗✵✏✘ ✓✑✣ ☞✑✍☞✘ ✺✖

✷✡✸❞ (a, b) ✭➥☛✑ ✫✑✱☛☛ ✳✫ ✎❢✯☛✏ ✔ ✒☛✑✦ ✘✑✖✫ ➥☛❲❱✔☛ ✒✬ ✳✢☛✗❳✏ ✒✙ ✎✖ ☞✒ ❚✥ ✈✥✎✓✖☛ ✖☛✑

✥✣✏❞✕✪ ✖✫✏☛ ✒✙ ✈✯☛☞☛ ✔✒✬✣✮ ✢✎✸ ✢✒ ✷✡✸❞ ✈✥✎✓✖☛ ✖☛✑ ✥✣✏❞✕✪ ✖✫✏☛ ✒✙ ✏☛✑ ✈✥✎✓✖☛ ❚✥ ✈✴☛✗✵✏✘

❨❄❩❬❭❊● 6.5

P
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❞☎✆ ✝✞✟✝✠✡ ❞☛✡☞ ✌✍ ✎☎✍☛ ✏✑ ✎✒☎✓✔✡✕ ❞☎✆ ✖☎✗☎✘✝❞✡ ❞☛ ✙✆✡✆ ✌✍✘ ✝✚✑✛✆✘ ✗✌ ✜✢✙✣ ✌✍✤ ✎✥✗✦☎☎

✗✌ ✎✑✝✛❞☎ ✏✑ ✎✒☎✓✔✡✕ ❞☎✆ ✝✞✟✝✠✡ ❞☛✆❀☞ ✝✚✑✛✆✘ ✗✌ ✜✢✙✣ ✞✌☞✘ ✌✍✤ ✎✠✞☞ ✑✣✝✧✒☎☎ ❞☞ ✙★✝✩✪

✑✆ ✜✢✙✣ (0, 0) ❞☎✆ ✠✫☎✦☎✝✛❞✡☎ ✙☞ ✚☎✡☞ ✌✍✤

3✲ ✗✝✙ ✬❞ ✎✑✝✛❞☎ ax + by ✭ c ✗☎ ax + by ✮ c ✧✆✯ ✰✧✟✠ ❞☞ ✌✍ ✡☎✆ ☛✆✱☎☎

ax + by = c ✠☛ ✝✰✦☎✡ ✑✳☎☞ ✜✢✙✣ ✳☎☞ ✏✑✧✆✯ ✌✕✔✴☎✆✵☎ ✛✆✘ ✑✝✶✛✕✡ ✌☎✆✡✆ ✌✍✘✤ ✷✑✝✕✬ ✌✕ ✴☎✆✵☎ ✠☛

❀✌☛☞ ❞☎✕☞ ☛✆✱☎☎ ✱☎☞✘✸✡✆ ✌✍✘✤

4✲ ✗✝✙ ✎✑✝✛❞☎ ax  + by > c ✗☎ ax  + by < c ✧✆✯ ✰✧✟✠ ❞☞ ✌✍ ✡☎✆ ☛✆✱☎☎ ax  + by = c

✠☛ ✝✰✦☎✡ ✑✳☎☞ ✜✢✙✣ ✏✑✧✆✯ ✌✕✔✴☎✆✵☎ ✛✆✘ ✑✝✶✛✝✕✡ ✞✌☞✘ ✌☎✆✡✆ ✌✍✘✤ ✷✑✝✕✬ ✌✕ ✴☎✆✵☎ ✠☛ ☛✆✱☎☎ ❞☎✆

✜✢✙✣✧✡➥ ✗☎ ✱☎✘✝✹✡ ✱☎☞✘✸✡✆ ✌✍✘✤

✎✞✣✳☎☎❀ 6✺2 ✛✆✘ ✌✛✆✘ ✙☎✆ ✸☛ ☛☎✝✻☎✗☎✆✘ x ✡✦☎☎ y ❞☎ ✝✞✶✞✝✕✝✱☎✡ ☛✍✝✱☎❞ ✎✑✝✛❞☎ ✠✫☎✼✡ ✌✣✷✓ ✦☎☞✤

40x + 20y  ✮  120 ... (1)

✚✢ ☛✆✻☎✛☎ t☎☛☎ ☛✝✚✰✪☛ ✎☎✍☛ ✠✆✞ ✧✆✯ ✱☎☛☞✙✞✆ ✑✘✢✘✒☎☞ ✻☎☎✝✽✙❞ ✠✫✻✞ ❞☎✆ ❀✝✾☎✡☞✗ ✟✠ ✛✆✘ ✠✝☛✧✿✡✡ ❞☛✞✆

✑✆ ✠✫☎✼✡ ✌✣✷✓ ✦☎☞✤

✸♣❁✝❞ ✧✰✡✣✎☎✆✘ ❞☞ ✑✘✱✗☎ ✬❞ ❂✾☎☎❃✛❞ ✎☎✍☛ ✝✳☎✥✞☎❃✛❞ ✑✘✱✗☎ ✞✌☞✘ ✌☎✆ ✑❞✡☞ ✌✍❄ ✎✡❅ ✌✛

✷✑ ✎✑✝✛❞☎ ❞☎ ✌✕ x ✡✦☎☎ y ❞☎✆ ✧✆✯✧✕ ✠♣✾☎✓ ✑✘✱✗☎ ✧✆✯ ✟✠ ✛✆✘ ✒✗☎✞ ☛✱☎✡✆ ✌✣✬ ❞☛✡✆ ✌✍✤ ✷✑ ✎✧✰✦☎☎

✛✆✘ ✌✛ x ✡✦☎☎ y ✧✆✯ ✛☎✞☎✆ ✘ ✧✆✯ ✬✆✑✆ ✚☎✆✹♦✆ ❆☎✡ ❞☛✡✆ ✌✍✘ ✝✚✞✧✆✯ ✑✘❀✡ ❞✦☎✞ ❇1❈ ✑❃✗ ✌✍✤ ✧☎✰✡✧ ✛✆✘

✬✆✑✆ ✗✣❉✛☎✆✘ ❞☎ ✑✛✣❊✸✗ ✎✑✝✛❞☎ ❇1❈ ❞☎ ❣❋ ●❍■❏❑▲ (Solution set) ✌☎✆❀☎✤ x = 0 ✕✆❞☛ ✠✫☎☛✘✳☎

❞☛✞✆ ✠☛ ✌✛ ✠☎✡✆ ✌✍✘ ✝❞ ❇1❈ ❞☎

✢☎✗☎❁ ✠✴☎ = 40x + 20y = 40 (0) + 20y = 20y.

✷✑ ✠✫❞☎☛

20y ✮ 120 ✗☎ y ✮ 6 ... (2)

✎✡❅ x = 0 ✧✆✯ ✑✘❀✡ y ✧✆✯ ✛☎✞ 0❄ 1❄ 2❄ 3❄ 4❄ 5❄

6 ✛☎✵☎ ✌☎✆ ✑❞✡✆ ✌✍✘✤

✷✑ ✝✰✦☎✝✡ ✛✆✘ ❇1❈ ✧✆✯ ✌✕ ❇0❄ 0❈❄ ❇0❄1❈❄ ❇0❄2❈❄

❇0❄3❈❄ ❇0❄4❈❄ ❇0❄5❈ ✎☎✍☛ ❇0❄6❈ ✌✍✘✤

✷✑☞ ✠✫❞☎☛ ✚✢ x = 1❄ 2❄ 3 ✌✍✘ ✡☎✆ ❇1❈ ✧✆✯ ✎✥✗ ✌✕

✝✞✶✞✝✕✝✱☎✡ ✌✍✘❅

(1, 0),  (1, 1), (1, 2), (1, 3), (1, 4)

(2, 0), (2, 1), (2, 2), (3, 0)

✗✌ ✎☎✧★✯✝✡ 6.6 ✛✆✘ ✝✙✱☎☎✗☎ ❀✗☎ ✌✍✤

✎✢ ✌✛ x ✡✦☎☎ y ✧✆✯ ✐▼◆❖P ❇domain) ❞☎✆ ✠♣✾☎✓

✑✘✱✗☎✎☎✆✘ ✑✆ ✝✧✰✡☎✝☛✡ ❞☛✧✆✯ ✧☎✰✡✝✧❞ ✑✘✱✗☎✬❁ ❞☛✡✆ ✈◆◗❘❙❚P 6.6
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❣✡☛☞ ✌✍✡✎ ✏✑✒✍✓✑ ❣✡☛ ✔✕ ✖✗ ✌✘✙✚✍✍ ✛✑☛ ✌✗✔✛✕✍ ✜1✮ ✘✑✢ ✣✤✍

❣✥ ❣✍✑✓✑ ❣✡☛✦ ✌✍✧ ✏✑✒✍✑☛★✑ ✔✕ ❣✥ ✕✎✩✑ ✕✪ ✌✍✥✑✔✒✍✓✫✔✘✔✬✍

(Graphical method)  ✖✗ ✔✙✚✍✔✓ ✛✑☛ ✌✔✬✍✕ ✗❜✔✘✬✍✍✭✩✕

❣✡✦ ✖✗ ✯✰✑✱✤ ✗✑☞ ❣✛ ✜1✮ ✘✑✢ ✗☛★✓ ✗✛✪✕✎✲✍

40x + 20y = 120 ... (3)

✧✎ ✔✘✐✍✎ ✕✎✓✑ ❣✡☛ ✌✍✡✎ ✖✗✕✍ ✌✍✥✑✒✍ ✒✍✪☛✐✓✑ ❣✡☛✦

✤❣ ❀✕ ✗✎✥ ✎✑✒✍✍ ❣✡ ✭✍✑ ✕✍✓✪✳✤ ✓✥ ✕✍✑ ✌✬✍✳✫✓✥ I ✘

✌✬✍✳✫✓✥ II ✛✑☛ ✔✘❡✍✍✔✭✓ ✕✎✓✪ ❣✡

✌✗✔✛✕✍ ✜1✮ ✕✍ ✌✍✥✑✒✍ ✒✍✪☛✐✩✑ ✘✑✢ ✔✥❀☞ ❣✛ ✌✬✍✳✫✓✥✫I

✛✑☛ ❀✕ ✴✵✏❜❜ ✜0☞ 0✮ ✛✍✩ ✥✑✓✑ ❣✡ ☛ ✌✍✡✎ ✤❣ ✭✍✶✐✓✑ ❣✡ ☛ ✔✕

x ✌✍✡✎ y ✘✑✢ ✛✍✩ ✌✗✔✛✕✍ ✕✍✑ ✗☛✓❜♦✷ ✕✎✓✑ ❣✡ ☛ ✤✍ ✩❣✪☛✦

✌✍✧ ✤❣ ✏✑✒✍✑☛★✑ ✔✕ x = 0, y = 0 ✌✗✔✛✕✍ ✕✍✑ ✗☛✓❜♦✷ ✕✎✓✑

❣✡☛✦ ✖✗ ✧✸✕✍✎ ❣✛ ✕❣✓✑ ❣✡☛ ✔✕ ✌✗✔✛✕✍ ✕✍ ✌✍✥✑✒✍,

✌✬✍✳✫✓✥ I ❣✡ ✜✌✍✘✹✢✔✓ 6✺7 ✛✑☛ ✔✏✒✍✍✤✍ ★✤✍ ❣✡✮✦ ✐✻✶✔✕ ✎✑✒✍✍ ✘✑✢ ✗❡✍✪ ✴✵✏❜ ✌✗✔✛✕✍ ✜1✮ ✕✍✑ ✗☛✓❜♦✷

✕✎✓✑ ❣✡☛✦ ✌✓❞ ✎✑✒✍✍ ❡✍✪ ✌✍✥✑✒✍ ✕✍ ❀✕ ❡✍✍★ ❣✡✦

✖✗ ✧✸✕✍✎ ✔✏❀ ★❀ ✌✗✔✛✕✍ ✕✍ ✌✍✥✑✒✍☞ ✎✑✒✍✍ ✗✔❣✓ ✌✬✍✳✫✓✥ I ❣✡✦ ✙✧♦✷✓❞ ✌✬✍✳✫✓✥ II  ✌✍✥✑✒✍

✕✍ ❡✍✍★ ✩❣✪☛ ❣✡✦ ✖✗ ✧✸✕✍✎ ✌✗✔✛✕✍ ✜1✮ ✕✍ ❣✥ ✖✗✘✑✢ ✌✍✥✑✒✍ ✜✎✑✒✍✍ ✗✔❣✓☞ ✌✬✍✳✫✓✥ I✮ ✘✑✢

✗✛✙✓ ✴✵✏❜ ❣✡✦

✌✵ ❣✛ ✕❜✈ ✯✏✍❣✎✲✍✍✑☛ ✕✪ ✗❣✍✤✓✍ ✗✑ ✏✍✑ ✐✎ ✎✍✔✱✍✤✍✑☛ ✘✑✢ ✎✡✔✒✍✕ ✌✗✔✛✕✍✌✍✑☛ ✘✑✢ ❣✥ ✕✎✩✑

✕✪ ✔✘✔✬✍ ✙✧♦✷ ✕✎✓✑ ❣✡☛✦

♠✼✽✾✿❁✽ 9 3x + 2y > 6 ✕✍✑ ✌✍✥✑✒✍✪✤ ✔✘✔✬✍ (Graphically) ✗✑ ❣✥ ✕✪✔✭❀✦

✾❂ ✗✘✳✧✸✚✍✛ ❣✛ ✗✛✪✕✎✲✍ 3x + 2y = 6 ✕✍ ★✸✍✧✢ ✒☛✍✔❦✓ ✎✑✒✍✍ ✘✑✢ ❃✧ ✛✑☛ ✒✍✪☛✐✓✑ ❣✡☛ ✜✌✍✘✹✢✔✓ 6✺8✮✦

✤❣ ✎✑✒✍✍ xy ✫ ✓✥ ✕✍✑ ✏✍✑ ✌✬✍✳✫✓✥ I  ✓✚✍✍ II  ✛✑☛

✔✘❡✍✍✔✭✓ ✕✎✓✪ ❣✡ ❣✛ ❀✕ ✴✵✏❜ ✜✭✍✑ ✎✑✒✍✍ ✧✎ ✔✙✚✍✓

✩❣✪☛ ❣✡✮ ✭✡✗✑ ✜0☞ 0✮ ✕✍ ✐✤✩ ✕✎✓✑ ❣✡☛ ✭✍✑ ✌✬✍✳✫✓✥

I ✛✑☛ ✔✙✚✍✓ ❣✡ ✜✌✍✘✹✢✔✓ 6✺8✮✦ ✌✵ ✭✍✶✐ ✕✎✓✑ ❣✡☛ ✔✕

✤❣ ✴✵✏❜ ✏✪ ★✖✳ ✌✗✔✛✕✍ ✕✍✑ ✗☛✓❜♦✷ ✕✎✓✍ ❣✡

✌✚✍✘✍ ✩❣✪☛✦

❣✛ ✧✍✓✑ ❣✡☛ ✔✕ 3 (0) + 2 (0) > 6

✤✍ 0 > 6 , ✭✍✑ ✌✗t✤ ❣✡✦

✌✓❞ ✌✬✍✳✫✓✥ I☞ ✔✏❀ ❣❜❀ ✌✗✔✛✕✍ ✕✍ ❣✥✫❪✍✑❄✍

✩❣✪☛ ❣✡✦ ✙✧♦✷✓❞ ✎✑✒✍✍ ✧✎ ✔✙✚✍✓ ✕✍✑✖✳ ❡✍✪ ✴✵✏❜☞ ✏✪ ★✖✳

❅✽❆❇❈❉❊ 6.7

❅✽❆❇❈❉❊ 6.8
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✈☎✆✝✞✟ ✞✟✠ ☎✡☛☞✌✍ ✎✏✑✡ ✞✒☛✟ ✏✓✔ ✕✖☎✒✠ ✗✟✘✕✟✠✡ ✝✠✡✙ ✚✟✛✟✡✆✞☛ ✈✜✟✢✣☛✤ II✙ ✒✠❪✟✟ ✥✠✦ ✧★✕☞✈✟✠✡ ✞✟✠

✚✟✠◆✩✞✒✙ ✕✑ ✪✫✢ ✈☎✆✝✞✟ ✞✟ ✏✤ ✬✟✠✭✟ ✏✓✔

♠✮✯✰✱✲✯ 10 ✆❢✆✥✝✑✛ ☛✤ ✝✠✡ ✈☎✆✝✞✟ 3x – 6 ✳ 0 ✞✟ ✈✟✤✠❪✟✎✣✆✥✆✜✟ ☎✠ ✏✤ ✞✑✆✴✵✔

✰❣ 3x – 6 = 0 ✞✟ ✈✟✤✠❪✟ ✈✟✥✶✦✆☛ 6✷9 ✝✠✡ ✆✕✛✟

✪✛✟ ✏✓✔

✏✝ ✵✞ ✧★✕☞ ✸0✙ 0✹ ✞✟ ✺✛✎ ✞✒☛✠ ✏✓✡ ✈✟✓✒ ✫☎✠ ✕✑ ✪✫✢

✈☎✆✝✞✟ ✝✠✡ ✒❪✟✎✠ ✻✒ ✏✝ ✻✟☛✠ ✏✓✡ ✆✞

3 (0) – 6 ✳ 0  ✛✟ – 6 ✳ 0 ✴✟✠ ✆✞ ✈☎✼✛ ✏✓✔

✫☎ ✻❜✞✟✒ ✕✑ ✪✫✢ ✈☎✆✝✞✟ ✞✟ ✏✤✣✬✟✠✭✟ ✒✠❪✟✟ x = 2 ✥✠✦

✕✟✆✏✎✑ ✈✟✠✒ ✚✟✛✟✡✆✞☛ ♥✟✟✪ ✏✓✔

♠✮✯✰✱✲✯ 11 y < 2 ✞✟✠ ✈✟✤✠❪✟✎✣✆✥✆✜✟ ☎✠ ✏✤ ✞✑✆✴✵✔

✰❣ y = 2 ✞✟ ✈✟✤✠❪✟ 6✷10 ✝✠✡ ✆✕✛✟ ✪✛✟ ✏✓✔

✏✝ ✆✎✺✤✠ ✈✜✟✢✣☛✤ I ✝✠✡ ✵✞ ✧★✕☞ ✴✓☎✠ ✸0✙ 0✹

✞✟ ✺✛✎ ✞✒☛✠ ✏✓✡ ✈✟✓✒ ✕✑ ✪✫✢ ✈☎✆✝✞✟ ✝✠✡ y = 0 ✒❪✟✎✠

✻✒ ✏✝ ✻✟☛✠ ✏✓✡ ✆✞

1 × 0 < 2 ✛✟ 0 < 2 ✴✟✠✆✞ ☎✼✛ ✏✓✔

✫☎ ✻❜✞✟✒ ✒✠❪✟✟ y = 2 ✥✠✦ ✎✑✺✠ ✞✟ ✬✟✠✭✟ ✆✴☎✝✠✡ ✝✖✤

✧★✕☞ ✸0✙ 0✹ ✆✽✾✟☛ ✏✓✙ ✕✑ ✪✫✢ ✈☎✆✝✞✟ ✞✟ ✏✤✣✬✟✠✭✟ ✏✓✔

✈☛✿ ✒✠❪✟✟ y = 2 ✥✠✦ ✎✑✺✠ ✥✠✦ ☎✝✽☛ ✧★✕☞ ✸✆✴☎✝✠✡ ✒✠❪✟✟

✥✠✦ ✧★✕☞ ☎✆♦✝✆✤☛ ✎✏✑✡ ✏✓✡✹ ✕✑ ✪✫✢ ✈☎✆✝✞✟ ✥✠✦

✏✤ ✏✓✡✔

✐❀❁❂❃❄❅❆ 6❇2

✆✎♦✎✆✤✆❪✟☛ ✈☎✆✝✞✟✈✟✠✡ ✞✟✠ ✈✟✤✠❪✟✎✣✆✥✆✜✟ ☎✠ ✆❢✆✥✝✑✛ ☛✤ ✝✠✡ ✆✎❈✆✻☛ ✞✑✆✴✵✔

1. x + y < 5 2. 2x + y ✳ 6 3. 3x + 4y ❉ 12

4. y + 8 ✳ 2x 5. x – y ❉ 2 6. 2x – 3y > 6

7. – 3x + 2y ✳ – 6 8. 3y – 5x < 30 9. y < – 2

10. x > – 3.

❊✯❋●❍■❏ 6.9

❊✯❋●❍■❏ 6.10
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6✲5 ♥✡ ☛ ☞✌ ✌✡ ✍ ✎✡ ✏✡ ☛ ✑ ✒ ✓ ✔✕ ✍✖✒ ✡ ✍✗✒✡ ✏ ✒✡ ✘✙ (Solution of System of Linear

Inequalities in Two Variables)

❢✚✛✜ ✢ ✣✤ ✥✦✧ ✧ ★ ✩✢ ✪ ✫✩ ✬✧ ✢ ✭✮ ✮✧ ❢✯✧ ✰✧ ✢ ✪ ✱✢✳ ✮ ✴❢ ✵✧ ✶ ✣✷❢✩✶✧ ✣✧ ✢ ✪ ✶✧ ✣✧ ✜✢ ✵✧ ✤✸❢✱❢✹✧ ✷✢ ✫✜ ✶✮ ✤✧ ✷✺✵✧

★① ✫ ✴✪✻ ✣✼ ✫✩ ✶✥ ✛ ✽✬ ✧✫ ✮✾✧ ✧✢ ✪ ✶ ✺ ✷✫ ✧ ✰ ✿✧ ✷✢ ✬ ✧✢ ✭✮ ✮✧ ❢✯✧ ✰✧ ✢ ✪ ✶ ✺ ✣ ✷❢✩ ✶✧ ❢ ✤✶✧ ✰ ✶✧✢ ✫✜ ✶✮ ✤✢

✶✺ ❢✱❢✹ ✧ ❞ ✚❀❁ ✶✮✢ ✪★✢ ✻

♠ ❂❃ ❄❅❆❃ 12 ❢✤ ❇✤❢✜ ❢ ✵✧ ✿ ✣✷❢✩✶✧ ❢ ✤✶✧ ✰

x + y ❈ 5 ... (1)

x – y ❉ 3 ... (2)

✶✧ ✢ ✣✧✜ ✢ ✵✧ ✺✰ ❢✱❢✹✧ ✷✢ ✫ ✜ ✶ ✺❢❊ ①❋

❄❣ ✮ ✴❢✵✧ ✶ ✣ ✷❢✩✶✧ x + y = 5 ✶✧ ✣✧ ✜✢ ✵✧ ✣✧ ✱●✳❢✿ 6❍11 ✩✢ ✪ ✵✧ ✺✪✭✧ ★✰✧ ✫ ✴✻

✈❃ ■ ❏❑▲ ▼ 6.11

✫ ✩ ✬ ✢ ✵✧ ✿✢ ✫ ✴✪ ❢✶ ✣✷❢✩✶✧ ◆1❖ ✶✧ ✫✜ P ✮✢ ✵✧ ✧ x + y = 5 ✱✢✳ ◗ ✚✮ ✺ ✛✧ ✰✧ ✪❢✶ ✿ ❘✧ ✢ ❙✧ ❚ ✧✮✧

❢ ✤❯❢ ✚✿ ✫✧ ✢ ✿✧ ✫ ✴ ❢❊ ✷✩✢ ✪ ✮✢ ✵✧ ✧ ✚✮ ❢❞ ❱✧ ✿ ✷✦✧ ✺ ❲✼ ✬ ✥ ✥ ✦✧ ✺ ✷❢ ❇✩❢✜ ✿ ✫ ✴✪✻

✽❳✫ ✺✪ ❢✤✬✢ ❨✯✧✧ ✪❘✧✧ ✢ ✪ ✚✮ ✫✩ ✷✩ ✺✶✮✾✧ ✶✧ ✦✧ ✺ ✣✧ ✜✢ ✵✧ ✵✧ ✺✪✭ ✿✢ ✫ ✴ ❊ ✴✷✧ ❢✶ ◆ ✣✧✱ ●✳❢ ✿ 6.11) ✩✢ ✪ ❢✬ ✵✧ ✧✰✧

★✰ ✧ ✫ ✴✻ ✿✼ ✣ ✷❢✩ ✶✧ (2) ✶✧ ✫✜ ✮✢ ✵✧ ✧ x – y = 3 ✱✢✳ ◗ ✚✮ ✺ ✛✧ ✰ ✧ ✪❢✶✿ ❘✧ ✢ ❙✧ ❚ ✧ ✮✧ ❢ ✤❯❢ ✚✿ ✫ ✧ ✢ ✿✧ ✫ ✴P

❢❊ ✷✩✢ ✪ ✮✢ ✵✧ ✧ ✚✮ ✷✦✧ ✺ ❢✼ ✪✬ ✥ ✦✧ ✺ ✷❢❇✩❢✜ ✿ ✫ ✴✪✻

❞ ✚❀❁ ✿❋ ❢❚ ✛✧ ✰✧ ✪❢✶ ✿ ❘✧ ✢ ❙✧ (double shaded region) ❊ ✧✢ ✽✚✰ ✥❨t ✿ ✬✧ ✢ ✤✧ ✢ ✪ ✛✧ ✰ ✧ ✪❢✶ ✿ ❘✧ ✢ ❙✧ ✧ ✢ ✪ ✩✢ ✪

✽ ✦✧ ✰❢ ✤❀❩ ✫ ✴✪P ✱✫ ✺ ❢✬ ① ✫ ✥ ① ✣✷❢✩✶✧ ❢ ✤✶✧ ✰ ◆1❖ ✱ ◆2❖ ✶✧ ✱✧ ✪❢✛ ✿ ✫✜ ❘✧ ✢ ❙✧ ✫ ✴✻
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♠☎✆✝✞✟✆ 13 ❢✠✡✠❢☛❢☞✌✍ ✎✏❢☞✌✑ ✒✓❢✔✑✌ ❢✠✑✌✕ ✑✌✖ ✒✌☛✖☞✌✠ ❢✗❢✘✌ ✙✌✎✌ ✚☛ ✑✛❢✜✢✣

5x + 4y ✤ 40 ... (1)

x ✥ 2 ... (2)

y ✥ 3 ... (3)

✝❣ ✓✗❧✦✧★✌✔ ✚✔ ✓✔✛✑✎✩✌✌✖✪ 5x + 4y = 40,  x = 2 ✒✌✏✎ = 3 ✙✌✎✌ ❢✠✫❢✦✍ ✎✖☞✌✌✒✌✖✪ ✗✖✬ ✒✌☛✖☞✌

☞✌✛✪❬✍✖ ✚✏✪✣

✍r ✚✔ ✭✖☞✌✍✖ ✚✏✪ ❢✑ ✒✓❢✔✑✌ ✮1✯✰ ✎✖☞✌✌ 5x + 4y = 40 ✗✖✬ ✠✛❬✖ ✱✌✕✌✪❢✑✍ ✲✌✖✳✌ ✑✌✖ ❢✠✫❢✦✍

✑✎✍✌ ✚✏ ❢✜✓✔✖✪ ✎✖☞✌✌ ✗✖✬ ✓❞✌✛ ✴r✭✵✵ ❞✌✛ ✓❢✡✔❢☛✍ ✚✏✪ ✒✓❢✔✑✌ ✮2✯✰ ✎✖☞✌✌ x = 2 ✗✖✬ ✭✌❢✚✠✛ ✒✌✖✎

✑✌ ✱✌✕✌✪❢✑✍ ✲✌✖✳✌ ✒✌✏✎ ✒✓❢✔✑✌ ✮3✯✰ ✎✖☞✌✌ y = 3 ✗✖✬ ✶✦✎✛ ✱✌✕✌✪❢✑✍ ✲✌✖✳✌ ❢✜✠✔✖✪ ✷✠ ✎✖☞✌✌✒✌✖✪ ✗✖✬

✓❞✌✛ ✴r✭✵✵ ❞✌✛ ✓❢✡✔❢☛✍ ✚✏✪✰ ✑✌✖ ❢✠✫❢✦✍ ✑✎✍✌ ✚✏✣ ✒✍✸ ✓✗❧❢✠✹✺ ✱✌✕✌✪❢✑✍ ✲✌✖✳✌ ✒✌✏✎ ✎✖☞✌✌✒✌✖✪ ✦✎ ✓❞✌✛

✴r✭✵✵ ✮✒✌✗➥✬❢✍ 6✻12✯ ❢✭✢ ✚✵✢ ✎✏❢☞✌✑ ✒✓❢✔✑✌ ❢✠✑✌✕ ✗✖✬ ✚☛ ✚✏✪✣

✈✆✼✽✾✿❀ 6.12

r✚✵✍ ✓✛ ❝✕✌✗✚✌❢✎✑ ❢❁★✌❢✍✕✌✖✪ ✔✖✪ ✜✌✖ ✒✓❢✔✑✌ ❢✠✑✌✕ ✓✖ ✕✵❂✍ ✚✏✪✰ ❬✎ ✎✌❢❃✌✕✌❄ x ✒✌✏✎ y ✦✧✌✕✸

✢✖✓✛ ✎✌❢❃✌✕✌❄ ✚✌✖✍✛ ✚✏✪✰ ✜✌✖ ❅✩✌✌❆✔✑ ✠✚✛✪ ✚✌✖ ✓✑✍✛ ✚✏✪✣ ❇✭✌✚✎✩✌✍✸ ❇❆✦✌❢✭✍ ✷✑✌✷✕✌✖✪ ✑✛ ✓✪☞✕✌✰ ❈✕

✑✛ ❉✷❧ ✗❁✍✵✒✌✖✪ ✑✛ ✓✪☞✕✌✰ ✑✌✔ ✑✎✠✖ ✔✖✪ ☛❉✖ ❊✌✪❋✌✖✪ ✑✛ ✓✪☞✕✌ ✒✌❢✭✣ ❁✦✹❋✍✸ ✢✖✓✛ ✦❢✎❢❁★✌❢✍ ✔✖✪ x

✥ 0 ✒✌✏✎ y ✥ 0 ✚☛ ✲✌✖✳✌ ✦✧★✌✔ ❬✍✵★✌✌●❃✌ ✔✖✪ ✚✛ ✚✌✖✍✌ ✚✏✣

✒✌✷✢ ✒r ✚✔ ✑✵✱ ✢✖✓✖ ✒✓❢✔✑✌ ❢✠✑✌✕ ✦✎ ❢✗❬✌✎ ✑✎✍✖ ✚✏✪✰ ❢✜✠✔✖✪ x ✥ 0, y ✥ 0 ✚✏✪✣

♠☎✆✝✞✟✆ 14 ❢✠✡✠❢☛❢☞✌✍ ✒✓❢✔✑✌ ❢✠✑✌✕ ✑✌✖ ✒✌☛✖☞✌✛✕ ❢✗❢✘✌ ✓✖ ✚☛ ✑✛❢✜✢✸

8x + 3y ✤ 100 ... (1)
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x ✡ 0 ... (2)

y ✡ 0 ... (3)

❣☛ ☞✌ ✍✎✏✑✑ 8x + 3y = 100 ✥✑ ✒✑✓✎✏✑ ✏✑✔✕✖✗✎ ☞✘✕✙

✒✈✚✌✥✑ 8x + 3y ✛ 100 ✜✈ ✍✎✏✑✑ ✢✎✣ ✤✔✖✎ ✢✎✣ ✦✑✧✑✕✚✥✗ ★✑✎✩✑ ✥✑✎ ✚✤✪✚✫✗ ✥✍✗✑ ☞✘✬ ✚✭✈✌✎✕

✍✎✏✑✑ 8x +3y =100 ✢✎✣ ✈✮✑✔ ✯✰✱✲✲ ✈✚✳✌✚✓✗ ☞✘✕ ✴✒✑✢✵✣✚✗ 6✶13✷✙

✸✹✺✻✼✽✾ 6.13

✖♣✕✚✥ 8x + 3y ✛ 100, ✒✗✿ ✚✩✑✚✢❀✑ ✦✑✧✑✕✚✥✗ (Triple shaded) ★✑✎✩✑ ✥✑ ✫❁❂✧✎✥ ✯✰✱✲✲ ✭✑✎ ✫❁❃✑✌

✖✗✲❃✑✑❄❅✑ ✌✎✕ ☞✘✬ ✗❃✑✑ ✚✭✈✌✎✕ ✍✎✏✑✑✒✑✎✕ ✢✎✣ ✯✰✱✲✲ ✮✑✔ ✈✚✳✌✚✓✗ ☞✘✕✬ ✚✱❆ ☞✲❆ ✒✈✚✌✥✑ ✚✤✥✑✧ ✥✑ ☞✓

✚✤✪✚✫✗ ✥✍✗✑ ☞✘✙

♠❇✹❣❈❉✹ 15 ✚✤✳✤✚✓✚✏✑✗ ✒✈✚✌✥✑ ✚✤✥✑✧ ✥✑✎ ✒✑✓✎✏✑✔✧ ✚✢✚❀✑ ✈✎ ☞✓ ✥✔✚✭❆✙

x + 2y ✛ 8 ... (1)

2x + y ✛ 8 ... (2)

x > 0 ... (3)

y > 0 ... (4)

❣☛ ☞✌ ✍✎✏✑✑✒✑✎✕ x + 2y = 8 ✒✑✘✍ 2x + y = 8 ✥✑ ✒✑✓✎✏✑ ✏✑✔✕✖✗✎ ☞✘✕✙ ✒✈✚✌✥✑ ✴1✷ ✒✑✘✍ ✴2✷ ✱✑✎✤✑✎✕

✈✕❧✗ ✍✎✏✑✑✒✑✎ ✕ ✢✎✣ ✯✰✱✲✲✒✑✎✕ ✈✚☞✗ ✒✫✤✎ ✈✎ ✤✔✖✎ ✚❊❃✑✗ ★✑✎✩✑✑✎ ✕ ✥✑✎ ✚✤✪✚✫✗ ✥✍✗✎ ☞✘✕✙

✖♣✕✚✥ x ✡  0, y ✡  0 ✒✗✿ ✫❁❃✑✌ ✖✗✲❃✑✑❄❅✑ ✌✎✕ ✚❊❃✑✗ ✈✢❋✚✤●❍ ✦✑✧✑✕✚✥✗ ★✑✎✩✑ ✢✎✣ ✫❁❂✧✎✥ ✯✰✱✲✲ ✚✱❆ ☞✲❆

✒✈✚✌✥✑ ✚✤✥✑✧ ✢✎✣ ☞✓ ✥✑✎ ✚✤✪✚✫✗ ✥✍✗✑ ☞✘ ✒✑✢✵✣✚✗ ✴6✶14✷✙
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✐☎✆✝✞✟✠✡ 6✲3

☛☞✌✍ 1 ✥✎ 15 ✏✑ ✒✍✓✍✒✔✒✕✖✏ ✗✥✒✘✑✖ ✒✍✑✖✙ ✑✖✎ ✗✖✔✎✕✖✚✙ ✒✛✒✜✖ ✥✎ ✢✔ ✑✚✒✣✤✦ graphically:

1. x ✧ 3, y ✧ 2 2. 3x + 2y ★ 12,  x ✧ 1, y ✧ 2

3. 2x + y ✧ 6, 3x + 4y < 12 4. x + y ✧ 4,  2x – y > 0

5. 2x – y >1, x – 2y < – 1 6. x + y ★ 6,  x + y ✧ 4

7. 2x +  y ✧ 8,  x + 2y ✧ 10 8. x + y ★ 9,  y > x,  x ✧ 0

9. 5x + 4y ★ 20,   x ✧ 1, y ✧ 2

10. 3x + 4y  ★ 60, x +3y ★ 30, x ✧ 0,  y ✧ 0

11. 2x + y ✧ 4,  x + y ★ 3,  2x – 3y ★ 6

12. x – 2y ★ 3, 3x + 4y  ✧ 12,  x ✧ 0 , y ✧ 1.

13. 4x + 3y  ★ 60, y ✧ 2x,  x ✧ 3,   x, y ✧ 0

14. 3x + 2y ★ 150, x + 4y ★ 80,  x ★ 15,  y ✧ 0, x ✧ 0

15. x + 2y ★ 10, x + y ✧ 1, x – y ★ 0, x ✧ 0, y ✧ 0

✈✩✪✫✬✭✮ 6.14
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❢✡❢✡☛☞ ✌✍☞✎✏✑☞

♠✒✓✔✕✖✓ 16 ✥✗ ✘✙✚✛✜ – 8 ✢ 5x – 3 < 7.

✥✗ ❣✣ ✚✤✦✧✚★ ✩✪✫ ✥✩✧✬✪ ✭✧✣ ✮✧✪ ✯✣✚✩✘✧✜✰ – 8 ✢ 5x – 3 ✯✧✱✬ 5x – 3 < 7 ✥✱✫✲ ❣✳✥✪✫ ✥✩ ✣✧✦✧✴✣✧✦✧

✥✗ ✘✬✵✧ ✶✧✥★✪ ✥✱✫✲ ✥✩ ✚✮✜ ✷✜ ✯✣✚✩✘✧ ✸✪✹ ✩✺✻ ✩✪✫ ✶✬ ✬✧✚✼✧ x ✘✧ ✷❞✽✧✧✫✘ ✜✘ ✾✵✧✵✧

✶✧✥★✪ ✥✱✫✲

✥✩✪✫ ✿✧★ ✥✱ ✚✘ – 8 ✢ 5x –3 < 7

✻✧ –5 ✢ 5x < 10    ✻✧ –1 ✢ x < 2

♠✒✓✔✕✖✓ 17 ✥✗ ✘✙✚✛✜ – 5 ✢ 
❀ ❁

❂

❃ ①
 ✢ 8.

✔❄ ✿✧★ ✥✱ ✚✘ – 5  ✢ 
❅ ❆

❇

❈ ❉
 ✢ 8

✻✧ –10 ✢ 5 – 3x ✢ 16 ✻✧ – 15 ✢ – 3x ✢ 11

✻✧ 5 ❊ x ❊ – 
❋❋

●

✚✛✣✪ ✥✩
❍■■

❏
 ✢  x  ✢ 5 ✸✪✹ ❑✭ ✩✪✫ ▲✧✙ ✚✗▼✧ ✣✘★✪ ✥✱✫✲

♠✒✓✔✕✖✓ 18 ✚✵◆✵✚✗✚▼✧★ ✯✣✚✩✘✧✴✚✵✘✧✻ ✘✧✪ ✥✗ ✘✙✚✛✜❖

3x – 7 < 5 + x ... (1)

11 – 5 x ✢ 1 ... (2)

✯✧✱✬ ✈✳✥✪✫ ✣✫▼✻✧ ✬✪▼✧✧ ✭✬ ✯✧✗✪✚▼✧★ ✘✙✚✛✜✲

✔❄ ✯✣✚✩✘✧ P1◗ ✣✪ ✥✩ ✭❘✧❙★ ✘✬★✪ ✥✱✫

3x – 7 < 5 + x

✻✧ x < 6 ... (3)

✯✣✚✩✘✧ P2◗ ✣✪ ▲✧✙ ✥✩ ✭❘✧❙★ ✘✬★✪ ✥✱✫

11 – 5 x ✢ 1

✻✧ – 5 x ✢ – 10

✻✧ x ❊ 2 ... (4)
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❀☎✆ ✝✞✟❀✠ ✡☛✟✠✠ ☞✡ ✌3✮ ✍✎✠✠ ✌4✮ ✏✠☛ ✑✠✒☛☎✟✠✍ ✏✡☛✞ ✍✠☛ ✓✔ ☞✠✍☛ ✓✕✞ ☎✏ x ♦☛✖ ✗✘✠❀☎✙✚✛ ✔✠✙

2 ♦☛✖ ✥✡✠✥✡ ❀✠ 2 ✝☛ ✥✜✢☛ ♦ 6 ✝☛ ✣✠☛✤☛ ✓✕✞ ✦✠☛ ✑✠♦✧✖☎✍ 6✲16 ✔☛✞ ★✓✡✩ ✏✠✒✩ ✡☛✟✠✠ ✪✠✡✠ ☞✫✆✬✭✠✍ ☎✏✯

★✯ ✓✕✞✰

✈✱✳✴✵✶✷ 6.16

✑✍✸ ✑✝☎✔✏✠ ☎✙✏✠❀ ✏✠ ✓✒ ♦✠✹✍☎♦✏ ✝✞✟❀✠ x❪ 2 ♦☛✖ ✥✡✠✥✡ ❀✠ 2 ✝☛ ✥✜✢✠ ✑✠✕✡ 6 ✝☛ ✣✠☛✤✩ ✓✕✰

❜✝ ☞✫✏✠✡ 2 ✺ x < 6.

♠✻✱✼✽✾✱ 19 ☎✏✝✩ ☞✫❀✠☛★ ✔☛✞ ✙✔✏ ♦☛✖ ✑❢✒ ♦☛✖ ✯✏ ☎♦✒❀✙ ✏✠ ✍✠☞✔✠✙ 30
o
 ✝☛☎❧✝❀✝ ✑✠✕✡

35
o
✝☛☎❧✝❀✝ ♦☛✖ ✥✩✿ ✓✩ ✡✟✠✙✠ ✓✕✰ ☞✖✠✡☛✙✓✠❜✤ ☞✕✔✠✙☛ ☞✡ ✍✠☞✔✠✙ ✏✠ ☞☎✡✝✡ ❁✠✍ ✏✩☎✦✯❪ ❀☎✆

✝☛✞✤✩★✫☛✜ ✝☛ ☞✖✠✡☛✙✓✠❜✤ ☞✕✔✠✙☛ ☞✡ ☞☎✡♦✍❦✙ ✝❂❃✠

C = 
❄

❅
 (F – 32)

✓✕❪ ✦✓✠❣ C ✑✠✕✡ F Ø✔✭✠✸ ✍✠☞✔✠✙ ✏✠☛ ✑✞✭✠ ✝☛☎❧✝❀✝ ✍✎✠✠ ✑✞✭✠ ☞✖✠✡☛✙✓✠❜✤ ✔☛✞ ☎✙r☎☞✍ ✏✡✍☛ ✓✕✞✰

✼❆ ❁✠✍ ✓✕ ☎✏ 30 < C < 35

C = 
❄

❅
  (F – 32), ✡✟✠✙☛ ☞✡ ✓✔ ☞✠✍☛ ✓✕✞❪

30 < 
❇

❈
 (F – 32) < 35,

❀✠
❅

❄
 × 30 < (F – 32) <  

❅

❄
  × 35

❀✠ 54 < (F – 32) < 63

❀✠ 86 < F < 95.

❜✝ ☞✫✏✠✡ ✍✠☞✔✠✙ ✏✠ ✑✘✠✩✚✤ ☞☎✡✝✡ 86° F ✝☛ 95° F ✓✕✰

♠✻✱✼✽✾✱ 20 ✯✏ ☎✙✔✠❦✍✠ ♦☛✖ ☞✠✝ ✑❢✒ ♦☛✖ 12% ☎♦✒❀✙ ♦☛✖ 600 ☎✒✤✡ ✓✕✞✰ ❁✠✍ ✏✩☎✦✯ ☎✏

30% ✑❢✒ ♦✠✒☛ ☎♦✒❀✙ ♦☛✖ ☎✏✍✙☛ ☎✒✤✡ ✗✝✔☛✞ ☎✔✒✠✯ ✦✠✯❣ ✍✠☎✏ ☞☎✡❉✠✠✔✩ ☎✔❊❉✠ ✔☛✞ ✑❢✒ ✏✩

✔✠❃✠✠ 15% ✝☛ ✑☎❋✠✏ ☞✡✞✍● 18% ✝☛ ✏✔ ✓✠☛✰
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❣✡ ❡☛☞ ✌✍✎✏✑ ✎✒ 30% ✥✓✌ ✔✕✖ ✎✔✌✗☞ ✒✍ ❡☛✘☛☛ x ✎✌✙✚ ✛✜✢

r✣ ✤✦✧★✩☛✪ ✎❡✫✩☛  = (x + 600) ✎✌✙✚

❜✤✎✌✑ 30% x + 12% ✒☛ 600 > 15% ✒☛ (x + 600)

✥☛✜✚ 30% x + 12% ✒☛  600 < 18% ✒☛ (x + 600)

✗☛
30

100

x
  + 

12

100
 (600) > 

15

100
 (x + 600)

✥☛✜✚
30

100

x
  + 

12

100
 (600) < 

18

100
 (x + 600)

✗☛ 30x + 7200 > 15x + 9000

✥☛✜✚ 30x + 7200 < 18x + 10800

✗☛ 15x > 1800 ✥☛✜✚ 12x < 3600

✗☛ x > 120 ✥☛✜✚ x < 300,

✥✈☛☛✪r 120 < x < 300

❜✤ ✧✬✒☛✚ 30% ✥✓✌ ✔✕✖ ✎✔✌✗☞ ✒✍ ✥✭☛✍✮✙ ❡☛✘☛☛ 120 ✎✌✙✚ ✤✕ ✥✎✯☛✒ r✈☛☛ 300 ✎✌✙✚ ✤✕ ✒❡

✛☛✕☞✍ ✰☛✎✛✑✢

✱✲✳✴✳ 6 ✵✶ ✷✸✷✸✲✴ ✵✹✺✻✴✸✼✽

✧✬✐☞ 1 ✤✕ 6 r✒ ✒✍ ✥✤✎❡✒☛✥☛✕✦ ✒☛✕ ✛✌ ✒✍✎✏✑✾

1. 2 ✿ 3x – 4 ✿ 5 2. 6 ✿ – 3 (2x – 4) < 12

3.
7

3 4 18
2

x
– ❀ ❁ ❀ 4.

3( 2)
15 0

5

x❁
❁ ❂ ❀

5.
3

12 4 2
5

x
❃ ❄ ❃ ❅

❃
6.

(3 11)
7 11

2

x❆
❅ ❅ .

✧✬✐☞ 7 ✤✕ 10 r✒ ✒✍ ✥✤✎❡✒☛✥☛✕✦ ✒☛✕ ✛✌ ✒✍✎✏✑ ✥☛✜✚ ❇☞✔✕✖ ✛✌ ✒☛✕ ✤✦❈✗☛ ✚✕❈☛☛ ✧✚ ✎☞❉✎✧r

✒✍✎✏✑✢
7. 5x + 1 > – 24,   5x – 1 < 24

8. 2 (x – 1) < x + 5,   3 (x + 2) > 2 – x

9. 3x – 7 > 2 (x – 6) ,   6 – x > 11 – 2x

10. 5 (2x – 7)  – 3  (2x + 3) ✿ 0 ,    2x + 19  ✿ 6x + 47 .

11. ✑✒ ✎✔✌✗☞ ✒☛✕ 68
o

F ✥☛✜✚ 77
o

F ✔✕✖ ❡✯✗ ✚❈☛☞☛ ✛✜✢ ✤✕✎❊✤✗✤ ✧✜❡☛☞✕ ✧✚ ✎✔✌✗☞ ✔✕✖ r☛✧❡☛☞

✒☛ ✧✎✚✤✚ ❞☛r ✒✍✎✏✑❋ ✏✛☛● ✤✕✎❊✤✗✤ ✧✖☛✚✕☞✛☛❜✙ ✧✎✚✔r✪☞ ✤★✘☛ F = 
❍

■
 C + 32 ✛✜✢
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12✲ 8% ✥☎✆✝✞✟ ✠✝✡☛ ☞✆✌ ✝☞✍✎✏ ✑✆✒ 2% ✥☎✆✝✞✟ ✠✝✡☛ ✟☎ ✝☞✍✎✏ ✝✑✍☎✟✞ ✓✏✔ (dilute) ✝✟✎☎

t☎✓☎ ✕✖✗ ✘✝✞✙☎☎✑✚ ✝✑✛✙☎ ✑✆✒ ✥☎✆✝✞✟ ✠✝✡☛ 4% ✡✆ ✜✝✢☎✟ ✓✣☎☎ 6% ✡✆ ✟✑ ✕☎✆✏☎ ✤☎✝✕✠✗ ✎✝✦

✕✑☎✞✆ ✘☎✡ 8% ✝☞✍✎✏ ✟✚ ✑☎✧☎☎ 640 ✝✍★✞ ✕☎✆ ✓☎✆ ✩☎✓ ✟✚✝t✠ ✝✟ 2% ✝☞✍✎✏ ☞✆✌ ✝✟✓✏✆

✝✍★✞ ❢✡✑✆✒ ✝✑✍☎✏✆ ✕☎✆✒✪✆✫

13✲ 45% ✜✬✍ ☞✆✌ 1125 ✝✍★✞ ✝☞✍✎✏ ✑✆✒ ✝✟✓✏☎ ✘☎✏✚ ✝✑✍☎✎☎ t☎✠ ✝✟ ✘✝✞✙☎☎✑✚ ✝✑✛✙☎ ✑✆✒ ✜✬✍

25% ✡✆ ✜✝✢☎✟ ✘✞✒✓✔ 30% ✡✆ ✟✑ ✕☎✆ t☎✠✫

14✲ ✠✟ ✱✎✝✭✓ ☞✆✌ ✥☎✖✝✮✟✯✍✝✰✢☎ ✳IQ) ✑☎✘✏ ✟☎ ✡❡✧☎ ✝✏✬✏✝✍✝✴☎✓ ✕✖✵

IQ = 
▼✶

❈✶
 × 100,

t✕☎✷ MA ✑☎✏✝✡✟ ✜☎✎✔ ✜☎✖✞ CA ✟☎✍☎✏✔✸✑✚ ✜☎✎✔ ✕✖✗ ✎✝✦ 12 ☞✹☎✺ ✟✚ ✜☎✎✔ ☞✆✌ ✥✻✤☎✆✒ ☞✆✌

✠✟ ✡✑❡✕ ✟✚ IQ❪ ✜✡✝✑✟☎ 80 ✼ IQ ✼ 140 ⑥☎✞☎ ✱✎✭✓ ✕☎✆❪ ✓☎✆ ✽✡ ✡✑❡✕ ☞✆✌ ✥✻✤☎✆✒ ✟✚

✑☎✏✝✡✟ ✜☎✎✔ ✟☎ ✘✝✞✡✞ ✩☎✓ ✟✚✝t✠✗

❧✾✿✾❀❁✾

❂ ✠✟ ✜✡✝✑✟☎❪ ✦☎✆ ☞☎❃✓✝☞✟ ✡✒✴✎☎✜☎✆✒ ✎☎ ✦☎✆ ✥✚t✚✎ ✱✎✒t✟☎✆✒ ✑✆✒ <, >, ✼ ✎☎ ❄ ☞✆✌ ✝✤❅

☞✆✌ ✘♦✎☎✆✪ ✡✆ ✥✏✓✚ ✕✖✗

❂ ✠✟ ✜✡✝✑✟☎ ☞✆✌ ✦☎✆✏☎✆✒ ✘❆☎☎✆✒ ✑✆✒ ✡✑☎✏ ✡✒✴✎☎ t☎✆☛❇✚ ✎☎ ❉☎★☎✎✚ t☎ ✡✟✓✚ ✕✖✗

❂ ✝✟✡✚ ✜✡✝✑✟☎ ☞✆✌ ✦☎✆✏☎✆✒ ✘❆☎☎✆✒ ✟☎✆ ✡✑☎✏ ✢☎✏☎❊✑✟❪ ✡✒✴✎☎ ✡✆ ✪✔✙☎☎ ✳✎☎ ❋☎☎✪● ✝✟✎☎ t☎

✡✟✓☎ ✕✖✗ ✘✞✒✓✔ ✦☎✆✏☎✆✒ ✘❆☎☎✆✒ ✟☎✆ ✡✑☎✏ ❍✙☎☎❊✑✟ ✡✒✴✎☎✜☎✆✒ ✡✆ ✪✔✙☎☎ ✳✎☎ ❋☎☎✪● ✟✞✏✆ ✘✞

✜✡✝✑✟☎ ☞✆✌ ✝✤❅ ✓✦✏✔✡☎✞ ✥✦✍ t☎✓✆ ✕✖✒✗

❂ x ☞✆✌ ✽✏ ✑☎✏☎✆✒ (Values) ✟☎✆ t☎✆ ✝✦✠✆ ✪✠ ✜✡✝✑✟☎ ✟☎✆ ✠✟ ✡❊✎ ✟✣☎✏ ✥✏☎✓✆ ✕☎✆✒❪ ✽❞✕✆✒

✜✡✝✑✟☎ ✟☎ ✕✍ ✟✕✓✆ ✕✖✒✗

❂ x < a (✎☎ x >  a) ✟☎ ✡✒✴✎☎ ✞✆✴☎☎ ✘✞ ✜☎✍✆✴☎ ✴☎✚✒✤✏✆ ☞✆✌ ✝✍✠ ✡✒✴✎☎ ✞✆✴☎☎ ✘✞ ✡✒✴✎☎

a ✘✞ ✠✟ ■☎✆★☎ ✡☎ ☞❏❑☎ ✥✏☎✟✞❪ a ✡✆ ✥☎❢▲ ✳✎☎ ✦☎❢▲● ✜☎✆✞ ✟✚ ✡✒✴✎☎ ✞✆✴☎☎ ✟☎✆ ✪✕✞☎ ✟☎✍☎

✟✞ ✦✆✓✆ ✕✖✒✗

❂ x ✼  a ✳✎☎ x ❄ a● ✟☎ ✡✒✴✎☎ ✞✆✴☎☎ ✘✞ ✜☎✍✆✴☎ ✴☎✚✒✤✏✆ ☞✆✌ ✝✍✠ ✡✒✴✎☎ ✞✆✴☎☎ ✘✞ ✡✒✴✎☎

a ✘✞ ✠✟ ■☎✆★☎ ✟☎✍☎ ☞❏❑☎ ✥✏☎✟✞ a ✡✆ ✥☎❢▲ ✳✎☎ ✦☎❢▲● ✜☎✆✞ ✟✚ ✡✒✴✎☎ ✞✆✴☎☎ ✟☎✆ ✪✕✞☎

✟☎✍☎ ✟✞ ✦✆✓✆ ✕✖✒✗

❂ ✎✝✦ ✦☎✆ ✤✞☎✒✟☎✆✒ ✟✚ ✠✟ ✜✡✝✑✟☎ ☞✆✌ ✝✤❅ ✼ ✎☎ ❄ ✕☎✆✒ ✓☎✆ ✞✆✴☎☎ ✘✞ ✝❃✣☎✓ ❣✥✦✔❪ ✜✡✝✑✟☎

☞✆✌ ✕✍ ✑✆✒ ✡✝✬✑✝✍✓ ✕☎✆✓✆ ✕✖✒ ✜☎✖✞ ✜✡✝✑✟☎ ✟☎ ✜☎✍✆✴☎❪ ✡✑✓☎ ⑥☎✞☎ ✝✏◆✝✘✓ ✪✕✞✚ ✑☎✆★✚
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— ✡✡ —

☛☞✌✍✍ ✎☞✏ ✑✍✒✓ ✔✕✖✗☞✘ ✙✍ ✚✍✒✓ ✔✛✜☛✘ ✢✍☞✣✍ ✢✤ ✥✍☞ ✦✧ ★✍☞✩✍ ✪✍ ✪✍☞✒✫ ✬✍✖ ✭✑✚✮ ✯✧✰✱✪✍

✪✍☞ ✧❞✣✮✲✳ ✪☛✣✍ ✢✤✴

✵ ✙✰✚ ✚✍☞ ✗☛✍❞✪✍☞ ❞ ✪✖ ❀✪ ✯✧✰✱✪✍ ✎☞✏ ✰✗✶ < ✙✍ > ✢✍☞❞ ✣✍☞ ☛☞✌✍✍ ✜☛ ✰✷✸✍✣ ✭✑✚✮✹ ✯✧✰✱✪✍

✎☞✏ ✢♦ ✱☞❞ ✧✰✺✱✰♦✣ ✕✢✖❞ ✢✍☞✣☞ ✢✤❞ ✯✍✤☛ ✯✧✰✱✪✍ ✪✍ ✯✍♦☞✌✍✹ ✧✱✣✍ ✻✍☛✍ ✰✕✼✰✜✣ ✚✍✕☞✚✍☛

☛☞✌✍✍ ✎☞✏ ✑✍✒✓ ✔✕✖✗☞✘ ✙✍ ✚✍✒✓ ✔✛✜☛✘ ✢✍☞✣✍ ✢✤ ✥✍☞ ✦✧ ★✍☞✩✍ ✪✍ ✪✍☞✒✫ ✬✍✖ ✭✑✚✮✹ ✯✧✰✱✪✍

✪✍☞ ✧❞✣✮✲✳ ✪☛✣✍ ✢✤✴

✵ ✯✧✰✱✪✍✯✍☞❞ ✎☞✏ ✰✕✪✍✙ ✪✍ ✢♦ ★✍☞✩✍✹ ✎✢ ✦✬✍✙✰✕✲✈ ★✍☞✩✍ ✢✤ ✥✍☞ ✰✕✪✍✙ ✱☞❞ ✧✬✍✖ ✚✖ ✽✒✫

✯✧✰✱✪✍✯✍☞❞ ✪✍☞ ✧❞✣✮✲✳ ✪☛✣✍ ✢✤✴



�Every body of discovery is mathematical in form because there is no

other guidance we can have – DARWIN�

7.1  ❍✁✂✄☎✆ (Introduction)

❡✝✞ ✟✠✡☛☞ ✡✌ ✍✝✎✏✑✒ ✎✝✓ ✞✔✕✖ ✏✝✟✑ ✗✝✟✑ ✌✝ ☞✌ ✓✘✙✏✑✒✓ ✚✛✜ ❡✝✞✝
♠✓ ✗✝✟✑ ❡✑✔ ✢ ✣✤ ✟✥✑ ✚✛✔ ✍✝✛✖ ✎✦✧★✑✌ ✣✤ ✩ ✓✑ ✪ ✗✌ ✏✑✒ ✫✩ ✍✔✌✝✑✔
⑥✝✖✝ ✡✣✡✬✗ ✚✛✜ ✗✝✟✑ ✌✝✑ ✭✝✝✑✟✝ ☛✝ ✓✌✗✝ ✚✛ ★✡✮ ✢ ✡✏✡✯✝✰✙ ✍✔✌✝✑
✌✝✑❞ ✡✕✞✝ ✮✝✑✚✖✝☞❞ ☞✌ ✡✞✡✯✣✗ ✤❡ ❡✑✔ ✱★✏✡✲✳✝✗ ✡✌★✝ ☛✝☞✜ ❡✝✞✝
✡✌✓✠ ✌✝✖❢✝ ✍✝✎ ✍✔✌✝✑✔ ✏✑✒ ✴✓ ✡✞✡✯✣✗ ✤❡ ✌✝✑ ✵✝✘✟ ✥☞ ✚✛✔✜ ✍✝✎✌✝✑✔
✏✑✒✏✟ ✎✚✟✝ ✍✔✌ ★✝✮ ✚✛ ☛✝✑ ✡✌ ♦ ✚✛✜ ✗✝✟✑ ✌✝✑ ✭✝✝✑✟✞✑ ✏✑✒ ✡✟☞❞
✍✝✎✌✝✑ ✈ ✍✔✌✝✑✔ ✏✑✒ ✡✌✗✞✑ ✍✞✶✤❡✝✑✔ ✌✠ ☛✝✷✣ ✌✖✞✠ ✎✸✹✑✥✠✺ ✴✓ ✎✦✯✞
✏✑✒ ♠✻✝✖ ✏✑✒ ✡✟☞❞ ✍✝✎ ✓✔✵✝✏✗✼ ✯✝✑✰✝ ✪ ✍✔✌✝✑✔ ❡✑✔ ✓✑ ☞✌ ✓❡★ ❡✑✔ ✈
✍✔✌✝✑✔ ✌✝✑ ✟✑✌✖❞ ✓✵✝✠ ✓✔✵✝✏ ✤❡✝✑✔ ✌✝✑ ✍✡✏✟✔✕ ✓✘✣✠✕✽ ✌✖✞✝ ✎✦✝✖✔✵✝
✌✖ ✮✑✔✜ ✎✖✔✗✶ ★✚ ✡✏✡✾ ✳✝✌✝✞✑ ✏✝✟✠ ✍✝✛✖ ✞✠✖✓ ✚✝✑✥✠❞ ✿★✝✑✔✡✌ ✓✔✵✝✏
✤❡✝✑✔ ✌✠ ✓✔✭★✝ ✕✸✹✠ ✚✝✑ ✓✌✗✠ ✚✛✜ ✴✓ ✍Ø★✝★ ❡✑✔❞ ✚❡ ✌✶❀ ☞✑✓✠ ❡✝✛✡✟✌ ✥❢✝✞ ✗✌✞✠✌ ✓✠✭✝✑✔✥✑
✡☛✞✓✑ ✚❡❞ ✈ ✍✔✌✝✑✔ ✏✑✒ ✤❡✝✑✔ ✌✝✑ ✓✘✣✠✕✽ ✡✌☞ ✡✕✞✝ ✚✠❞ ✴✓ ✎✦✯✞ ✌✝ ♠✻✝✖ ✮✑ ✓✏✑✒✔✥✑✜ ✏✲✗✶✗✼ ★✑
✗✌✞✠✌❞ ✏✲✗✶✍✝✑✔ ✏✑✒ ✣★✞ ✗✳✝✝ ♠✞✌✝✑ ✤❡✕✽ ✌✖✞✑ ✏✑✒ ✡✵✝r✞❁✡✵✝r✞ ✗✖✠✌✝✑✔ ✌✠ ✓✔✭★✝ ✡✞✾✝❂✡✖✗
✌✖✞✑ ❡✑✔ ♠✎★✝✑✥✠ ✚✝✑✗✠ ✚✛✔✜ ✎✦✳✝❡ ✣✖❢✝ ❡✑✔❞ ✚❡ ♠✓ ✡✓✽✝✔✗ ✎✖ ✡✏✣✝✖ ✌✖✑✔✥✑❞ ☛✝✑ ✡✌ ✴✞ ✗✌✞✠✌✝✑✔
✌✝✑ ✓✠✭✝✞✑✔ ✏✑✒ ✡✟☞ ✍✧★✡✾✌ ❡✝✛✡✟✌ ✚✛✜
7.2  ❃❄✁❅✁ ✆✁ ❆✁❇✁❈❍✁✂❉ ✄❊❋✁●❉ (Fundamental Principle of Counting)

✍✝✴☞ ✚❡ ✡✞■✞✡✟✡✭✝✗ ✓❡✲★✝ ✎✖ ✡✏✣✝✖ ✌✖✑✔✼ ❡✝✑✚✞ ✏✑✒ ✎✝✓ P
1
, P

2
, P

3 
✗✠✞ ✎✛✔✙ ✗✳✝✝ S

1
, S

2
 ✮✝✑

✌❡✠❏✝✹✑ ✔ ✚✛✜
♠✓✏✑✒ ✎✝✓ ✎✚✞✞✑ ✏✑✒ ✡✟☞ ✎✛✔✙ ✗✳✝✝ ✌❡✠❏✝ ✏✑✒ ✡✌✗✞✑ ✡✵✝r✞❁✡✵✝r✞ ☛✝✑✸✹✑ ❑★✶▲❡▼ ✚✛✔✺ ☞✌ ✎✛✔✙

7◆❖P◗P

Jacob Bernoulli

(1654-1705 A.D.)

❘❙❚❯ ❱❲❳❨ ❩❬❚❯

(Permutations and Combinations)
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♣✠✡✡☛ ☞☛✌ ✍✎✏ ✑ ✒✓✔☞☛✌ ✕✖✗✘ ✙✚✛☛✗✍✜ ♣✚✡ ☞☛✌ ✍✎✏

✑ ✸✖✗✢ ✣✸✎✤✥ ✕✖✗✦ ✧★✔ ✸✩✜✛✓ ✏✜ ✜✪✔✫✛ ✜✛

♣✚✡ ✬ ✒✓✕ ★☛ ✍✜✚✛ ✭✛ ★✜✒✛ ✕✖✦ ✸✖✗✢ ☞☛✌

✸✩✐✚☛✜ ♣✚✡ ☞☛✌ ✍✎✏ ✜✪✔✫✛ ☞☛✌ ♣✚✡ ☞☛✌ ✬

✍☞✜❢✸ ★✗✮✛☞ ✕✖✗✦ ✯✒✰ ✸✖✗✢ ✒✱✛✛ ✜✪✔✫✛ ☞☛✌ ✭✛☛✲✳✛☛✗

☞☛✌ ♣✚✡ ✜✔ ★✗♦✚✛ 3 × 2 = 6 ✕✖✦ ✧★ ✒✱✚ ✜✛☛

✯✛☞✈✌✍✒ ✴✵✶ ✪☛✗ ✷✸✹✢ ✍✜✚✛ ✺✚✛ ✕✖✦

✯✛✧✏ ✕✪ ✧★✔ ✸✩✜✛✓ ✜✔ ✏✜ ✻✼★✓✔

★✪✷✚✛ ✸✓ ✍☞♣✛✓ ✜✓✗☛✰

✽✛✾✡✪ ☞☛✌ ✸✛★ ✬ ✾✷✒☛✘ ✑ ♦✛✛✡☛ ☞☛✌ ✍✲✤✾☛ ✒✱✛✛

✬ ✸✛✡✔ ✜✔ ✾✛☛✒✎☛✗ ✕✖✗✦ ☞✕ ✧✡ ☞✷✒✠✯✛☛✗ ✜✛☛ ✍✜★

✸✩✜✛✓ ★☛ ✎☛ ✭✛ ★✜✒✔ ✕✖ ✿✸✩✐✚☛✜ ✪☛✗ ★☛ ✏✜

♣✠✡ ✜✓❀✦

✏✜ ✾✷✒☛ ✜✛☛ ✬ ✍✮✛❁✡ ✒✓✔✜✛☛✗ ★☛ ♣✠✡✛ ✭✛ ★✜✒✛ ✕✖✦ ✏✜ ✾✷✒☛ ☞☛✌ ♣✠✡☛ ✭✛✡☛ ☞☛✌ ✾✛✻✘ ✏✜ ♦✛✛✡☛

☞☛✌ ✍✲✤✾☛ ✜✛☛ ♣✠✡✡☛ ☞☛✌ ✑ ✍✮✛❁✡ ✒✓✔☞☛✌ ✕✖✗✦ ✧★ ✸✩✜✛✓ ✾✷✒☛ ✯✛✖✓ ♦✛✛✡☛ ☞☛✌ ✍✲✤✾☛ ☞☛✌ ✭✛☛✲✳✛☛✗ ✜✔ ★✗♦✚✛

2 × 3 = 6 ✕✖✦ ✧✡✪☛✗ ★☛ ✸✩✐✚☛✜ ✭✛☛✲✳☛ ☞☛✌ ✍✎✏✘ ✏✜ ✸✛✡✔ ✜✔ ✾✛☛✒✎ ✜✛☛ ♣✠✡✡☛ ☞☛✌ ✬ ✍✮✛❁✡ ✒✓✔☞☛✌ ✕✖✗✦

✯✒✰ ✽✛✾✡✪ ❂✛✓✛ ✧✡ ☞✷✒✠✯✛☛✗ ✜✛☛ ✷☞✼✌✎ ✎☛ ✭✛✡☛ ☞☛✌ ☞✠✌✎ 6 × 2 = 12 ✍✮✛❁✡ ✒✓✔☞☛✌ ✕✖✗✦ ✚✍✻ ✕✪ ✻✛☛

✾✷✒✛☛✗ ✜✛☛ B
1
, B

2
, ✒✔✡ ♦✛✛✡☛ ☞☛✌ ✍✲✤✾✛☛✗ ✜✛☛ T

1
, T

2
, T

3
 ✒✱✛✛ ✻✛☛ ✸✛✡✔ ✜✔ ✾✛☛✒✎✛☛✗ ✜✛☛ W

1
, W

2
, ✡✛✪

✻☛✗✘ ✒✛☛ ✧✡ ★✗✮✛✛☞✡✛✯✛☛✗ ✜✛☛ ✡✔♣☛ ✾✡✔ ✯✛☞✈✌✍✒ ❂✛✓✛ ✷✸✹✢ ✍✜✚✛ ✭✛ ★✜✒✛ ✕✖ ✿✯✛☞✈✌✍✒ 7.2.)✦

❃❄❅❆❇❈❉ ❊❋●

❃❄❅❆❇❈❉ ❊❋❍
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♦☎✆✝✆✞ ✟✠✡✝☛☞✆ ✠✌✍✎✏ ✍✑ ✒✓☎✡✎✔✎✕✖ ✍✎✕ ✗✘✙✘✗✚✗✛✎✆ ✗✒✜✎✖✆ ♦✕✢ ✠✌✡✎✕✣ ✤✎✏✎ ✒✏✚ ✗✍✡✎ ✥✎✆✎

❣✦✧ ✗✥✒✕ ★✩✪✫✪ ✬✪ ✭✪✮✪✯✰✪✱✲ ✳✴✵✪✶✲ ✔✷✎♦✎ ♦✕✢♦✚ ★✩✪✫ ✳✴✵✪✶✲ ✍❣✆✕ ❣✦✖ ✔✎✦✏ ✗✥✒✍✎ ✍✷✎✘

❜✒ ✠✌✍✎✏ ❣✦✧

“❀✸✹ ✺✻ ✼✽✾✿✽ m ✸❁✽❂✿ ❃❄❅✻✽❆❇ ❈❆ ✼✽✸✾❃ ❉✽❆ ❈✻❃❅ ❉❊❋ ❃✹✽❆●❄✽❇❃ ✺✻ ❍❂❀ ✼✽✾✿✽ n ✸❁✽❂✿

❃❄❅✻✽❆ ❇ ❈❆ ✼✽✸✾❃ ❉✽❆ ❈✻❃❅ ❉❊❋ ❃✽❆ ✸✹✺ ❉r✺ ■❏ ❏❆❇ ✹✽❆✿✽❆❇ ✼✽✾✿✽❍✽❆❇ ❑❆▲ ✸❁✽❂✿ ❃❄❅✻✽❆❇ ❑❆▲ ✼✽✸✾❃ ❉✽❆✿❆ ✻❅

❑r▲▼ ✸❁✽❂✿ ❈❇◆❀✽ m×n ❉❊❖”

➴✠✏ ♦✗P✎☛✆ ✗✒✜✎✖✆ ✍✎ ◗✎❘✘✎✔✎✕ ✖ ✍✑ ✒✑✗✓✆ ✒✖✛✡✎ ♦✕✢ ✗✚❙ ❚✡✎✠✍✑✍✏P✎ ✗✍✡✎ ✥✎ ✒✍✆✎

❣✦❯ ✟❱✎❣✏P✎✎✷✎☛✧ ❲ ◗✎❘✘✎✔✎✕✖ ♦✕✢ ✗✚❙✧ ✡❣ ✗✒✜✎✖✆ ✗✘✙✘✗✚✗✛✎✆ ✠✌✍✎✏ ✒✕ ❣✎✕✣✎✞

‘✡✗❱ ❙✍ ◗✎❘✘✎ m ✗❢✎❳✘ ✆✏✑✍✎✕✖ ✒✕ ◗✎✗❘✆ ❣✎✕ ✒✍✆✑ ❣✦✧ ❜✒♦✕✢ ✟✠✏✎✖✆ ❙✍ ❱❨✒✏✑ ◗✎❘✘✎ n ✗❢✎❳✘

✆✏✑✍✎✕ ✖ ✒✕ ◗✎✗❘✆ ❣✎✕ ✒✍✆✑ ❣✦✧ ❃✹✽❆●❄✽❇❃ ❙✍ ✆✑✒✏✑ ◗✎❘✘✎ p ✗❢✎❳✘ ✆✏✑✍✎✕✖ ✒✕ ◗✎✗❘✆ ❣✎✕ ✒✍✆✑ ❣✦✧ ✆✎✕

✆✑✘✎✕ ✖ ◗✎❘✘✎✔✎✕ ✖ ♦✕✢ ◗✎✗❘✆ ❣✎✕✘✕ ♦✕✢ ✗❢✎❳✘ ✆✏✑✍✎✕ ✖ ✍✑ ♦✝✢✚ ✒✖✛✡✎✧ ✗❱❙ ❣✝❙ ❩✓ ✓✕ ✖✧

m × n × p ❣✦❯”

✠✌✷✎✓ ✠✌✐✘ ✓✕✖✧ ✠✦✖❘ ✆✷✎✎ ✍✓✑❬✎ ♦✕✢ ✥✎✕❭❪✎✕✖ ✍✎✕ ✠❣✘✘✕ ✍✑ ✔❢✎✑❫❘ ✒✖✛✡✎✧ ✗✘✙✘✗✚✗✛✎✆ ◗✎❘✘✎✔✎✕✖

♦✕✢ ✟❴✎✏✎✕❴✎✏ ◗✎✗❘✆ ❣✎✕✘✕ ♦✕✢ ✗♦✗❢✎❳✘ ✗♦❳✡✎✒✎✕✖ ✍✑ ✒✖✛✡✎ ♦✕✢ ✆✝❵✡ ❣✦✞

(i) ❙✍ ✠✦✖❘ ♦✕✢ ❛✡✘ ✍✑ ◗✎❘✘✎

(ii) ❙✍ ✍✓✑❬✎ ♦✕✢ ❛✡✘ ✍✑ ◗✎❘✘✎

❱❨✒✏✕ ✠✌✐✘ ✓✕✖ ✗♦❳✡✎✒✎✕✖ ✍✑ ✔❢✎✑❫❘ ✒✖✛✡✎✧ ✗✘✙✘✗✚✗✛✎✆ ◗✎❘✘✎✔✎✕✖ ♦✕✢ ✟❴✎✏✎✕❴✎✏ ◗✎✗❘✆ ❣✎✕✘✕ ♦✕✢

✗♦✗❢✎❳✘ ✗♦❳✡✎✒✎✕✖ ✍✑ ✒✖✛✡✎ ♦✕✢ ❝✏✎❝✏ ❣✦✞

(i) ❙✍ ❝☎✆✕ ♦✕✢ ❛✡✘ ✍✑ ◗✎❘✘✎✧

(ii) ❙✍ ✛✎✎✘✕ ♦✕✢ ✗❭❞❝✕ ♦✕✢ ❛✡✘ ✍✑ ◗✎❘✘✎✧

(iii) ❙✍ ✠✎✘✑ ✍✑ ❝✎✕✆✚ ♦✕✢ ❛✡✘ ✍✑ ◗✎❘✘✎❯

✡❣✎❡ ❱✎✕✘✎✕✖ ✓✕ ✖ ✒✕ ✠✌❤✡✕✍ ✠✌✐✘ ✓✕✖ ◗✎❘✘✎❙❡ ✔✘✕✍ ✒✖❢✎♦ ❩✓✎✕✖ ✓✕ ✖ ◗✎✗❘✆ ❣✎✕ ✒✍✆✑ ❣✦✖ ✠✏✖✆✝ ❣✓ ❜✘

✒✖❢✎♦ ❩✓✎✕✖ ✓✕ ✖ ✒✕ ✗✍✒✑ ❙✍ ✍✎ ❛✡✘ ✍✏✆✕ ❣✦✖ ✔✎✦✏ ❜✒ ❛✡✗✘✆ ❩✓ ✓✕✖ ◗✎❘✘✎✔✎✕✖ ♦✕✢ ◗✎✗❘✆ ❣✎✕✘✕ ♦✕✢

✗♦✗❢✎❳✘ ✗♦❳✡✎✒✎✕✖ ✍✑ ✣P✎✘✎ ✍✏✆✕ ❣✦ ✖❯

♠❥✪❦✯✩✪ 1 ✐✎❞❱ ROSE, ♦✕✢ ✔❧✎✏✎✕ ✖ ✒✕ ❝✘✘✕ ♦✎✚✕ ♥ ✔❧✎✏✎✕✖ ♦✎✚✕✧ ✔✷✎☛✠❨P✎☛ ✡✎ ✔✷✎☛❣✑✘✧ ✐✎❞❱✎✕✖ ✍✑

✒✖✛✡✎ ♣✎✆ ✍✑✗✥❙✧ ✥❝✗✍ ✔❧✎✏✎✕ ✖ ♦✕✢ ✠✝✘✏✎♦q✗❴✎ ✍✑ ✔✘✝✓✗✆ ✘❣✑✖ ❣✦❯

❦s ✏✗❛✆ ✐✎❞❱✎✕✖ ✍✑ ✒✖✛✡✎✧ ♥ ✗✏☞✆ ☎✷✎✎✘✎✕✖  ✍✎✕ ♥ ✔❧✎✏✎✕✖ ✒✕ ✟❴✎✏✎✕❴✎✏ ❢✎✏✘✕ ♦✕✢

✆✏✑✍✎✕ ✖ ✍✑ ✒✖✛✡✎ ♦✕✢ ❝✏✎❝✏ ❣✦✧ ✥❝✗✍ ❜✒ ❝✎✆ ✍✎ t✡✎✘ ✏✛✎✎ ✥✎❙ ✗✍ ✠✝✘✏✎♦q✗❴✎ ✍✑ ✔✘✝✓✗✆ ✘❣✑✖

❣✦❯ ✠❣✚✕ ☎✷✎✎✘ ✍✎✕✧ ♥ ✔❧✎✏ R, O, S, ✔✎✦✏ E ✓✕✖ ✒✕ ✗✍✒✑ ❙✍ ✤✎✏✎ ♥ ✗♦✗❢✎❳✘ ✆✏✑✍✎✕✖ ✒✕ ❢✎✏✎ ✥✎

✒✍✆✎ ❣✦❯ ❜✒♦✕✢ ❝✎❱✧ ❱❨✒✏✕ ☎✷✎✎✘ ✍✎✕ ✐✎✕❫✎ ✆✑✘ ✔❧✎✏✎✕✖ ✓✕ ✖ ✒✕ ✗✍✒✑ ❙✍ ✤✎✏✎ ❲ ✗♦✗❢✎❳✘ ✆✏✑✍✎✕✖ ✒✕
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❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏✑ ✒☞✓✔✕ ✖✗✡✠✑✍ ✍✘☞✡✔ ✙✚✠✠✛ ✌✠✔ ✜ ✢✓✢❍✠✣✛ ✍✡✘✌✠✔✑ ☞✔ ❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏ ✤✠✏✡ ✤✑✍

❡✔✑ ✥✠✏✚✠✔ ✙✚✠✠✛ ✌✠✔ ✓✔✕✓✦ ✧ ✍✡✘✌✔ ☞✔ ❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏ ✒☞ ✗★✌✠✡ ✩✪✫✠✛ ✢☞✬✠✑✍ ✭✠✡✠ ✥✠✡✠✔✑ ✙✚✠✠✛✠✔ ✑

✌✠✔ ❍✠✡✛✔ ✓✔✕ ✍✡✘✌✠✔✑ ✌✘ ☞✑❞✮✠  4 × 3 × 2 × 1 = 24 ✎✏❣ ✤✍✯ ✰✠✱✲✠✔✑ ✌✘ ✤❍✠✘✳✴ ☞✑❞✮✠ ✜✵ ✎✏❣

✶❢✷✸✹✺✻✼ ✮✢✲ ✤✽✠✡✠✔✑ ✌✘ ✗✪✛✡✠✓✾✢✿✠ ✌✘ ✤✛✪❡✢✍ ✎✠✔✍✘❀ ✍✠✔ ✢✌✍✛✔ ✰✠✱✲ ❁✛ ☞✌✍✔ ✎✏✑❂ ✮✎

❁✠✍ ☞✡✦✍✠ ☞✔ ☞❡❝✘ ☛✠ ☞✌✍✘ ✎✏ ✢✌ ✵ ✢✡❃✍ ✙✚✠✠✛✠✔ ✑ ❡✔✑ ☞✔ ✗★❄✮✔✌ ✖✿✠✡✠✔✿✠✡ ✵ ✢✓✢❍✠✣✛ ✍✡✘✌✠✔ ✑

☞✔ ❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏❣ ✤✍✯ ✰✠✱✲✠✔✑ ✌✘ ✤❍✠✘✳✴ ☞✑❞✮✠ = 4 × 4 × 4 × 4 = 256.

♠❅✻❆❇✺✻ 2 ✢❍✠✣✛❈✢❍✠✣✛ ✡✑✩✠✔✑ ✓✔✕ ✢✲❉ ✎✪❉ ✵ ❝✑❊✠✔ ✑ ☞✔❀ ✢✌✍✛✔ ✢❍✠✣✛❈✢❍✠✣✛ ☞✑✓✔✕✍ ✖❄✗✣✛ ✢✌❉ ☛✠ ☞✌✍✔

✎✏✑❀ ✮✢✲ ❉✌ ☞✑✓✔✕✍ ✓✔✕ ✢✦❉❀ ❉✌ ✲❋☞✡✔ ✓✔✕ ✛✘✥✔❀ ✜ ❝✑❊✠✔ ✑ ✌✘ ✤✠✓✰✮✌✍✠ ✗❊●✍✘ ✎✏❂

❆■ ✖❄✗✠✢✲✍ ☞✑✓✔✕✍✠✔✑ ✌✘ ☞✑❞✮✠ ✜ ✢✡❃✍ ✙✚✠✠✛✠✔✑   ✌✠✔ ✢❍✠✣✛❈✢❍✠✣✛ ✡✑✩✠✔✑ ✓✔✕ ✵ ❝✑❊✠✔✑ ☞✔ ✖✿✠✡✠✔✿✠✡

❍✠✡✛✔ ✓✔✕ ✍✡✘✌✠✔✑ ✌✘ ☞✑❞✮✠ ✓✔✕ ❁✡✠❁✡ ✎✏❣ ❏✗✡ ✓✔✕ ✢✡❃✍ ✙✚✠✠✛ ✌✠✔ ✵ ❝✑❊✠✔ ✑ ❡✔✑ ☞✔ ✢✌☞✘ ❉✌ ✭✠✡✠

✵ ✢✓✢❍✠✣✛ ✍✡✘✌✠✔✑ ☞✔ ❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏❣ ✒☞✓✔✕ ❁✠✲❀ ✛✘✥✔ ✓✔✕ ✢✡❃✍ ✙✚✠✠✛ ✌✠✔ ✰✠✔✳✠ ❑ ❝✑❊✠✔✑ ❡✔✑ ☞✔ ✢✌☞✘

❉✌ ✭✠✡✠ ❑ ✢✓✢❍✠✣✛ ✍✡✘✌✠✔✑ ☞✔ ❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏❣ ✤✍✯ ✩✪✫✠✛ ✢☞✬✠✑✍ ✭✠✡✠ ☞✑✓✔✕✍✠✔✑ ✌✘ ✤❍✠✘✳✴ ☞✑❞✮✠

= 4 × 3 = 12.

♠❅✻❆❇✺✻ 3 ✤✑✌✠✔✑ ✧❀ ✜❀ ❑❀ ✵❀ ✈ ☞✔ ✢✌✍✛✘ ✜ ✤✑✌✘✮ ☞❡ ☞✑❞✮✠❉▲ ❁✛ ☞✌✍✘ ✎✏✑❀ ✮✢✲ ✤✑✌✠✔ ✑ ✌✘

✗✪✛✡✠✓✾✢✿✠ ✌✘ ☛✠ ☞✌✍✘ ✎✏❂

❆■ ☞✑❞✮✠✤✠✔✑ ✌✠✔ ❁✛✠✛✔ ✓✔✕ ✍✡✘✓✔✕❀ ✜ ✢✡❃✍ ✙✚✠✠✛✠✔✑   ✌✠✔ ✖✿✠✡✠✔✿✠✡ ✖✢✥✍ ✗★✌✠✡ ☞✔ ❍✠✡✛✔ ✓✔✕

✍✡✘✌✠✔ ✌✘ ☞✑❞✮✠ ✓✔✕ ❁✡✠❁✡ ✎✏❣ ✮✎✠▲ ✒✌✠✒r ✙✚✠✠✛ ✌✠✔ ❍✠✡✛✔ ✓✔✕ ✢✦❉ ✓✔✕✓✦ ✜ ✢✓✌▼✗ ✎✏✑✯ ✤✑✌

✜ ✮✠ ✵❀ ✤✠✏✡ ✮✎ ✜ ✍✡✘✌✠✔✑ ☞✔ ✢✌✮✠ ☛✠ ☞✌✍✠ ✎✏❣ ✒☞✓✔✕ ✗✰✥✠✍◆ ✲✎✠✒r ✙✚✠✠✛ ✌✠✔ ✈ ✤✑✌✠✔✑ ❡✔✑ ☞✔

✢✌☞✘ ❉✌ ✭✠✡✠ ❍✠✡✠ ☛✠ ☞✌✍✠ ✎✏ ❖❃✮✠✔✑✢✌ ✤✑✌✠✔ ✑ ✌✘ ✗✪✛✡✠✓✾✢✿✠ ✌✘ ☛✠ ☞✌✍✘ ✎✏P❣ ✤✍✯ ✒☞✓✔✕ ✈

✢✓✌▼✗ ✎✏✑❣ ✤✍❉✓ ✩✪✫✠✛ ✢☞✬✠✑✍ ✭✠✡✠ ✲✠✔ ✤✑✌✠✔ ✑ ✓✠✦✘ ☞❡ ☞✑❞✮✠✤✠✔✑ ✌✘ ✤❍✠✘✳✴ ☞✑❞✮✠ = 2 × 5,

✤✚✠✠r✍◆ 10 ✎✏❣

♠❅✻❆❇✺✻ 4 ✮✢✲ ✗✠▲✥ ✢✓✢❍✠✣✛ ❝✑❊✔ ✖✗✦✱◗ ✎✏✑❀ ✍✠✔ ✖✛ ✢✓✢❍✠✣✛ ☞✑✓✔✕✍✠✔✑ ✌✘ ☞✑❞✮✠ ❘✠✍ ✌✘✢☛❉ ✢☛✣✎✔✑

✌❡ ☞✔ ✌❡ ✲✠✔ ❝✑❊✠✔✑ ✌✠✔ ❉✌ ❏❙✓r ✲✑❊ ✗✡ ❚❡✓✍ ❉✌ ✌✠✔ ✲❋☞✡✔ ✓✔✕ ✛✘✥✔ ✡❞✠✌✡ ✖❄✗✣✛ ✢✌✮✠

☛✠ ☞✌✍✠ ✎✏❂

❆■ ❉✌ ☞✑✓✔✕✍ ✮✠ ✍✠✔ ✜ ✮✠ ❑ ✮✠ ✵ ✮✠ ✈ ❝✑❊✠✔ ✑ ☞✔ ❁✛✠✮✠ ☛✠ ☞✌✍✠ ✎✏❣ ✤❁ ✎❡ ✜❀ ❑❀ ✵ ✮✠ ✈

❝✑❊✠✔✑ ☞✔ ❁✛✛✔ ✓✠✦✔ ☞✑✓✔✕✍✠✔✑ ✌✘ ☞✑❍✠✓ ☞✑❞✮✠✤✠✔✑ ✌✘ ✤✦✩❈✤✦✩ ✩✫✠✛✠ ✌✡✔✑✩✔ ✤✠✏✡ ✢✗✕✡ ✒✛ ☞✑❞✮✠✤✠✔✑

✌✠✔ ☛✠✔❊● ✲✔ ✑✩✔❣
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✷ ☎✆✝✞✟✆ ✠✞✡✞ ☛☞☞✟ ✌✞✍✟ ✎✆✌✟✏✑✞✟✆ ✒✓ ✎✆✔✕✞✖ ✗ ✘✙✍✚✛ ☎✆✝✞✟✆ ✎✟ ✷ ✜✡✢✑ ✣✤✞✞☞✞✟✆  ✒✞✟

✘♠✞✡✞✟♠✞✡ ✥✞✡☞✟ ✒✓ ✎✆✔✕✞ ✌✟✏ ☛✡✞☛✡ ✦✧★ ✩✪✫✞☞ ✜☞✕✬ ✌✟✏ ✭☞✪✎✞✡ ✮✎✒✓ ✎✆✔✕✞ = 5 × 4 = 20 ✦✧★

✮✎✓ ✙❜✒✞✡ ✯ ☎✆✝✞✟✆ ✠✞✡✞ ☛☞☞✟ ✌✞✍✟ ✎✆✌✟✏✑✞✟✆ ✒✓ ✎✆✔✕✞✖ ✗ ☎✆✝✞✟✆ ✎✟ ✯ ✜✡✢✑ ✣✤✞✞☞✞✟✆

✒✞✟ ✘♠✞✡✞✟♠✞✡ ✥✞✡☞✟ ✒✓ ✎✆✔✕✞ ✌✟✏ ☛✡✞☛✡ ✦✧ ✮✎✒✓ ✎✆✔✕✞ 5 × 4 × 3 = 60 ✦✧★

✮✎✓ ✙❜✒✞✡ ✰ ☎✆✝✞✟✆ ✌✞✍✟ ✎✆✌✟✏✑✞✟✆ ✒✓ ✎✆✔✕✞ = 5 × 4 × 3 × 2 = 120

✭✞✧✡ ✗ ☎✆✝✞✟✆ ✌✞✍✟ ✎✆✌✟✏✑✞✟✆ ✒✓ ✎✆✔✕✞ = 5 × 4 × 3 × 2 × 1 = 120

✭✑✱ ✎✆✌✟✏✑✞✟ ✒✓ ✭✥✞✓❧✲ ✎✆✔✕✞ = 20 + 60 + 120 + 120 = 320.

✐✳✴✵✶✸✹✺ 7.1

1. ✭✆✒ ✈✖ ✷✖ ✯✖ ✰ ✭✞✧✡ ✗ ✎✟ ✜✒✑☞✓ ✯ ✭✆✒✓✕ ✎✆✔✕✞✻✼ ☛☞✞✮✽ ✾✞ ✎✒✑✓ ✦✧✆✖ ✕✜✿

(i) ✭✆✒✞✟✆ ✒✓ ✙✪☞✡✞✌❀✜♠✞ ✒✓ ✭☞✪✬✜✑ ✦✞✟ ?

(ii) ✭✆✒✞✟✆ ✒✓ ✙✪☞✡✞✌❀✜♠✞ ✒✓ ✭☞✪✬✜✑ ☞✦✓✆ ✦✞✟ ?

2. ✭✆✒ ✈✖ ✷✖ ✯✖ ✰✖ ✗✖ ❁ ✎✟ ✜✒✑☞✓ ✯ ✭✆✒✓✕ ✎✬ ✎✆✔✕✞✻✼ ☛☞✞✮✽ ✾✞ ✎✒✑✓ ✦✧✆✖ ✕✜✿ ✭✆✒✞✟✆ ✒✓

✙✪☞✡✞✌❀✜♠✞ ✒✓ ✾✞ ✎✒✑✓ ✦✧ ?

3. ✭✆✩❜✟❂✞✓ ✌✫✞✽✬✞✍✞ ✌✟✏ ✙❜✤✞✬ ✈❃ ✭❄✞✡✞✟✆ ✎✟ ✜✒✑☞✟ ✰ ✭❄✞✡ ✌✟✏ ✒✞✟✝ ☛☞✞✻ ✾✞ ✎✒✑✟ ✦✧✆✖ ✕✜✿ ✜✒✎✓

✥✞✓ ✭❄✞✡ ✒✓ ✙✪☞✡✞✌❀✜♠✞ ☞✦✓✆ ✒✓ ✾✞ ✎✒✑✓ ✦✧?

4. ❃ ✎✟ ❅ ✑✒ ✌✟✏ ✭✆✒✞✟✆ ✒✞ ✙❜✕✞✟✩ ✒✡✌✟✏ ✜✒✑☞✟ ✗ ✭✆✒✓✕ ✲✟✍✓✙✏✞✟☞ ☞✆☛✡ ☛☞✞✻ ✾✞ ✎✒✑✟ ✦✧✆✖

✕✜✿ ✙❜❆✕✟✒ ☞✆☛✡ ❁❇ ✎✟ ✙❜✞✡✆✥✞ ✦✞✟✑✞ ✦✧ ✭✞✧✡ ✒✞✟✮✽ ✭✆✒ ✻✒ ☛✞✡ ✎✟ ✭✜✛✒ ☞✦✓✆ ✭✞✑✞ ✦✧?

5. ✻✒ ✜✎✢✒✞ ✑✓☞ ☛✞✡ ✘❈✞✍✞ ✾✞✑✞ ✦✧ ✭✞✧✡ ✙✜✡✫✞✞✬ ✭✆✜✒✑ ✒✡ ✜✍✻ ✾✞✑✟ ✦✧✆★ ✙✜✡✫✞✞✬✞✟✆ ✒✓ ✎✆✥✞✌

✎✆✔✕✞ ✢✕✞ ✦✧?

6. ✜✥✞❢☞❉✜✥✞❢☞ ✡✆✩✞✟✆ ✌✟✏ ✗ ☎✆✝✟ ✜✿✻ ✦✪✻ ✦✧✆★ ✮☞✎✟ ✜✒✑☞✟ ✜✌✜✥✞❢☞ ✎✆✌✟✏✑ ☛☞✞✻ ✾✞ ✎✒✑✟ ✦✧✆✖ ✕✜✿

✙❜❆✕✟✒ ✎✆✌✟✏✑ ✬✟✆ ✷ ☎✆✝✞✟✆✖ ✻✒ ✌✟✏ ☞✓❊✟ ✿❋✎✡✟✖ ✌✟✏ ✙❜✕✞✟✩ ✒✓ ✭✞✌●✕✒✑✞ ✙✝❍✑✓ ✦✧?

7.3 Ø■❏❑ (Permutations)

✜✙❈✍✟ ✭☞✪▲❈✟✿ ✌✟✏ ✘✿✞✦✡✫✞ ✈ ✬✟✆✖ ✦✬ ✌✞✣✑✌ ✬✟✆ ✭❄✞✡✞✟✆ ✌✟✏ ✜✌✜✥✞❢☞ ✜✌❢✕✞✎✞✟✆✖ ✾✧✎✟ ROSE, REOS,

..., ✮❆✕✞✜✿✖ ✒✓ ✎✆✥✞✌ ✎✆✔✕✞ ✒✓ ✩✫✞☞✞ ✒✡✑✟ ✦✧✆★ ✮✎ ✎❋❊✓ ✬✟✆ ✙❜❆✕✟✒ ✜✌❢✕✞✎ ✿❋✎✡✟ ✎✟ ✜✥✞❢☞ ✦✆✧★ ✿❋✎✡✟

●✞✚✿✞✟✆ ✬✟✆ ✭❄✞✡✞✟✆ ✌✟✏ ✜✍✔✞☞✟ ✒✞ ▼✬ ✬✦❆✌✙❋✫✞✽ ✦✧ ✮☞✬✟✆ ✎✟ ✙❜❆✕✟✒ ✜✌❢✕✞✎✖ ✰ ✜✌✜✥✞❢☞ ✭❄✞✡✞✟✆ ✬✟✆ ✎✟ ✻✒

✎✬✕ ✬✟✆ ✎✥✞✓ ✒✞✟ ✎✞✤✞ ✍✟✒✡ ☛☞✞✕✞ ✩✕✞✖ ◆❖P◗ ✒✦✍✞✑✞ ✦✧ ✭☛ ✕✜✿ ✦✬✟✆ ●✞✚✿ NUMBER,

✌✟✏ ✭❄✞✡✞✟✆ ✬✟✆ ✎✟ ✯ ✭❄✞✡✓✕✖ ✭✤✞✽✙❋✫✞✽ ✕✞ ✭✤✞✽✦✓☞ ✡✜❊✑ ●✞✚✿✞✟✆ ✒✓ ✎✆✔✕✞ ✜☞✛✞✽✜✡✑ ✒✡☞✓ ✦✧✖ ✾☛✜✒
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✈✠✡☛✡☞✌ ✍✎ ✏✑✒☛✡✓✔✕✖✡ ✍✎ ✈✒✑✗✕✘ ✒✙✎✌ ✙✡☞✚ ✘✡☞ ✙✗☞✌ NUM, NMU,MUN,NUB, ...❜✛✜✡✕✢ ✕✓✣✜✡✤✡☞✌

✍✎ ❞✥✡✒✡ ✍✎ ✈✡✓✦✜✍✘✡ ✙✧★ ✜✙✡✩ ✏☛ ✙✗ ✪ ✕✓✕✫✡✣✒ ✈✠✡☛✡☞✌ ✗☞✌ ✤☞ ✬✍ ✤✗✜ ✗☞✌ ✭ ✈✠✡☛✡☞✌ ✍✡☞ ✮☞✍☛

❝✒✒☞ ✓✡✮☞ ✯✗✰✜✡☞✌ ✍✎ ❞✥✡✒✡ ✍☛ ☛✙☞ ✙✧✌★ ❜✤ ✏✱✍✡☛ ✓☞✲ ✦✡✳✢✡☞✌ ✍✎ ✈✫✡✎✴✵ ✤✌✶✜✡ = 6 × 5 × 4 =

120 (❞✑✥✡✒ ✕✤①✡✌✘ ✓☞✲ ✏✱✜✡☞❞ ✷✡☛✡✸ ✙✧✌★

✜✕✢ ✈✠✡☛✡☞✌ ✍✎ ✏✑✒☛✡✓✔✕✖✡ ✍✎ ✈✒✑✗✕✘ ✙✡☞✘✎✚ ✘✡☞ ✦✡✳✢✡☞✌ ✍✎ ✈✫✡✎✴✵ ✤✌✶✜✡ 6 × 6 × 6 = 216 ✙✡☞❞✎★

✐✹✺✻✼✼✽✼✼ 1     ✯✗✰✜ ✬✍ ✕✒✕✦✰✘ ✯✗ ✗☞✌ ❝✒✡ ✕✓✣✜✡✤ ✙✧✚ ✕✾✤✍✡☞ ✢✎ ✙✑❜✿ ✓❀✘✑✈✡☞✌ ✗☞✌ ✤☞ ✬✍ ✤✗✜

✗☞✌ ✓✑✲❡ ✜✡ ✤✫✡✎ ✍✡☞ ✮☞✍☛ ❝✒✡✜✡ ❞✜✡ ✙✧★

✒✎✰☞ ✕✢✬ ✉✏❁✈✒✑❂❡☞✢ ✗☞✌ ✙✗ ✉✤ ✤❃❄✡ ✍✡☞ ✕✒❅✡✿✕☛✘ ✍☛☞✌❞☞ ✕✾✤✍✎ ✈✡✓✦✜✍✘✡ ❜✤ ✏✱✍✡☛ ✓☞✲

✏✱✦✒✡☞✌ ✓☞✲ ✉✖✡☛ ✢☞✒☞ ✓☞✲ ✕✮✬ ✏❆❇✘✎ ✙✧★

7.3.1  ❈❉❊❋● ❍■ ❏❑▲▼ ◆❖P◗❘❙ ❚❑▲❯❱❲❚❑▲❯❱ ❳❨❩ (Permutations when all the objects are

distinct)

✐❬❭❪❫ 1  n ✕✓✕✫✡✣✒ ✓❀✘✑✈✡☞✌ ✗☞✌ ✤☞ ✬✍ ✤✗✜ ✗☞✌ r ✓❀✘✑✈✡☞✌ ✍✡☞ ✮☞✍☛ ❝✒✡✬ ❞✬ ✯✗✰✜✡☞✌ ✍✎ ✤✌✶✜✡

✍✡☞ ✏✱✘✎✍ nP
r
✤☞ ✕✒❴✕✏✘ ✍☛✘☞ ✙✧✌✚ ✾✙✡✩ 0 < r ❵ n ✘r✡✡ ✕✍✤✎ ✫✡✎ ✯✗✰✜ ✗☞✌ ✓❀✘✑✈✡☞✌ ✍✎ ✏✑✒☛✡✓✔✕✖✡

✍✎ ✈✒✑✗✕✘ ✒✙✎✌ ✙✧✚ nP
r
. = n ( n – 1) ( n – 2). . .( n – r + 1)

♠✐✐✹❛✼ ✯✗✰✜✡☞✌ ✍✎ ✤✌✶✜✡✚ r ✕☛❢✘ ❀r✡✡✒✡☞✌ ✍✡☞      . . .   ✉✖✡☛✡☞✖✡☛

❣ r ✕☛❢✘ ❀r✡✡✒ ❤

n ✓❀✘✑✈✡☞✌ ✤☞ ✫✡☛✒☞ ✓☞✲ ✘☛✎✍✡☞✌ ✍✎ ✤✌✶✜✡ ✓☞✲ ❝☛✡❝☛ ✙✧★ ✏✙✮✡ ❀r✡✡✒ n ✘☛✎✍✡☞✌ ✤☞ ✫✡☛✡ ✾✡ ✤✍✘✡ ✙✧★

❜✤✓☞✲ ❝✡✢ ✢❃✤☛✡ ❀r✡✡✒ ❥n – 1✸ ✘☛✎✍✡☞✌ ✤☞ ✫✡☛✡ ✾✡ ✤✍✘✡ ✙✧★ ❜✤✓☞✲ ✉✏☛✡✌✘ ✘✎✤☛✡ ❀r✡✡✒

[n – 2✸✘☛✎✍✡☞✌ ✤☞ ✫✡☛✡ ✾✡ ✤✍✘✡ ✙✧ ❦❦❦❦❦❦❦❦❦ ✈✡✧☛  r ✓✡✩ ❀r✡✡✒ (n – (r – 1)] ✘☛✎✍✡☞✌ ✤☞ ✫✡☛✡ ✾✡ ✤✍✘✡

✙✧★ ✈✘❧ r ✕☛❢✘ ❀r✡✡✒✡☞✌ ✍✡☞ ✉✖✡☛✡☞✖✡☛ ✫✡☛✒☞ ✓☞✲ ✘☛✎✍✡☞✌ ✍✎ ✤✌✶✜✡ = n(n – 1) (n – 2) . . .

(n – (r – 1)) ✜✡ n ( n – 1) (n – 2) ... (n – r + 1)

nP
r
 ✓☞✲ ✕✮✬ ✜✙ ✬✍ ❝✡☞✕♦✮ ♥✜✌✾✍ ✙✧ ✈✡✧☛ ✙✗☞✌ ✬✍ ✬☞✤☞ ✤✌✓☞✲✘✒ ✍✎ ✈✡✓✦✜✍✘✡ ✙✧✚ ✕✾✤✍✎

✤✙✡✜✘✡ ✤☞ ❜✤ ♥✜✌✾✍ ✓☞✲ ✕✓❀✘✡☛ ✍✡☞ ♣✡✵✡✜✡ ✾✡ ✤✓☞✲★ ✏✱✘✎✍ n! (✕✾✤☞ n ✯✗❞✑✕✥✡✘ ✏q❇✘☞ ✙✧✌✸❜✤✗☞✌

✙✗✡☛✎ ✤✙✡✜✘✡ ✍☛✘✡ ✙✧★ ✕✒s✒✕✮✕✶✡✘ ✕✓✓☛✥✡ ✗☞✌ ✙✗ ✤✎✶✡☞✌❞☞ ✕✍ ✓✡❀✘✓ ✗☞✌ n! ✍✡ ❢✜✡ ✈r✡✿✿ ✙✧t

7.3.2  ❈❉✇◗❚②▲P ❏❩◆③④P❱ (Factorial notation) ✤✌✓☞✲✘✒ n! ✏✱r✡✗ n ✏✱✡✓✔✲✘ ✤✌✶✜✡✈✡☞✌ ✓☞✲

❞✑✥✡✒✏✲✮ ✍✡☞ ♥✜❢✘ ✍☛✘✡ ✙✧ ✈r✡✡✿✘⑤ 1 × 2 × 3 × . . . × (n – 1) × n ✍✡☞  n! ✷✡☛✡ ✕✒❴✕✏✘ ✕✍✜✡

✾✡✘✡ ✙✧★ ✙✗ ❜✤ ✏✱✘✎✍ ✍✡☞ ‘n ✯✗❞✑✕✥✡✘ ✏q❇✘☞ ✙✧✌★ ❜✤ ✏✱✍✡☛ 1 × 2 × 3 × 4 . . .  × (n – 1) × n

= n ! ✘✢✒✑✤✡☛

1 = 1 !
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1 × 2 = 2 !

1× 2 × 3 = 3 !

1 × 2 × 3 × 4 = 4 ! ❜☎✆✝✞✟

❣✠ ✡✞☛☞✝✝✞✌✝✍ ✎☛✍✏ ❣✑✒✓ ✞✎ 0 ! = 1

❜✔ ✡✕✎✝☛ ❣✠ ✞✖✗✝ ✔✎✍✏ ❣✑✒✓ ✞✎ 5 ! = 5 × 4 ! = 5 × 4 × 3 ! = 5 × 4 × 3 × 2 !

= 5 × 4 × 3 × 2 × 1!

▲✡✌✘✍✆✝ ✔☞✝✙ ✡✕✝✚✛✜✍ ✔✒✗✆✝ n ✚✏✜ ✞✖♦

     n ! = n (n  –  1) !

= n (n  –  1) (n  –  2) ! [ ❀✢✣ n ✤ 2]

= n (n  –  1) (n  –  2)  (n  –  3) ! [ ❀✢✣ n ✤ 3]

❜☎✆✝✞✟

♠✥✦✧★✩✦ 5 ✠✝❡ ✞❡✎✝✞✖♦  (i) 5 ! (ii) 7 ! (iii) 7 ! – 5!

✧✪ (i) 5 ! = 1 × 2 × 3 × 4 × 5 = 120

(ii) 7 ! = 1 × 2 × 3 × 4 × 5 × 6 ×7 = 5040

✈✝✑☛ (iii) 7 !  –  5! = 5040  –  120 = 4920

♠✥✧✦★✩✦ 6 ✡✞☛✎✖❡ ✎✙✞✐♦ (i) 
7!

5!
      (ii) 

✫ ✬

12!

10! (2!)

✧✪ (i) ❣✠ ✡✕✝✭✍ ✎☛✍✏ ❣✑✒✓ 
7!

5!
 = 

7 6 5!

5!

✮ ✮
 = 7 × 6 = 42

✈✝✑☛ (ii)
✯ ✰ ✯ ✰

12!

10! 2!
  = 

✱ ✲

✱ ✲ ✱ ✲

12 11 10!

10! 2

✳ ✳

✳
 = 6 × 11 = 66

♠✥✦✧★✩✦ 7 ✠✝❡ ✞❡✎✝✞✖♦ ✯ ✰

!

! !

n

r n r✴ , ✐❣✝t  n = 5, r = 2

✧✪ ❣✠✏✒ ✞❡✵❡✞✖✞✗✝✍ ✎✝ ✠✝❡ ✞❡✎✝✖❡✝ ❣✑

✶ ✷

5!

2! 5 2 !✴  (❉✆✝✏✒✞✎ n = 5, r = 2)

✆❣✝t ✡☛
✸ ✹

5!

2! 5 2 !✴ = 
5! 4 5

10
2! 3! 2

✮
✺ ✺

✮
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♠✠✡☛☞✌✡ 8 ❀✍✎  
1 1

8! 9! 10!

x
✏ ✑ , r✒✓ x ❑✒r ✔✕✍✖✗✘

☛❣ ❀✙✒✚ ✛✜
1 1

8! 9 8! 10 9 8!

x
✢ ✣

✤ ✤ ✤

✈r✗✥
1

1
9 10 9

x
✦ ✧

★
❀✒

10

9 10 9

x
✧

★

✈r✩ x = 100

✐✪✫✬✭✮✭✯✰ 7.2

1. ❡✒✱ ✍✱✔✒✍✲✗✩

(i) 8 ! (ii) 4 ! – 3 !

2. ❉❀✒  3 ! + 4 ! = 7 ! ? 3.
8!

6! 2!✳ ✔✒ ✛✍✜✔✲✱ ✔✕✍✖✗

4 ❀✍✎ 
1 1

6! 7! 8!

x
✏ ✑ , r✒✓ x ✔✒ ❡✒✱ ❑✒r ✔✕✍✖✗✘

5.
✴ ✵

!

!

n

n r✶ , ✔✒ ❡✒✱ ✍✱✔✒✍✲✗  ✖t

(i) n = 6, r = 2 (ii) n = 9, r = 5.

7.3.3  nP
r 
♦✷✸ ✹✺✻ ✼✽✾✿ ❁❂ ❃❄❅❆❇✹❈✿ ( Derivation of the formula for nP

r 
)

❊ ❋

!
P

!

n
r

n

n r✶
= , 0 ● r ● n

✈✒❍✗ ✙❡ ■❏ ✈✥▲▼✒✒ ✛✜ ✥✒✛❏ ◆✲❖✓ ✖✙✒✚ ✙❡✱✓ ✍✱P✱✍✲✍◗✒r ❑✒r ✍✔❀✒ ▼✒✒✩

nP
r
 = n (n – 1) (n – 2) . . .  (n – r + 1)

❍❏✥✓❜ ✈❖❘✒ ✈✒❙✜ ✙✜ ✔✒✓  (n – r) (n – r – 1) . . . 3 × 2 × 1, ❏✓ ❧❚❯✒✒ ✔✜✱✓ ✛✜❱ ✙❡✓❖ ✛❲✒❳r ✙✒✓r✒ ✙❙

✍✔

❨ ❩ ❨ ❩ ❨ ❩❨ ❩❨ ❩

❨ ❩ ❨ ❩

1 2 1 1 3 2 1
P

1 3 2 1

n
r

n n n ... n r n r n r ...

n r n r ...

❬ ❬ ❬ ❭ ❬ ❬ ❬ ❪ ❪
❫

❬ ❬ ❬ ❪ ❪  = 
✴ ✵

!

!

n

n r✶
,
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❜☎ ✆✝✞✟✠ ✡ ☛

!
P

!

n
r

n

n r
☞

✌ , t✍✟✎ 0 < r ✏n

❀✍ nP
r
 ✆✍✐✑ ☎✑ ✒✓✔✞ ☎✕✓✖✔✟t✗✞ ✘❀✙t✞ ✍✚✛

✓✖❢✟✑✜✟ ✢✆ ☎✑ t✣ r = n, r✟✑
!

P !
0!

n
n

n
n✤ ✤

Ø✥✦❀✟✑✙ ✞✧ ★✩✟✗✟✪ ✖✑✫✖✐ ✬✗ r✠✧✞✟✑✙ ✞✧ ★✩✟✗✟ ✍✚✪ ✓t✗✥✑✙ ✭✞ ☎✥❀ ✥✑✙ ✖✕✫✮ ❀✟ ☎✯✟✧ ✖✰r✕✒✟✑✙

✞✟ ✓✖❞❀✟☎ ✓✞❀✟ ★❀✟ ✍✟✑✛ ✭✞ ✯✟✧ ✖✰r✕ ✖✑✫ ✓✣✗✟ ✓✖❞❀✟☎ ✞✧ ☎✙✱❀✟ ✣✠✟✣✠ ✍✚ ✬☎ ☎✙✱❀✟ ✖✑✫ ✓t☎✥✑✙

☎✯✟✧ ✖✰r✕✒✟✑✙ ✞✟✑ ✮✟✑❧✲✞✠ ✓✖❞❀✟☎ ✓✞❀✟ ★❀✟ ✍✟✑ ✒✟✚✠ ✍✥✑✙ ✳✟r ✍✚ ✓✞ ✭✑☎✟ ✞✠✗✑ ✞✟ ✖✑✫✖✐ ✭✞ r✠✧✞✟

✍✚✛ ❜☎✧ ✞✟✠✩✟ ☎✑ ✍✥✗✑ n P
0 
= 1 ✆✓✠✯✟✟✓✜✟r ✓✞❀✟ ✍✚✛

n P
0
 = 1 = 

! !

! ( 0)!

n n

n n
... (1)

✒r✈ ☎✴✵✟ ✶✷✸✪ r = 0 ✖✑✫ ✓✐✭ ✯✟✧ ✐✟★✴ ✍✚✛

✒r✈ ✹ ✺

!
P 0

!

n
r

n
, r n

n r
☞ ✻ ✻

✌ .

✼✽✾✿❁ 2  n ✓✖✓✯✟❞✗ ✖✰r✕✒✟✑✙ ✥✑✙ ☎✑ ✭✞ ☎✥❀ ✥✑✙ r ✖✰r✕✒✟✑✙ ✞✟✑ ✐✑✞✠ ✣✗✑ Ø✥✦❀✟✑✙ ✞✧ ☎✙✱❀✟✪ t✣✓✞

✖✰r✕✒✟✑✙ ✖✑✫ ✆✕✗✠✟✖♦✓❂✟ ✞✧ ✒✗✕✥✓r ✍✟✑✪ nr ✍✟✑r✧ ✍✚✛

❜☎✞✧ ✬✆✆✓❂✟ ✓✆✮✐✑ ✆✝✥✑❀ ✞✧ ✬✆✆✓❂✟ ✖✑✫ ☎✥✟✗ ✍✚✪ ✒r✈ ❜☎✞✟✑ ✆✟❃✞ ✖✑✫ ✓✐✭ ✮✟✑❧✲ ✓❄❀✟

★❀✟ ✍✚✛

✒✣ ✍✥ nP
r
 ✖✑✫ ☎✴✵✟ ✞✧ ✬✆❀✟✑✓★r✟ ✞✟✑ ✰✆✜❅ ✞✠✗✑ ✖✑✫ ✓✐✭ ✓✆✮✐✑ ✒✗✕❆✮✑❄ ✖✑✫ ✖✕✫✮ ✆✝❢✗✟✑✙

✞✟✑ ❜☎ ☎✴✵✟ ✖✑✫ ✆✝❀✟✑★ ❇✟✠✟ ☎✠✐ ✞✠ ✠✍✑ ✍✚✙✛

✬❄✟✍✠✩✟ ✷ ✥✑✙ ❢✟♠❄✟✑✙ ✞✧ ✒✯✟✧✜❅ ☎✙✱❀✟  = 4P
4
 = 4! = 24 t✣ ✆✕✗✠✟✖♦✓❂✟ ✞✧ ✒✗✕✥✓r ✗✍✧✙ ✍✚✙✛ ❀✓❄

✆✕✗✠✟✖♦✓❂✟ ✞✧ ✒✗✕✥✓r ✍✟✑✪ r✟✑ ❢✟♠❄✟✑✙ ✞✧ ✒✯✟✧✜❅ ☎✙✱❀✟ 44 = 256 ✍✟✑★✧✛

NUMBER ❢✟♠❄ ✖✑✫ ✒❈✟✠✟✑✙ ✥✑✙ ☎✑ ❉ ✒❈✟✠✟✑✙ ✖✟✐✑ ✦❀✓✗r ❢✟♠❄✟✑✙ ✞✧ ☎✙✱❀✟  = 
6

3

6!
P

3!
❊  =

4 × 5 × 6 = 120✪ ❀✍✟✎ ❜☎ ✆✝❢✗ ✥✑✙ ✯✟✧ ✆✕✗✠✟✖♦✓❂✟ ✞✧ ✒✗✕✥✓r ✗✍✧✙ ✍✚✛ ❀✓❄ ✆✕✗✠✟✖♦✓❂✟ ✞✧ ✒✗✕✥✓r

✍✟✑✪ r✟✑ ❢✟♠❄✟✑✙ ✞✧ ✒✯✟✧✜❅ ☎✙✱❀✟  63 = 216 ✍✟✑★✧✛

✷❋ ✘❀✓●r❀✟✑✙ ✖✑✫ ✭✞ ☎✥✕❄✟❀ ☎✑ ✭✞ ✒❍❀❈✟ ✒✟✚✠ ✭✞ ✬✆✟❍❀❈✟ ✖✑✫ ✦❀✗ ✖✑✫ r✠✧✞✟✑✙ ✞✧

☎✙✱❀✟✪ ❀✍ ✥✟✗✞✠ ✓✞ ✭✞ ✘❀✓●r ✭✞ ☎✑ ✒✓✔✞ ✆❄ ✆✠ ✗✍✧✙ ✠✍ ☎✞r✟ ✍✚✪ ✰✆✜❅r❀✟
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12
2

12!
P 11 12

10!
✠ ✠ ✡  = 132.

7.3.4   ☛☞✌✍✎ ✏✑ ✒✓✔✕ ✖✗✘✙✚✛ ✜✓✔✢✣✤✜✓✔✢✣ ✣✥✕✦ ✥✧✦ (Permutations when all the objects

are not distinct objects)  ❡★✩ ✪✫✬✭✮ ✬✯ ✰❡✱✲ ✳★✴✵ ROOT ♦✱✶ ✷✸★✹★✱✲ ♦✱✶ ✺✻✩✬♦✼✽✾★✿ ♦✱✶ ❀✹✫✯★✱✲

✯✫ ✿✲❞✾★ ❁★❀ ✯✹✩✫ ✰❂❃ ❄✿ ✵✳★★ ❡✱✲❅ ✿❆★✫ ✷✸★✹ ✬❆★✽✩❇✬❆★✽✩ ✩✰✫✲ ✰❂❃ ✾✰★❈ 2 O ✰✲❂ ✭★✱ ✿❡★✩ ✺❣✯★✹

♦✱✶ ✷✸★✹ ✰❂✲❃ ✰❡ ❄✩ ✵★✱✩★✱✲ O ✯★✱ ✷❉❊★★❄✼ ❋✺ ✿✱ ✬❆★✽✩❇✬❆★✽✩ ❡★✩ ✪✱❀✱ ✰❂✲ ✭❂✿✱ O
1
 ✷★❂✹ O

2
. ✷● ❄✿

✵✳★★ ❡✱✲ ♥ ✬♦✬❆★✽✩ ✷✸★✹★✱✲ ❡✱✲ ✿✱ ✮✯ ✿❡✾ ❡✱✲ ✿❆★✫ ✯★✱ ✪✱✯✹ ●✩✩✱ ♦★✪✱ ❍❡■✾★✱✲ ✯✫ ✿✲❞✾★ ♥❏ ✰❂❃

❄✩ ❍❡■✾★✱✲ ❡✱✲ ✿✱ ✮✯ ❍❡■✾ RO
1
O

2
T ✺✹ ✬♦■★✹ ✯✫✬✭✮❃ ❄✿♦✱✶ ✿✲❑❀❅ ✾✰★❈ ✺✹ ▲❏ ❍❡■✾

RO
1
O

2
T ❀❊★★ RO

2
O

1
T ✮✱✿✱ ✰❂✲ ✭★✱ ✬✯ ✿❡★✩ ❍❡■✾ ✰★✱❀✱ ✾✬✵ O

1
 ❀❊★★  O

2 
✯★✱ ✬❆★✽✩❇✬❆★✽✩ ✩✰✫✲

❡★✩★ ❑✾★ ✰★✱❀★ ✷❊★★✼❀▼ ✾✬✵  O
1
 ❀❊★★  O

2 
✵★✱✩★✱✲ ❍❡■✾ ❡✱✲ O ✰★✱❀✱❃ ✷❀✮♦❅ ❍❡■✾★✱✲ ✯✫ ✷❆★✫◆❖ ✿✲❞✾★

= 
4!

3 4 12
2!

✠ ✡ ✠

❄✿ ●★❀ ✯★✱ ✩✫■✱ ❉✺◆❖ ✬✯✾★ ❑✾★ ✰❂❜

❍❡■✾ ✭● O
1
, O

2
❍❡■✾ ✭● O

1
, O

2
 ✵★✱✩★✱✲

✬❆★✽✩❇✬❆★✽✩ ✰✲❂❃ O ♦✱✶ ✿❡★✩ ✰❂✲

1 2

2 1

RO O T

RO O T

P
◗
❘

R O O T

1 2

2 1

TO O R

TO O R

P
◗
❘

T O O R

1 2

2 1

R O T O

R O T O

P
◗
❘

R O T O

1 2

2 1

T O R O

T O R O

P
◗
❘

T O R O

1 2

2 1

R TO O

R TO O

P
◗
❘

 R T O O

1 2

2 1

T R O O

T R O O

P
◗
❘

T R O O
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1 2

2 1 

O  O  R T

O  O T R

☎
✆
✝

O O R T

1 2

2 1

O R O T

O R O T

☎
✆
✝

O R O T

1 2

2 1

O  T O  R

O  T O  R

☎
✆
✝

O T O R

1 2

2 1

O  R T O

O  R T O

☎
✆
✝

O R T O

1 2

2 1

O  T R O

O  T R O

☎
✆
✝

O T R O

1 2

2 1 

O  O T R

O  O T R

☎
✆
✝

O O T R

✈✞✟✠ ✈✡ ☛☞ ✌✞✍✎ INSTITUTE ♦✏✑ ✈✒✞✓✞✏✔ ♦✏✑ ✕✖✗✘♦✙✚✛✞✜ ♦✏✑ ✢✓✣✤✞✏✔ ✤✣ ✜✔✥✛✞ ✦✞✢ ✤✓✏✔✧

✟✜ ✎✌✞✞ ☞✏ ✔ ❜ ✈✒✞✓ ☛★✔✩ ✘✪✗☞✏✔ I ✎✞✏ ✡✞✓ ✢♥✞✞ T ✢✣✗ ✡✞✓ ✈✞✢✞ ☛★✧

✈✫♥✞✞✟✙ ✬✕ ✜✏✩ ☛☞ ✟✗ ✜☞✞✗ ✈✒✞✓✞✏ ✔ ✤✞✏ ✘✭✞✚✗✮✘✭✞✚✗ ☞✞✗ ✯✏✢✏ ☛★✔ ✪★✜✏  I
1
, I

2
, T

1
,  T

2
, T

3
.

9 ✘♦✘✭✞✚✗ ✈✒✞✓✞✏✔ ☞✏ ✔ ✜✏ ✠✤ ✜☞✛ ☞✏✔ ✜✭✞✣ ✤✞✏ ✯✏✗✏ ✜✏ ✡✗✏ ❢☞✰✛✞✏✔ ✤✣ ✜✔✥✛✞ ❜✱ ☛★✧ ✟✗☞✏✔ ✜✏ ✠✤

❢☞✰✛ ☞✞✗✞ ✘✤ I
1
 NT

1
 SI

2
 T

2
 U E T

3 
✕✓ ✘♦✰✞✓ ✤✣✘✪✠✧ ✛✘✎ I

1
, I

2
 ✜☞✞✗ ✗☛✣✔ ☛✞✏✔ ✈✞★✓ T

1
,

T
2
, T

3
 ✠✤ ✪★✜✏ ✗ ☛✞✏✔ ✢✞✏ I

1
, I

2
 ✤✞ ❞✱ ✢✓✣✤✞✏ ✔ ✜✏ ✢♥✞✞ T

1
, T

2
, T

3
 ✤✞ ✲✱ ✢✓✣✤✞✏ ✔ ✜✏ ✘♦✚✛✞✜ ✘✤✛✞

✪✞ ✜✤✢✞ ☛★✧ ✛✘✎ I
1
, I

2
 ✜☞✞✗ ☛✞✏✔ ✢♥✞✞ T

1
, T

2
, T

3
 ✜☞✞✗ ☛✞✏✩ ✢✞✏ 2! × 3! ❢☞✰✛ ✜☞✞✗ ☛✞✏Ø✏✔✧ ✟✜

✕✐✤✞✓ ✕✳✴✏ Ø✠ ✘♦✘✭✞✚✗ ❢☞✰✛✞✏✔ ✤✣ ♦✖✑✯ ✜✔✥✛✞
9!

2! 3!
 ☛★✧ ☛☞ ✘✗❣✗✘✯✘✥✞✢ ✕✐☞✏✛ ✤✞ ✤♥✞✗ ✵✘✡✗✞

♠✕✕✘✶✞✷ ✸✛✹✢ ✤✓ ✜✤✢✏ ☛★✔✧

✺✻✼✽✾ 3  n ♦✫✢✖✈✞✏✔ ♦✏✑ ❢☞✰✛✞✏✔ ✤✣ ✜✔✥✛✞✩ ✪☛✞✿ p ♦✫✢✖✠✿ ✜☞✞✗ ✕✐✤✞✓ ✤✣ ✈✞★✓ ✌✞✏❀✞ ✘✭✞✚✗ ✕✐✤✞✓

✤✣ ☛✔★ = 
!

!

n

p
.

♦✫✢✖✢❁ ✟✜ ✜✔✡✔❂ ☞✏✔ ✠✤ ✈✘❂✤ ✸✛✞✕✤ ✕✐☞✏✛ ☛✏★ ✪✞✏ ✗✣✰✏ ♦✘❃✞✙✢ ☛★❁
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✐✠✡☛☞ 4  n ♦✌✍✎✏✑✒✓ ♦✒✔ ✕✖✗✘✑✒✓ ✙✚ ✛✓✜✘✑
1 2

!

! ! !k

n

p p ... p
 ❣✢✣✤ ✥❣✑✦ p

1
 ♦✌✍✎✧✦ ✧✙ ★✩✙✑✪ ✙✚, p

2

♦✌✍✎✧✦ ✫✬✛✪✒ ★✩✙✑✪ ✙✚ , ..., p
k
 ♦✌✍✎✧✦ k♦✑✦ ★✩✙✑✪ ✙✚ ✏✑✢✪ ✭✑✒✮✑ ✯✘✰✫ ✙✑✒✱✲ ❣✢✳ ✰♦✰✴✑✵✶ ★✩✙✑✪

✙✚ ❣✢✓✣

♠✷✸✹✺✻✸ 9 ALLAHABAD ✭✑✼✫ ♦✒✔ ✏✽✑✪✑✒✓ ✛✒ ✾✶✶✒ ♦✑✿✒ ✕✖✗✘✑✒✓ ✙✚ ✛✓✜✘✑ ❀✑✍ ✙✚✰✥✧✣

✹❁  ✘❣✑✦ ★✪ ❂ ✏✽✑✪ ❣✢✓✤ ✰✥✶✖✒✓ A,  ❃ ✾✑✪ ✏✑✘✑ ❣✢✤ ❄ ✾✑✪ L ✏✑✘✑ ❣✢ ✍❅✑✑ ✭✑✒✮✑ ✰♦✰✴✑✵✶ ★✩✙✑✪ ♦✒✔

❣✢✓✣ ✏✍✧♦ ✰♦✵✘✑✛✑✒✓ ✙✚ ✏✴✑✚✮❆ ✛✓✜✘✑

 = 
9! 5 6 7 8 9

4!2! 2

❇ ❇ ❇ ❇
❈  = 7560

♠✷✸✹✺✻✸ 10 ❉ ✛✒ ❂ ✍✙ ♦✒✔ ✏✓✙✑✒✓ ✙✑ ★✩✘✑✒❊ ✙✪♦✒✔ ✰✙✍✶✚ ❃ ✏✓✙✚✘ ✛✓✜✘✑✧✦ ✾✶✑✱✲ ✥✑ ✛✙✍✚

❣✢✓✤ ✘✰✫ ✏✓✙✑✒✓ ✙✚ ★✎✶✪✑♦❋✰●✑ ✙✚ ✏✶✎✖✰✍ ✶❣✚✓ ❣✢❍

✹❁  ✘❣✑✦ ★✪ ✏✓✙✑✒✓ ✙✑ ✕✖ ✖❣■♦★✬❏✑✲ ❣✢✤ ❑✫✑❣✪❏✑ ♦✒✔ ✰✿✧ ❉❄▲❃ ✍❅✑✑ ❉▲❄❃ ✫✑✒ ✰✴✑✵✶▼✰✴✑✵✶ ✛✓✜✘✑✧✦

❣✢✓✣ ✏✍◆ ❃▼✏✓✙✚✘ ✛✓✜✘✑✏✑✒✓ ✙✚ ✛✓✜✘✑ ❂ ✰♦✰✴✑✵✶ ✏✓✙✑✒✓ ✖✒✓ ✛✒ ✧✙ ✛✖✘ ✖✒✓ ❃ ✏✓✙✑✒✓ ✙✑✒ ✿✒✙✪ ✾✶✶✒

♦✑✿✒ ✕✖✗✘✑✒✓ ✙✚ ✛✓✜✘✑ ♦✒✔ ✾✪✑✾✪ ❣✢✣ ✱✛ ★✩✙✑✪ ❃▼✏✓✙✚✘ ✛✓✜✘✑✏✑✒✓ ✙✚ ✏✴✑✚✮❆ ✛✓✜✘✑

❖ P

9
4

9! 9!
= P = =

9 – 4 ! 5!
 = 9 × 8 × 7 × 6 = 3024.

♠✷✸✹✺✻✸ 11 ❉◗◗ ✛✒ ❉◗◗◗ ♦✒✔ ✾✚✗ ✰✌❅✑✍ ✰✙✍✶✚ ✛✓✜✘✑✧✦ ❣✢✓✤ ✰✥✵❣✒✓ ✏✓✙ ◗✤ ❉✤ ❄✤ ▲✤ ❃✤ ❘ ✛✒

✾✶✑✘✑ ✥✑ ✛✙✍✑ ❣✢✤ ✘✰✫ ✏✓✙✑✒✓ ♦✒✔ ★✎✶✪✑♦❋✰●✑ ✙✚ ✏✶✎✖✰✍ ✶❣✚✓ ❣✢✣

✹❁  ❉◗◗ ✛✒ ❉◗◗◗ ♦✒✔ ✾✚✗ ✰✌❅✑✍ ★✩■✘✒✙ ✛✓✜✘✑ ✧✙ ▲ ✏✓✙✚✘ ✛✓✜✘✑ ❣✢✣ ★✩❅✑✖ ❣✖ ❙ ✏✓✙✑✒✓ ✖✒✓

✛✒ ✧✙ ✛✖✘ ✖✒✓ ▲ ✏✓✙✑✒✓ ✙✑✒ ✿✒✙✪ ✾✶✶✒ ♦✑✿✒ ✕✖✗✘✑✒✓ ✙✚ ✛✓✜✘✑ ✙✚ ❊❏✑✶✑ ✙✪✍✒ ❣✢✓✣ ✘❣ ✛✓✜✘✑
6P

3 
❣✢ ★✪✓✍✎ ✱✶ ✕✖✗✘✑✒✓ ✖✒✓ ♦✒ ✴✑✚ ✛✰❚✖✰✿✍ ❣✢✓✤ ✰✥✶✖✒✓ ◗✤ ✛✢✙❯❱✒ ♦✒✔ ✌❅✑✑✶ ★✪ ❣✢✣ ❑✫✑❣✪❏✑ ♦✒✔ ✰✿✧

◗❂❄✤ ◗❃❄ ❲❲❲❲ ✱■✘✑✰✫ ✏✑✢✪ ✘✒ ✧✒✛✚ ✛✓✜✘✑✧✦ ❣✢ ✥✑✒ ♦✑✌✍♦ ✖✒✓ ❄ ✏✓✙✚✘ ❣✢✓✣ ✏✍◆ ✏✴✑✚✮❆ ✛✓✜✘✑ ✙✑✒

❀✑✍ ✙✪✶✒ ♦✒✔ ✰✿✧✤ ✱✛ ★✩✙✑✪ ✙✚ ❄ ✏✓✙✚✘ ✛✓✜✘✑✏✑✒✓ ♦✒✔ 6P
3 
✖✒✓ ✛✒ ❡✑❆✑✶✑ ★❯❱✒❊✑✣ ✏✾ ✱✶ ❄▼✏✓✙✚✘

✛✓✜✘✑✏✑✒✓ ✙✚ ✛✓✜✘✑ ❀✑✍ ✙✪✶✒ ♦✒✔ ✰✿✧✤ ❣✖ ◗ ✙✑✒ ✛✢✙❯❱✒ ♦✒✔ ✌❅✑✑✶ ★✪ ✰✌❅✑✪ ✙✪ ✫✒✍✒ ❣✢✓ ✏✑✢✪ ✭✑✒✮✑

❘ ✏✓✙✑✒ ✛✒ ✧✙ ✛✖✘ ✖✒✓ ✫✑✒ ✏✓✙✑✒✓ ✙✑✒ ✿✒✙✪ ✾✶✶✒ ♦✑✿✒ ★✎✶✰♦✲✵✘✑✛✑✒✓ ✙✚ ✛✓✜✘✑ ❀✑✍ ✙✪✍✒ ❣✢✓✣ ✘❣

✛✓✜✘✑ 5P
2 
❣✢✣ ✏✍◆ ✏✴✑✚✮❆ ✛✓✜✘✑ = 6 5

3 2

6! 5!
P P

3! 3!
❳ ❨ ❳

= 4 × 5 × 6  –  4 ×5 = 100
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♠☎✆✝✞✟✆ 12  n ❞✠ ✡✠☛ ☞✠✌ ❞✍✎✏✑✒ ✓✔ ✕✖❞✠✗ ✎❞

(i)
5 3P 42 P 4n n

, n✘ ✙ (ii)
4

–1
4

P 5
=

3P

n

n , n > 4

✝❣ (i) ✎❢✚✠ ✛✜ ✎❞

5 3P 42 Pn n✘

✚✠ n (n – 1) (n – 2) (n – 3) (n – 4) = 42 n(n – 1) (n – 2)

❉✚✠✢✣✎❞ n > 4  ✓✔✎❜✑  n(n – 1) (n – 2) ✤ 0

✈✌✑✥✒ ❢✠✢☛✠✢ ✣ ✕✦✠✠✢✣ ❞✠✢ n(n – 1) (n – 2), ✔✢ ❧✠✠✧ ❢✢☛✢ ✕✗

(n – 3) (n – 4) = 42

✚✠ n2  –  7n  –  30 = 0

✚✠ n2 – 10n + 3n – 30 = 0

✚✠ (n – 10) (n + 3) = 0

✚✠ n  –  10 = 0   ✚✠   n + 3 = 0

✚✠ n = 10  ✚✠  n = – 3

❉✚✠✢ ✣✎❞  n ➼★✠ ✔✣✩✚✠ ☛✛✍✣ ✛✠✢ ✔❞✌✍ ✛✜ ✈✌✪ n = 10

(ii) ✎❢✚✠ ✛✜ ✎❞ 
4

–1
4

P 5

3P

n

n
✫

✓✔ ✕✖❞✠✗ 3n (n – 1) (n – 2) (n – 3) = 5(n – 1) (n – 2) (n – 3) (n – 4)

✚✠ 3n = 5 (n – 4) [ ❉✚✠✢✣✎❞ (n – 1) (n – 2) (n – 3) ✤ 0, n > 4]

✚✠   n = 10

♠☎✆✝✞✟✆ 13 ☞✠✌ ❞✍✎✏✑  r, ✚✎❢ 5 4P
r
 = 6 5P

r–1
 .

✝❣  ✚✛✠❀ ✕✗

4 5
15 P 6 Pr r✬✭

✚✠ ✮ ✯ ✮ ✯

4! 5!
5 6

4 ! 5 1 !r r
✰ ✘ ✰

✱ ✱ ✲

✚✠ ✳ ✴ ✳ ✴ ✳ ✴✳ ✴

5! 6 5!

4 ! 5 1 5 5 1 !r r r r

✰
✘

✱ ✱ ✲ ✱ ✱ ✱

✚✠ (6  –  r) (5  –  r) = 6
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❀✠ r2  –  11r + 24 = 0

❀✠ r2 – 8r – 3r + 24 = 0

❀✠ (r  –  8) (r  –  3) = 0

❀✠ r = 8   or  r = 3.

✈✡☛ r = 8, 3.

♠☞✌✍✎✏✌ 14 DAUGHTER ✬✠✑✒ ✓✔✕ ✈✖✠✗✠✔✘ ✙✔ ✚ ✈✖✠✗ ✓✠✛✔ ✜✓✢❀✠✙✠✔✘ ✣✤ ✙✘✥❀✠ ✦✠✡ ✣✤✜✧★✩ ❀✜✒

(i) ✙❧ ✪✓✗ ★✣ ✙✠✫✠ ✗✭✔✘✮ (ii) ✙❧ ✪✓✗ ★✣ ✙✠✫✠ ✯✭✤✘ ✗✭✔✘✮

✍❣ (i) DAUGHTER ✬✠✑✒ ✰✔✘ ✚ ✜✓✜✱✠✢✯ ✈✖✠✗ ✭✲✘✩ ✜✧✯✰✔✘ ✙✔ ✳ ✪✓✗ ✭✲✘✩ ✈✫✠✠✴✡✵ A, U ✡✫✠✠ E

❉❀✠✔✘✜✣ ✙✱✠✤ ✪✓✗✠✔✘ ✣✠✔ ★✣ ✙✠✫✠ ✗✭✯✠ ✭✲ ✶✙✜✛★ ✭✰ ✓✷✕✸ ✙✰❀ ✓✔✕ ✜✛★ ✹✯✣✠✔ ✙✜✺✰✜✛✡ ✻✼ ✙✔

★✣ ✓✪✡✷ (AUE) ✰✠✯ ✛✔✡✔ ✭✲✘✮ ❀✭ ✈✓✔✕✛✤ ✓✪✡✷ ✬✠✔❡✠ ✽ ✓✪✡✷✈✠✔✘ ✾✈✖✠✗✠✔✘✿ ✓✔✕ ✙✠✫✠ ✜✰✛✣✗ ❁ ✓✪✡✷★❂

✭✠✔ ✧✠✡✤ ✭✲✘✮ ✜✼✕✗ ✭✰ ❁ ✓✪✡✷✈✠✔✘ ✰✔✘ ✙✔ ★✣ ✙✰❀ ✰✔✘ ✙✱✠✤ ✣✠✔ ✛✔✣✗ ❧✯✯✔ ✓✠✛✔ ❃✰❄❀✠✔✘ ✣✤ ✙✘✥❀✠

✣✤ ❞❅✠✯✠ ✣✗✡✔ ✭✲✘✮ ❀✭ ✙✘✥❀✠ 6P
6
 = 6! ✭✲✮ ✶✯✰✔✘ ✙✔ ✼❆❇❀✔✣ ❃✰❄❀ ✓✔✕ ✙✘❞✡ ✭✰✔✘ ✡✤✯ ✪✓✗✠✔✘ A, U,

E ✰✔✘ ✙✔ ✙✱✠✤ ✣✠✔ ★✣ ✙✰❀ ✰✔✘ ✛✔✣✗ ✳❈ ❃✰❄❀ ❧✯✡✔ ✭✲✘✮ ✈✡★✓ ❞✷❅✠✯ ✜✙❊✠✘✡ ✙✔ ❃✰❄❀✠✔✘ ✣✤

✈✱✠✤❡❋ ✙✘✥❀✠ = 6 ! × 3 ! = 4320.

(ii) ❀✜✒ ✭✰✔✘ ✹✯ ❃✰❄❀✠✔✘ ✣✤ ✙✘✥❀✠ ✦✠✡ ✣✗✯✤ ✭✲✩ ✜✧✯✰✔✘ ✙✱✠✤ ✪✓✗ ★✣ ✙✠✫✠ ✯✭✤✘ ✭✲✘✩ ✡✠✔

✭✰✔✘ ✼✭✛✔ ✚ ✈✖✠✗✠✔✘ ✰✔✘ ✙✔ ★✣ ✙✰❀ ✰✔✘ ✙✱✠✤ ✣✠✔ ✙✠✫✠ ✛✔✣✗ ❧✯✯✔ ✓✠✛✔ ✜✓✢❀✠✙✠✔✘ ✣✤ ✙✘✱✠✓ ✙✘✥❀✠

✦✠✡ ✣✗✯✤ ✭✠✔❞✤✩ ✧✠✔ ✚❈ ✭✲✮ ✜✼✕✗ ✶✙ ✙✘✥❀✠ ✙✔ ✭✰✔✘ ✙❧ ✪✓✗✠✔✘ ✓✔✕ ★✣ ✙✠✫✠ ✗✭✯✔ ✓✠✛✤ ❃✰❄❀✠✔✘ ✣✤

✙✘✥❀✠ ●✠❋✠✯✤ ✼❍■✔❞✤✮

✈✡☛ ✈✱✠✤❡❋ ✙✘✥❀✠ 8 ! – 6 ! × 3 ! = 6 ! (7×8  –  6)

= 2 × 6 ! (28 – 3)

= 50 × 6 ! = 50 × 720 = 36000

♠☞✌✍✎✏✌ 15 ❏ ✛✠✛✩ ✳ ✼✤✛✤ ✡✫✠✠ ❑ ✭✗✤ ✜❍✪✣✠✔✘ ✣✠✔ ★✣ ✼✘✜❉✡ ✰✔✘ ✜✣✡✯✔ ✼❆✣✠✗ ✙✔ ▲❀✓✜✪✫✠✡

✜✣❀✠ ✧✠ ✙✣✡✠ ✭✲✩ ❀✜✒ ★✣ ✭✤ ✗✘❞ ✣✤ ✜❍✪✣✠✔✘ ✰✔✘ ✣✠✔✶✴ ✈✘✡✗ ✯✭✤✘ ✭✲ ❢

✍❣  ✜❍✪✣✠✔✘ ✣✤ ✓✷✕✛ ✙✘✥❀✠ 4 + 3 + 2 = 9 ✭✲✮ ✶✯ ▼ ✜❍✪✣✠✔✘ ✰✔✘ ✙✔ ❏ ✜❍✪✓✔✘✕ ★✣ ✼❆✣✠✗ ✣✤ ✾✛✠✛✿✩

✳ ✜❍✪✓✔✘✕ ✒◆✙✗✔ ✼❆✣✠✗ ✣✤ ✾✼✤✛✤✿ ✡✫✠✠ ❑ ✜❍✪✓✔✘✕ ✡✤✙✗✔ ✼❆✣✠✗ ✣✤ ✾✭✗✤✿ ✭✲✘✮

✶✙ ✼❆✣✠✗ ✜❍✪✣✠✔✘ ✣✠✔ ▲❀✓✜✪✫✠✡ ✣✗✯✔ ✣✤ ✙✘✥❀✠
9!

=1260
4! 3! 2!

.

♠☞✌✍✎✏✌ 16 INDEPENDENCE ✬✠✑✒ ✓✔✕ ✈✖✠✗✠✔✘ ✙✔ ❧✯✯✔ ✓✠✛✔ ✜✓✢❀✠✙✠✔✘ ✣✤ ✙✘✥❀✠ ✦✠✡ ✣✤✜✧★✮

✶✯ ✜✓✢❀✠✙✠✔✘ ✰✔✘ ✙✔ ✜✣✡✯✔ ✜✓✢❀✠✙✠✔✘ ✰✔✘✩

(i) ✬✠✑✒ P ✙✔ ✼❆✠✗✘✱✠ ✭✠✔✡✔ ✭✲✘❢
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(ii) ❧☎✆✝ ✞✟✠ ❧✡☛✟ ☞✌ ❧✆✍✆ ✠✎✏✑ ✎☛✒✓

(iii) ✞✟✠ ✌☎✆✝ ☎✆✝ ☞✌ ❧✆✍✆ ▲✎✝✒ ✠✎✏✑ ✎☛✒✓

(iv) ✬✆✔✡ I ❧✑ ✕✖✆✠✒☎✆ ✎✆✑✏✑ ✎☛✒ ✗✆☛✠ ✘▲✌✆ ✗✒✏ P ❧✑ ✎✆✑✏✆ ✎☛ ?

❣✙  ❀✎✆✚ ✕✠ ✛✜ ✗✢✆✠ ✎☛✣ ✤✥▲✦✑✒ ❧✑ N ✏✝▲ r✆✠✣ E ♣✆✠ r✆✠ D, ✡✆✑ r✆✠ ✗✆✏✆ ✎☛ ✗✆☛✠ ✬✆✑♥✆ ✗✢✆✠✆✑✒

✦✑✒ ❧☎✆✝ ✤☎✆❡▲✧✤☎✆❡▲ ✎☛✒★

❜❧✤✩☞ ✤✟❡❀✆❧✆✑✒ ✌✝ ✗☎✆✝♥✪ ❧✒✫❀✆  
12!

1663200
3! 4! 2!

✭ ✭

  (i) ✎✦ P ✌✆✑ ❧r❧✑ r✆☞✚ ✞✍✆✆▲ ✕✠ ✤✞✍✆✠ ✌✠ ✡✑✏✑ ✎☛✒ ✗✆☛✠ ✤✕❞✠ ✬✆✑♥✆ ✛✛ ✗✢✆✠✆✑✒ ✟✑❞ ✤✟❡❀✆❧

✌✝ ✮✯✆▲✆ ✌✠✏✑ ✎☛✒★ ✗✏☞✟ P ❧✑ ✕✖✆✠✒☎✆ ✎✆✑▲✑ ✟✆✩✑ ✬✆✔✡✆✑✒ ✌✝ ✗☎✆✝♥✪ ❧✒✫❀✆

11!
138600

3! 2! 4!
✭ ✭ .

 (ii) ✕✖✡✐✆ ✬✆✔✡ ✦✑✒ ✰ ✞✟✠ ✎☛✒✣ ✥✆✑ ✤✌ ✱ r✆✠ E ✎☛ ✏✍✆✆ ✛ r✆✠  I ✎☛ ✲❀✆✑✒✤✌ ✤✌ ❜▲✌✆✑ ❧✡☛✟

☞✌ ❧✆✍✆ ✠✎▲✆ ✎☛✣ ❜❧✤✩☞ ❜▲✌✆✑ ✟✳❞✴ ❧✦❀ ✟✑❞ ✤✩☞ ☞✌ ✗✟✑❞✩✝ ✟✞✏✳ EEEEI

❧✦✵ ✩✑✏✑ ✎☛✒★ ❀✎ ✗✟✑❞✩✝ ✟✞✏✳ ✬✆✑♥✆ ✶ ✟✞✏✳✗✆✑✒ ✟✑❞ ❧✆✍✆ ✤✦✩✌✠ ✟✳❞✩ ✷ ✟✞✏✳☞✚ ✎✆✑ ✥✆✏✝

✎☛✒★ ❜▲ ✷ ✟✞✏✳✗✆✑✒ ✤✥▲✦✑✒ ✸ r✆✠ N ✎☛✣ ✏✍✆✆ ✡✆✑ r✆✠ D ✎☛ ✟✑❞ ✤✟❡❀✆❧✆✑✒ ✌✝ ❧✒✫❀✆ 
8!

3! 2!

✎☛★ ❜▲✦✑✒ ❧✑ ✕✖✹❀✑✌ ✤✟❡❀✆❧ ✟✑❞ ❧✒✮✏ ✰ ✞✟✠ E, E, E, E ✏✍✆✆ I ✟✑❞ ✤✟❡❀✆❧✆✑✒ ✌✝ ❧✒✫❀✆

5!

4!
✎☛★ ❜❧✤✩☞ ✮✳✯✆▲ ✤❧✺✆✒✏ ✻✆✠✆ ✤✟❡❀✆❧✆✑✒ ✌✝ ✗☎✆✝♥✪ ❧✒✫❀✆ 

8! 5!
= 16800

3! 2! 4!
✼ ✭

(iii) ✤✟❡❀✆❧✆✑✒ ✌✝ ✗☎✆✝♥✪ ❧✒✫❀✆

= ✤✟❡❀✆❧✆✑✒ ✌✝ ✟✳❞✩ ❧✒✫❀✆ ❢✤r▲✆ ✤✌❧✝ ✕✖✤✏r✒✽ ✟✑❞✾ ✧ ✤✟❡❀✆❧✆✑✒ ✌✝ ❧✒✫❀✆✣ ✤✥▲✦✑✒

❧☎✆✝ ✞✟✠ ☞✌ ❧✆✍✆ ✠✎✏✑ ✎☛✒

= 1663200 – 16800  = 1646400

(iv) ✎✦ I ✏✍✆✆ P ✌✆✑ ✡✆✑▲✆✑✒ ✤❧✠✆✑✒ ✕✠ ✤✞✍✆✠ ✌✠ ✡✑✏✑ ✎☛✒ (I r✆☞✚ ✤❧✠✑ ✕✠ ✗✆☛✠ P ✡✆☞✚ ✤❧✠✑ ✕✠).

❜❧ ✕✖✌✆✠ ✎✦✆✠✑ ✕✆❧ ✛✿ ✗✢✆✠ ✬✆✑♥✆ ✠✎✏✑ ✎☛✒★

✗✏✈ ✤✟❡❀✆❧✆✑✒ ✌✝ ✗☎✆✝♥✪ ❧✒✫❀✆ = 
10!

3! 2! 4!
= 12600
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✐✠✡☛☞✌✍✎ 7.3

1. ✶ ✏✑ ✒ ✓✔ ✕✑✖ ✗✘✔✙✑✘ ✔✙✑ ✚✛✜✙✑✢ ✔✣✕✑✖ ✤✔✓✥✑ ✦ ✗✘✔✧✜ ✏✘★✜✙✩✪ ✫✥ ✏✔✓✧ ✬✘✭✮ ✜✤✯ ✤✔✏✧

❍✙✧ ✗✘✔ ✔✙✑ ✯✙✑✬✣✙✜✙ ✥✬✧✘ ✢✜✙ ✬✭✰

2. ✤✔✏✧ ❍✙✧ ✗✘✔ ✔✙✑ ✯✙✑✬✣✙✩ ✤✫✥✙ ✤✔✓✥✧ ❢ ✗✘✔✧✜ ✏✘★✜✙✩✪ ✬✙✑✓✧ ✬✭ ✘✰

3. ✗✘✔ ✶✮ ✈✮ ✦✮ ❢✮ ✱✮ ✲ ✔✙✑ ✚✛✜✳✴✓ ✔✣✥✑ ✏✑ ✤✔✓✥✧ ✦ ✗✘✔✧✜ ✏✵ ✏✘★✜✙✩✪ ✫✥✙✷✸ ✹✙ ✏✔✓✧

✬✭✘✮ ✜✤✯ ✔✙✑✷✸ ❍✙✧ ✗✘✔ ✯✙✑✬✣✙✜✙ ✥✬✧✘ ✢✜✙ ✬✭✰

4. ✗✘✔ ✶✮ ✈✮ ✦✮ ❢✮ ✺ ✕✑✖ ✻✚✜✙✑✢ ✼✙✣✙ ✤✔✓✥✧ ❢ ✗✘✔✧✜ ✏✘★✜✙✩✪ ✫✥✙✷✸ ✹✙ ✏✔✓✧ ✬✭✮ ✜✤✯ ✔✙✑✷✸

❍✙✧ ✗✘✔ ✯✙✑✬✣✙✜✙ ✥✬✧✘ ✢✜✙ ✬✭✰ ✷✥✵✑✘ ✏✑ ✤✔✓✥✧ ✏✵ ✏✘★✜✙✩✪ ✬✙✑✘✢✧✘✰

5. ✽ ✾✜✤✴✓✜✙✑✘ ✔✧ ✏✤✵✤✓ ✵✑✘✮ ✬✵ ✤✔✓✥✑ ✚✛✔✙✣ ✏✑ ✩✔ ✗✿✜❀✙ ✗✙✭✣ ✩✔ ✻✚✙✿✜❀✙ ❁✳✥ ✏✔✓✑ ✬✭✘✮

✜✬ ✵✙✥✓✑ ✬✳✩ ✤✔ ✩✔ ✾✜✤✴✓ ✩✔ ✏✑ ✗✤❂✔ ✚✯ ✚✣ ✥✬✧✘ ✣✬ ✏✔✓✙ ✬✭✰

6. ✜✤✯   n – 1P
3
 : nP

4
 = 1 : 9 ✓✙✑ n ❑✙✓ ✔✧✤✹✩❃

7.  r ❑✙✓ ✔✧✤✹✩✮ ✜✤✯ (i) 5 6
1P 2 Pr r❄❅ (ii) 5 6

1P Pr r❄❅ .

8. EQUATION ❆✙❇✯ ✕✑✖ ✗❀✙✣✙✑✘ ✵✑✘ ✏✑ ✚✛❈✜✑✔ ✔✙✑ ✓❉✜✓❊ ✕✑✖✕❋ ✩✔ ✫✙✣ ✻✚✜✙✑✢ ✔✣✕✑✖ ✤✔✓✥✑

✗❉✙✸✚●■✙✸ ✜✙ ✗❉✙✸✬✧✥✮ ❆✙❇✯ ✫✥ ✏✔✓✑ ✬✭✘?

9. MONDAY ❆✙❇✯ ✕✑✖ ✗❀✙✣✙✑✘ ✏✑ ✤✔✓✥✑✮ ✗❉✙✸✚●■✙✸ ✜✙ ✗❉✙✸✬✧✥✮ ❆✙❇✯ ✫✥ ✏✔✓✑ ✬✭✘✮ ✜✬ ✵✙✥✓✑ ✬✳✩

✤✔ ✤✔✏✧ ❍✙✧ ✗❀✙✣ ✔✧ ✚✳✥✣✙✕❏✤▲✙ ✥✬✧✘ ✔✧ ✹✙✓✧ ✬✭✮ ✜✤✯

(i) ✩✔ ✏✵✜ ✵✑✘ ❢ ✗❀✙✣ ✤❋✩ ✹✙✓✑ ✬✭✘✰ (ii) ✩✔ ✏✵✜ ✵✑✘ ✏❍✙✧ ✗❀✙✣ ✤❋✩ ✹✙✓✑ ✬✘✭✰

(iii) ✏❍✙✧ ✗❀✙✣✙✑✘ ✔✙ ✚✛✜✙✑✢ ✤✔✜✙ ✹✙✓✙ ✬✭✮ ✤✔✘✓✳ ✚✛❉✙✵ ✗❀✙✣ ✩✔ ❧✕✣ ✬✭?

10. MISSISSIPPI ❆✙❇✯ ✕✑✖ ✗❀✙✣✙✑✘ ✏✑ ✫✥✑ ✤❍✙▼✥◆✤❍✙▼✥ ❖✵❁✜✙✑✘ ✵✑✘ ✏✑ ✤✔✓✥✙✑✘ ✵✑✘ ❁✙✣✙✑✘ I ✩✔ ✏✙❉✙

✥✬✧✘ ✗✙✓✑ ✬✭✘ ?

11. PERMUTATIONS ❆✙❇✯ ✕✑✖ ✗❀✙✣✙✑✘ ✔✙✑ ✤✔✓✥✑ ✓✣✧✔✙✑✘ ✏✑ ✾✜✕✤❧❉✙✓ ✤✔✜✙ ✹✙ ✏✔✓✙ ✬✭✮

✜✤✯

(i) ❁✜✤✥✓ ❆✙❇✯ ✔✙ ✚✛✙✣✘❍✙ P ✏✑ ✓❉✙✙ ✗✘✓ S ✏✑ ✬✙✑✓✙ ✬✭❃

(ii) ❁✜✤✥✓ ❆✙❇✯ ✵✑✘ ✏❍✙✧ ❧✕✣ ✩✔ ✏✙❉✙ ✬✭✘✰

(iii)  ❁✜✤✥✓ ❆✙❇✯ ✵✑✘ P ✓❉✙✙ S ✕✑✖ ✵✿✜ ✏✯✭✕ ❢ ✗❀✙✣ ✬✙✑✘ ✰

7.4 P◗❘❙ (Combinations)

✵✙✥ ❋✧✤✹✩ ✤✔ ✦ ❋✙❡✥ ❚✑✤✥✏ ✤★✙❋✙✤❯❱✜✙✑✘  X, Y, Z ✔✙ ✩✔ ✏✵●✬ ✬✭❃ ✈ ✤★✙❋✙✤❯❱✜✙✑✘ ✔✧ ✩✔ ❚✧✵

✫✥✙✥✧ ✬✭❃ ✷✏✔✙✑ ✬✵ ✤✔✓✥✑ ✚✛✔✙✣ ✏✑ ✔✣ ✏✔✓✑ ✬✭✘✰ ✴✜✙ X ✗✙✭✣ Y ✔✧ ❚✧✵✮ Y ✓❉✙✙ X  ✔✧ ❚✧✵

✏✑ ✤❍✙▼✥ ✬✭ ? ✜✬✙✪ ✚✣ ✤★✙❋✙✤❯❱✜✙✑✘ ✔✙ ❖✵ ✵✬▲✕✚●■✙✸ ✥✬✧✘ ✬✭❃ ✕✙❧✓✕ ✵✑✘ ❚✧✵ ✫✥✙✥✑ ✕✑✖ ✕✑✖✕❋ ✓✧✥

✬✧ ✏✘❍✙✕ ✓✣✧✕✑✖ ✬✭✘❃ ✜✬ XY, YZ ✓❉✙✙ ZX ✬✭✘ ❣✗✙✕❏✖✤✓ ✲❲✦❳❃
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❀☎✆✝ ✞✟✠ ✞✡☛❀☞✌ ✍❀✎✠ ✏ ✑✒✑✓✆✔✎ ✒✕✖✗✘✆☞✙ ✚☞✙ ✛☞ ✜✌ ✛✚❀ ✚☞✙ ✢ ✌✆☞ ✣☞✌✟ ✤✎✆ ☎✗✘✆✠ ✛✙✍❀

✌☎✣✆✖✆ ☎❞✥

✑✌✛❢ ✛✙✍❀ ✚☞✙ ✍❀✑✎✖ ✒✕✖✗✘✆☞✙ ✌✆ ✦✚ ✚☎☛✒✞✧★✆✩ ✎☎❢✙ ☎❞✥ ✘✤ ✒✗✪✫ ✘✆❞✟ ✬✭✆☎✟★✆✆☞✙ ✞✟ ✑✒✍✆✟

✌✟✖☞ ☎❞✙✥

✤✆✟☎ ❝❀✑✮✖ ✜✌ ✌✚✟☞ ✚☞✙ ✑✚✣✖☞ ☎❞✙ ✘✆❞✟ ✞✡☛❀☞✌ ❝❀✑✮✖ ✘✔❀ ✛✓✆❢ ❝❀✑✮✖❀✆☞✙ ✛☞ ☎✆✯✆ ✑✚✣✆✖✆

☎❞✥ ❣☎✆✯✆ ✑✚✣✆✎☞✰ ✌❢ ✒✗✪✣ ✛✙✱❀✆ ✌✆ ✑✎✲✆✩✟★✆ ☎✚ ✑✌✛ ✞✡✌✆✟ ✌✟✖☞ ☎❞✙✥ X ✌✆ Y ✛☞ ☎✆✯✆ ✑✚✣✆✎✆

✖✯✆✆ Y ✌✆ X ✛☞ ☎✆✯✆ ✑✚✣✆✎✆ ✭✆☞ ✑✓✆✔✎ ☎✆✯✆ ✑✚✣✆✎✆ ✎☎❢✙ ☎❞✙✥ ❀☎✆✝ ✦✚ ✚☎☛✒✞✧★✆✩ ✎☎❢✙ ☎❞✥ ❣☎✆✯✆ ✑✚✣✆✎☞✰

✌❢ ✒✗✪✣ ✛✙✱❀✆ ✬✖✎❢ ☎❢ ☎❞✠ ✑✳✖✎❢ ✴✢ ✑✒✑✓✆✔✎ ✒✕✖✗✘✆☞✙ ✚☞✙ ✛☞ ✜✌ ✛✚❀ ✚☞✙ ✢ ✒✕✖✗✘✆☞✙ ✌✆☞ ✣☞✌✟

✤✎✎☞ ✒✆✣☞ ✛✙✍❀✆☞✙ ✌❢ ✛✙✱❀✆ ☎❞✥

✛✆✖ ✑✤✙✭✗ ✜✌ ✒❧✵✆ ✞✟ ✑✕✯✆✖ ☎❞✙✥ ✶✎ ✑✤✙✭✗✘✆☞✙ ✚☞✙ ✛☞ ✑✌✔☎❢✙ ✓✆❢ ✭✆☞ ✌✆☞ ✑✚✣✆✌✟ ✑✌✖✎❢ ✳❢✒✆✜✝

✱✆❢✙✍❢ ✳✆ ✛✌✖❢ ☎❞✙✥ ❀☎✆✝ ✳❢✒✆✘✆☞✙ ✌❢ ✒✗✪✣ ✛✙✱❀✆ ✬✖✎❢ ☎❢ ☎❞✠ ✑✳✖✎❢ ❬ ✑✒✑✓✆✔✎ ✒✕✖✗✘✆☞✙ ✚☞✙ ✛☞ ✜✌

✛✚❀ ✚☞✙ ✢ ✒✕✖✗✘✆☞✙ ✌✆☞ ✣☞✌✟ ✤✎✎☞ ✒✆✣☞ ✛✙✍❀✆☞✙ ✌❢ ✛✙✱❀✆ ☎❞✥

✘✤ ☎✚ n ✑✒✑✓✆✔✎ ✒✕✖✗✘✆☞✙ ✚☞✙ ✛☞ ✜✌ ✛✚❀ ✚☞✙ r ✒✕✖✗✘✆☞✙ ✌✆☞ ✣☞✌✟ ✤✎✎☞ ✒✆✣☞ ✛✙✍❀✆☞✙ ✌❢

✛✙✱❀✆✠ ✑✳✛☞ ✞✡✖❢✌ Cn
r
 ✛☞ ✞✡✌✷ ✌✟✖☞ ☎❞✙✠ ✸✆✖ ✌✟✎☞ ✒☞✪ ✑✣✜ ✛✧✹✆ ✞✡✆✺✖ ✌✟✖☞ ☎❞✙✥

✚✆✎ ✣❢✑✳✜ ✑✌ ☎✚✆✟☞ ✞✆✛ ❡ ✑✓✆✔✎✻✑✓✆✔✎ ✒✕✖✗✜✝  A, B, C ✘✆❞✟ D  ☎❞✙✥ ✶✎✚☞✙ ✛☞ ✜✌ ✛✚❀ ✚☞✙

✢ ✒✕✖✗✘✆☞✙ ✌✆☞ ✣☞✌✟ ❀✑✭ ✶✛☞ ✛✙✍❀ ✤✎✆✎✆ ✍✆☎☞✙✠ ✖✆☞ ❀☞ ✛✙✍❀ AB, AC, AD, BC, BD, CD ☎❞✙✥ ❀☎✆✝

✞✟ AB ✖✯✆✆ BA ✜✌ ☎❢ ✛✙✍❀ ☎❞✠ ✮❀✆☞✙✑✌ ✒✕✖✗✘✆☞✙ ✌✆ ✦✚ ✛✙✍❀ ✌✆☞ ✞✑✟✒✑✖✩✖ ✎☎❢✙ ✌✟✖✆ ☎❞✥ ✶✛❢

✌✆✟★✆ ✛☞ ☎✚✎☞ BA, CA, DA, CB, DB ✖✯✆✆ DC ✌✆☞ ✶✛ ✛✧✍❢ ✚☞✙ ✛✑✼✚✑✣✖ ✎☎❢✙ ✑✌❀✆ ☎❞✥ ✶✛

✞✡✌✆✟ ❡ ✑✒✑✓✆✔✎ ✒✕✖✗✘✆☞✙ ✚☞✙ ✛☞ ✜✌ ✛✚❀ ✚☞✙ ✢ ✒✕✖✗✘✆☞✙ ✌✆☞ ✣☞✌✟ ✤✎✎☞ ✒✆✣☞ ✛✙✍❀✆☞✙ ✌❢ ✛✙✱❀✆

✽ ☎❞✠ ✘✯✆✆✩✖✾ 4C
2
 = 6.

✶✛ ✛✧✍❢ ✒☞✪ ✞✡☛❀☞✌ ✛✙✍❀ ✒☞✪ ✛✙❜✖✠ ☎✚☞✙ ✢✿ ✦✚✍❀ ✑✚✣ ✛✌✖☞ ☎❞✙✠ ✮❀✆☞✙✑✌ ✞✡☛❀☞✌ ✛✙✍❀ ✌❢

✢ ✒✕✖✗✘✆☞✙ ✌✆☞ ✢✿ ✖✟❢✌✆☞✙ ✛☞ ✞✗✎❝❀✩✒✑✕✯✆✖ ✑✌❀✆ ✳✆ ✛✌✖✆ ☎❞✥ ✶✛✑✣✜✠ ✦✚✍❀✆☞✙ ✌❢ ✛✙✱❀✆

= 4C
2
 × 2!, ✭✧✛✟❢ ✖✟✞✪ ❡ ✑✒✑✓✆✔✎ ✒✕✖✗✘✆☞✙ ✚☞✙ ✛☞ ✜✌ ✛✚❀ ✚☞✙ ✢ ✒✕✖✗✘✆☞✙ ✌✆☞ ✣☞✌✟ ✤✎✎☞ ✒✆✣☞

✦✚✍❀✆☞✙ ✌❢ ✛✙✱❀✆  = 4P
2
.

✘✖✜✒ 4P
2
 = 4C

2
 × 2!   ❀✆   ❁ ❂

4
2

4!
C

4 2 ! 2!
❃

❄

✈❅❆❇❈❉❊ ❋●❍
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✈✠ ✡ ☛☞ ✌ ✍✎✏✑✒ ✏✓ ✔☛☞ ✕✖ ✗☞ ✘ ✙ ✏ ✚✏✛☞ ✜ ✌ ✚✢ ✣✤✒✥  A, B, C, D, E ✔❣ ✦✧ ★ ✌☛✖ ✦ ✘✖ ✒✓ ✘☛ ✩ ☛✖ ✦

✸ ✚✢ ✣✤✈☞ ✖ ✦ ✓☞ ✖ ✍✖✓✕ ✡ ✩✏ ✪ ✔☛ ✘✦✫ ✩ ✠ ✌☞ ✣✖ ✔❣ ✦ ✡ ✣☞ ✖ ✩✖ ABC, ABD, ABE, BCD, BCE, CDE,

ACE, ACD, ADE, BDE ★ ✌ 5
3C  ✘✦✫ ✩☞ ✖ ✦ ☛✖ ✦ ✘✖ ✗❧✬ ✩✖ ✓ ✚✖✭ ✘✦✮✣ ✸ ✯ ✰☛✫ ✩ ✔ ❣ ✦✡ ✱ ✩☞ ✖ ✦✏✓ ✗❧ ✬ ✩✖ ✓

✘✦✫ ✩ ✓✎ ✣✎ ✌ ✚✢ ✣✤✈☞ ✖ ✦ ✓☞ ✖ ✸ ✯ ✣✕✎✓☞✖ ✦ ✘✖ ✗✤ ✌✲✩✳ ✚✏✢✴☞ ✣ ✏✓ ✩☞ ✑☞ ✘✓ ✣☞ ✔ ❣ ✧ ★ ✘✏✍✒ ✰☛✫ ✩☞ ✖ ✦ ✓✎ ✚✤ ✭ ✍

✘✦✵ ✩☞ = 5
3C 3!✶

✈✣✷ 5 5
3 3P C 3!✹ ✺   ✩☞ ✻ ✼

5
3

5!
C

5 3 ! 3!
✹

✽

✩✖ ❀ ✪☞ ✔✕ ✾☞ ✡ ✰☛✫ ✩ ✣✴☞ ☞ ✘✦✫ ✩ ✚✖✭ ✠✎✫ ✘✦✠ ✦✿ ✪❁☞☞ ✳ ✌✖ ✚☞ ✍✎ ✡ ✏ ✌❂✌✏ ✍✏✵ ☞ ✣ ✗❧☛✖ ✩ ✓✎ ✈☞ ✖✕ ✘✦✚✖✭ ✣

✓✕ ✣✖ ✔❣ ✦✷

✐❃❄❅❆ 5 P C !n n
r r r✹ , 0 < r ❇ n.

♠✐✐❈ ❉❊   nC
r
 ✘✦✫ ✩☞ ✖ ✦ ☛✖ ✦ ✘✖ ✗❧✬ ✩✖✓ ✚✖✭ ✘✦ ✮✣  r ! ✰☛✫ ✩ ✔ ❣ ✦✡ ✱ ✩☞ ✖ ✦✏✓ ✗❧✬ ✩✖ ✓ ✘✦✫ ✩ ✚✖✭ r ✚✢ ✣✤✈☞ ✖ ✦ ✓☞ ✖

r ! ✣✕✎✓☞ ✖ ✦ ✘✖ ✗✤ ✌ ✲✩✳ ✚✏✢✴ ☞ ✣ ✏✓ ✩☞ ✑☞ ✘✓ ✣☞ ✔❣ ❋

✈ ✣✷ n ✏✚✏✛☞ ✜ ✌ ✚✢ ✣✤✈☞ ✖ ✦ ☛ ✖ ✦ ✘✖ ✡ ✒✓ ✘☛ ✩ ☛✖ ✦ r ✚✢ ✣✤✈ ☞✖ ✦ ✓☞ ✖ ✍✖✓✕ ✠ ✌ ✌✖ ✚☞ ✍✖ ✰☛✫ ✩☞ ✖ ✦ ✓✎ ✚✤ ✭ ✍

✘✦✵ ✩☞ nC
r
 × r!. ✔❣ ✧ ✪● ✘✕✎ ✈ ☞✖ ✕ ✩✔ ✘✦✵ ✩☞ P

n

r
✔❣ ✧

★ ✘ ✗❧✓☞ ✕ P C !n n
r r r✹ ✺ , 0 r n❍ ■ .

❢ ❏❑▲▼ ◆❖  1.❀ ✗✩✤✳ ✱ ✣ ✗✏✕ ✾☞ ☞ ☛ ✘✖ P ◗

!
C !

!

n
r

n
r

n r
✹ ✺

✽ ,✈✴☞ ☞ ✳ ✣❘    ❙ ❚

!
C

! !

n
r

n

r n r
✹

✽ .

✏✚❁☞ ✖ ❯☞ ❱ ✗ ✘✖ ✡ ✩✏ ✪ r n❲ ,  ✣☞✖
!

C 1
! 0!

n
n

n

n
❳ ❳ .

2. ✔☛ ✗✏✕✛ ☞☞ ✏ ❯☞ ✣ ✓✕ ✣✖ ✔❣ ✦ ✏✓ nC
0
 = 1, ✈✴☞ ☞ ✳ ✣❘ n ✏ ✚✏✛☞ ✜ ✌ ✚✢ ✣✤✈☞ ✖ ✦ ☛✖ ✦ ✘✖ ✚✖ ✭✚✍ ❀ ✌ ✣✕✎✓☞ ✖ ✦ ✓✎

✘✦✵ ✩☞ ✓✎ ✮✾☞ ✌☞ ✓✕ ✌☞ ✔ ❣ ✑✔ ☞✥ ✚✤ ✭❨ ✛ ☞✎ ✚✢ ✣✤ ✏ ✍✒ ✏✠ ✌☞ ✠ ✌☞ ✒ ✮✒ ✘✦✫ ✩☞ ✖ ✦ ✓✎ ✘✦✵ ✩☞ ❩ ☛☞ ✌✎

✑☞ ✣✎ ✔❣ ✧ ✘✦✫ ✩☞ ✖ ✦ ✓✎ ✮✾☞ ✌☞ ✓✕ ✌☞ ✡ ✏✑ ✌☛✖ ✦ ✒✓ ✘☛ ✩ ☛✖ ✦ ✚✤ ✭❨ ✩☞ ✘✛ ☞✎ ✚✢ ✣✤✈☞ ✖ ✦ ✓☞ ✫ ✩✌ ✏✓✩☞

✑☞ ✣☞ ✔ ❣ ✧ ✚✤✭❨ ✛ ☞✎ ✚✢ ✣✤ ✏✍✒ ✏✠ ✌☞ ✫ ✩ ✌ ✓✕✌☞ ✡ ★ ✘ ✠ ☞ ✣ ✚✖ ✭ ✘☛☞ ✌ ✔❣ ✏✓ ✘✛☞ ✎ ✚✢ ✣✤ ✈☞ ✖ ✦ ✓☞ ✖

❨☞ ✖ ❬❭ ✏ ✪✩☞ ✮✩☞ ✔ ❣ ✈☞ ❣✕ ✔☛✖ ✦ ❪☞ ✣ ✔❣ ✏✓ ✒✖ ✘☞ ✓✕ ✌✖ ✓☞ ✚✖✭ ✚✍ ☛☞ ❫☞ ✒✓ ✣✕✎✓☞ ✔❣ ✧ ★ ✘✎ ✗❧✓☞ ✕✡

✔☛ ✗✏✕✛☞ ☞ ✏ ❯☞ ✣ ✓✕ ✣✖ ✔❣ ✦ ✏✓ nC
0
 = 1.

3. ✱✩☞ ✖ ✦✏✓ 
❴ ❵

0

!
1 C

0! 0 !

nn

n
✹ ✹

✽
, ★ ✘✏ ✍✒ ✡ ✘● ❫☞

❛ ❜

!
C

! !

n

r

n

r n r
❝

❞
,  r = 0 ✚✖✭ ✏ ✍✒ ✛ ☞ ✎
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♠☎✆✝✞✟ ✠✡☛ ☞✟✌

✍ ✎

!
C

! !

n

r

n

r n r
✏

✑ , 0 ✒ r ✒ n.

4.
✓ ✔ ✓ ✔✕ ✖

!
C

! !

n
n r

n

n r n n r
✗ ✘

✙ ✙ ✙
  = 

✚ ✛

!

! !

n

n r r✜   = Cn
r
,

☞✈✢✢✣✟✤✥ n ♦✦✟✝☞✢✧★ ✩✧★ ✪✧  r ♦✦✟✝☞✢✧★ ✫✢ ✬✆✭ ✫✮✭✢✥ (n – r) ♦✦✟✝☞✢✧★ ✫✢✧ ☞✦♦✯✫✢✮ ✫✮✭✧ ♦✧✰

✪✩✢✭ ✠✡☛

5. nC
a
 = nC

b
 ✱  a = b  ✆✢ a = n – b, ☞✈✢✢✣✟✤ n = a + b

✐✲✳✴✵ 6 1
1C C Cn n n

r r r
✶

✷✸ ✹

✺✐✐✻✼✽  ✠✩ ❣✢✭✟✧ ✠✡★ 
✾ ✿ ✾ ✿ ✾ ✿

1

! !
C C

! ! 1 ! 1 !

n n
r r

n n

r n r r n r
✷✸ ✹ ✸

❀ ❀ ❀ ✸

= 
❁ ❂ ❁ ❂

!

1 ! !

n

r r n r❃ ❄ ❄
 + 

❅ ❆ ❅ ❆ ❅ ❆

!

1 ! 1 !

n

r n r n r❀ ❀ ✸ ❀

= 
❇ ❈ ❇ ❈

!

1 ! !

n

r n r❀ ❀
 

1 1

1r n r

❉ ❊
❋● ❍■ ❋❏ ❑

= 
▲ ▼ ▲ ▼ ▲ ▼

! 1

1 ! ! 1

n n r r

r n r r n r

❀ ✸ ✸
◆

❀ ❀ ❀ ✸
 = 

❖ P

❖ P
11 !

C
! 1 !

n
r

n

r n r

◗❘
❙

❘ ❚

✺❯✽❱❲❳✽ 17 ✆❨❩ 
9 8C Cn n✹ , ✟✢✧ 

17C
n ❬✢✟ ✫✯❨❣❭☛

❱❪ ✠✩ ❣✢✭✟✧ ✠✡★ ❨✫ 
9 8C Cn n✹

☞✈✢✢✣✟✤ ❫ ❴ ❫ ❴

! !

9! 9 ! 8 ! 8!

n n

n n
✹

❀ ❀

✆✢
1 1

9 8n
❵

❛
   ✆✢   n  –  8 = 9    ✆✢    n = 17

❜✪❨❝❭ 17
17 17C C 1n ✹ ✹ .

✺❯❱✽❲❳✽ 18 ❞ ☎✝❡❢✢✢✧★ ☞✢✡✮ ❤ ✩❨✠❝✢☞✢✧★ ♦✧✰ ❭✫ ✪✩❥✠ ✪✧ ❤ ❦✆❨✞✟✆✢✧★ ✫✯ ❭✫ ✪❨✩❨✟ ❧✭✢✭✯ ✠✡☛ ✆✠
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❢✠✡☛☞ ✌✍✠✎✏ ✑☞ ❢✠✒✎ ✓✎ ✑✠✡✎ ✔✕✖ ✗☛✘☞✙ ✑☞ ❢✠✡☛✚ ✑❢✘❢✡✒✎✛ ✜☞✑✚ ✔✕✙✢ ❢✓☛✘☞✙ ✣ ✌✤✥✦✎ ✡✧✎✎

✷ ✘❢✔★✎✜✛ ✔✕✙✖

❣✩  ✒✔✎✛ ❀✘ ✠✎ ✘✔✪✫ ☛✔✚✙ ✔✕✬ ✭✡✮ ✔✘☞✙ ✑✙✯✒✎☞✙ ✠✚ ✰✱✎☛✎ ✠✏☛✚ ✔✕✬ ✒✔✎✛ ✌✏ ✑❢✘❢✡✒✎☞✙ ✠✚ ✑✙✲✒✎

♠✡☛✚ ✔✚ ✔✕✢ ❢✓✡☛✚ ✳ ❢✫❢✴✎✵☛ ✶✒❢✸✡✒✎☞✙ ✘☞✙ ✑☞ ✜✠ ✑✘✒ ✘☞✙ ✹ ✠✎☞ ★☞✠✏ ✺☛☛☞ ✫✎★☞ ✑✙✯✒✎☞✙ ✠✚ ✑✙✲✒✎

✔✕✬ ✗✑❢★✜ ✑❢✘❢✡ ✺☛✎☛☞ ✫☞✻ ✡✏✚✠✎☞✙ ✠✚ ✭✴✎✚✦✼ ✑✙✲✒✎ = 
5

3

5! 4 5
C 10

3! 2! 2

✽
✾ ✾ ✾ .

✌✤☛✮ ✷ ✌✤✥✦✎✎☞✙ ✘☞✙ ✑☞ ✣ ✠✎☞ ✯✤☛☛☞ ✫☞✻  2C
1 
 ✡✏✚✫☞✻ ✔✕✙ ✡✧✎✎ ✹ ✘❢✔★✎✭✎☞✙ ✘☞✙ ✑☞ ✷ ✯✤☛☛☞ ✫☞✻  3C

2

✡✏✚✫☞✻ ✔✕✙✬ ✗✑❢★✜✢ ✗✑ ✌✍✠✎✏ ✠✚ ✑❢✘❢✡✒✎☞✙ ✠✚ ✭✴✎✚✦✼ ✑✙✲✒✎

= 
2 3

1 2

2! 3!
C C 6

1! 1! 2! 1!
✽ ✾ ✽ ✾ .

✿❁❂❣❃❄❂ 19 ✳✷ ✡✎❅✎✎☞✙ ✠✚ ✜✠ ✰❆❇❆✚ ✑☞ ❈ ✌❉✎✎☞✙ ✠✎☞ ✯✤☛☛☞ ✫☞✻ ✡✏✚✠✎☞✙ ✠✚ ✑✙✲✒✎ ✸✒✎ ✔✕✖ ✗☛ ✡✏✚✠✎☞✙

✘☞✙ ✑☞ ❢✠✡☛✎☞✙ ✘☞✙

(i) ✯✎✏ ✌❉✎☞ ✜✠ ✔✚ ✌✍✠✎✏ ♣suit❊ ✫☞✻ ✔✕✙✖

(ii) ✯✎✏ ✌❉✎☞ ✯✎✏✢ ❢✴✎✵☛ ✌✍✠✎✏ ♣suit❊ ✫☞✻ ✔✕✙✖

(iii) ✡r✫✚✏☞✙ ✔✕✙✖

(iv) ♥✎☞ ✌❉✎☞ ★✎★ ✏✙✰ ✫☞✻ ✭✎✕✏ ♥✎☞ ✠✎★☞ ✏✙✰ ✫☞✻ ✔✕✙✖

(v) ✑✴✎✚ ✌❉✎☞ ✜✠ ✔✚ ✏✙✰ ✫☞✻ ✔✕✙?

❣✩ ✳✷ ✌❉✎✎☞✙ ✘☞✙ ✑☞ ❈ ✌❉✎✎☞✙ ✠✎☞ ✯✤☛☛☞ ✫☞✻ ♠✡☛☞ ✔✚ ✡✏✚✫☞✻ ✔✕✙✢ ❢✓✡☛☞ ✳✷ ❢✫❢✴✎✵☛ ✫r✡✤✭✎☞✙ ✘☞✙ ✑☞ ✜✠

✑✘✒ ✘☞✙ ❈ ✫r✡✤✭✎☞✙ ✠✎☞ ★☞ ✠✏ ✺☛☛☞ ✫✎★☞ ✑✙✯✒ ✔✕✙✬ ✗✑❢★✜✢ ✡✏✚✠✎☞✙ ✠✚ ✭✴✎✚✦✼ ✑✙✲✒✎

 = 
52

4

52! 49 50 51 52
C

4! 48! 2 3 4

✽ ✽ ✽
✾ ✾

✽ ✽
 = 270725

  (i) ✰❆①✚ ✘☞✙ ✌❉✎☞ ✯✎✏ ✌✍✠✎✏ ✫☞✻ ✔✕✙ ✗❋✼✢ ❢✯❆●✚✢ ✔✤✠✤✘✢ ✌✎☛ ✭✎✕✏ ✌✍✪✒☞✠ ✫☞✻ ✣✹ ✌❉✎☞ ✔✕✙✬ ✗✑❢★✜

❈ ✗❋✼ ✫☞✻ ✌❉✎☞ ✯✤☛☛☞ ✫☞✻ 13C
4 
✡✏✚✫☞✻ ✔✕✙✬ ✗✑✚ ✌✍✠✎✏ ❈ ❢✯❆●✚ ✫☞✻ ✌❉✎☞ ✯✤☛☛☞ ✫☞✻ 13C

4 
4 ✔✤✠✤✘ ✫☞✻

✌❉✎☞ ✯✤☛☛☞ ✫☞✻ 13C
4
 ✡✧✎✎ ❈ ✌✎☛ ✫☞✻ ✌❉✎☞ ✯✤☛☛☞ ✫☞✻ 13C

4 
✡✏✚✫☞✻ ✔✕✙✬ ✗✑❢★✜ ✡✏✚✠✎☞✙ ✠✚ ✭✴✎✚✦✼

✑✙✲✒✎ = 13C
4
 + 13C

4 
+ 13C

4 
+ 13C

4

                   =
13!

4 2860
4! 9!

❍ ■

 (ii) ✌✍✪✒☞✠ ✌✍✠✎✏ ✫☞✻ ✣✹ ✌❉✎☞ ✔✕✙✬ ✗✑❢★✜ ✗❋✼ ✫☞✻ ✣✹ ✌❉✎✎☞✙ ✘☞✙ ✑☞ ✣ ✯✤☛☛☞ ✫☞✻ 13C
1 
✡✏✚✫☞✻ ✔✕✙✢ ✌✎☛
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♦☎✆ ✝✞ ✟✠✡✡☎☛ ☞☎☛ ✌☎ ✝ ✍✎✏✏☎ ♦☎✆ 13C
1
❪ ✑✍✒✓✔ ♦☎✆ ✝✞ ✟✠✡✡☎☛ ☞☎☛ ✌☎ ✝ ✍✎✏✏☎ ♦☎✆ 13C

1 
r✕✔♦☎✆ ✖✗☛✘ ✙r✚

✛✎✜✡✏ ✑✌✢✡☛r ✣✡✕✡❪ r✕✔✤✡☎☛ ✤✔ ✙✥✡✔✦✧ ✌☛★✩✡

= 13C
1 
×

 

13C
1 
×

 

13C
1
×

 

13C
1 

= 134

(iii) ✛✒✪✒✔ ☞☎☛ ♦✎✆✫ ✝✬ r✭♦✔✕☎☛ ✖✗☛ ✙✡✗✕ ✮✏ ✝✬ ✟✠✡✡☎☛ ☞☎☛ ✌☎ ✯ ✟✠✡☎ ✍✎✏✏☎ ✖✗☛✘ ✮✌☎ 12C
4 
r✕✔✤✡☎☛ ✌☎ ✑✤✩✡

t✡ ✌✤r✡ ✖✗✘ ✮✌✑✫✰ r✕✔✤✡☎☛ ✤✔ ✙✥✡✔✦✧ ✌☛★✩✡ = 
12!

495
4! 8!

✱ .

(iv) ✛✒✪✒✔ ☞☎☛ ✬✲ ✫✡✫ ✕☛✛ ♦☎✆ ✙✡✗✕ ✬✲ ✤✡✫☎ ✕☛✛ ♦☎✆ ✟✠✡☎ ✖✗☛✘ ✙r✚ r✕✔✤✡☎☛ ✤✔ ✙✥✡✔✦✧ ✌☛★✩✡

= 26C
2 
×

 

 26C
2

= ✳ ✴

2

226!
325

2! 24!

✵ ✶
✷✸ ✹

✺ ✻
= 105625

(v) ✬✲ ✫✡✫ ✕☛✛ ♦☎✆ ✟✠✡✡☎☛ ☞☎☛ ✌☎ ✯ ✟✠✡☎  26C
4
 r✕✔✤✡☎☛ ✌☎ ✍✎✏☎ t✡ ✌✤r☎ ✖✗☛✘ ✬✲ ✤✡✫☎ ✕☛✛☎ ♦☎✆ ✟✠✡✡☎☛

☞☎☛ ✌☎ ✯ ✟✠✡☎ 26C
4 
r✕✔✤✡☎☛ ✌☎ ✍✎✏☎ t✡ ✌✤r☎ ✖✗☛✘

✙r✚ r✕✔✤✡☎☛ ✤✔ ✙✥✡✔✦✧ ✌☛★✩✡  = 26C
4
 + 26C

4
  = 

26!
2

4! 22!
✼  = 29900.

✐✽✾✿❀❁❂❃ 7.4

1. ✩✑❄ nC
8
 = nC

2
, r✡☎ nC

2
 ❑✡r ✤✔✑t✰✘

2. n ✤✡ ☞✡✏ ✑✏✤✡✑✫✰❪ ✩✑❄

(i) 2nC
2 
: nC

2 
= 12 : 1 (ii) 2nC

3 
: nC

3 
= 11 : 1

3. ✑✤✌✔ ♦❢✠✡ ✟✕ ✑✭❅✡r ✬✝ ✑❆☛❄✎✙✡☎☛ ✌☎ ✖✡☎✤✕ t✡✏☎ ♦✡✫✔ ✑✤r✏✔ t✔♦✡✰❇ ★✡✔☛✍✔ t✡ ✌✤r✔ ✖✗☛❈

4. ❉ ✫✒✓♦☎✆ ✙✡✗✕ ✯ ✫✒✓✑✤✩✡☎☛ ☞☎☛ ✌☎ ✞ ✫✒✓♦☎✆ ✙✡✗✕ ✞ ✫✒✓✑✤✩✡☎☛ ✤✔ ✧✔☞☎☛ ❆✏✡✏☎ ♦☎✆ ✑✤r✏☎

r✕✔♦☎✆ ✖✗☛?

5. ✲ ✫✡✫ ✕☛✛ ✤✔❪ ❉ ✌✟☎✆❄ ✕☛✛ ✤✔ ✙✡✗✕ ❉ ✏✔✫☎ ✕☛✛ ✤✔ ✛☎☛❄✡☎☛ ☞☎☛ ✌☎ ❊ ✛☎☛❄✡☎☛ ♦☎✆ ✍✎✏✏☎ ♦☎✆ r✕✔✤✡☎☛

✤✔ ✌☛★✩✡ ❑✡r ✤✔✑t✰❪ ✩✑❄ ✟❞❋✩☎✤ ✌☛✛❞✖ ☞☎☛ ✟❞❋✩☎✤ ✕☛✛ ✤✔ ✞ ✛☎☛❄☎☛ ✖✗☛✘

6. ❉✬ ✟✠✡✡☎☛ ✤✔ ✰✤ ✛✒✪✒✔ ☞☎☛ ✌☎ ❉ ✟✠✡✡☎☛ ✤✡☎ ✫☎✤✕ ❆✏✏☎ ♦✡✫☎ ✌☛✍✩✡☎☛ ✤✔ ✌☛★✩✡ ✑✏●✡❍✑✕r ✤✔✑t✰❪

✩✑❄ ✟❞❋✩☎✤ ✌☛✍✩ ☞☎☛ r❅✩r✚ ✰✤ ✮■✤✡ ✖✗✘

7. ✝❏ ✑★✡✫✡✑✒✓✩✡☎☛ ☞☛☎ ✌☎❪ ✑t✏☞☎☛ ♦☎✆♦✫ ❉ ✑★✡✫✡✒✓✔ ✛☎☛❄❆✡▲✡✔ ✤✕ ✌✤r☎ ✖✗☛❪ ✰✤ ✑▼♦☎✆✧ ✧✔☞ ♦☎✆

✝✝ ✑★✡✫✡✑✒✓✩✡☎☛ ✤✡ ✍✩✏ ✑✤r✏☎ ✟❞✤✡✕ ✌☎ ✑✤✩✡ t✡ ✌✤r✡ ✖✗❪ ✩✑❄ ✟❞❋✩☎✤ ✧✔☞ ☞☎☛ r❅✩r✚

✯ ✛☎☛❄❆✡▲✡ ✖✗☛?
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8. ✱✠ ✡☛☞✌✍ ✎✏✑ ✒ ✠☛✌✍ ✓✡☛☛ ✔ ✌☛✌ ✕✏✑✖ ✗☞✑✘ ✙ ✠☛✌✍ ✓✡☛☛ ✚ ✌☛✌ ✕✏✖☛✏ ✑ ✛✏✜ ✢✣✤ ✛✏✜ ✓✥✍✠☛✏✑

✠✍ ❞✑✦✣☛ ✧✤★☛✩✧✥✓ ✠✍✧✪✱✘

9. ✾ ✫✬✌✭★ ✬☛✮✯✣✰✎☛✏✑ ✎✏ ✑ ❞✏✲ ✱✠ ✧✛✳☛✡☛✍✩ ✒ ✬☛✮✯✣✰✎☛✏ ✑ ✠☛ ✢✣✤ ✧✠✓✤✏ ✬✴✠☛✥ ❞✏ ✠✥ ❞✠✓☛

✗☞✲ ✣✧✖ ✬✴❣✣✏✠ ✧✛✳☛✡☛✍✩ ✛✏✜ ✧✌✱ ✙ ✧✛✧✵☛✶✷ ✬☛✮✯✣✰✎ ✸✧✤✛☛✣✩ ✗☞✑✹

❢✺❢✺✻ ✼✽✿❀❁❂✿

♠❃❄❅❆❇❄ ❈❉  INVOLUTE ✵☛✭✖ ✛✏✜ ✸❊☛✥☛✏✑ ❞✏✲ ✸✡☛✩✬❋●☛✩ ✣☛ ✸✡☛✩✗✍✤ ✬✴❣✣✏✠ ✚ ❍✛✥☛✏ ✑ ✓✡☛☛ ✙ ■✣✑✪✤☛✏✑

✛☛✌✏✲ ✧✠✓✤✏ ✵☛✭✖☛✏✑ ✠✍ ✥✢✤☛ ✠✍ ✪☛ ❞✠✓✍ ✗☞✹

❅❏  ✵☛✭✖ INVOLUTE, ✎✏✑ I,O,E, ✓✡☛☛ U, 4 ❍✛✥ ✸☛☞✥ N, V, L ✓✡☛☛ T, 4 ■✣✑✪✤ ✗☞✑

❑ ✎✏✑ ❞✏ ✚ ❍✛✥☛✏✑ ✛✏✜ ✢✣✤ ✛✏✜ ✓✥✍✠☛✏✑ ✠✍ ❞✑✦✣☛ = 4C
3
 = 4.

❑ ✎✏✑ ❞✏ ✙ ■✣✑✪✤☛✏✑ ✛✏✜ ✢✣✤ ✛✏✜ ✓✥✍✠☛✏ ✑ ✠✍ ❞✑✦✣☛ = 4C
2
 = 6.

✸✓✈ ✚ ❍✛✥☛✏✑ ✓✡☛☛ ✙ ■✣✑✪✤☛✏✑ ✛✏✜ ❞✑✢✣ ✠✍ ❞✑✦✣☛ 4 × 6 = 24.

✸▲✲ ▼✤ ✙❑ ❞✑✢✣☛✏✑ ✎✏✑ ❞✏ ✬✴✓✣✏✠ ✎✏✑ ✒ ✸❊☛✥ ✗✑☞✲ ✧✪◆✗✏✑ ✬✥❍✬✥ ✱✠ ✖❋❞✥✏ ✛✏✜ ❞☛✡☛ ✒❖ ✬✴✠☛✥

❞✏ ✧✛◆✣☛✧❞✓ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✘ ✸✓✱✛ ✧✛✧❧☛◆✤ ✵☛✭✖☛✏ ✑ ✠✍ ✸❧☛✍✶✷ ❞✑✦✣☛  24 × 5 ! = 2880.

♠❃❄❅❆❇❄ 21 ✧✠❞✍ ❞✎❋✗ ✎✏✑ ❑ ✌P◗✧✠✣☛❘ ✸☛☞✥ ❙ ✌P◗✛✏✜ ✗☞✑✘ ▼✤✎✏✑ ❞✏ ✒ ❞✖❍✣☛✏✑ ✠✍ ✱✠ ✷✍✎ ✠☛

✢✣✤ ✧✠✓✤✏ ✬✴✠☛✥ ❞✏ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✲ ✣✧✖ ✷✍✎ ✎✏✑  (i) ✱✠ ❧☛✍ ✌P◗✠✍ ✤✗✍✑ ✗☞ ?  (ii) ✠✎ ❞✏

✠✎ ✱✠ ✌P◗✠☛ ✓✡☛☛ ✱✠ ✌P◗✠✍ ✗☞? (iii) ✠✎ ❞✏ ✠✎ ✚ ✌P◗✧✠✣☛❘ ✗☞✑ ?

❅❏  (i) ❚✣☛✏ ✑✧✠ ✷✍✎ ✎✏✑ ✠☛✏▼✩ ❧☛✍ ✌P◗✠✍ ❞✧❯✎✧✌✓ ✤✗✍✑ ✗☞✲ ▼❞✧✌✱ ✛✏✜✛✌ ✌P◗✠☛✏✑ ✠☛ ✢✣✤ ✠✥✤☛

✗☞✘ ❙ ✌P◗✠☛✏ ✑ ✎✏ ✑ ❞✏ ✒ ✌P◗✠☛✏✑ ✠☛ ✢✣✤  7C
5
 ✬✴✠☛✥ ❞✏ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✘ ✸✓✈ ✸❧☛✍✶✷ ❞✑✦✣☛

= 
7

5

7! 6 7
C 21

5! 2! 2

❱
❲ ❲ ❲

(ii) ❚✣☛✏✑✧✠ ✬✴❣✣✏✠ ✷✍✎ ✎✏✑ ✠✎ ❞✏ ✠✎ ✱✠ ✌P◗✠✍ ✓✡☛☛ ✱✠ ✌P◗✠☛ ✗☞✲ ▼❞✧✌✱ ✷✍✎ ✧✤❯✤✧✌✧✦☛✓

✬✴✠☛✥ ❞✏ ✢✣✧✤✓ ✗☛✏✕✍✈

(a) ❳ ✌P◗✠☛ ✓✡☛☛ ❑ ✌P◗✧✠✣☛❘ (b)  ✙ ✌P◗✛✏✜ ✓✡☛☛ ✚ ✌P◗✧✠✣☛❘

(c) ✚ ✌P◗✛✏✜ ✓✡☛☛ ✙ ✌P◗✧✠✣☛❘ (d)  ❑ ✌P◗✛✏✜ ✓✡☛☛ ❳ ✌P◗✠✍

❳ ✌P◗✠☛ ✓✡☛☛ ❑ ✌P◗✧✠✣☛✏✑ ✠☛ ✢✣✤  7C
1
 × 4C

4
 ✬✴✠☛✥ ❞✏ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✘

✙ ✌P◗✛✏✜ ✓✡☛☛ ✚ ✌P◗✧✠✣☛✏✑ ✠☛ ✢✣✤  7C
2
 × 4C

3
 ✬✴✠☛✥ ❞✏ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✘

✚ ✌P◗✛✏✜ ✓✡☛☛ ✙ ✌P◗✧✠✣☛✏✑ ✠☛ ✢✣✤  7C
3
 × 4C

2
 ✬✴✠☛✥ ❞✏ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✘

❑ ✌P◗✛✏✜ ✓✡☛☛ ❳ ✌P◗✠✍ ✠☛ ✢✣✤  7C
4
 × 4C

1
 ✬✴✠☛✥ ❞✏ ✧✠✣☛ ✪☛ ❞✠✓☛ ✗☞✘
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✈☎✆ ✈✝✞✟✠✡ ☛☞✌✍✞ = 7C
1
 × 4C

4 
✰ 7C

2
 × 4C

3 
✰

 

7C
3
 × 4C

2 
✰ 7C

4
 × 4C

1

= 7 + 84 + 210 + 140 = 441

(iii) ❉✍✞✎☞✏✑ ✡✟✒ ✒✎☞ ✑✒ ☛✎ ✑✒ ✓ ✔✕✖✏✑✍✞✗ ✘✙☞✚ ✛☛✏✔✜ ✡✟✒ ✑✟ ✢✣✤✞ ✏✤✥✤✏✔✏✌✞☎ ✦✧✑✞✢ ☛✎

✘✞✎ ☛✑☎✟ ✘✙✆

(a) ✓ ✔✕✖✏✑✍✞✗ ☎✸✞✞ ★ ✔✕✖✩✎✪ ✈✸✞✩✞    (b) ✹ ✔✕✖✏✑✍✞✗ ☎✸✞✞ ✫ ✔✕✖✑✞✬

✤✞✎✡ ✑✟✏✉✜ ✏✑ ✡✟✒ ✒✎☞ ☛✝✞✟ ✭ ✔✕✖✏✑✍✞✗ ✤✘✟☞ ✘✞✎ ☛✑☎✟☞✚ ❉✍✞✎ ☞✏✑ ☛✒✮✘ ✒✎☞ ✩✎✪✩✔

✹ ✔✕✖✏✑✍✞✗ ✘✙☞✬

✓ ✔✕✖✏✑✍✞✎☞ ☎✸✞✞ ★ ✔✕✖✑✞✎☞ ✑✞ ✣✍✤  4C
3
 × 7C

2
 ✦✧✑✞✢ ☛✎ ✏✑✍✞ ✉✞ ☛✑☎✞ ✘✙✬

✹ ✔✕✖✏✑✍✞✎☞ ☎✸✞✞ ✫ ✔✕✖✩✎✪ ✑✞ ✣✍✤ 4C
4
 × 7C

1
 ✦✧✑✞✢ ☛✎ ✏✑✍✞ ✉✞ ☛✑☎✞ ✘✙✬

✛☛✏✔✜ ✈✝✞✟✠✡ ☛☞✌✍✞

= 4C
3
 × 7C

2
 + 4C

4
 × 7C

1 
= 84 + 7 = 91

♠✯✱✲✳✴✱ 22  AGAIN ✵✞✶✷ ✩✎✪ ✈✺✞✢✞✎☞ ☛✎ ✻✤✤✎ ✩✞✔✎✚ ✈✸✞✼✦✮✽✞✼ ✍✞ ✈✸✞✼✘✟✤✚ ✵✞✶✷✞✎☞ ✑✟ ☛☞✌✍✞ ✾✞☎

✑✟✏✉✜✬ ✍✏✷ ✛✤ ✵✞✶✷✞✎☞ ✑✞✎ ✛☛ ✦✧✑✞✢ ✏✔✌✞✞ ✉✞✜ ✏✉☛ ✦✧✑✞✢ ✏✑☛✟ ✵✞✶✷✑✞✎✵✞ ✒✎☞ ✏✔✌✞✞ ✉✞☎✞ ✘✙✚

☎✞✎ ✭r✩✞✗ ✵✞✶✷ ❉✍✞ ✘✙?

✲❣  AGAIN ✵✞✶✷ ✒✎☞ ✭ ✈✺✞✢ ✘✙☞☞✚ ✏✉✤✒✎☞ A ✷✞✎ ✻✞✢ ✈✞☎✞ ✘✙✬ ✛☛✏✔✜ ✵✞✶✷✞✎☞ ✑✟ ✈✝✞✟✠✡ ☛☞✌✍✞

= 
5!

60
2!

✿

A ☛✎ ✦✧✞✢☞✝✞ ✘✞✎✤✎ ✩✞✔✎ ✵✞✶✷✞✎☞ ✑✟ ☛☞✌✍✞ ✾✞☎ ✑✢✤✎ ✩✎✪ ✏✔✜✚ ✘✒ A ✑✞✎ ☛✻☛✎ ✻✞✜✗ ❞✸✞✞✤ ✦✢

✏❞✸✞✢ ✑✢ ✷✎☎✎ ✘✙☞✚ ✈✞✙✢ ✏✦✪✢ ✵✞✎✠✞ ✹ ✏✝✞❢✤ ✈✺✞✢✞✎☞ ✑✞✚ ✜✑ ☛✒✍ ✒✎☞ ☛✝✞✟ ✑✞✎ ✔✎✑✢ ✦❀✤✏✩✼❢✍✞✏☛☎ ✑✢☎✎

✘✙☞✬ ✛✤ ✏✩❢✍✞☛✞✎☞ ✑✟ ☛☞✌✍✞ ❁☎✤✟ ✘✟ ✘✙✚ ✏✉☎✤✟ ✹ ✏✩✏✝✞❢✤ ✩❞☎❀✈✞✎☞ ☛✎✚ ✜✑ ☛✒✍ ✒✎☞ ☛✝✞✟ ✑✞✎ ✔✎✑✢

✻✤✤✎ ✩✞✔✎ ❝✒✣✍✞✎☞ ✑✟ ☛☞✌✍✞ ✘✙✬ ✈☎✜✩ A ☛✎ ✦✧✞✢☞✝✞ ✘✞✎✤✎ ✩✞✔✎ ✵✞✶✷✞✎☞ ✑✟ ☛☞✌✍✞ =  4! = 24 ✏✦✪✢

G ☛✎ ✦✧✞✢☞✝✞ ✘✞✎✤✎ ✩✞✔✎ ✵✞✶✷✞✎☞ ✑✟ ☛☞✌✍✞
4!

2!
❂  = 12 ❉✍✞✎☞✏✑ G ✑✞✎ ☛✻☛✎ ✻✞✜✗ ❞✸✞✞✤ ✦✢ ❞✸✞✞✏✦☎ ✑✢✤✎

✩✎✪ ✻✞✷ ✘✒✞✢✎ ✦✞☛ ✈✺✞✢ A, A, I ☎✸✞✞ N ✵✞✎✠✞ ✢✘☎✎ ✘✙☞✬ ✛☛✟ ✦✧✑✞✢ I ☛✎ ✦✧✞✢☞✝✞ ✘✞✎✤✎ ✩✞✔✎ ✵✞✶✷✞✎☞ ✑✟

☛☞✌✍✞ ✫★ ✘✙✬ ✛☛ ✦✧✑✞✢ ✈✝✞✟ ☎✑ ✦✧✞❧☎ ✵✞✶✷✞✎ ☞ ✑✟ ☛☞✌✍✞ = 24 + 12 + 12 = 48

✈✻ ✹❃✩✞✗ ✵✞✶✷ NAAGI ✘✙✬ ✈☎✆ ✭r ✩✞✗ ✵✞✶✷ NAAIG ✘✙✬

♠✯✱✲✳✴✱ 23 ✫✚ ★✚ r✚ ★✚ ✹✚ ★✚ ✹ ✈☞✑✞✎☞ ✩✎✪ ✦✧✍✞✎❄ ❅✞✢✞ ✫rrrrrr ☛✎ ✻✕✖✟ ✏✑☎✤✟ ☛☞✌✍✞✜✗ ✻✤

☛✑☎✟ ✘✙☞?
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❣✠  ❉✡☛☞✌✍✎ ✏✑✑✑✑✑✑ ✒✎ ✓ ✔✌✎✕✡ ✖✌✗✡☛ ✘✙ ✔☛✙✚ ✛✜✡☛☞✢ ✍✎✒ ✣☛✤☞ ✥☛✦☞ ✔✌✎☛☞✌ ✎✕ ✧☛✕ ✖✌✗✡☛

✓ ✘✙✼ ★✖✍✦✒ ✥☞✩✥✦ ✓ ✔✌✎✕✡ ✖✌✗✡☛✔☛☞✌ ✎✕ ✘✕ ✢✪☛✤☛ ✫✬☛✚ ✭☞✌ ✎✕ ✣☛✒✢✕✮ ★✖✥☞✩ ✔✍✯✍✚❉✯ ❉✡☛☞✌✍✎

✚✍❥✯ ✖✌✗✡☛✔☛☞✌ ✎☛☞ ✏✑✑✑✑✑✑ ✖☞ ✰✱✲☛ ✘☛☞✤☛ ❥☛✍✘✒✼ ✔✯✳ ✫✤ ✖✌✗✡☛✔☛☞✌ ✎☛☞ ✏✼ ✴ ✡☛ ✵ ✖☞ ✛✜☛✚✌✧☛ ✘☛☞✤☛

❥☛✍✘✒✮

✏ ✖☞ ✛✜☛✚✌✧☛ ✘☛☞✤☞ ✥☛✦✕ ✖✌✗✡☛✔☛☞✌ ✎✕ ✖✌✗✡☛ = 
6! 4 5 6

3! 2! 2

✶ ✶
✷  = 60, ❉✡☛☞✌✍✎ ✣✰ ✏ ✎☛☞ ✖✰✖☞

✰☛✒❝ ✸✹☛☛✤ ✛✚ ✸✹☛☛✍✛✯ ✎✚ ✺☞✯☞ ✘✙✌✼ ✯☛☞ ✍✛✩✚ ✻☛☞✽☛ ✔✌✎ 0, 2, 2, 2, 4, 4, ✎☛☞ ✛❞✤✍✥✾✿✡☛✍✖✯ ✎✚✯☞ ✘✙✌✼ ✍✣✤✭☞✌

✴✼ ✯✕✤ ✰☛✚ ✯✹☛☛ ✵✼ ✺☛☞ ✰☛✚ ✔☛✯☞ ✘✙✌✮

2 ✖☞ ✛✜☛✚✌✧☛ ✘☛☞✤☞ ✥☛✦✕ ✖✌✗✡☛✔☛☞✌ ✎✕ ✥❞✩✦ ✖✌✗✡☛ = 
6! 3 4 5 6

2! 2! 2

✶ ✶ ✶
✷  = 180

✵ ✖☞ ✛✜☛✚✌✧☛ ✘☛☞✤☞ ✥☛✦✕ ✖✌✗✡☛✔☛☞✌ ✎✕ ✥❞✩✦ ✖✌✗✡☛
6!

4 5 6
3!

❀ ❀ ❁ ❁  = 120

✔✯✳ ✚✍❥✯ ✖✌✗✡☛✔☛☞✌ ✎✕ ✔✧☛✕✽✈ ✖✌✗✡☛ = 60 + 180 + 120 = 360

♦❂❃❄❅❆❃ ❄♦❄❇

✓ ✔✌✎✕✡ ✖✌✗✡☛✔☛☞✌ ✎☛ ✍✥✿✡☛✖ ✸✛✽✈✯✡☛
7!

420
3! 2!

❈ ✘✙ ✍✎✌✯❞ ★✤✭☞✌ ✥☞ ✖✌✗✡☛✒❝ ✧☛✕ ✖✍❊✭✍✦✯ ✘✙✌✼

✍✣✤✭☞✌ ✑ ✖✰✖☞ ✰☛✒❝ ✸✹☛☛✤ ✛✚ ✘✙✮ ★✖ ✛✜✎☛✚ ✥☞✩ ✍✥✿✡☛✖☛☞✌ ✎✕ ✖✌✗✡☛
6!

3! 2!
 = 60 ❋✑ ✥☞✩ ✖✰✖☞ ✰☛✒❝

✸✹☛☛✤ ✛✚ ✍✸✹☛✚ ✎✚✥☞✩▲✮

✔✯✒✥✼ ✖✌✗✡☛✔☛☞✌ ✎✕ ✔✧☛✕✽✈ ✖✌✗✡☛ = 420 – 60 = 360

●❄❢❍❆■❏❑  ✡✍✺ ✛✜✺✬☛ ✖▼❥✕ ✥☞✩ ✒✎ ✡☛ ✒✎ ✖☞ ✔✍◆✎ ✔✌✎☛☞✌ ✎✕ ✛❞✤✚☛✥❖✍✬☛ ✘☛☞✯✕ ✘✙✼ ✯☛☞ ✡✘

✭☛✤ ✦☞✯☞ ✘✙✌✼ ✍✎ ✍✎✖✕ ✧☛✕ ✖✌✗✡☛ ✭☞✌ ✔✌✎☛☞✌ ✎☛☞ ✫✯✤✕ ✘✕ ✰☛✚ ✛✜✡☛☞✢ ✍✎✡☛ ✣☛ ✖✎✯☛ ✘✙ ✍✣✯✤✕

✰☛✚ ✥☞ ✖▼❥✕ ✭☞✌ ✍✺✒ ✢✒ ✘✙✌✼ ✔✹☛☛✾✯P✼ ✫✛✡❞✾❉✯ ✛✜✻✤ ✭☞✌ ✏ ✯✹☛☛ ✑ ✥☞✩✥✦ ✒✎ ✰☛✚ ✛✜✡☛☞✢ ✍✎✒ ✣☛

✖✎✯☞ ✘✙✌✼ ✣✰✍✎ ✴ ✯✹☛☛ ✵✼ ❧✭✻☛✳ ◗ ✯✹☛☛ ✴ ✰☛✚ ✛✜✡☛☞✢ ✍✎✒ ✣☛ ✖✎✯☞ ✘✙✌✮

♠❘❏❣❙■❏  24 ❚ ✦✱✲✍✎✡☛☞✌ ✔☛✙✚ ◗ ✦✱✲✎☛☞✌ ✎☛☞ ✒✎ ✛✌✍❉✯ ✭☞✌ ✍✎✯✤☞ ✛✜✎☛✚ ✖☞ ✰✙❯☛ ✖✎✯☞ ✘✙✌✼ ✣✰

✍✎ ✎☛☞★✾ ✧☛✕ ✺☛☞ ✦✱✲✥☞✩ ✒✎ ✖☛✹☛ ✤✘✕✌ ✰✙❯✯☞ ✘✙✌?
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❣☎ ✥✆ ✝✥✞✟ ✠ ✞✡☛☞✌✍✎✟✏ ✌✎✟ ✑✒✓✎ ✔✟✕✟ ✥✒✏✖ ✗✘✟ ✠✙ ✝✚✌✎✛ ✘✟ ✌✛ ✘✌✕✟ ✥✒✏✖ ✗✘ ✝✚✌✎✛ ✜✟✢ ✝✚✣✍✟✌

☞✜❢✍✎✘ ✆✟✏✤ ✕✦✧ ✞✡☛✌✎✟✏ ✌✎✟ ✜✟✢✜✞ ★✩✪✎✎ ✘✟ ☞✫☞✬✕ ✭✮✎✎✧✎✟✏ ✝✛ ✑✒✓✎✍✎ ✯✎ ✘✌✕✎ ✥✒✖

× G × G × G × G × G ×.

★✩✪✎✎ ✘✟ ☞✫☞✬✕ ✰ ✭✮✎✎✧✎✟✏ ✝✛ ✱ ✞✡☛✌✎✟ ✌✎✟  6P
3 
 ✕✛✦✌✎✟✏ ✘✟ ✑✒✓✎✍✎ ✯✎ ✘✌✕✎ ✥✒✖ r✕✲ ★✩✪✎✧

☞✘✳✎✏✕ ✘✟✤ ✗✧ ✕✛✦✌✎✟✏ ✌✦ ✜✩✢✞ ✘✏✴✍✎

= 5! × 6P
3
 = 

6!
5!×

3!

= 4 × 5 × 2 × 3 × 4 × 5 × 6  = 14400

✈✵✶✷✶ ✸ ✹✺ ✻✼✻✼✽ ✹✾✿❀✷✼❁❂

1. DAUGHTER ❃✎❄✔ ✜✟✢ r❅✎✛✎✟✏ ✘✟✤ ☞✌✕✧✟ r✮✎❆✝❇✪✎❆ ✍✎ r✮✎❆✥✦✧ ❃✎❄✔✎✟✏ ✌✦ ✛✫✧✎ ✌✦ ✯✎ ✘✌✕✦

✥✒✤ ✯✑☞✌ ✝✚✣✍✟✌ ❃✎❄✔ ✆✟✏ ❈ ✭✜✛ ✕✮✎✎ ✱ ❉✍✏✯✧ ✥✎✟✏  ?

2. EQUATION ❃✎❄✔ ✜✟✢ r❅✎✛✎✟✏ ✘✟ ☞✌✕✧✟✤ r✮✎❆✝❇✪✎❆ ✍✎ r✮✎❆✥✦✧✤ ❃✎❄✔✎✟✏ ✌✦ ✛✫✧✎ ✌✦ ✯✎ ✘✌✕✦

✥✒✤ ✯✑☞✌ ✭✜✛ ✕✮✎✎ ❉✍✏✯✌ ❊✌ ✘✎✮✎ ✛✥✕✟ ✥✒✏ ?

3. ❋ ✞✡☛✜✟✢ r✎✒✛ ● ✞✡☛☞✌✍✎✟✏ ✘✟ ❍ ✘✔✭✍✎✟✏ ✌✦ ❊✌ ✘☞✆☞✕ ✑✧✎✧✦ ✥✒✏ ✍✥ ☞✌✕✧✟ ✝✚✌✎✛ ✘✟ ☞✌✍✎

✯✎ ✘✌✕✎ ✥✒✤ ✯✑☞✌ ✘☞✆☞✕ ✆✟✏✤

(i) ✕✮✍✕✲ ✱ ✞✡☛☞✌✍✎■ ✥✒✏ ? (ii) ❢✍❇✧✕✆ ✱ ✞✡☛☞✌✍✎■ ✥✒✏? (iii) r☞❏✌✕✆ ✱ ✞✡☛☞✌✍✎■ ✥✒✏?

4. ✍☞✔ ❃✎❄✔ EXAMINATION ✜✟✢ ✘♦✎✦ r❅✎✛✎✟✏ ✘✟ ✑✧✟ ☞✜☞♦✎❢✧ ❑✆✫✍✎✟✏ ✌✎✟ ❃✎❄✔✌✎✟▲✎ ✌✦ ✕✛✥

✘❇✫✦✑✳ ☞✌✍✎ ✯✎✕✎ ✥✒✤ ✕✎✟ E ✘✟ ✝✚✎✛✏♦✎ ✥✎✟✧✟ ✜✎✞✟ ✝✚✮✎✆ ❃✎❄✔ ✘✟ ✝❇✜❆ ☞✌✕✧✟ ❃✎❄✔ ✥✒✏ ?

5. ▼✤ ◆✤ ✱✤ ✠✤ ❍ ✕✮✎✎ ❋ r✏✌✎✟✏ ✘✟✤ ◆▼ ✘✟ ☞✜♦✎✎☞✯✕ ✥✎✟✧✟ ✜✎✞✦ r✎✒✛ ☞✑✧✎ ✝✩✧✛✎✜❖☞P✎ ☞✌❊ ☞✌✕✧✦

✰ r✏✌✦✍ ✘✏✴✍✎❊■ ✑✧✎✗❆ ✯✎ ✘✌✕✦ ✥✒✏ ?

6. r✏★✚✟◗✎✦ ✜✪✎❆✆✎✞✎ ✆✟✏ ✠ ✭✜✛ ✕✮✎✎ ❈◆ ❉✍✏✯✧ ✥✒✏✖ ✗✘ ✜✪✎❆✆✎✞✎ ✘✟ ❈ ☞♦✎❢✧ ✭✜✛✎✟✏ r✎✒✛ ❈ ☞♦✎❢✧

❉✍✏✯✧✎✟ ✜✎✞✟ ☞✌✕✧✟ ❃✎❄✔✎✟✏ ✌✦ ✛✫✧✎ ✌✦ ✯✎ ✘✌✕✦ ✥✒ ?

7. ☞✌✘✦ ✝✛✦❅✎✎ ✜✟✢ ❊✌ ✝✚❃✧✝❘✎ ✆✟✏ ◆❈ ✝✚❃✧ ✥✒✏ ✯✎✟ ❑✆❃✎✲ ✠ ✕✮✎✎ ❍ ✝✚❃✧✎✟✏ ✜✎✞✟ ✔✎✟ ✴✎✏✡✎✟✏ ✆✟✏ ☞✜♦✎❙✕

✥✒✏ r✮✎✎❆✕❚ ✴✎✏✡ I r✎✒✛ ✴✎✏✡ II. ❊✌ ☞✜❯✎✮✎✦❆ ✌✎✟ ✝✚✣✍✟✌ ✴✎✏✡ ✘✟ ❢✍❇✧✕✆ ✱ ✝✚❃✧✎✟✏ ✌✎ ✫✍✧ ✌✛✕✟

✥✩❊ ✜✩✢✞ ❱ ✝✚❃✧✎✟✏ ✌✎✟ ✥✞ ✌✛✧✎ ✥✒✖ ❊✌ ☞✜❯✎✮✎✦❆ ☞✌✕✧✟ ✝✚✌✎✛ ✘✟ ✝✚❃✧✎✟✏ ✌✎ ✫✍✧ ✌✛

✘✌✕✎ ✥✒❧

8. ✠❈ ✝P✎✎✟✏ ✌✦ ❊✌ ★✡❚✡✦ ✆✟✏ ✘✟ ✠ ✝P✎✎✟✏ ✜✟✢ ✘✏✫✍ ✌✦ ✘✏✴✍✎ ☞✧❏✎❆☞✛✕ ✌✦☞✯❊✤ ✍☞✔ ✠ ✝P✎✎✟✏ ✜✟✢

✝✚✣✍✟✌ ✫✍✧ ✐✘✏✫✍❲ ✆✟✏ ✕✮✍✕✲ ❊✌ ✑✎✔❃✎✎✥ ✥✒✖

9. ✠ ✝✩❳▲✎✎✟✏ r✎✒✛ ● ✆☞✥✞✎r✎✟✏ ✌✎✟ ❊✌ ✝✏☞❙✕ ✆✟✏ ✗✘ ✝✚✌✎✛ ✑✒✓✎✍✎ ✯✎✕✎ ✥✒ ☞✌ ✆☞✥✞✎❊■ ✘✆ ✭✮✎✎✧✎✟✏

✝✛ ✑✒✓✕✦ ✥✒✏✖ ✗✘ ✝✚✌✎✛ ✜✟✢ ☞✌✕✧✟ ☞✜❢✍✎✘ ✘✏♦✎✜ ✥✒✏❧



   Ø�✁✂ ✄☎✆✝ ✞✟✁✂       171

10. ✷✠ ✡☛☞✌✡✍✌✎✏✌✑✒ ✓✔ ✕✓ ✓✖✌✌ ✗✑✘ ✙✚ ✓✌ ✛✏✜ ✕✓ ✢✌✣✤✥✌✦✧★ ☛✑✩ ✡★✕ ✡✓✏✌ ✪✌✫✌ ✬✭✮

✸ ✡☛☞✌✍✌✔✎ ✕✑✗✑ ✬✭✒✘ ✡✪✯✬✌✑✒✜✑ ✏✬ ✡✜✥✌✎✏ ✡★✏✌ ✬✭ ✡✓ ✏✌ ✫✌✑ ☛✑ ✫✔✜✌✑✒ ✧★ ✤✑✒ ✰✌✡✤★ ✬✌✑✒✱✑ ✏✌ ✲✜✤✑✒

✗✑ ✓✌✑❧✎ ✢✌✔ ✧★ ✤✑✒ ✰✌✌✡✤★ ✜✬✔✒ ✬✌✑✱✌✮ ✢✌✣✤✥✌✦✧★ ✓✌ ✛✏✜ ✡✓✫✜✑ ✳✣✓✌✴ ✗✑ ✡✓✏✌ ✪✌ ✗✓✫✌

✬✭?

11. ASSASSINATION ✰✌✵✧ ☛✑✩ ✶✖✌✴✌✑✒ ☛✑✩ ✡✓✫✜✑ ✡☛✯✏✌✗ ✹✜✌✕ ✪✌ ✗✓✫✑ ✬✭✒✘ ✪✹✡✓ ✗✢✌✔ 'S'

✕✓ ✗✌✍✌ ✴✬✑✒ ?

✺✻✼✻✽✾✻

✿ ✱✥✌✜✌ ✓✌ ✶✌①✌✴✢✌❀✫ ✡✗❁✌✒✫❂ ✏✡✧ ✕✓ ❃✌❄✜✌ m ✡☛✡✢✌✯✜ ✫✴✔✓✌✑✒ ✗✑ ❃✌✡❄✫ ✬✌✑ ✗✓✫✔ ✬✭✘

✫✧r✌✑✳✴✌✒✫ ✕✓ ✧❀✗✴✔ ❃✌❄✜✌ n ✡☛✡✢✌✯✜ ✫✴✔✓✌✑✒ ✗✑ ❃✌✡❄✫ ✬✌✑ ✗✓✫✔ ✬✭✘ ✫✌✑ ✳✣✧❅✌ ❆✤ ✤✑✒ ❃✌❄✜✌✶✌✑✒

☛✑✩ ❃✌✡❄✫ ✬✌✑✜✑ ✓✔ ✗✒♦✏✌ m × n ✬✭✮

✿ n ✡☛✡✢✌✯✜ ☛❢✫❇✶✌✑✒ ✤✑✒ ✗✑ ✕✓ ✗✤✏ ✤✑✒  r ✓✌✑ ★✑✓✴ ✹✜✜✑ ☛✌★✑ ❆✤✛✏✌✑✒ ✓✔ ✗✒♦✏✌✘ ✪✹✡✓

✳❇✜✴✌☛✐✡❅✌ ✓✔ ✶✜❇✤✡✫ ✜✬✔✒ ✬✭✘ nP
r
 ⑥✌✴✌ ✳✣✓❄ ✓✔ ✪✌✫✔ ✬✭ ✶✌✭✴ nP

r
  = 

!

( )!

n

n r❈ , ✪✬✌t

0 ❉ r ❉ n.

✿ n! = 1 × 2 × 3 × ...×n

✿ n! = n × (n – 1) !

✿ n ✡☛✡✢✌✯✜ ☛❢✫❇✶✌✑✒ ✤✑✒ ✗✑ ✕✓ ✗✤✏ ✤✑✒ r ✓✌✑ ★✑✓✴ ✹✜✜✑ ☛✌★✑ ❆✤✛✏✌✑✒ ✓✔ ✗✒♦✏✌✘ ✪✹✡✓

✳❇✜✴✌☛✐✡❅✌ ✓✔ ✶✜❇✤✡✫ ✬✭✘ nr ✬✭✮

✿ n ☛❢✫❇✶✌✑✒ ✤✑✒ ✗✑ ✕✓ ✗✤✏ ✤✑✒ ✗✢✌✔ ✓✌✑ ★✑✓✴ ✹✜✜✑ ☛✌★✑ ❆✤✛✏✌✑✒ ✓✔ ✗✒♦✏✌
1 2

!

! ! !k

n

p p ... p

✬✭ ✪✬✌t p
1
  ☛❢✫❇✕t ✕✓ ✳✣✓✌✴ ✓✔, p

2
 ☛❢✫❇✕t ✧❀✗✴✑ ✳✣✓✌✴ ✓✔, ..., p

k
 ☛❢✫❇✕t k ☛✑✒ ✳✣✓✌✴ ✓✔

✶✌✭✴ ✰✌✑✈✌ ✗✢✌✔ ☛❢✫❇✕✘ ✏✡✧ ✓✌✑❧✎ ✬✒✭ ✫✌✑ ✡☛✡✢✌✯✜ ✳✣✓✌✴ ✓✔ ✬✭✒❂

✿ n ✡☛✡✢✌✯✜ ☛❢✫❇✶✌✑✒ ✤✑✒ ✗✑ ✕✓ ✗✤✏ ✤✑✒ r ✓✌✑ ★✑✓✴ ✹✜✜✑ ☛✌★✑ ✗✒✛✏✌✑✒ ✓✔ ✗✒♦✏✌ ✓✌✑ nC
r

✗✑ ✳✣✓❄ ✓✴✫✑ ✬✭✒ ✶✌✭✴  nC
r
 = 

!

! !

n

r ( n r )
❊

❈ , 0 ❉ r ❉ n.

❋●❍■❏✻❍✺❑ ▲▼◆❖P✻◗❍❘

✢✌✌✴✫ ✤✑✒ ❆✤✛✏ ✶✌✭✴ ✗✒✛✏ ✓✔ ✗✒✓❙✳✜✌ ✓✔ ✶☛①✌✴✥✌✌ ✪✭✜ ①✤✎ ☛✑✩ ✶✢✏❇✧✏ ✶✌✭✴ ✗✒✢✌☛✫❂

✶✌✭✴ ✳✬★✑ ✬❇❧✎ ✬✭✮ ✫✍✌✌✡✳ ❧✗✓✌ ❚✑✏ ✪✭✡✜✏✌✑✒ ✓✌✑ ✬✔ ✳✣✌❯✫ ✬✭✘ ✡✪✯✬✌✑✒✜✑ ❱✡☛✓❙✳❲ ✰✌✔✈✌✎✓ ☛✑✩ ✶✒✫✱✎✫

❧✗ ✡☛✈✌✏ ✓✌✑ ✱✡✥✌✫ ☛✑✩ ❢☛✗✒✳✯✜ ✳✣✓✴✥✌ ☛✑✩ ❜✳ ✤✑✒ ✡☛✓✡✗✫ ✡✓✏✌✮
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t☎✆✝✞✟✠✡ ☛✠✡ ❡☞✌✍✎✏ ✥✑✝✒ ✓✔✕ ✖✗✘ ✙✠✚ ✛✜✢✟✜✣ ✑✡✢✟✙✤✦ ✆✙✧✙ ✙✠✚ ★✩✪✟☛ ✜✆✫✟✤✬ ✭☎✡✮

✆t❢✭✟✠✡✝✠ ✯☛✰✞ ✱✟☎✲ ✑✡✰✞ ✙✠✚ ✑✳✴✟✟✠✡ ✵✟✠ ✶✠✵✲ ✷✠✞✸✵✲ ✵✟✞✗ ✆✵✞✟✹

✖✗✑✟ ✙✠✚ ★✳✙✗ ❜✺✻ ✧✟✤✟✼✶✻ ☛✠✡ ❧✽✾✽✿ ✝✠ ✱★✝✠ ✱✟☎✉✟✆❀ ✆✙✬✟✝ ✵✻ ✑❁★✩✆✑❂ ★❁✸✤✵

❧✽✾✽✿❃❧❄❅☞✿✌ ☛✠✡ ❆✶✒❇✟✟✠✆✉✟✤ ✆✵✞✟ ✆✵ ❈ ✆✙✆✢✟❢✝ ✲✑✟✠✡ ✑✠ ❉✵ ✑✟✪✟ ❉✵✮ ✶✟✠✮ ✘✘✘✮ ✱✟✆✶ ✛✠✵✲

❈❊ ✑✡✰✞ ❋✝✟❉ t✟ ✑✵✤✠ ✭☎✡✹ ✖✗✑✟ ✑✠ ✤✻✑✲✻ ✧✟✤✟●✶✻ ★✳✙✗ ✑✡✸✵❍✤✆✙✶✒ ❅■❄❏❑ ✝✠ ✆✶❉ ✜❉ ✱▲✟✲✟✠✡

✙✠✚ ✑☛✳✭ ✑✠ ❉✵✮ ✶✟✠✮ ✘✘✘✮ ✖♦✞✟✆✶ ✛✠✵✲ ❋✝✟❉ ✜❉ ✑✡✰✞✟✠✡ ✵✻ ✑✡▼✞✟ ✬✟✤ ✵✲✝✠ ✵✻ ✆✙✆❀ ✵✟

✙✫✟✗✝ ✱★✝✠ ✑❁★✩✆✑❂ ✜✩✡✪✟ ◆❄❖ ❧P◗✌ ☛✠✡ ✆✵✞✟ ✭☎✹ ❘✌✌❙❚✏✌❯✌❱❲ ✥t❢☛ ❳❳❳❨ ✖✗✘✣ ✝✠ ✱★✝✻ ★✩✆✑❂

★❁✸✤✵ ❑✎❑✌✍✿✎ ☛✠✡ ✱✡✵★✟✧✟ ✧✟✻✉✟✗✵ ✙✠✚ ✱✡✤✜✗✤ ✯☛✰✞ ✱✟☎✲ ✑✡✰✞ ★✩✵✲✫✟ ★✲ ❆♦✙❍✚✉❩ ✵✟✞✗

✆✵✞✟ ✭☎✹ ❡☞✌✍✎✏ ❬✟✲✟ ★✩✶❭✟ nC
r
✱✟☎✲ nP

r
✙✠✚ ✑✳✴✟✟✠✡ ✙✠✚ ✱✆✤✆✲❪✤ ❘✌✌❙❚✏✌❯✌❱❲ ✝✠ ✆✙✉✟✞

✑✡❋✡❀✻ ✱✝✠✵ ★✩☛✠✞✟✠✡ ✱✟☎✲ ★✆✲✫✟✟☛✟✠✡ ✵✟ ❆❫✛✠▼✟ ✆✵✞✟ ✭☎✹

✢✟✟✲✤ ✙✠✚ ❋✟✭✲ ✯☛✰✞ ✱✟☎✲ ✑✡✰✞ ✑✡❋✡❀✻ ★✩✵✲✫✟✟✠✡ ★✲ ✵✟✞✗ ✵✟ ✧✟❁✢✟✟✲✡✢✟ ✰✻✝✻ ✜✆✫✟✤✬✟✠✡

❬✟✲✟ ❆✝✵✻ ✑❁★✩✆✑❂ ★❁✸✤✵ ✈✌❴❲ ❅❚❄❏ ✥I-King ✣ ☛✠✡ ✙✆✫✟✗✤ ✭☎✹ ✖✑ ✵✟✞✗ ✙✠✚ ✑✆❢✝✵❩ ✵✟✛

✵✟✠ ❋✤✟ ★✟✝✟ ✵✆✺✝ ✭☎✮ ❪✞✟✠✡✆✵ ❞❳❊ ✖✗✘ ★✳✙✗ ☛✠✡ ✤♦✵✟✛✻✝ ✑☛✩✟❩ ✝✠ ✱✟✶✠✧✟ ✆✶✞✟ ✪✟✟ ✆✵ ✑✢✟✻

★❁✸✤✙✠✡✚ ✤✪✟✟ ✭✸✤✆✛✆▼✟✤ ★✟✫✐❁✆✛✆★✞✟❵ t✛✟ ✶✻ t✟❉✡✹ ✑✟☎✢✟✟❛✞✙✧✟ ✖✑✵✟ ★✳✫✟✗ ❝★ ✑✠ ★✟✛✝

✝✭✻✡ ✭❁✱✟✹ ✞✳✝✟✝✻ ✱✟☎✲ ❋✟✶ ☛✠✡ ✛☎✆❩✝ ✜✆✫✟✤✬✟✠✡ ✝✠ ✢✟✻ ✯☛✰✞ ✱✟☎✲ ✑✡✰✞ ✙✠✚ ✆✑❂✟✡✤ ★✲ ✙❁✚❜

✆❜❩★❁❩ ✵✟✞✗ ✆✵✞✠ ✭☎✡✹

✙❁✚❜ ✱✲❋✻ ✱✟☎✲ ✭✠❋✩✟✠ ✛✠▼✟✵✟✠✡ ✝✠ ✢✟✻ ✯☛✰✞ ✱✟☎✻✲ ✑✡✰✞ ✵✻ ✑✡✵❫★✝✟✱✟✠✡ ✵✟ ★✩✞✟✠✜

❣✞✟✠✆✤✉✟ ✙✠✚ ✱❤✞✞✝ ✙✠✚ ✆✛❉ ✆✵✞✟✹ ❆✶✟✭✲✫✟✤✦ Rabbi ben Ezra ✝✠ ✬✟✤ ✜✩✭✟✠✡ ✵✻ ✑✡▼✞✟ ✑✠

❉✵ ❋✟✲ ☛✠✡ ❉✵✮ ✶✟✠✮ ✘✘✘✮ ✱✟✆✶ ✛✠✵✲ ❋✝✟❉ ✑✡✰✞✟✠✡ ✵✻ ✑✡▼✞✟ ✬✟✤ ✵✻✹ ✞✭ ✵✟✞✗ ❳❳❨✕ ✖✗✘

★✳✙✗ ☛✠✡ ✭❁✱✟ ❉✠✑✟ ★✩✤✻✤ ✭✟✠✤✟ ✭☎ ✆✵ Rabbi ben Ezra ✵✟✠ nC
r 
✵✟ ✑✳✴✟ ✬✟✤ ✝✭✻✡ ✪✟✟✮ ✤✪✟✟✆★

✙✠ ✖✑✑✠ ★✲✆✰✤ ✪✟✠ ✆✵ n ✱✟☎✲ r ✙✠✚ ✙❁✚❜ ✆✙✧✟✠✉✟ ☛✟✝✟✠✡ ✙✠✚ ✆✛❉ nC
r
= nC

n–r 
✭✟✠✤✟ ✭☎✹ ✑✝ ❳❊❞❳

✖✗✘ ☛✠✡ ✭✻❋✩❁ ✛✠▼✟✵✮ Levi Ben Gerson ✝✠ nP
r
✮ nP

n 
✙✠✚ ✑✳✴✟✟✠✡ ✙✠✚ ✑✟✪✟ nC

r 
✙✠✚ ✼✞✟★✵ ✑✳✴✟✟✠✡

✵✟✠ ❋✤✛✟✞✟✹

★✩✪✟☛ ✜✩✡✪✟ ✆t✑☛✠✡ ✯☛✰✞ ✱✟☎✲ ✑✡✰✞ ✆✙✉✟✞ ★✲ ★✳✫✟✗ ✱✟☎✲ ✯☛❋❂ ✵✟✞✗ Ars Conjectandi

✭☎ ✆t✑✵✟ ✛✠▼✟✝ ✆✸✙✑ ✜✆✫✟✤✬ Jacob Bernoulli ✥❳❈✔❨❥❳❦✕✔ ✖✗✘✣ ✝✠ ✆✵✞✟✹ ✖✑✵✟ ★✩✵✟✧✟✝

❆✝✙✠✚ ☛✲✫✟✟✠★✲✟✡✤ ❳❦❳❊ ✖✗✘ ☛✠✡ ✭❁✱✟✹ ✖✑ ★❁✸✤✵ ☛✠✡ ☛❁▼✞✤✦ ✯☛✰✞ ✱✟☎✲ ✑✡✰✞ ✙✠✚ ✆✑❂✟✡✤✟✠✡ ✵✟

✺✻✵ ❆✑✻ ★✩✵✟✲ ✙✫✟✗✝ ✭☎ t☎✑✟ ✆✵ ✭☛ ✱✟t✵✛ ✵✲✤✠ ✭☎✡✹

— ♠ —



�Mathematics is a most exact science and its conclusions are capable

of absolute proofs. – C.P. STEINMETZ �

8.1 ❍✁✂✄☎✆✁ (Introduction)

❢✝✞✟✠ ✡☛☞☞✌☞✍✎ ✏✍✎ ✑✏✒✍ ✓✠✔☞☞ ✑✕ ❢✡ ❢✡✓ ✝✖✡☞✗ a + b r✘☞☞
a – b ✥✕✓✍ ❢✙✝✚☞✍ ✎ ✡☞ ✛✜✢ ✛ ✣☞✒ ✤☞r ✡✗r✍ ✑✕✎✦ ✧✒✛✍★ ✓✩✪☞☞✍✎ ✡☞ ✝✖✫☞✍✜
✡✗✛✍★ ✑✏ ✓✎✔✫☞✌☞✍✎ ✛✍★ ✛✜☞✍❞ ✛ ✣☞✒☞✍✎ ✡☞ ✏☞✒ ✤☞r ✡✗ ✓✡r✍ ✑✕✎ ✥✕✓✍
(98)2 = [(100 – 2)]2, (999)3 = [(1000 – 1)3], ✧❜✫☞❢✚✦
❢✝★✗ ✬☞✠✭ ✌❢✮✡ ✣☞☞r ✛☞✟✠ ✓✎✔✫☞✌☞✍✎ ✥✕✓✍ (98)5, (101)6 ✧❜✫☞❢✚ ✡✠
✜①☞✒☞✭ ✯❢✏✡ ✜✰①☞✒✝★✟ ✙☞✗☞ ✌❢✮✡ ✥❢✱✟ ✑☞✍ ✥☞r✠ ✑✕✦ ✧✓
✥❢✱✟r☞ ✡☞✍ ❢✙✝✚ ✝✖✏✍✫ ✙☞✗☞ ✚✩✗ ❢✡✫☞ ✜✫☞✦

✧✓✓✍ ✑✏✍✎ (a + b)n ✛✍★ ✝✖✓☞✗ ✡✠ ✌☞✓☞✒ ❢✛❢✮ ✝✖☞✲r ✑☞✍r✠ ✑✕
✥✑☞t ✣☞☞r☞✎✡ n ✳✡ ✝✩①☞☞❞✡ ✫☞ ✝❢✗✏✍✫ ✓✎✔✫☞ ✑✕✦ ✧✓ ✌✴✫☞✫ ✏✍✎ ✑✏
✛✍★✛✟ ✮✒ ✝✩①☞☞❞✡☞✍ ✎ ✛✍★ ❢✟✳ ❢✙✝✚ ✝✖✏✍✫ ✡☞ ✌✴✫✫✒ ✡✗✍✎✜✍✎✦
8.2 ✵✶ ✷✂✸✁✁✹✆✁✺✻ ✼✺✽ ✄✾✿ ✄❀✷❁ ✷❂☎✺❃ (Binomial Theorem for Positive Integral

Indices)

✈❄❅❆ ❇❈❉❊ ❋●■ ❏❑ ▲❅❊ ▼◆❖◆▼P▼◗❄❘ ❙❉❊❙▼❋❏❄✈❄●■ ❇❚ ❯❋ ▼❉❱❄❚ ❏❚●■❲
(a + b)0 = 1;  a + b ❳ 0

(a + b)1 = a + b

(a + b)2 = a2 + 2ab + b2

(a + b)3 = a3 + 3a2b + 3ab2 + b3

(a + b)4 = (a + b)3 (a + b) = a4 + 4a3b + 6a2b2 + 4ab3 + b4

❅◆ ❇❨❙❄❚❄●■ ❋●■ ❯❋ ❩●◗❄❘● ❯❬■ ▼❏
(i) ❇❨❙❄❚ ❋●■ ❇❩❄●■ ❏❑ ❉✐❭P ❙■◗❪❄❫ ❴❄❄❘❄■❏ ❙● ❵ ✈▼❛❏ ❯❬❝ ❡❩❄❯❚❣❄❘❲ (a+ b)2 ❉●❭ ❇❨❙❄❚ ❋●■

(a + b)2 ❏❄ ❴❄❄❘ ❤ ❯❬ ❥❦▼❏ ❇❨❙❄❚ ❋●■ ❉✐❭P ❇❩❄●■ ❏❑ ❙■◗❪❄ ❧ ❯❬❝
(ii) ❇❨❙❄❚ ❉●❭ ❡♠❄❚❄●♠❄❚ ❇❩❄●■ ❋●■ ❇❨♥❄❋ a ❏❑ ❴❄❄❘●■ ❆❏ ❉●❭ ♦❋ ❙● ❴❄♣ ❚❯❑ ❯❬■ ❥❦▼❏ ▼q❘❑❪ ❚❄▼s❄

b ❏❑ ❴❄❄❘●■ ❆❏ ❉●❭ ♦❋ ❙● ❦✉✇ ❚❯❑ ❯❬■❝

8②③④⑤④

⑥⑦⑧⑨ ⑧⑩❶❷❸ (Binomial Theorem)

Blaise Pascal

(1623-1662 A.D.)
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(iii) ✐☎✆✝✞ ✟✠✡ ✐☎☛☞✠✌ ✐✍ ✎✠✏ a r✑✝✝ b ✌❞ ✒✝✝r✝✠✏ ✌✝ ☞✝✠✓ ✆✎✝✔ ✕✖ ✗✝✖✞ a + b ✌❞ ✒✝✝r ✟✠✡

❝✞✝❝✞ ✕✖✘

✗❝ ✕✎ a + b ✟✠✡ ♦✐✞✝✠✙r ✚✟✛r✝✞✝✠✏ ✎✠✏ ✚✟✚✜✝✢✔ ✐✍✝✠✏ ✟✠✡ ✓✣✤✝✝✏✌✝✠✏ ✌✝✠ ✚✔✥✔ ✐☎✌✝✞ ✦☞✟✚✛✑✝r ✌✞r✠

✕✖✏ ❣✗✝✟✧✡✚r 8.1)

✈★✩✪✫✬✭ 8.1

✙☞✝ ✕✎ ❉✆ ✆✝✞✤✝❞ ✎✠✏ ✗✓✮❞ ✐✏✚✙r ✚✮✯✝✔✠ ✟✠✡ ✚✮✰ ✚✌✆❞ ✐☎✚r✱✐ ✌✝ ✗✟✮✝✠✌✔ ✌✞r✠ ✕✖✏✲ ✕✝✳✘ ☞✕

✍✠✯✝✝ ♥✝ ✆✌r✝ ✕✖ ✚✌ ✒✝✝r 1 ✌❞ ✐✏✚✙r ✎✠✏ ✚✮✯✝✠ 1 ✗✝✖✞ 1 ✌✝ ☞✝✠✓ ✒✝✝r 2 ✌❞ ✐✏✚✙r ✟✠✡ ✚✮✰ 2 ✍✠r✝

✕✖✘ ✒✝✝r 2 ✌❞ ✐✏✚✙r ✎✠✏ ✚✮✯✝✠ 1 ✗✝✖✞ 2 r✑✝✝ 2 ✗✝✖✞ 1 ✌✝ ☞✝✠✓ ✒✝✝r 3 ✌❞ ✐✏✚✙r ✟✠✡ ✚✮✰ 3 ✗✝✖✞ 3

✍✠r✝ ✕✖ ✗✝✖✞ ✗✝✓✠ ✜✝❞ ❉✆❞ ✐☎✌✝✞ 1 ✐✣✔✴ ✐☎☛☞✠✌ ✐✏✚✙r ✟✠✡ ✐☎✝✞✏✜✝ ✟ ✗✏r ✎✠✏ ✚✛✑✝r ✕✖✘ ❉✆ ✐☎✚✵☞✝ ✌✝✠

✚✌✆❞ ✜✝❞ ❉✚❢✶r ✒✝✝r r✌ ✟✠✡ ✚✮✰ ✚✮✯✝✝ ♥✝ ✆✌r✝ ✕✖✘

✕✎ ✗✝✟✧✡✚r 8.2 ✎✠✏ ✚✍✰ ✓✰ ✐☎✚r✱✐ ✌✝✠ ✟✣✡✶ ✗✝✖✞ ✐✏✚✙r☞✝✳ ✚✮✯✝✌✞ ✗✝✓✠ ❝❡✷✝ ✆✌r✠ ✕✖✏✘

✈★✩✪✫✬✭ ✸✹✺ ✻★✼✽✾ ✬✿★❀★❁❂
✻★✼✽✾ ✬✿★❀★❁❂

✗✝✟✧✡✚r 8.2 ✎✠✏ ✍❞ ✓❉❃ ✆✝✞✤✝❞ ✌✝✠ ✗✐✔❞ ✱✚❄ ✟✠✡ ✗✔✣✆✝✞ ✚✌✆❞ ✜✝❞ ✒✝✝r r✌ ❝❡✷✝ ✆✌r✠ ✕✖✏✘ ☞✕

✆✏✞❄✔✝ ✰✌ ✰✠✆✠ ✚❅✝✜✝✣♥ ✌❞ r✞✕ ✮✓r❞ ✕✖ ✚♥✆✟✠✡ ❆✝❞❇✝❃ ✐✞ ❈ ✚✮✯✝✝ ✕✖ ✗✝✖✞ ✍✝✠ ✚r✞✶❞ ✜✝✣♥✝✰✏ ✔❞❄✠

✌❞ ✗✝✠✞ ♥✝ ✞✕❞ ✕✖✏✘ ✆✏✯☞✝✗✝✠✏ ✌✝ ✦☞❊✕ ✐☎✡✝✏✆❞✆❞ ✓✚✤✝r❋ Blaise Pascal ✟✠✡ ✔✝✎ ✐✞ ✐✝✛✌✮ ✚❅✝✜✝✣♥

✟✠✡ ✔✝✎ ✆✠ ✐☎✚✆● ✕✖✘ ❉✆✠ ✚✐✏✓✮ ✟✠✡ ✎✠❍✐☎✛❅✝ ✟✠✡ ✔✝✎ ✆✠ ✜✝❞ ♥✝✔✝ ♥✝r✝ ✕✖✘
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✱✞ ✟✠✡☛ ✞☞ ✌✍✎ ✏✑✑✒✑✓✔ ✞✑ ✡✕✖✑✗ ✘✑☞ ✡✑✙✞✚ ✛✓✜ ✟✢✑✘✑✣✤ ✛✓✜ ✡✕✥✑✓✦ ✠✑✗✑ ✖✔✘✑✛ ✧★✩ ✪✑✫✱

✧❣ ✡✑✙✞✚ ✟✢✑✘✑✣✤ ✞✑ ✡✕✥✑✓✦ ✞✗ ✛✓✜ (2x+3y)5 ✞✑ ✟✛✙✒✑✗ ✞✗✓✔✩ ✏✑✑✒ ❞ ✞☞ ✡✔✟✬✒ ✧★✭

1 5 10 10 5 1

❜✮ ✯✰✲✳✴ ✵✶✷ ✸✶✹✺ ✻✼✶✺✽ ✯✺✾✿✶❀✶✶✽✰ (i), (ii), (iii), ✵✶ ✯❁❂✶✽❃ ✵✺✴✽ ✻❄❅ ✻✼ ✯✶✴✽ ✻✹✰ ✲✵
(2x+3y)5 = (2x)5 + 5(2x)4 (3y) + 10(2x)3 (3y)2 +10 (2x)2 (3y)3 + 5(2x)(3y)4 + (3y)5

= 32x5 + 240x4y + 720x3y2 + 1080x2y3 + 810xy4 + 243y5.

✸✈ ❂✲❆ ✻✼ (2x+3y)12, ✵✶ ✯❁✮✶✺ ❇✶✴ ✵✺❈✶ ❉✶✻✽✰ ✴✶✽ ✯✻❊✽ ✻✼✽✰ ❋✶✶✴ 12 ✵✾ ✯✰✲✳✴ ❇✶✴ ✵✺❈✾

✻✶✽❃✾● ❜✮✽ ✯✶❍✵❊ ✲■✶❏✶❄❑ ✵✾ ✯✰✲✳✴❂✶✽✰ ✵✶✽ ❋✶✶✴ 12 ✴✵ ✵✾ ✮❏✶✾ ✯✰✲✳✴❂✶▲ ✲❊▼✶ ✵✺ ✯❁✶◆✴ ✲✵❂✶ ❑✶

✮✵✴✶ ✻✹● ❂✻ ❧✶✶✽❖P✾ ✮✾ ❊✰✈✾ ✲◗✲❘ ✻✹● ❑✹✮✶ ✲✵ ✸✶✯ ❆✽▼✶✴✽ ✻✹✰ ✲✵ ✸✶✹✺ ❏✶✾ ❙❚❉ ❋✶✶✴✶✽✰ ✵✶ ✲◗❍✴✶✺

✵✺❈✽ ◗✽❯ ✲❊❅ ✲◗✲❘ ✸✶✹✺ ✸✲❘✵ ✵✲❱❈ ✻✶✽ ❑✶❅❃✾●

✸✴❲ ✻✼ ❅✵ ❅✽✮✶ ✲❈❂✼ ❳❨▲❳❈✽ ✵✶ ✯❁❂❩❈ ✵✺✴✽ ✻✹✰ ✲❑✮✮✽ ✯✶❍✵❊ ✲■✶❏✶❄❑ ✵✾ ❅✽✲❚❬✵ ✯✰✲✳✴

✮✽ ✯✻❊✽ ✵✾ ✮✶✺✾ ✯✰✲✳✴❂✶✽✰ ✵✶✽ ✲❊▼✶✽ ✲✈❈✶ ✻✾✷ ✲❭✯❆ ◗✽❯ ✲✵✮✾ ❏✶✾ ❋✶✶✴ ✵✶ ✲◗❍✴✶✺ ❇✶✴ ✵✺ ✮◗✽❯✰●

❜✮◗✽❯ ✲❊❅ ✻✼ ✯✻❊✽ ✯❳P ❉❄◗✽❯ ❪✮✰❉❂❫ ◗✽❯ ✮❨■✶✶✽✰ ✵✶ ✯❁❂✶✽❃ ✵✺◗✽❯✷ ✯✶❍✵❊ ✲■✶❏✶❄❑ ✼✽✰ ✲❊▼✶✾

✮✰▼❂✶✸✶✽✰ ✵✶✽ ✯❄❈❲ ✲❊▼✶✴✽ ✻✹✰● ✻✼ ❑✶❈✴✽ ✻✹✰ ✲✵

)!–(!

!
C

rnr

n
r

n ❴  , 0❵  r ❵  n ❑✻✶▲ n ➼❀✶✽✴✺ ✯❨❀✶✶❛✵ ✻✹●
n

n

o

n C1C ❝❝

✸✈ ✯✶❍✵❊ ✲■✶❏✶❄❑ ✵✶✽ ✯❄❈❲ ❜✮ ✯❁✵✶✺ ✲❊▼✶ ✮✵✴✽ ✻✹✰ ❡✸✶◗❤❯✲✴ ✐❥❦♠

♥♦♣qrst 8.3 ✉♦✇①② s③♦④♦⑤⑥

❙✯✺✶✽✳✴ ✯❁✲✴⑦✯ (pattern) ✵✶✽ ❆✽▼✶✵✺✷ ✯❨◗⑧ ✯✰✲✳✴❂✶✽✰ ✵✶✽ ✲❊▼✶✽ ✲✈❈✶ ✻✼ ✯✶❍✵❊ ✲■✶❏✶❄❑ ✵✾

✲✵✮✾ ❏✶✾ ❋✶✶✴ ◗✽❯ ✲❊❅ ✯✰✲✳✴ ✵✶✽ ✲❊▼✶ ✮✵✴✽ ✻✹✰● ❙❆✶✻✺❀✶✴❲ ❋✶✶✴ 7 ◗✽❯ ✲❊❅ ✯✰✲✳✴ ✻✶✽❃✾❲
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7C
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1    

7C
2    

7C
3    

7C
4    

7C
5    

7C
6    

7C
7

❜ ☎ ✆✝✞✟✠✡ ❜ ☎ ✆☛☞✌ ✍ ✎ ✟✏✠ ✆✝✑✒ ✟✓✟ (i), (ii) ♦ (iii), ✞✟ ✆✝❞ ✟ ✑✔ ✞✠ ♦✑✕ ✖ ✗ ✆✟ ✍ ✑ ✖✏☛ ✡

(a+b)7 = 7C
0 

a7

 
+ 7C

1
a6b + 7C

2
a5b2 + 7C

3
a4b3 + 7C

4
a3b4 + 7C

5
a2b5 + 7C

6
ab6 + 7C

7
b7

❜ ✘ ✆✝ ✑✒✟ ✓✟ ✟✑☛ ✞✟ ✙ ✆❞ ✟✑ ✔ ✞✠ ♦✑✕ ✚✞ ☞ ✛ ✆✜ ♦✑✕ ☞✞☎✢ ✣ ✓✟✑ ✍✠ ✆✤ ✓✟ ✟✥ ✞ n ♦✑✕ ☞ ✦ ✚ ✆✝☎✟✠ ☞✜ ✧ ✟✟❞ ✟

t ✟ ☎✞✍ ✟ ✖ ✏★ ✎ ✩ ✖ ✗ ✚✞ ☞✛ ✆✜ ♦✑✕ ☞ ✞☎✢ ✪✟ ✢ ✫✣ ✓✟ ✑✍✠ ✆✤ ✓✟ ✟✥ ✞✬ ✭ ✟ ✟✍ ♦✑✕ ✆✝ ☎✟✠ ✞✟ ✑ ☞✦✧ ✟ ✘✑ ✞✢

✎ ♦✈✮ ✟ ✟ ✗✑☛ ✖ ✏☛★

8.2.1 ❢ ✯✰✱ ✰ ✲✳✴ ✵ ❢ ✶✷✸ ✹✺ ✰ ✻✼ ✽ ✽✾ ✶ n ✿✴ ❀ ❢ ❁❂ (Binomial theorem  for any positive

integer n)

(a + b)n = nC
0
an + nC

1
an-1b + nC

2
an-2 b2 + ...+ nC

n-1
a.bn-1 + nC

n
bn

♠ ❃❃❄ ❅❆ ❜ ☎ ✆✝✗✑❞ ✞✢ ✙✆✆☞ ❇✟ ✔☞ ✓✟ ✍✢❞ ✎ ✟ ✔✗✘ ☞ ☎❈ ✟☛ ✍ ✛ ✟✠ ✟ ✆✝✟❉ ✍ ✞✢ t✟ ✍✢ ✖ ✏★

✗✟✘ ✦ ✢☞ t✚ ✞✮ ✟ ✘ P(n) ☞ ✘❊ ✘☞ ✦☞✧ ✟✍ ✖ ✏❋

P(n) : (a + b)n = nC
0
an + nC

1
an-1b + nC

2
an-2b2 + ...+ nC

n-1
a.bn-1 + nC

n
bn

n = 1 ✦ ✑✘ ✑ ✆✠

P (1) : (a + b)1 = 1C
0
a1 + 1C

1
b1 = a + b

✎ ✍❋  P (1) ☎●❞ ✖✏★

✗✟✘ ✦ ✢☞t ✚ ☞✞ P (k), ☞ ✞☎✢ ❍✘ ✆✤ ✓✟ ✟✥ ✞ k ♦✑✕ ☞ ✦✚ ☎ ●❞ ✖ ✏✡ ✎ ✮ ✟ ✟■ ✍❏❏

(a+b)k = kC
0
ak + kC

1
ak-1b + kC

2
ak-2b2 + ...+ kC

k
bk ... (1)

✖ ✗ ☞ ☎❈ ✞✠ ✑☛ ✔✑☛ ☞✞ P(k+1) ✪ ✟✢ ☎●❞ ✖✏ ✎ ✮ ✟ ✟■ ✍❏❏✡

(a+b)k+1 = k+1C
0
ak+1 + k+1C

1
akb + k+1C

2
ak-1b2 + ...+ k+1C

k+1
bk+1

❑▲,

(a+b)k+1 = (a+b) (a+b)k

= (a+b) (kC
0
ak + kC

1
ak-1b + kC

2
ak–2b2+... +kC

k-1
abk-1 + kC

k
bk) [(1) ☎✑]

= kC
0
ak+1 + kC

1
akb + kC

2
ak–1b2 +...+ kC

k–1
a2bk–1 + kC

k
abk + kC

0
akb

+ kC
1
ak-1b2 + kC

2
ak–2b3+ ... + kC

k-1
abk + kC

k
bk+1    [♦✟✈ ●☞♦✞ ✔▼ ✓✟ ✟ ✛ ✟✠ ✟]

= kC
0
ak+1 + (kC

1
+kC

0
)akb + (kC

2
+kC

1
)ak-1b2 + ...

+ (kC
k
+kC

k-1
) abk + kC

k
bk+1 (☎✗✟ ✘ ✆✜ ✟✑☛ ♦✑✕ ☎✗✤✖ ✩ ✘ ✟ ✞✠)

=  k+1C
0
ak+1 + k+1C

1
akb + k+1C

2

 ak–1b2 + ...+ k+1C
k
abk + k+1C

k+1 
bk+1

(k+1C
0
= 1,  kC

r 
+ kC

r-1
= k+1C

r
✎ ✟✏✠   kC

k  
= 1= k+1C

k+1
 ✞✟ ✆✝❞ ✟✑ ✔ ✞✠ ♦✑✕)
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❜✞✞✟ ✠✞✡ ☛☞✟✌☞ ☛✍ ✠✎ ✏✠✑ P(k) ❍☞✒ ✞✓✏ ☛✍ ✌☞✟ P (k+1) ✞✓✏ ☛✍❧ ❜✞✠✔✕✖ ✗✠✘☞✌✒✏ ✙☞✗✚✛ ✠✞✡☞✜✌

⑥☞✢☞✖ ✣✤✓✏✟✎ ✥✛ ✣✦✘☞☞✧✎ n ♦✟★ ✠✔✕ P(n) ✞✓✏ ☛✍❧

☛✚ ❜✞ ✣✤✚✟✏ ✎☞✟ (x + 2)6 ♦✟★ ✣✤✞☞✢ ✎☞ ✩✑☞☛✢✘☞ ✔✟✎✢ ✞✚✪✌✟ ☛✍✜❧

(x+2)6 = 6C
0
x6 + 6C

1
x5.2 + 6C

2
x422 + 6C

3
x3.23  + 6C

4
x2.24 + 6C

5
x.25 + 6C

6
.26

= x6 + 12x5 +60x4 + 160x3 + 240x2 + 192x + 64

❜✞ ✣✤✎☞✢, (x+2)6 = x6 + 12x5 +60x4 + 160x3 + 240x2 + 192x + 64.

✐✫✬✭✮✯✮

1. nC
0
anb0 + nC

1
an-1b1 + ...+ nC

r
an–rbr + ...+nC

n
an–nbn, t☛☞✰ b0 = 1 = an–n

✎☞ ✞✜♦✟★✌✛
0

C
n

n n k k
k

k

a b✱

✲
✳ ☛✍❧

✙✌✈ ❜✞ ✣✤✚✟✏ ✎☞✟ ❜✞ ✣✤✎☞✢ ❍☞✒ ✠✔✴☞ ✞✎✌✟ ☛✍✜❧

0

( ) C
n

n n n k k
k

k

a b a b✱

✲
✵ ✶✳

2. ✠⑥✣✑ ✣✤✚✟✏ ✚✟✜ ✙☞✛✟ ♦☞✔✟ ✗✷✘☞☞✜✎ nC
r
 ✎☞✟ ✠⑥✣✑ ✗✷✘☞☞✜✎ ✎☛✌✟ ☛✍✜❧

3. (a+b)n ♦✟★ ✣✤✞☞✢ ✚✟✜ ✣✑☞✟✜ ✎✒ ✞✜✴✏☞ (n+1) ☛✍ ✙❣☞☞✸✌✹✹ ✺☞☞✌☞✜✎ ✞✟ ✻ ✙✠✥✎ ☛✍❧

4. ✣✤✞☞✢ ♦✟★ ✩✼☞✢☞✟✼☞✢ ✣✑☞✟✜ ✚✟✜✖ a ✎✒ ✺☞☞✌✟✜ ✕✎ ♦✟★ ❞✚ ✞✟ ✺☞✽ ✢☛✒ ☛✍✜❧ ✏☛ ✣☛✔✟ ✣✑ ✚✟✜ n, ✑✦✞✢✟

✣✑ ✚✟✜  (n–1) ✙☞✍✢ ✠✣★✢ ❜✞✒ ✣✤✎☞✢ ✙✜✠✌✚ ✣✑ ✚✟✜ ✾☞✦✿✏ ☛✍❧ ❀✒✎ ✩✞✒ ✣✤✎☞✢ b ✎✒ ✺☞☞✌✟✜ ✕✎

♦✟★ ❞✚ ✞✟ ❁❂❃ ✢☛✒ ☛✍✜✖ ✣☛✔✟ ✣✑ ✚✟✜ ✾☞✦✿✏ ✞✟ ✾☞✷❄ ☛☞✟✎✢✖ ✑✦✞✢✟ ✣✑ ✚✟✜ ✻ ✙☞✍✢ ✠✣★✢ ❜✞✒ ✣✤✎☞✢
✙✜✠✌✚ ✣✑ ✚✟✜ n ✣✢ ✞✚☞❅✌ ☛☞✟✌✒ ☛✍✜❧

5. (a+b)n, ♦✟★ ✣✤✞☞✢ ✚✟✜✖ a ✌❣☞☞ b ✎✒ ✺☞☞✌☞✟✜ ✎☞ ✏☞✟✗✖ ✣☛✔✟ ✣✑ ✚✟✜ n + 0 = n, ✑✦✞✢✟ ✣✑ ✚✟✜

(n – 1) + 1 = n ✙☞✍✢ ❜✞✒ ✣✤✎☞✢ ✙✜✠✌✚ ✣✑ ✚✟✜ 0 + n = n ☛✍❧ ✙✌✈ ✏☛ ✑✟✴☞☞ t☞ ✞✎✌☞ ☛✍

✠✎ ✣✤✞☞✢ ♦✟★ ✣✤✓✏✟✎ ✣✑ ✚✟✜ a ✌❣☞☞ b ✎✒ ✺☞☞✌☞✟✜ ✎☞ ✏☞✟✗ n ☛✍❧

8.2.2 (a + b)n ❆❇❈ ❉❊❋●■ ❏❑ ❆▲❈▼ ◆❆◆❖●P◗ ◆❘❙●◆❚❯●❱ (Some special cases)

(i) a = x ✌❣☞☞ b = –y, ✔✟✎✢ ☛✚ ✣☞✌✟ ☛✍✜②
(x – y)n = [x + (–y)]n

= nC
0
xn + nC

1
xn-1(–y) + nC

2
xn–2(–y)2 + nC

3
xn–3(–y)3 + ... + nC

n
 (–y)n

= nC
0
xn – nC

1
xn–1y + nC

2
xn–2y2 – nC

3
xn-3y3 + ... + (–1)n nC

n
 yn

❜✞ ✣✤✎☞✢ (x–y)n = nC
0
xn – nC

1
xn–1 y + nC

2
xn–2 y2 + ... + (–1)n nC

n
 yn

❜✞✎☞ ✣✤✏☞✟✗ ✎✢♦✟★ ☛✚ ✣☞✌✟ ☛✍✜✖
(x–2y)5 = 5C

0
x5 – 5C

1
x4 (2y) + 5C

2
x3 (2y2)

– 5C
3
x2 (2y)3 + 5C

4 
x(2y)4 – 5C

5
(2y)5

= x5 –10x4y + 40x3y2 – 80x2y3 + 80xy4 – 32y5
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(ii) a = 1 ✥☎✆✆ b = x, ②✝✞✟ ✠✡ ☛✆✥✝ ✠☞✌ ✍✞✎
(1+x)n = nC

0
(1)n + nC

1
(1)n-1x + nC

2
(1)n-2x2 + ... + nC

n
xn

= nC
0
 + nC

1
x + nC

2
x2 + nC

3
x3 + ... + nC

n
xn

❜✏ ☛✑✞✆✟, (1+x)n = nC
0
 + nC

1
x + nC

2
x2 + nC

3
x3 + ... + nC

n
xn

✍❢✒✆✝✓✆✥ x =1, ❢✝♦ ✍②✔ ✠✡ ☛✆✥✝ ✠☞✌✎
2n = nC

0
 + nC

1
 + nC

2
 + ... + nC

n
.

(iii) a = 1 ✥☎✆✆ b = – x, ②✝✞✟ ✠✡ ☛✆✥✝ ✠☞✌✎
(1– x)n = nC

0
 – nC

1
x + nC

2
x2 – ... + (–1)n nC

n
xn

✍❢✒✆✝✓✆✥ x = 1, ❢✝♦ ✍②✔ ✠✡ ☛✆✥✝ ✠☞✌✎
0 = nC

0
 – nC

1
 + nC

2
 – ... + (–1)n nC

n

♠✕✖✗✘✙✖ 1

4

2 3
x

x

✚ ✛
✜✢ ✣

✤ ✦
, x ✧ 0 ✞✆ ☛✑✏✆✟ ★✆✥ ✞✩✍✪✔✫

✗❣ ✍✬☛✭ ☛✑✡✝✮ ✞✆ ☛✑✮✆✝✯ ✞✟❢✝♦ ✠✡✝✌ ☛✑✆✰✥ ✠✆✝✥✆ ✠☞✎

4

2 3
x

x

✱ ✲
✳✴ ✵

✶ ✷
= 4C

0
(x2)4 + 4C

1
(x2)3 

3

x

✸ ✹
✺ ✻
✼ ✽

 + 4C
2
(x2)2 

2
3

x

✱ ✲
✴ ✵
✶ ✷

+ 4C
3
(x2) 

3
3

x

✱ ✲
✴ ✵
✶ ✷

+  4C
4
 

4
3

x

✱ ✲
✴ ✵
✶ ✷

= x8 + 4.x6 . 
3

x
+ 6.x4 . 2

9

x
+ 4.x2. 3

27

x
+ 4

81

x

= x8 + 12x5 + 54x2 + 4

108 81

x x
✾

♠✕✖✗✘✙✖ 2 (98)5 ✞✩ ✯❞✆✿✆ ✞✩✍✪✔❀

✗❣ ✠✡ 98 ✞✆✝ ✭✆✝ ✏✌❁✮✆❂✆✝✌ ❢✝♦ ✮✆✝✯ ✮✆ ❂✌✥✟ ✡✝✌ ❃✮❄✥ ✞✟✥✝ ✠☞✌ ✍✪✿✞✩ ❅✆✆✥ ★✆✥ ✞✟✿✆ ✏✟② ✠✆✝✎

✍☛♦✟ ✍✬☛✭ ☛✑✡✝✮ ✞✆ ☛✑✮✆✝✯ ✞✟✥✝ ✠☞✌❀

98 ✞✆✝  100 – 2 ✍②❁✆✿✝ ☛✟✎

(98)5 = (100 – 2)5

= 5C
0
 (100)5 – 5C

1
 (100)4.2 + 5C

2
 (100)322 –  5C

3
 (100)2 (2)3

+ 5C
4
 (100) (2)4 – 5C

5
 (2)5

= 10000000000 – 5 × 100000000 × 2 + 10 × 1000000 × 4 – 10 ×10000

× 8 + 5 × 100 × 16 – 32

= 10040008000 – 1000800032

= 9039207968
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♠✞✟✠✡☛✟ 3 (1.01)1000000 ✈☞✌✍ 10,000 ❡✎✏ ✑✎ ✒☞✌✓ ✑✔ ✑✏✕✖☞ ✗✘✙✔ ✚✌✛

❣✜ 1.01 ❞✢✣ ✤✢✣ ✥✤✢✣✦ ✧✣✦ ★✩✪✫ ❞✬✭✣✮ ✯✰✥✤ ✥✱✧✣✩ ✭✣✮ ✥✲✳✣ ✭✴✮✵ ✥✤✢✣ ✦ ❞✢✣ ✯✳✶✢❞✬ ✲✧ ✥✢✫✣ ✲✷✦

       (1.01)1000000 = (1 + 0.01)1000000

= 1000000C
0
 + 1000000C

1
(0.01) + ✈✸✖ ✹✓☞✺❡✒ ✻✼

= 1 + 1000000 × 0.01 + ✈✸✖ ✹✓☞✺❡✒ ✻✼

= 1 + 10000 + ✈✸✖ ✹✓☞✺❡✒ ✻✼

> 10000

✈✽✾ (1.01)1000000 > 10000

♠✞✟✠✡☛✟ 4 ✿❀✻✼ ✻❁❡✎✖ ✒☞ ✻❁✖☞✎❂ ✒✍❃✎❄ ✿✑❅ ✒✔✿❆❇ ✿✒ 6
n
–5n ✒☞✎ ❆✗ ❈❉ ✑✎ ❊☞☞❂ ✿✼✖☞ ❆☞❇

✽☞✎ ✑✼✌❃ r ❋☞✎●☞ ✗❍✽☞ ✚✌■

✠❏ ✼☞✎ ✑✕✖☞✈☞✎✏ a ✽❑☞☞ b ❃✎❄ ✿♦❇ ✖✿✼ ✚❡ ✑✏✕✖☞❇▲ q ✽❑☞☞ r ✻❁☞✐✽ ✒✍ ✑❃✎✏❄ ✽☞✿✒ a = bq + r

✽☞✎ ✚❡ ✒✚ ✑✒✽✎ ✚✌✏ ✿✒ a ✒☞✎ b ✑✎ ❊☞☞❂ ✒✍✓✎ ✻✍ q ❊☞❆✓✻❄♦ ✽❑☞☞ r ❋☞✎●☞✻❄♦ ✻❁☞✐✽ ✚☞✎✽☞ ✚✌■ ▼✑✔

✻❁✒☞✍ ✖✚ ✼❋☞☞◆✓✎ ❃✎❄ ✿♦❇ ✿✒ 6n–5n ✒☞✎ ❈❉ ✑✎ ❊☞☞❂ ✒✍✓✎ ✻✍ r ❋☞✎●☞ ✗❍✽☞ ✚✌❖ ✚❡✎✏ ✿✑❅ ✒✍✓☞ ✚✌✾

6n–5n = 25k+1 ❆✚☞▲ k ❇✒ ✻❁☞❃P❄✽ ✑✏✕✖☞ ✚✌■

✚❡ ❆☞✓✽✎ ✚✌✏✾ (1 + a)n = nC
0
 + nC

1
a + nC

2
a2 + ... + nC

n
an

a = 5, ❃✎❄ ✿♦❇ ✚❡✎✏ ✻❁☞✐✽ ✚☞✎✽☞ ✚✌❖

(1 + 5)n = nC
0
 + nC

1
5 + nC

2
52 + ... + nC

n
5n

✖☞ (6)n = 1+5n + 52.nC
2

 + 53.nC
3
 + ... + 5n

✖☞ 6n – 5n = 1+52 (nC
2

 + nC
3
5 + ... + 5n-2)

✖☞ 6n – 5n = 1+ 25 (nC
2 
+ 5 .nC

3
 + ... + 5n-2)

✖☞ 6n – 5n = 25k+1 ❆✚☞▲ k= nC
2 
+ 5 .nC

3
 + ... + 5n–2.

✖✚ ✼❋☞☞◆✽☞ ✚✌ ✿✒ ❆✗ 6n – 5n ✒☞✎ ❈❉ ✑✎ ❊☞☞❂ ✿✒✖☞ ❆☞✽☞ ✚✌ ✽☞✎ ❋☞✎●☞ r ✗❍✽☞ ✚✌■

◗❘❙❚✟❯❏❱ 8.1

✻❁❋✓ r ✑✎ ❉ ✽✒ ✻❁✺✖✎✒ ❲✖✏❆✒ ✒☞ ✻❁✑☞✍ ✒✔✿❆❇✾ 5.

1. (1–2x)5 2.

5
2

2

x
–

x

❳ ❨
❩ ❬
❭ ❪

3. (2x – 3)6

4.

5
1

3

x

x

❫ ❴
❵❛ ❜

❝ ❤
5.

6
1

x
x

❫ ❴
❵❛ ❜

❝ ❤
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❢☎✆✝ ✆✞✟✠✡ ☛☞ ✆✞✡☞✠✌ ☛✍✎✠✏ ❢✑✒✑❢✓❢✔☞✕ ☛☞ ✟☞✑ ✖☞✕ ☛✗❢✘✙

6. (96)3 7. (102)5 8. (101)4 9. (99)5

10. ❢☎✆✝ ✆✞✟✠✡ ☛☞ ✆✞✡☞✠✌ ☛✍✕✠ ✚✛✙ ✜✕☞✢✙ ☛☞✣✑✤✥✗ ✥✦✔✡☞ ✜✧★✗ ✚✣ (1.1)10000 ✡☞ 1000.

11. (a+b)4 – (a–b)4 ☛☞ ❢✎✩✕☞✍ ☛✗❢✘✙✪ ✢✥☛☞ ✆✞✡☞✠✌ ☛✍✎✠✏ ✫ ✬
4

3 2✭ – ✫ ✬
4

3 2– ☛☞
✟☞✑ ✖☞✕ ☛✗❢✘✙✪

12. (x+1)6 + (x–1)6 ☛☞ ✟☞✑ ✖☞✕ ☛✗❢✘✙✪ ✢✥☛☞ ✆✞✡☞✠✌ ☛✍✎✠✏ ✡☞ ✮✯✡✰☞☞ ( 2 +1)6 + ( 2  –1)6

☛☞ ✟☞✑ ✖☞✕ ☛✗❢✘✙✪
13. ❢✝✔☞☞✢✙ ❢☛ 9n+1 – 8n – 9, ✻✱ ✥✠ ❢✎✲☞☞✳✡ ✚✣ ✘✚☞✴ n ✙☛ ✵✑ ✆✶✷☞☞✸☛ ✚✣✪

14. ❢✥✹ ☛✗❢✘✙ ❢☛
0

3 C 4r

n
r n n

r✺
✼✽

8.3 ❖✾✿❀❁ ❂❃❄ ❅❆✾ ❀❇ (General and Middle Terms)

1. (a + b)n ♦❈❉ ❊❋●❍ ●■❏❑▲ ▼❈◆ P▼◗❈ ❍❈❘❑❑ P❙ ❊❚ ●P❯❑ ●❍ nC
0
an P❙❣ ❍❱❏▲❑ ●❍ nC

1
an–1b

✚✣❲ ✕✗✥✍☞ ✆✝ nC
2
an–2b2 ✚✣ ✮☞✣✍ ✮☞✌✠ ✢✥✗ ✆✞☛☞✍✪ ✢✑ ❳❨☞✍☞✠❨☞✍ ✆✝☞✠✦ ✎✠✏ ✆✞❢✕❩✆☞✠✦ ✟✠✦ ✚✟ ☛✚

✥☛✕✠ ✚✣✦ ❢☛ (r + 1)✎☞✦ ✆✝ nC
r
an–rbr ✚✣✪ (a + b)n ☛☞ (r + 1)✎☞✦ ✆✝❲ ❬❭❪❫❴ ❫❵

(General term) ☛✚✓☞✕☞ ✚✣✪ ✢✥✠ T
r+1

☎☞✍☞ ❢✓✔☞✕✠ ✚✣✦✪ ✮✕❛ T
r+1

 = nC
r
 an – rbr

2. (a + b)n ✎✠✏ ✆✞✥☞✍ ✎✠✏ ✟❜✡ ✆✝ ✎✠✏ ✜☞✍✠ ✟✠✦ ✚✟ ✆☞✕✠ ✚✣✦

(i) ✡❢✝ n ✥✟ (Even) ✥✦✔✡☞ ✚✣ ✕☞✠ ✆✞✥☞✍ ✎✠✏ ✆✝☞✠✦ ☛✗ ✥✦✔✡☞ (n+1) ✚☞✠✌✗✪ ❝✡☞✠✦❢☛ n ✙☛

✥✟ ✥✦✔✡☞ ✚✣✦ ✢✥❢✓✙ n + 1 ✙☛ ❢✎❞☞✟ ✥✦✔✡☞ ✚☞✠✌✗✪ ✢✥❢✓✙ ✟❜✡ ✆✝
1 1

2

n ❡ ❡❤ ✐
❥ ❦
❧ ♠

♥♣q

✮✰☞☞✈✕rr  1
2

ns t✉✇ ②
③ ④

♥♣q
 ✆✝ ✚✣✪

❳✝☞✚✍✷☞☞✰☞✈❲ (x + 2y)8 ✎✠✏ ✆✞✥☞✍ ✟✠✦ ✟❜✡ ✆✝
8

1
2

⑤ ⑥⑦⑧ ⑨
⑩ ❶

❷❸❹
✮✰☞☞✈✕r 5♥♣q ✆✝ ✚✣✪

(ii) ✡❢✝ n ❢✎❞☞✟ ✥✦✔✡☞ (odd) ✚✣ ✕☞✠ (n+1) ✥✟ ✥✦✔✡☞ ✚✣✪ ✢✥❢✓✙❲ ✆✞✥☞✍ ✎✠✏ ✝☞✠ ✟❜✡ ✆✝

1

2

n ⑦⑤ ⑥
⑧ ⑨
⑩ ❶

❷❸❹
 ✕✰☞☞

1
1

2

n ⑦⑤ ⑥⑦⑧ ⑨
⑩ ❶

❷❸❹
 ✚☞✠✦✌✠✪ ✮✕❛ (2x–y)7 ✎✠✏ ✆✞✥☞✍ ✟✠✦ ✟❜✡ ✆✝  

7 1

2

❡❤ ✐
❥ ❦
❧ ♠

♥♣q

✮✰☞☞✈✕rr ❺☞✣✰☞☞ ✮☞✣✍
7 1

1
2

❻❼ ❽❻❾ ❿
➀ ➁

➂♥♣q
✮✰☞☞✈✕r ✆☞✴❺✎☞✴ ✆✝ ✚✣✪
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3.

2
1

n

x
x

✞ ✟
✠✡ ☛

☞ ✌
, t✍✎✏ x ✑  0 ✍❣✒ ✓✔✕ ✖✗✘✎✙ ✚✔✛ ✚✜✢ ✖✣

2 1 1

2

n ✤ ✤✥ ✦
✧ ★
✩ ✪

♦✫→

✈✬✎✎✭✮✯ (n+1)✰✱✲ ✖✣ ✍❣✒

❉✢✎✔✛✳✴ 2n ✘✚ ✘✛❧✢✎ ✍❣✵

✢✍ 2nC
n
xn 

1
n

x

✶ ✷
✸ ✹
✺ ✻

= 2nC
n
 ✼✈✽✙✾ ✿✎✙✎ ✳✣✢✎ t✎✮✎ ✍❣✵

❀❁ ❂❃ x ❄❅ ❆❇❈❊❋● ❂❃ (Independent Term) ❀● ❍■❏ ❂❃ (Constant term) ✴✍❞✎✮✎ ✍❣✵

♠❑▲▼◆❖▲ 5 ✢✳✣ (2+a)50  ✓✔✕ ✳✿✖✣ ✖✗✘✎✙ ✴✎ ✘P✎✍✓✎✏ ✈✎❣✙ ✈◗❘✎✙✍✓✎✏ ✖✣ ✘✚✎❙ ✍✎✔ ✮✎✔ a ✴✎ ✚✎❙

❚✎✮ ✴❯✳t❱✵

▼❲ (x+y)n ✓✔✕ ✳✿✖✣ ✖✗✘✎✙ ✚✔✛ (r+1)✰✱✲ ✖✣ ✍❣✐ T
r+1

 =  nC
r
xn–ryr

✘P✎✍✓✔✛ ✖✣ ✓✔✕ ✳❞❱✒ r + 1 = 17, ✢✎  r = 16

❜✘✳❞❱ T
17

 = T
16+!

 = 50C
16

 (2)50–16 a16

= 50C
16 

234 a16

❜✘❯ ✖✗✴✎✙ T
18

 = 50C
17 

233 a17

✍✚✔✛ ❚✎✮ ✍❣ ✳✴ T
17

 = T
18

❜✘✳❞❱✒ 50C
16 

(2)34 a16  = 50C
17 

(2)33 a17

✢✎ 16

17

a

a
= 3350

3450

2.C

2.C

17

16

✢✎ a = 

50
16

50
17

C 2

C
 =

50! 17! 33!
2

16! 34! 50!
❳ ❳  = 1

♠❑▲▼◆❖▲ 6 ✳✣❧✎✎❜❱ ✳✴ (1+x)2n ✓✔✕ ✖✗✘✎✙ ✚✔✛ ✚✜✢ ✖✣
1.3.5...(2 1)

2
!

n nn
x

n
✍❣✒ t✍✎✏ n ❱✴

❨❙ ✖❩❬✎✎❭✴ ✍❣✵

▼❲ ❉✢✎✔✛✳✴ 2n ❱✴ ✘✚ ✘✛❧✢✎ ✍❣✒ ❜✘✳❞❱ (1+x)2n ✴✎ ✚✜✢ ✖✣
2

1
2

t
n✞ ✟

✠✡ ☛
☞ ✌

✰✱✲
✈✬✎✎✭✮✯✯  (n+1)✰✱✲

✖✣ ✍❣✵

❜✘ ✖✗✴✎✙✒ ✚✜✢ ✖✣ T
n+1 

= 2nC
n
(1)2n–n(x)n = 2nC

n
xn = 

n
x

nn

n

!!

)!2(

=
2 (2 1) (2 2) 4 3 2 1

! !

nn n n ... . . .
x

n n

❪ ❪
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=
n

x
nn

nnn

!!

)2()12()22...(4.3.2.1 ☎☎

=
!!

)]2...(6.4.2[)]1–2(...5.3.1[

nn

nn
. xn

=  
n

n

x
nn

nn

!!

]...3.2.1[2)]12...(5.3.1[ ✆

=
nn

x
nn

nn
.2

!!

!)]12...(5.3.1[ ☎

=
nn

x
n

n
2

!

)12...(5.3.1 ✝

♠✞✟✠✡☛✟ ☞ (x+2y)9 ♦✌✍ ✎✏✑✒✓ ✔✌✕ x6y3 ❞✒ ✖✗✘✒✒✕❞ ✙✒✚ ❞✛✜✢✣✤

✠❣ ✔✒❡ ✥✛✜✢✣ (x+2y)9 ♦✌✍ ✎✏✑✒✓ ✔✌✕ x6y3, (r+1)✦✧★ ✎✐ ✔✌✕ ✩✒✚✒ ✪✫✤

✩✈ T
r+1 

= 9C
r
 x9– r (2y)r = 9C

r
 2 r . x9 – r . y r

T
r+1
✚✬✒✒ x6y3 ✔✌✕ x ✩✒✫✓ y ♦✌✍ ✭✒✒✚✒✕❞✒✌✕ ❞✛ ✚✗✥❡✒ ❞✓❡✌ ✎✓ ✪✔✌✕ ✎✏✒✮✚ ✪✒✌✚✒ ✪✫✯ r = 3.

❜✑✜✥✣✯ x6y3 ❞✒ ✖✗✘✒✒✕❞ = 9C
3
 2 3  = 

39!
2

3!6!
.  = 

39 8 7
2

3 2

. .
.

.
 = 672.

♠✞✟✠✡☛✟ ✰ (x + a)n ♦✌✍ ✜✱✎✐ ✎✏✑✒✓ ♦✌✍ ✐✲✑✓✌✯ ✚✛✑✓✌ ✩✒✫✓ ✳✒✫✬✒✌ ✎✐ ✴✔✵✒✶ ✷✸✹✯ ✺✷✹ ✩✒✫✓ ✻✹✼✹

✪✫✕✤ x, a ✚✬✒✒ n ✙✒✚ ❞✛✜✢✣✤

✠❣ ✪✔✌✕ ✙✒✚ ✪✫ ✜❞ ✐✲✑✓✒ ✎✐ T
2
 = 240

✎✓✕✚✗ T
2 

= nC
1
xn–1 . a

❜✑✜✥✣ nC
1
xn–1 . a = 240 ... (1)

❜✑✛ ✎✏❞✒✓ nC
2
xn–2 a2 = 720 ... (2)

✩✒✫✓ nC
3
xn–3 a3 = 1080 ... (3)

(2) ❞✒✌ (1) ✑✌ ❧✒✒✖ ❞✓❡✌ ✎✓ ✪✔✌✕ ✎✏✒✮✚ ✪✒✌✚✒ ✪✫✯

2 2
2

1
1

C 720

240C

n n

n n

x a

x a

✽

✽ ✾   ❀✒  
( 1)!

6
( 2)!

n a
.

n x

✿
❁

✿
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❀✞
)1(

6

✟
✠

nx

a
... (4)

(3) ❞✞✡ (2), ✥✡ ☛✞✞☞ ❞✌✍✡ ✎✌✏

)2(2

9

✟
✠

nx

a
... (5)

(4) ♦ (5) ✥✡✏
)2(2

9

1

6

✟
✠

✟ nn
❀✞ n = 5

✈✑ (1) ✥✡✏ 5x4a = 240  ✈✞✒✌ (4) ✥✡✏
2

3
✓

x

a

❜✍ ✥✔✕❞✌✖✞✞✡✗ ❞✞✡ ✘✙ ❞✌✍✡ ✥✡ ✘✔ x = 2 ✈✞✒✌ a = 3 ✎✐✞✚✛ ❞✌✛✡ ✘✒✗✜

♠✢✣✤✦✧✣ ★ ❀✩✪ (1+a)n ♦✡✫ ✎✐✥✞✌ ✔✡✗ ✛✕✍ ✬✔✞☞✛ ✎✪✞✡✗ ♦✡✫ ☞✭✖✞✞✗❞ ✮✯ ✰✯ ✱✲ ♦✡✫ ✈✍✭✎✞✛ ✔✡✗ ✘✒✗ ✛✞✡

n ❞✞ ✔✞✍ ✳✞✛ ❞✕✩✴✵✜

✤❣ ✔✞✍ ✙✕✩✴✵ (1 + a)n ♦✡✫ ✎✐✥✞✌ ✔✡✗ (r – 1)✶✷✸, r✶✷✸ ✛✹✞✞ (r + 1)✶✷✸ ✎✪✏ ✛✕✍ ✬✔✞☞✛ ✎✪ ✘✒✗✜

(r – 1)✶✷✸ ✎✪ nC
r–2

ar–2 ✘✒ ✛✹✞✞ ❜✥❞✞ ☞✭✖✞✞✗❞ nC
r–2

 ✘✒✜ ❜✥✕ ✎✐❞✞✌ r✶✺✻ ✛✹✞✞ (r + 1)✶✺✻ ✎✪✞✡✗ ♦✡✫ ☞✭✖✞✞✗❞

✬✔Ø✞✯ nC
r–1

♦ nC
r 
✘✒✗✜ ✼❀✞✡✗✩❞ ☞✭✖✞✞✗❞✞✡ ❞✞ ✈✍✭✎✞✛ ✮ ✯ ✰ ✯ ✱✲ ✘✒ ❜✥✩✙✵ ✘✔✡✗ ✎✐✞✚✛ ✘✞✡✛✞ ✘✒✏

2

1

C 1

C 7

n

r

n

r

✽

✽
✾ ✈✹✞✞✿✛❁❁  n – 8r + 9 = 0 ... (1)

✈✞✒✌
1C 7

C 42

n

r

n

r

✽ ✾ ✈✹✞✞✿✛❁❁ n – 7r + 1 = 0 ... (2)

✥✔✕❞✌✖✞ ❧✮❂ ♦ ❧✲❂ ❞✞✡ ✘✙ ❞✌✍✡ ✎✌ ✘✔✡✗ n = 55 ✎✐✞✚✛ ✘✞✡✛✞ ✘✒✜

❃❄❅❆❇❈❉❊ 8.2

☞✭✖✞✞✗❞ ✳✞✛ ❞✕✩✴✵✯

1. (x + 3)8  ✔✡✗ x5 ❞✞ 2. (a – 2b)12 ✔✡✗ a5b7 ❞✞

✩✍❋✍✩✙✩●✞✛ ♦✡✫ ✎✐✥✞✌ ✔✡✗ ❍❀✞✎❞ ✎✪ ✩✙✩●✞✵✯

3. (x2 – y)6 4. (x2 – yx)12, x  ■  0

5. (x – 2y)12 ♦✡✫ ✎✐✥✞✌ ✔✡✗ ❏✞✒✹✞✞ ✎✪ ✳✞✛ ❞✕✩✴✵✜

6.

18
1

9
3

x
x

❑ ▲
▼◆ ❖

P ◗
♦✡✫ ✎✐✥✞✌ ✔✡✗ ✮❘♦✞❙ ✎✪ ✳✞✛ ❞✕✩✴✵✜
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❢☎✆☎❢✝❢✞✟✠ ✡☛☞✟✌✟✍✎ ✏✍✎ ✏✑✒ ✡✓ ✔✟✠ ✕✖❢✗✘✙

7.

7
3

6
3 ✚✚

✛

✜
✢✢
✣

✤
✥ x

8.

10

9
3

x
y

✦ ✧★✩ ✪
✫ ✬

9. (1 + a)m + n ♦✍✭ ✡☛☞✟✌ ✏✍✎ ❢☞✮ ✕✖❢✗✘ ❢✕ am  ✠r✟✟ an ♦✍✭ ✯✰✱✟✟✎✕ ✲✌✟✲✌ ✳✴✎✵

10. ✒❢✓ (x + 1)n ♦✍✭ ✡☛☞✟✌ ✏✍✎ (r – 1)✶✷✸ , r✶✷✸ ✹✟✴✌ (r + 1)✶✷✸ ✡✓✟✍✎ ♦✍✭ ✯✰✱✟✟✎✕✟✍✎ ✏✍✎ ✺ ✙ ✻ ✙ ✼ ✕✟

✹☎✰✡✟✠ ✳✟✍✈ ✠✟✍ n ✠r✟✟ r ✕✟ ✏✟☎ ✔✟✠ ✕✖❢✗✘✵

11. ❢☞✮ ✕✖❢✗✘ ❢✕ (1 + x)2n ♦✍✭ ✡☛☞✟✌ ✏✍✎ xn ✕✟ ✯✰✱✟✟✎✕✈ (1 + x)2n–1 ♦✍✭ ✡☛☞✟✌ ✏✍✎ xn ♦✍✭ ✯✰✱✟✟✎✕

✕✟ ✓✰✯☎✟ ✳✟✍✠✟ ✳✴✵

12. m ✽✾ ✿❀✾❁❂✽ ❂✾❀ ❃✾❄ ✽❅❆❇❈ ❆❇❉❊❋● ❆❍❈ (1 + x)m ❊❋● ■❏❉✾❑ ❂❋▲ x2 ✽✾ ▼◆❖✾✾▲✽ P ◗✾❋❘

❙❚❙❚❯ ❱❲❳❨❩❬❳

♠❭❪❫❴❵❪ 10

6

23 1

2 3
x

x

❛ ❜❝❞ ❡
❣ ❤

♦✍✭ ✡☛☞✟✌ ✏✍✎ x ☞✍ ✐♦✠✎❥✟ ✡✓ ✔✟✠ ✕✖❢✗✘✵

❫❦ ✳✏ ✡✟✠✍ ✳✴✎ ❢✕ T
r+1 

=

6

6 23 1
C

2 3

r r

r x
x

❧
✦ ✧ ✦ ✧♥✩ ✪ ✩ ✪
✫ ✬ ✫ ✬

= ♣ q s t
6

6
6 23 1 1
C 1

2 3

r r
r r

r r
x

x

✉ ✉❛ ❜ ❛ ❜ ❛ ❜❝❞ ❡ ❞ ❡ ❞ ❡
❣ ❤ ❣ ❤ ❣ ❤

=

6 2
6 12 3

6

(3)
( 1) C

(2)

r
r r

r r
x

❧
❧

❧♥

x ☞✍ ✐♦✠✎❥✟ ✡✓ ♦✍✭ ❢✝✘✈ ✡✓ ✏✍✎ x ✕✟ ✇✟✟✠✟✎✕ ② ③✳✟✍☎✟ ④✟❢✳✘⑤✵ ✹✠✙ 12 – 3r = 0 ✒✟ r = 4

⑥☞ ✡☛✕✟✌ 5✶✷✸ ✡✓ x ☞✍ ✐♦✠✎❥✟ ✳✴✵ ⑥☞❢✝✘ ✹⑦✟✖⑧⑨ ✡✓ = (–1)4  6C
4 

6 8

6 4

(3) 5

12(2)

✉
✉ ⑩

♠❭❪❫❴❵❪ 11 ✒❢✓ (1 + a)n ♦✍✭ ✡☛☞✟✌ ✏✍✎ ar-1, ar ✠r✟✟ ar+1 ♦✍✭ ✯✰✱✟✟✎✕ ☞✏✟✎✠✌ ❶✍✱✟✖ ✏✍✎ ✳✟✍✎ ✠✟✍ ❢☞✮

✕✖❢✗✘ ❢✕ n2 – n(4r + 1) + 4r2–2 = 0

❫❦ ✳✏ ✗✟☎✠✍ ✳✴✎ ❢✕ (1 + a)n  ♦✍✭ ✡☛☞✟✌ ✏✍✎ (r + 1)♦✟❷ ✡✓  nC
r
ar  ✳✴✵ ⑥☞ ✡☛✕✟✌ ✒✳ ✓✍✞✟✟ ✗✟ ☞✕✠✟

✳✴ ❢✕ ar, (r + 1)✶❸❹ ✡✓ ✏✍✎ ✹✟✠✟ ✳✴✵ ✹✟✴✌ ⑥☞✕✟ ✯✰✱✟✟✎✕ nC
r
✳✴✵ ⑥☞❢✝✘ ar–1, ar ✠r✟✟ ar+1 ♦✍✭ ✯✰✱✟✟✎✕

Ø✏❺✟✙ nC
r–1 

, nC
r
✠r✟✟ nC

r+1
✳✴✎✵ ✡✌✎✠✰ ✒✍ ✯✰✱✟✟✎✕ ☞✏✟✎✠✌ ❶✍✱✟✖ ✏✍✎ ✳✴✎✵ ⑥☞❢✝✘

nC
r–1

+ nC
r+1

= 2nC
r
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❀✞
)!(!

!
2

)!1()!1(

!

)!1()!1(

!

rnr

n

rnr

n

rnr

n

✟
✠✡

✟✟☛
☛

☛✟✟

❀✞
)!1()!1()()1(

1

)!1()()1()!1(

1

☞☞☞✌
✌

☞☞☞✌☞☞ rnrrrrnrnrnr

)!1()()!1(

1
2

✟✟✟✟
✠✡

rnrnrr

❀✞
1 1 1

( 1)! ( 1)! ( – ) ( 1) ( 1) ( )r n r n r n r r r

✍ ✎
✏✑ ✒

✓ ✓ ✓ ✓ ✏ ✏✔ ✕

1
2

( 1)! ( 1)![ ( – )]r n r r n r
✖ ✗

✘ ✘ ✘

❀✞
)(

2

)1(

1

)()1(

1

rnrrrrnrn ✟
✡

☛
☛

✟☛✟

❀✞
)(

2

)1()1()(

)1()()1(

rnrrrrnrn

rnrnrr

☞
✙

✌✌☞☞

✌☞☞✌✌

❀✞ r(r + 1) + (n – r) (n – r + 1) = 2 (r + 1) (n – r + 1)

❀✞ r2 + r + n2 – nr + n – nr + r2 – r = 2(nr – r2 + r + n – r + 1)

❀✞ n2 – 4nr – n + 4r2 – 2 = 0

❀✞ n2 – n (4r + 1) + 4r2 – 2 = 0

♠✚✛✜✢✣✛ ✤✷ ✥✦✧✞✞★✩ ✥✪ (1 + x)2n ✫✬✭ ✮✯✰✞✱ ✲✬✳ ✲✴❀ ✮✦ ✪✞ ✵✶✸✞✞✳✪✹ (1 + x)2n–1 ✫✬✭ ✮✯✰✞✱ ✲✬✳ ✦✞✬✺✞✬✳

✲✴❀ ✮✦✞✬✳ ✫✬✭ ✵✶✸✞✞✳✪✞✬✳ ✫✬✭ ❀✞✬✵ ✫✬✭ ❡✱✞❡✱ ✻✞✬✼✞ ✻✽✾

✜❣ ✿❀✞✬✳✥✪ 2n ✩✪ ✰✲ ✰✳✧❀✞ ✻✽ ★✰✥❁✩ (1+x)2n ✫✬✭ ✮✯✰✞✱ ✲✬✳ ✫✬✭✫❁ ✩✪ ✲✴❀ ✮✦ ✻✽ ♦✞✬ ✥✪

2
1

2

n❂ ❃
❄❅ ❆

❇ ❈

❉❊❋
●❍✞✞■✼❏❏ (n + 1)❉❊❋ ✮✦ ✻✽✾

●❡ (n+1)❉❊❋  ✮✦ 2nC
n
xn ✻✽ ✥♦✰✪✞ ✵✶✸✞✞✳✪ 2nC

n
✻✽✾

★✰❜ ✮✯✪✞✱✹ (2n–1) ✩✪ ✥✫❑✞✲ ✰✳✧❀✞ ✻✽ ★✰✥❁✩ (1 + x)2n–1 ✫✬✭ ✮✯✰✞✱ ✫✬✭ ✦✞✬ ✲✴❀ ✮✦

2 1 1

2

n ▲ ▼◆ ❖
P ◗
❘ ❙

❉❊❋

●✞✽✱
2 1 1

1
2

n ▲ ▼◆ ❖
▼P ◗

❘ ❙

❉❊❋

●❍✞✞■✼❏❏ n❉❊❋ ●✞✽✱ (n + 1) ❉❊❋ ✮✦ ✻✽✾
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❜☎ ✆✝✞✟✠ ✡✟☛ ☞✌✍✞✞✠✎ ✏✑✒✞✓ 2n–1C
n–1 
✈✞✔✕ 2n–1C

n 
❣✔✠✖

❜✗ ✆✘✎✞✕ 2n–1C
n–1 

+  2n–1C
n
= 2nC

n 
  [❉✙✞✟✠✚✎ nC

r–1
+ nC

r
 = n+1C

r
]

✙❣❀ ✈✛✞❀✜✢ ❣✔✖

♠✣✤✥✦✧✤ 13 ✚★✆✝ ✆✘✑✟✙ ✎✞ ✩✆✙✞✟☞ ✎✕✪✟ ❣✌✫ ☞✌✍✞☎✆☛✬ (1 + 2a)4 (2 – a)5 ✑✟✠ a4 ✎✞ ☞✌✍✞✞✠✎ ❞✞✪

✎❀✚✭✫✖

✥✮ ✗✯✗✟ ✆❣✬✟ ❣✑ ☞✌✍✞☎✆☛✬ ✡✟☛ ✆✘✰✙✟✎ ✑✟✠ ✚★✆✝ ✆✘✑✟✙ ☞✌✍✞☎✱✞✠✲ ✆✘✙✞✟☞ ✎✕ ✆✘✗✞✕✍✞ ✎✕✪✟ ❣✔✠✖ ❜✗

✆✘✎✞✕

(1+2a)4 = 4C
0
+4C

1
 (2a) + 4C

2
 (2a)2 + 4C

3 
(2a)3+ 4C

4
 (2a)4

= 1+4 (2a)+6 (4a2) + 4 (8a3) + 16a4.

= 1+8 a+24a2+3 2a3 + 16a4

✈✞✔✕ (2–a)5 = 5C
0
  (2)5 – 5C

1
 (2)4 (a) + 5C

2 
(2)3 (a)2 – 5C

3
 (2)2 (a)3

+ 5C
4 
(2) (a)4 – 5C

5
 (a)5

= 32 – 80a + 80a2 – 40a3+10a4 – a5

❜✗ ✆✘✎✞✕,  (1+2a)4 (2–a)5

= (1+8a + 24a2 + 32a3 + 16a4) (32–80a + 80a2 – 40a3 + 10a4 – a5)

❣✑✟✠ ✗✠✆✳✍✞✴ ☞✌✍✞✞ ✎✕☎✟ ✪✵✞✞ ✗✛✞❀ ✆✝✞✟✠ ✡✟☛ ✚✬✱✞☎✟ ✎❀ ✈✞✡✒✙✎✪✞ ☎❣❀✠ ❣✔✖ ❣✑ ✡✟☛✡✬ ✡❣❀ ✆✝ ✚✬✱✞✪✟

❣✔✠ ✚✭☎✑✟✠ a4 ✈✞✪✞ ❣✔✖ ✙✚✝ ar.a4–r = a4 ✪✞✟ ✙❣ ✚✎✙✞ ✭✞ ✗✎✪✞ ❣✔✖ ✚✭☎ ✆✝✞✟ ✠ ✑✟✠ a4 ✈✞✪✞ ❣✔✶ ✡✟ ❣✔✠✓

1.10a4 + (8a) (–40a3) + (24a2) (80a2) + (32a3) (–80a) + (16a4) (32) = – 438a4

✈✪✓ ☞✌✍✞☎✆☛✬ ✑✟✠ a4 ✎✞ ☞✌✍✞✞✠✎ – 438 ❣✔✖

♠✣✤✥✦✧✤ 14 (x+a)n ✡✟☛ ✆✘✗✞✕ ✑✟✠ ✈✠✪ ✗✟ r♦✷✸ ✆✝ ❞✞✪ ✎❀✚✭✫✖

✥✮ (x + a)n ✡✟☛ ✆✘✗✞✕ ✑✟✠ (n + 1) ✆✝ ❣✔✠✖ ✆✝✞✟ ✠ ✎✞ ✈✡✬✞✟✎☎ ✎✕✪✟ ❣✌✫ ❣✑ ✎❣ ✗✎✪✟ ❣✔✠ ✚✎ ✈✠✪

✑✟✠ ✆❣✬✞ ✆✝ ✆✘✗✞✕ ✎✞ ✈✠✚✪✑ ✆✝ ❣✔✠ ✈✵✞✞✴✪❡ (n + 1)♦✷✸ ✆✝ (n + 1) – (1–1) ❣✔✖ ✈✠✪ ✗✟ ✝✳✗✕✞ ✆✝✶

✆✘✗✞✕ ✎✞ n♦✷✸ ✆✝ n=(n + 1) – (2 – 1) ❣✔✖ ✈✠✪ ✗✟ ✪❀✗✕✞ ✆✝✶ ✆✘✗✞✕ ✎✞ (n–1)♦✷✸ ✆✝ ❣✔ ✈✞✔✕

n–1 = (n+1) – (3 – 1). ❜✗❀ ✆✘✎✞✕✶ ✈✠✪ ✗✟ r♦✷✸ ✆✝✶ ✆✘✗✞✕ ✎✞ [(n+1) – (r – 1)]♦✷✸ ✆✝ ✈✵✞✞✴✪❡❡

(n– r + 2)♦✷✸ ✆✝ ❣✞✟☞✞✖

✈✞✔✕ ✆✘✗✞✕ ✎✞ (n–r+2)♦✷✸ ✆✝ nC
n–r+1

 xr–1 an–r+1 ❣✔✖

♠✣✤✥✦✧✤ 15

18

3

3

1

2
x

x

✹ ✺
✻✼ ✽

✾ ✿
, x > 0 ✡✟☛ ✆✘✗✞✕ ✑✟✠ x ✗✟ ❧✡✪✠❁✞ ✆✝ ❞✞✪ ✎❀✚✭✫✖



❢�✁✂ ✁✄☎✆✝           187

❣✞ ✐✟✠✡☛ ☞✡ ✌✍✡✐☞ ✐✎

T
r+1

 = ✏ ✑
18

18 3

3

1
C

2

r
r

r x
x

✒ ✓ ✔
✕ ✖
✗ ✘

=

18

18 3

3

1
C

2

r

r r

r

x .

.x

✙
 =  

18 2

18 3
1

C
2

r

r r
. x

❉✍✡✚✛✜☞ ✢✣✚✛ x ✠✚ ✥✤✦✛✧✡ ✐✎ ★✡✦ ☞☛✩✡ ✢✪ ✫✬✡✡✭✦✮✮ ✯✠ ✐✎ ✣✚✛ x ✩✢✰✛ ✢✪✱

❜✠✜✲✳
18 2

0
3

r✴
✵ ✍✡ r = 9

✫✦✈ ✫✶✡✰✷✸ ✐✎ 18C
9
 92

1
✢✪✱

♠✹✺❣✻✼✺ 16 2

3
m

x
x

✽ ✾✿❀ ❁❂ ❃
, x ❄ 0, ❅✢✡❆ m ✳☞ ✐✟✡✤❇❈✦ ✠✛❊✍✡ ✢✪❋ ✤✚❈ ✐✟✠✡☛ ✣✚✛ ✐✢✲✚ ✦✰✩ ✐✎✡✚✛ ✤✚❈

①●❍✡✡✛☞✡✚✛ ☞✡ ✍✡✚① ■■❏ ✢✪✱ ✐✟✠✡☛ ✣✚✛ x3 ✤✡✲✡ ✐✎ ★✡✦ ☞✰✜❅✳✱

❣✞ 2

3
m

x
x

❑ ▲▼◆ ❖P ◗
 ✤✚❈ ✐✟✠✡☛ ✤✚❈ ✐✢✲✚ ✦✰✩ ✐✎✡✚✛ ✤✚❈ ①●❍✡✡✛☞ mC

0 
, (–3) mC

1
✫✡✪☛ 9 mC

2
✢✪✛✱

❜✠✜✲✳ ✜✎✳ ①✳ ✐✟✜✦❘✛❙ ✤✚❈ ✫✩●✠✡☛ mC
0
 –3 mC

1
+ 9 mC

2
= 559.

❚❯ 1 – 3m + 
9 ( 1)

559
2

m m ✴
✵  ❱❲❲❳ ❨❩❳❬ m = 12 (m ❭❪ ❫❴❯❵❛❝❞ ❲❬❡❚❯ ❨❤) ❫❴❯❥❞ ❨❯❳❞❯ ❨❤❦

✫❘ T
r+1

 =  12C
r 
x12–r 2

3
r

x

✽ ✾✿❀ ❁❂ ❃
 =  12C

r

 (–3)r  x12–3r

❉✍✡✚✛✜☞ ✢✣✚✛ x3 ✤✡✲✡ ✐✎ ❧✡✜✢✳✱ ✫✦✈ 12 – 3r = 3 ✍✡ r = 3.

❜✠ ✐✟☞✡☛❋ ✫✶✡✰✷✸ ✐✎ = 12C
3

 (–3)3  x3 ✫✬✡✡✭✦✮ – 5940 x3 ✢✪✱

♠✹✺❣✻✼✺ 17 ✍✜✎ (1+x)34 ✤✚❈ ✐✟✠✡☛ ✣✚✛ (r–5)♦♥♣ ✫✡✪☛ (2r–1)♦♥♣ ✐✎✡✚✛ ✤✚❈ ①●❍✡✡✛☞ ✠✣✡✩ ✢✡✚✛ r ★✡✦
☞✰✜❅✳✱

❣✞ (1+x)34 ✤✚❈ ✐✟✠✡☛ ✣✚✛ (r–5)♦♥♣ ✦✬✡✡ (2r–1)♦♥♣ ✐✎✡✚✛ ✤✚❈ ①●❍✡✡✛☞ Ø✣q✡✈ 34C
r–6

✫✡✪☛ 34C
2r–2

✢✪✛✱
❉✍✡✚✛✜☞ ✤✚ ✠✣✡✩ ✢✪✛❋ ❜✠✜✲✳

34C
r–6

 = 34C
2r–2

✍✢ ✦✶✡✰ ✠✛✶✡✤ ✢✪ ❅❘✜☞ ✍✡ r – 6 = 2r – 2  ✍✡  r–6 = 34 – (2r – 2) ✢✡✚✱
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[❜☎ ✆✝✞ ✟✠ ✡☛✞✠☞✌ ✟✍✎☞✏ ✑✟ ✞✑✒ nC
r
=nC

p
 ❣✠☞ ✆✠☞ r = p ✞✠ r = n–p]

❜☎✑✓✔✕ ❣✖☞✗ r = – 4 ✞✠ r = 14 ✡☛✠✥✆ ❣✘✙✠ ✡✍✗✆✘ r ✡☛✠✎✐✏✆ ☎✗✚✞✠ ❣✛ ✙✠✛✍ r = –4 ☎✗❧✠✎ ✜❣✢✗ ❣✛✣
✙✆✈  r = 14

✤✦✧★✧ ✩ ✪✫ ✬✭✬✭✮ ✪✯✰✱★✭✲✳

1. ✞✑✒ (a + b)n ✎☞✏ ✡☛☎✠✍ ✖☞✗ ✡☛✝✠✖ ✆✢✜ ✡✒ ♦✖✴✠✈ ✵✶✷✕ ✵✶✷✸ ✆✝✠✠ ✹✸✹✵✺ ❣✠☞ ✗ ✆✠☞ a, b, ✙✠✛✍
n ❑✠✆ ✟✢✑✻✔✣

2. ✞✑✒ (3 + ax)9 ✎☞✏ ✡☛☎✠✍ ✖☞✗ x2 ✆✝✠✠ x3 ✎☞✏ ✌✘✼✠✠✗✟ ☎✖✠✜ ❣✠☞✗✕ ✆✠☞ a ✟✠ ✖✠✜ ❑✠✆ ✟✢✑✻✔✣
3. ✑❢✡✒ ✡☛✖☞✞ ✟✠ ✽✡✞✠☞✌ ✟✍✆☞ ❣✘✔ ✌✘✼✠✜✡✏✓ (1+2x)6 (1–x)7 ✖☞✗ x5 ✟✠ ✌✘✼✠✠✗✟ ❑✠✆ ✟✢✑✻✔✣
4. ✞✑✒ a ✙✠✛✍ b ✑❧✠✾✜✿✑❧✠✾✜ ✡❀✼✠✠❁✟ ❣✠☞✗✕ ✆✠☞ ✑☎❂ ✟✢✑✻✔ ✑✟ (an – bn) ✟✠ ✔✟ ✌✘✼✠✜✚✠✗❞

(a – b)❣✛✕ ✻❃✑✟ n ✔✟ ❄✜ ✡❀✼✠✠❁✟ ❣✛✣
[ ❅❆❇❈❉❊ an = (a – b + b)n ✑✓✚✠✟✍ ✡☛☎✠✍ ✟✢✑✻✔✣]

5. ❋ ● ❋ ●
6 6

3 2 3 2❍ ■ ■ ✟✠ ✖✠✜ ❑✠✆ ✟✢✑✻✔✣

6. ❏ ▲ ❏ ▲
4 4

2 2 2 21 1a a a a▼ ◆ ▼ ◆ ◆  ✟✠ ✖✠✜ ❑✠✆ ✟✢✑✻✔✣

7. (0.99)5 ✎☞✏ ✡☛☎✠✍ ✎☞✏ ✡❣✓☞ ✆✢✜ ✡✒✠☞✗ ✟✠ ✡☛✞✠☞✌ ✟✍✆☞ ❣✘✔ ❜☎✟✠ ✑✜✟❖✆✖ ✖✠✜ ❑✠✆ ✟✢✑✻✔✣

8. ✞✑✒ 4

4

1
2

3

nP ◗▼❘ ❙❚ ❯ ✎☞✏ ✡☛☎✠✍ ✖☞✗ ✙✠✍✗❧✠ ☎☞ ✺✎☞✗ ✙✠✛✍ ✙✗✆ ☎☞ ✺✎☞✗ ✡✒ ✟✠ ✙✜✘✡✠✆ 1:6 ❣✠☞

✆✠☞ n ❑✠✆ ✟✢✑✻✔✣

9.

4
2

1
2

x

x

❱ ❲❳ ❨❩ ❬❭ ❪ x ❫ 0 ✟✠ ✑❢✡✒ ✡☛✖☞✞ ❢✠✍✠ ✡☛☎✠✍ ❑✠✆ ✟✢✑✻✔✣

10. (3x2 – 2ax + 3a2)3 ✟✠ ✑❢✡✒ ✡☛✖☞✞ ☎☞ ✡☛☎✠✍ ❑✠✆ ✟✢✑✻✔✣

❴★✫★❵✰★

❛ ✔✟ ✑❢✡✒ ✟✠ ✑✟☎✢ ❧✠✢ ❄✜ ✡❀✼✠✠❁✟ n ✎☞✏ ✑✓✔ ✡☛☎✠✍ ✑❢✡✒ ✡☛✖☞✞ ❢✠✍✠ ✑✟✞✠ ✻✠✆✠ ❣✛✣
❜☎ ✡☛✖☞✞ ✎☞✏ ✙✜✘☎✠✍
(a + b)n = nC

0
an + nC

1
an–1b + nC

2
an–2b2 + ...+ nC

n–1
a.bn–1 + nC

n
bn

❛ ✡☛☎✠✍ ✎☞✏ ✡✒✠☞✗ ✎☞✏ ✌✘✼✠✠✗✟✠☞ ✗ ✟✠ ❝✞✎✑❡✝✠✆ ♦✖ ✡✠❡✟✓ ✑❤✠❧✠✘✻ ✟❣✓✠✆✠ ❣✛✣
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✞ (a + b)n ✥✟✠ ✡☛☞✌✍ ✎✌ ✏✑✌✡✎ ✡✒ T
r+1 

= nC
r
an–r.br ✓✔✕

✞ (a+b)n ✥✟✠ ✡☛☞✌✍ ✖✟✗✘ ✑✙✒ n ☞✖ ☞✗✚✑✌ ✓✌✟ ✛✌✟ ✖✜✑ ✡✒ 1
2

n✢ ✣
✤✦ ✧

★ ✩

♦✪✫

 ✡✒ ✓✔ ✐✌✔✍ ✑✙✒

n ✙✥✬✌✖ ☞✗✚✑✌ ✓✔ ✛✌✟ ✒✌✟ ✖✜✑ ✡✒
1

2

n ✭✮ ✯
✰ ✱
✲ ✳

♦✪✫

✛✴✌✌
1

1
2

n ✭✮ ✯
✭✰ ✱

✲ ✳

♦✪✫

✓✔✗✕

✵✶✷✸✹✺✷✻✼ ✽✾✿❀❁✺❂✷❃

✡☛✌❄❅❆ ❇✌✌✍✛❅✑ ❈✙❉✌✛❊ (x+y)n, 0 ❋ n ❋ 7✘ ✥✟✠ ✡☛☞✌✍ ✖✟✗ ❈❪❉✌✌✗✎✌✟✗ ✎✌✟ ●✌❆✛✟ ✴✌✟✕ ❍■☞✌ ✡❏✥■ ✒❏☞✍❅ ❑✌✛✌▲✒❅

✖✟✗ ✙✡✗❈❡ ❆✟ ✐✡❆❅ ✡❪▼✛✎ ◆✗✒ ❑✌✌▼♥✌ ❖P◗◗❍■❘ ✡❏❘❙ ✖✟✗ ❍❆ ❈❪❉✌✌✗✎✌✟✗ ✎✌✟ ❚✎ ✐✌✥❯✠✙✛✘ ✙●☞✟ ✖✟❱✡☛▼♥✌

✎✓✛✟ ✓✔✗✘ ✥✟✠ ❞✡ ✖✟✗ ✙✒✑✌ ✴✌✌✕ ❲❳◗❳❍■❘ ✖✟✗ ❄❅❆❅ ❈✙❉✌✛❊ Chu-shi-kie ✥✟✠ ✎✌✑■ ✖✟✗ ❇✌❅ ✑✓ ✙♥✌❇✌❪●✌✎✌✍

✙✥❨✑✌☞ ✡✌✑✌ ❈✑✌✕ ❲❩❬❬ ✥✟✠ ❡❈❇✌❈ ●✖■❆ ❈✙❉✌✛❊ Michael Stipel (1486-1567 ❍■❘) ❆✟ ☞✥■✡☛✴✌✖

❫✙❭✡✒ ❈❪❉✌✌✗✎❴ ❑✌▲✒ ✎✌✟ ✡☛✌✍✗❇✌ ✙✎✑✌✕ Bombelli (1572 ❍■❘) ❆✟ ❇✌❅✘ n = 1,2, ..., 7 ✥✟✠ ✙❡❚ ✛✴✌✌

Oughtred (1631 ❍■❘) ❆✟ n = 1, 2,..., 10 ✥✟✠ ✙❡❚✘ (a + b)n ✥✟✠ ✡☛☞✌✍ ✖✟✗ ❈❪❉✌✌✗✎✌✟✗ ✎✌✟ ❵✛✌✑✌✕

✙✡✗❈❡ ✥✟✠ ✖✟❱✡☛▼♥✌ ✥✟✠ ☞✖✌❆ ✴✌✌✟❛❜✟ ✡✙✍✥✛■❆ ✥✟✠ ☞✌✴✌ ✙❡✚✌✌ ✓❪✐✌ ✐✗✎❈✙❉✌✛❅✑ ✙♥✌❇✌❪● ●✌✟ ✡✌▼✎❡

✙♥✌❇✌❪● ✥✟✠ ❆✌✖ ☞✟ ✡☛❄✙❡✛ ✓✔✘ ✑❝✙✡ ❵✓❪✛ ❵✌✒ ✖✟✗ ✡☛✠✌✗☞❅☞❅ ✖❏❡ ✥✟✠ ❈✙❉✌✛❊ Blaise Pascal

(1623–1662 ❍■❘) ❆✟ ❵❆✌✑✌✕ ❣❨✓✌✟✗❆✟ ✙❭✡✒ ✡☛☞✌✍ ✥✟✠ ❈❪❉✌✌✗✎✌✟✗ ✎✌✟ ✙❆✎✌❡❆✟ ✥✟✠ ✙❡❚ ✙♥✌❇✌❪● ✎✌

✡☛✑✌✟❈ ✙✎✑✌✕

n ✥✟✠ ✡❏❉✌✌❤✎ ✖✌❆✌✟✗ ✥✟✠ ✙❡❚ ✙❭✡✒ ✡☛✖✟✑ ✎✌ ✥✛■✖✌❆ ▼✥❞✡ ✡✌▼✎❡ ❭✌✍✌ ✙❡✙✚✌✛ ✡❪▼✛✎

Trate du triange arithmetic ✖✟✗ ✡☛▼✛❪✛ ✓❪✐✌ ●✌✟ ❲❥❥❩ ✖✟✗ ❣❆✎❅ ✖❯❦✑❪ ✥✟✠ ❵✌✒

✡☛✎✌✙❑✌✛ ✓❪❍■✕

— ❧❧ —
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9.1 ❍✁✂✄☎✆✁ (Introduction)

①✝✞✟✠ ✡☛☞✌ ✍✟✎✏ ✑✒✓✔✕✡✖ ✗✟ ✘✙✚✟☛① ✛✟✜✟✢✞✟ ✒✣①☛✤✥✟✦ ✧☛★ ✛✡✟✓ ✝✗✚✟
t✟✠✟ ✩✪✫ t✬ ✩✡ ✗✩✠☛ ✩✪☞ ✝✗ ✛✡✭✩ ✧☛★ ✒✧✚✧✟☛☞ ✗✟☛ ✒✓✔✕✡ ✡☛☞
✛✭❧✦✬✮ ✝✗✚✟ ①✚✟ ✩✪ ✠✬ ✩✡✟✢✟ ✠✟✯✙✚✰ ✩✪ ✝✗ ✛✡✭✩ ✗✟☛ ✱✛ ✙✤✗✟✢
✕✝✡✗ ✝✗✚✟ ①✚✟ ✩✪ ✝✗ ✩✡ ✘✛✧☛★ ✛✏Ø✚✟☛☞ ✗✟☛ ✙✤✲✟✡✌ ✝✳✠✦✚✌ ✠✴✠✦✚
✛☞✵✚✟ ✠✲✟✟ ✒✟✝✏ ✛☛ ✙✩❧✟✓ ✛✗✠☛ ✩✪☞✫ ✘✏✟✩✢✞✟✠✶✌ ✝✧✝✷✟✸✓ ✛✡✚✟☛☞ ✡☛☞
✡✟✓✧ ✗✦ t✓✛☞✵✚✟ ✒✲✟✧✟ ✬✪❡✹✦✝✢✚✟ ✒✓✔✕✡ ✗✦ ✢❧✓✟ ✗✢✠☛ ✩✪☞✫ ✗✟☛✱✰
✜✓✢✟✝✍✟ t✟☛ ✬✪☞✗ ✵✟✟✠☛☞ ✡☛☞ t✡✟ ✗✢ ✏✦ t✟✠✦ ✩✪✌ ✝✧✝✷✟✸✓ ✧✺✟✟☛✰☞ ✡☛☞ ✻✗
✒✓✔✕✡ ✗✟ ✝✓✡✟✰✞✟ ✗✢✠✦ ✩✪✫ ✝✗✛✦ ✛✟✡✟✓ ✗✦ ✒✧✡✭✝✈✚✠ ✗✦✡✠☛☞
✻✗ ✒✓✔✕✡ ✬✓✟✠✦ ✩✪☞ ✡✟✓✧ ✝✕✚✟✒✟☛☞ ✧☛★ ✗✱✰ ✼✟☛✽✟✟☛☞ ✡☛☞ ✒✓✔✕✡✟☛☞ ✗✟
✬✩✔✠ ✡✩❝✧✙✭✞✟✰ ✘✙✚✟☛① ✩✪✫ ✝✧✝✍✟✺✹ ✙✪✹✓✟☛✾ ✗✟ ✒✓✔✛✢✞✟ ✗✢✓☛ ✧✟✿☛
✒✓✔✕✡ ❀❁❂❃❄ (Progression) ✗✩✿✟✠☛ ✩✪☞✫ ✝✙❅✿✦ ✗✼✟✟ ✡☛☞✌ ✩✡
✛✡✟☞✠✢ ❆☛✞✟✦ ✧☛★ ✛☞✬☞✜ ✡☛☞ ✙❇❈ ❧✔✧☛★ ✩✪☞✫ ✱✛ ✒❉✚✟✚ ✡☛☞ ✛✡✟☞✠✢ ❆☛✞✟✦ ✧☛★ ✬✟✢☛ ✡☛☞ ✒✟✪✢ ✒✝✜✗ ❧❧✟✰ ✗✢✓☛
✧☛★ ✛✟✲✟♦✛✟✲✟ ✩✡ ✛✡✟☞✠✢ ✡✟❉✚✌ ①✔✞✟✟☛❝✟✢ ✡✟❉✚✌ ✛✡✟☞✠✢ ✡✟❉✚ ✠✲✟✟ ①✔✞✟✟☛❝✟✢ ✡✟❉✚ ✡☛☞ ✛☞✬☞✜✌ ✝✧✍✟☛✺✟
✒✓✔✕✡✟☛☞ ✧☛★ ✕✡✟①✠ n ✙✤✟✧✴★✠ ✛☞✵✚✟✒✟☛☞ ✗✟ ✚✟☛①✌ n ✙✤✟✧✴★✠ ✛☞✵✚✟✒✟☞ ✧☛★ ✧①✟ ☛✰ ☞ ✗✟ ✚✟☛① ✠✲✟✟ n ✙✤✟✧✴★✠
✛☞✵✚✟✒✟☛☞ ✧☛★ ❊✟✓✟☛☞ ✧☛★ ✚✟☛① ✗✟ ✷✟✦ ✒❉✚✚✓ ✗✢☛☞①☛✫
9.2 ❋●■❏☎ (Sequence)

✒✟✱✻ ✩✡ ✝✓❑✓✝✿✝✵✟✠ ✘✏✟✩✢✞✟✟☛☞ ✙✢ ✝✧❧✟✢ ✗✢☛☞✶
✡✟✓✟ ✝✗ ✙✦✝❇❈✚✟☛☞ ✗✟ ✒☞✠✢ 30 ✧✺✟✰ ✩✪ ✒✟✪✢ ▲✚✝❡✠ ✧☛★ 300 ✧✺✟✟✰☞☛ ✡☛☞ ✙✭✧✰t✟☛☞ ✒✲✟✟✰✠▼▼ ✡✟✠✟♦✝✙✠✟

✏✟✏✟♦✏✟✏✦✌ ✙✢✏✟✏✟♦✙✢✏✟✏✦ ✒✟✝✏ ✗✦ ✛☞✵✚✟ ♥✟✠ ✗✦✝t✻✫

✚✩✟✣ ✙✦✝❇❈✚✟☛☞ ✗✦ ✧✔★✿ ✛☞✵✚✟ =
 

300

30
= 10.

Fibonacci

(1175-1250 A.D.)

9◆❖P◗P

❘❙❚❯❱ ❲❳❨❨ ❩❬❭❨❪

(Sequence and Series)



✈�✁✂✄ ☎✆✝✝ ✞✟✠✝✡           191

✐☛☞✌✍✎ ✏✑✒✓✔✎ ✒✕✒✓✔✎ ✖✖✖ ✗✘✙✓✚ ✐✓✛✜✓ ✙✢✣ ✏✤✥ ✦✔✏✧✒ ✙✢✣ ✐★✙✩✪✌✢✚ ✫✓ ✘✚✬✔✌ ✭✍✮✌✯ 2, 4, 8, 16, 32,

..., 1024 ❣✰✱ ✔✢ ✘✚✬✔✌✥✲ ✥✫ ✳✴✵✭✍ ✫✌ ✏✴✍✌✩✶✌ ✫✷✒✓ ❣✰✚✎ ✥✢✘✌ ❣✍ ✫❣✒✢ ❣✰✚✱

10 ✫✌✢ 3 ✘✢ ❧✌✌✸ ✗✢✒✢ ✘✍✔ ✏✙✏❧✌✹✴ ✺✷✶✌✌✚✢ ✙✢✣ ✻✌✗ ✐☛✌✼✒ ✭✏✍✫ ❧✌✌✸✐✣✤✌✢✚ ✐✷ ✏✙✺✌✷ ✫✓✏✪✥✱

❜✘ ✐☛✏✭✔✌ ✍✢✚ ❣✍ ✭✍✮✌✯ 3,3.3,3.33,3.333... ✳✌✏✗ ✐✌✒✢ ❣✰✚ ✔✢ ❧✌✌✸✐✣✤ ❧✌✓ ✥✫ ✳✴✵✭✍ ✫✌ ✏✴✍✌✩✶✌

✫✷✒✢ ❣✰✚✱ ✥✫ ✳✴✵✭✍ ✍✢✚ ✪✌✢ ✘✚✬✔✌✥✲ ✳✌✒✓ ❣✰✚ ❞✹❣✢ ✚ ❣✍ ❞✘✫✌ ✽✾ ✫❣✒✢ ❣✰✚✱ ✳✴✵✭✍ ✙✢✣ ✐✗✌✢✚ ✫✌✢

❣✍ a
1
, a

2
, a

3
,…, a

n
, …, ✳✌✏✗ ✑✌✷✌ ✏✴✿✏✐✒ ✫✷✒✢ ❣✰✚✱ ✐☛❀✔✢✫ ✐✗ ✙✢✣ ✘✌☞✌ ✤✸✓ ✘✚✬✔✌ ✏✪✘✢ ✽✾❁❂❃

✫❣✒✢ ❣✰✚✎ ❞✘✫✌ ❄☞✌✌✴ ✻✒✌✒✓ ❣✰✱ ✳✴✵✭✍ ✫✌ n✙✌✲ ✐✗ n✙✢✚ ❄☞✌✌✴ ✫✌✢ ✏✴✿✏✐✒ ✫✷✒✌ ❣✰ ✳✌✰✷ ❜✘✢ a
n

✑✌✷✌ ✏✴✿✏✐✒ ✫✷✒✢ ❣✰✚✎ ❜✘✢ ✳✴✵✭✍ ✫✌ ✦✔✌✐✫ ✐✗ ❧✌✓ ✫❣✒✢ ❣✰✚✱

❜✘ ✐☛✫✌✷✎ ✦✔✏✧✒ ✙✢✣ ✐★✙✩✪✌✢✚ ❅✐✵✙✩✪✌✢✚❆ ✙✢✣ ✳✴✵✭✍ ✙✢✣ ✐✗✌✢✚ ✫✌✢ ✏✴❇✴ ✐☛✫✌✷ ✘✢ ✏✴✿✏✐✒ ✫✷✒✢ ❣✰✚✯

a
1
 = 2, a

2
 = 4, a

3
 = 8, …, a

10
 = 1024.

❜✘✓ ✐☛✫✌✷ ✭✏✍✫ ❧✌✌✸✐✣✤✌✢✚ ✙✌✤✢ ❞✗✌❣✷✶✌ ✍✢✚ ✯

a
1
 = 3, a

2
 = 3.3, a

3
 = 3.33, … a

6
 = 3.33333, ✳✌✏✗✱

✙✢ ✳✴✵✭✍✎ ✏✪✴✍✢✚ ✐✗✌✢✚ ✫✓ ✘✚✬✔✌ ✘✓✏✍✒ ❣✌✢✒✓ ❣✰✚✎ ❞✘✢ ♦✽❈❉❈❊❋ ●❍■❏❊❑ ✫❣✒✢ ❣✰✚✱ ❞✗✌❣✷✶✌✒✯

✐★✙✩✪✌✢ ✚ ✫✌ ✳✴✵✭✍ ✐✏✷✏✍✒ ✳✴✵✭✍ ❣✰✎ ✧✔✌✢✚✏✫ ❞✘✍✢✚ 10 ✐✗ ❣✰✚ ❅✘✓✏✍✒ ✘✚✬✔✌❆✱

✥✫ ✳✴✵✭✍✎ ♦♦✳✐✏✷✏✍✒ ✳✴✵✭✍ ✫❣✌ ✪✌✒✌ ❣✰✎ ✏✪✘✍✢✚ ✐✗✌✢ ✚ ✫✓ ✘✚✬✔✌ ✘✓✏✍✒ ✴❣✓✚ ❣✌✢✒✓ ❣✰✱❑❑

❞✗✌❣✷✶✌✒✯ ✐★✙✌✢✩✧✒ ✭✍✌✸✒ ❧✌✌✸✐✣✤✌✢ ✚ ✫✌ ✳✴✵✭✍ ✥✫ ♦✳✐✏✷✏✍✒ ✳✴✵✭✍❑ ❣✰✱ ✳✐✏✷✏✍✒ ✫❣✴✢ ✫✌

✳☞✌✩ ❣✰✎ ✪✌✢ ✫❧✌✓ ✘✍✌✼✒ ✴❣✓✚ ❣✌✢✒✌✱

✐☛✌✔✯ ✔❣ ✘✚❧✌✙ ❣✰ ✏✫ ✳✴✵✭✍ ✙✢✣ ✏✙✏❧✌✹✴ ✐✗✌✢✚ ✫✌✢ ✦✔✧✒ ✫✷✴✢ ✙✢✣ ✏✴✔✍ ✫✌✢ ✥✫ ✻✓✪ ✸✏✶✌✒✓✔

✘★▲✌ ✑✌✷✌ ✦✔✧✒ ✏✫✔✌ ✪✌ ✘✫✒✌ ❣✰✱ ❞✗✌❣✷✶✌✌☞✌✩✎ ✐☛✌✙✕✣✒ ✘✍ ✘✚✬✔✌✳✌✢✚ ✙✢✣ ✳✴✵✭✍ 2, 4, 6, … ✐✷

✏✙✺✌✷ ✫✓✏✪✥✱

✔❣✌✲ a
1
 = 2 = 2 × 1 a

2
 = 4 = 2 × 2

a
3
 = 6 = 2 × 3 a

4
 = 8 = 2 × 4

....     ....    .... ....     ....    ....

....     ....    .... ....     ....    ....

a
23

 = 46 = 2 × 23 a
24

 = 48 = 2 = 2 × 24, ✳✌✰✷ ❜✘✓ ✐☛✫✌✷ ✳✹✔✱

✙❄✒✵✒✯✎ ❣✍ ✗✢✬✌✒✢ ❣✰✚ ✏✫ ✳✴✵✭✍ ✫✌ n✙✌✲ ✐✗  a
n
 =

 
 2n, ✏✤✬✌✌ ✪✌ ✘✫✒✌ ❣✰✚✎ ✪✻✏✫ n

✥✫ ✐☛✌✙✕✣✒ ✘✚✬✔✌ ❣✰✱ ❜✘✓ ✐☛✫✌✷✎ ✏✙▼✌✍ ✐☛✌✙✕✣✒ ✘✚✬✔✌✳✌✢✚ ✙✢✣ ✳✴✵✭✍ 1,3,5,7,…,✍✢✚ n✙✢✚ ✐✗ ✙✢✣ ✘★▲✌

✫✌✢ a
n
 = 2n – 1, ✙✢✣ ✿✐ ✍✢✚ ✏✴✿✏✐✒ ✏✫✔✌ ✪✌ ✘✫✒✌ ❣✰✎ ✪✻✏✫ n ✥✫ ✐☛✌✙✕✣✒ ✘✚✬✔✌ ❣✰✱

✦✔✙✏❄☞✌✒ ✘✚✬✔✌✳✌✢✚ 1, 1, 2, 3, 5, 8,.. ✫✌ ✫✌✢❜✩ ❄✐▼◆ ✐✰◆✴✩ ✴❣✓✚ ❣✰✎ ✏✫✚✒✵ ✳✴✵✭✍ ✫✓ ✷✺✴✌ ✐✵✴✷✌✙✕✏❖✌

✘✚✻✚P ✑✌✷✌ ✦✔✧✒ ✫✓ ✪✌ ✘✫✒✓ ❣✰✚✱ ❞✗✌❣✷✶✌✒✯

a
1
 = a

2
 = 1

a
3
 = a

1
 + a

2

a
n
 = a

n–2
 + a

n–1
, n > 2

❜✘ ✳✴✵✭✍ ✫✌✢ Fibonacci ✳✴✵✭✍ ✫❣✒✢ ❣✰ ✚✱
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✈☎✆✆✝✞ ✟✠✡✞✆✈✆☛✠ ☞☛✌ ✈✍✎✏✑ 2,3,5,7… ✑☛✠ n☞♦✠ ✈☎✆✆✝✞ ✟✠✡✞✆ ✒✆ ✒✆☛✓✔ ✟✕✖✆ ✍✗♦✠ ✗✘✠✙ ✚☛✟☛ ☞✛✜✆✔✢

✈✍✎✏✑ ✒✆☛ ☞☛✌☞✣ ✑✆✘✛✡✆✒ ✛✍✤✛✥✢ ✛✒✞✆ ✦✆ ✟✒✢✆ ✗✘✠✙
✥✐✧✞☛✒ ✈✍✎✏✑ ✑☛✠ ✞✗ ✈✥☛★✆✆ ✍✗♦✠ ✒♦ ✦✆✍♦ ✩✆✛✗✚ ✛✒ ✪✟☞☛✌ ✛✣✚ ✛☞✫✆☛✬✆ ✟✕✖✆ ✗✆☛✭✆✙ ✛✒✠✢✎ ✛✥✌✮

☎✆♦ ✚☛✟☛ ✈✍✎✏✑ ☞☛✌ ✛✍✑✆✔✜✆ ☞☛✌ ✛✣✚ ✒✆☛✓✔ ✍ ✒✆☛✓✔ ✟✘❍✆✠✛✢✒ ✞✆☛✦✍✆ ✈✯✆☞✆ ✛✍✞✑ ✒♦ ✈✆✫✆✆ ✢✆☛ ✒♦
✦✆ ✟✒✢♦ ✗✘t ✦✆☛ ✥✰✆☛✠ a

1
, a

2
,
 
a

3
,…,a

n
,… ✒✆ ✏✑✆✭✢ ✤✥ ✰☛ ✟☞☛✌✙

✪✥✞✎✔♠✢ ✢✯✞✆☛✠ ☞☛✌ ✈✆✱✆✮ ✥✮t ✚✒ ✈✍✎✏✑ ✒✆☛ ✗✑ ✚✒ ✥✌✣✍ ☞☛✌ ✤✥ ✑☛✠ ✣☛ ✟✒✢☛ ✗✘✠ ✛✦✟✒✆
✥✐✆✠✢ ✥✐✆☞✲✌✢ ✟✠✡✞✆✈✆☛✠ ✒✆ ✟✑✎✳✩✞ ✗✆☛ ✈✯✆☞✆ ✪✟✒✆ ✪✥✟✑✎✳✩✞ {1, 2, 3...k}. ☞☛✌ ✥✐✒✆✮ ✒✆ ✗✆☛✙

✒☎✆♦❞✒☎✆♦ ✗✑ ✥✌✣✍ ☞☛✌ ✟✠☞☛✌✢ an ☞☛✌ ✛✣✚ a(n) ✒✆ ✪✥✞✆☛✭ ✒✮✢☛ ✗✘✠✙

9.3 ❏✴✵✶✷ (Series)

✑✆✍✆ ✛✒ ✞✛✰ a
1
, a

2, 
a

3
,…,a

n
 ✈✍✎✏✑ ✗✘t ✢✆☛ ✸✞✠✦✒ a

1
 + a

2 
+

 
a

3
 +,…+ a

n 
✟✠❧✠✛✹✆✢ ✈✍✎✏✑ ✟☛

❧✍♦ ❝☛✜✆♦ ✒✗✣✆✢♦ ✗✘✠✙ ❝☛✜✆♦ ✥✛✮✛✑✢ ✈✯✆☞✆ ✈✥✛✮✛✑✢ ✗✆☛✭♦t ✞✛✰ ✈✍✎✏✑ ✏✑✫✆✺ ✥✛✮✛✑✢ ✈✯✆☞✆

✈✥✛✮✛✑✢ ✗✘✙ ❝☛✜✆♦ ✒✆☛ ✟✠✛✱ ✮♦✛✢ ✑☛✠ ✥✐✰✛✫✆✔✢ ✒✮✢☛ ✗✘✠t ✛✦✟☛ ✛✟✻✑✆ ✟✠☞☛✌✢ ✒✗✢☛ ✗✘✠✙ ✓✟☞☛✌ ✛✣✚ ✭✐♦✒

✈★✆✮ ✟✠☞☛✌✢ ✼  ✽✛✟✻✑✆✾ ✒✆ ✪✥✞✆☛✭ ✒✮✢☛ ✗✘✠t ✛✦✟✒✆ ✈✯✆✔ ✗✆☛✢✆ ✗✘✠ ✦✆☛✿❀✍✆✙ ✓✟ ✥✐✒✆✮t ❝☛✜✆♦

a
1
 + a

2
 + a

3 
+

 
... + a

n
  ✒✆ ✟✠✛★✆❁✢ ✤✥t

 
1

n

k

k

a
❂
❃  ✗✘✙

❢❄❅❆❇❈❉ ❝☛✜✆♦ ✒✆ ✪✥✞✆☛✭t ✞✆☛✭ ☞☛✌ ✛✣✚ ✍✗♦✠t ❧✛❊✒ ✛✍✤✛✥✢ ✞✆☛✭ ☞☛✌ ✛✣✚ ✛✒✞✆ ✦✆✢✆ ✗✘✙
✪✰✆✗✮✜✆✢✺ 1 + 3 + 5 + 7 ✩✆✮ ✥✰✆☛✠ ☞✆✣♦ ✚✒ ✥✛✮✛✑✢ ❝☛✜✆♦ ✗✘✙ ✦❧ ✗✑ ♣❝☛✜✆♦ ✒✆ ✞✆☛✭❋ ✑✎✗✆☞✮☛ ✒✆
✪✥✞✆☛✭ ✒✮✢☛ ✗✘✠t ✢❧ ✪✟✒✆ ✢✆✧✥✞✔ ✪✟ ✟✠✡✞✆ ✟☛ ✗✘ ✦✆☛ ✥✰✆☛✠ ☞☛✌ ✦✆☛✿❀✍☛ ✟☛ ✥✛✮✛✜✆✢ ✗✆☛✢♦ ✗✘✙ ✈✢✺
❝☛✜✆♦ ✒✆ ✞✆☛✭ 16 ✗✘✙

✈❧ ✗✑ ☞✎✌● ✪✰✆✗✮✜✆✆☛✠ ✥✮ ✛☞✩✆✮ ✒✮✢☛ ✗✘✠✙

■❑▲▼◆❖▲ 1 ✰♦ ✭✓✔ ✥✛✮☎✆✆✬✆✆✈✆☛✠ ☞☛✌ ✈✆✱✆✮ ✥✮ ✛✍♥✍✛✣✛✡✆✢ ✥✐✧✞☛✒ ✈✍✎✏✑ ☞☛✌ ✥✐✯✆✑ ✢♦✍ ✥✰ ❧✢✆✓✚ ✺

(i) an = 2n + 5 (ii) an = 
3

4

nP
.

▼❣ (i) ✞✗✆◗  an = 2n + 5,

n = 1, 2, 3, ✮✡✆✍☛ ✥✮t ✗✑ ✥✆✢☛ ✗✘✠ ✺
a

1
 = 2(1) + 5 = 7, a

2
 = 9, a

3
 = 11

✓✟✛✣✚t ☞✆✠✛●✢ ✥✰ 7, 9 ✢✯✆✆ 11 ✗✘✠✙

(ii) ✞✗✆◗
 

a
n 
= 

3

4

n ❘
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❜☛ ☞✌✍✎✏ 1 2 3

1 3 1 1
, , 0

4 2 4
a a a

✑
✒ ✒✑ ✒✑ ✒

✓✔✕ ☞✌✖✎✗ ✔✘✙ ☞✚ 1

2
✑

, 

1

4
 ✔✖✎✎ 0 ❣✛✜✢

♠✣✤✥✦✧✤ 2 an = (n – 1) (2 – n) (3 + n)  ⑥✎✏✎ ☞★✏✩✎✎★✪✎✔ ✓✙✫✬✗ ✍✎ 20♦✎✭ ☞✚ ✮✯✎ ❣✛✜✰

✥✱ ❣✗  n = 20 ✏❥✎✙✲ ☞✏✳ ☞✎✔✲ ❣✛✜

a
20 

= (20 – 1) (2 – 20) (3 + 20)

= 19 × (– 18) × (23)

= – 7866.

♠✣✤✥✦✧✤ 3 ✗✎✙✎ ★✍ ✓✙✫✬✗ a
n
★✙✴✙★✵★❥✎✔ ✶☞ ✗✲✜ ☞★✏✩✎✎★✪✎✔ ❣✛ ✕

a
1
 = 1,

a
n
 = a

n–1
 + 2 for n ✷ 2.

✔✎✲ ✓✙✫✬✗ ♦✲r ☞✎✭✸ ☞✚ ✹✎✔ ✍✘★✺✻ ✔✖✎✎ ☛✜✼✔ ✽✲✾✎✘ ★✵★❥✎✻✢

✥✱ ❣✗ ☞✎✔✲ ❣✛✜ ✕

a
1
 = 1, a

2
 = a

1
 + 2 = 1 + 2 = 3, a

3
 = a

2
 + 2 = 3 + 2 = 5,

a
4
 = a

3
 + 2 = 5 + 2 = 7, a

5
 = a

4
 + 2 = 7 + 2 = 9.

✓✔✕ ✓✙✫✬✗ ♦✲r ☞✌✖✎✗ ☞✎✭✸ ☞✚ 1,3,5,7 ✔✖✎✎ 9 ❣✛✜✢

☛✜✼✔ ✽✲✾✎✘ 1 + 3 + 5 + 7 + 9 +...  ❣✛✢

✐✿❀❁❂❃❄❅ 9.1

☞✌❆✙ 1 ☛✲ 6 ✔✍ ♦✲r ✓✙✫✬✗✎✲✜ ✗✲✜ ☞✌❇✯✲✍ ♦✲r ☞✌✖✎✗ ☞✎✭✸ ☞✚ ★✵★❥✎✯✲✳ ★✺✙✍✎ n♦✎✭ ☞✚ ★✚✯✎ ✼✯✎ ❣✛ ✕

1.  a
n
 = n (n + 2) 2. a

n 
= 

1

n

n❈
3. a

n 
= 2n

4.  a
n
 = 

2 3

6

n❉
5.  a

n
 = (–1)n–1 5n+1 6. a

n

2 5

4

n
n

❊
❋ .

★✙✴✙★✵★❥✎✔ ☞✌❆✙ 7 ☛✲ 10 ✔✍ ♦✲r ✓✙✫✬✗✎✲✜ ✗✲✜ ☞✌❇✯✲✍ ✍✎ ♦✎✜★●✔ ☞✚ ✹✎✔ ✍✘★✺✻✳ ★✺✙✍✎ n♦✎✭ ☞✏

★✚✯✎ ✼✯✎ ❣✛ ✕
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7.  a
n 
= 4n – 3; a

17
, a

24
8. a

n 
=

 

2

7;
2n

n
a

9. a
n
 = (–1)n – 1n3; a

9
10. 20

( – 2)
;

3
n

n n
a a

n
☎

✆
.

✐✝✞✟ 11 ❧✠ 13 r✡ ✐✝☛☞✠✡ ✈✟✌✍✎ ✏✠✑ ✐✒✓✔ ✐✕ ❢✖❢✗✒✘ r✙✒✒ ❧✚✛r ✜✠✢✒✣ ✤✒r ✡✣❢✥✘ ✦

11. a
1
 = 3, a

n
 = 3a

n–1
 + 2 ❧✧✒✣ n > 1 ✏✠✑ ❢✖✘

12.   a
1
 = –1, a

n 
= 

1na

n

★
, ✥t✒✓ n ✩  2

13. a
1
 = a

2
 = 2, a

n
 =  a

n–1
–1, ✥t✒✓  n > 2

14. Fibonacci ✈✟✌✍✎ ❢✟✪✟❢✖❢✗✒r ✫✐ ✎✠✚ ✐❢✬✧✒✒❢✭✒r t✮ ✦

1 = a
1
 = a

2
 r✙✒✒ a

n
 = a

n–1
 + a

n–2
, n.>2 r✒✠

 
1n

n

a

a

✯
 ✤✒r ✡✣❢✥✘❑ ✥✰❢✡ n = 1, 2, 3, 4, 5

9.4  ✱✲✳✴✵✶ ✷✸✹✳✺ [Arithmetic Progression (A.P.)]

✐✻✏✼ ✎✠✚ ✈✽☞☞✟ ❢✡✘ ✏✌✑✾ ❧✻✿✒✒✠✚ r✙✒✒ ✛✌✢✒✒✠✚ ✡✒ ✐✌✟✦ ❀✎✬✢✒ ✡✬r✠ t✮✚❁

✘✡ ✈✟✌✍✎ a
1
, a

2
 a

3
,…,a

n
… ✡✒✠ ❧✎✒✚r✬ ✈✟✌✍✎ ☞✒ ❧✎✒✚r✬ ✜✠✢✒✣ ✡tr✠ t✮✚❑ ☞❢✕

a
n+1

 = a
n
 + d, n ❂N

a
1
 ✡✒✠ ❃❄❅❆❇ ❃❈ ✡tr✠ t✮✚ r✙✒✒ ✈✔✬ ✐✕ d ✡✒✠ ❧✎✒✚r✬ ✜✠✢✒✣ ✡✒ ❉❆❊❋ ●❍■❏ ✡tr✠ t✮✚❁

✎✒✟ ✖✣❢✥✘ ✘✡ ❧✎✒✚r✬ ✜✠✢✒✣ ❡✐✝✎✒❢✢✒r ✫✐ ✎✠✚▲ ✐✬ ❢✏✔✒✬ ✡✬✠✚❑ ❢✥❧✡✒ ✐✝✙✒✎ ✐✕ a, r✙✒✒ ❧✒✏✼

✈✚r✬ d t✮❑ ✈✙✒✒✼r❣ a, a + d, a + 2d, ...

❧✎✒✚r✬ ✜✠✢✒✣ ✡✒ n✏✒✓ ✐✕ ❡♦☞✒✐✡ ✐✕▲ a
n
 = a + (n – 1)d  t✮❁

t✎ ❧✎✒✚r✬ ✜✠✢✒✣ ✡✣ ❧✒✎✒▼☞ ❢✏✞✒✠✭✒r✒✈✒✠✚ ✡✒ ✐✬✣◆✒✢✒ ✡✬ ❧✡r✠ t✮✚✦

(i) ☞❢✕ ❧✎✒✚r✬ ✜✠✢✒✣ ✏✠✑ ✐✝☛☞✠✡ ✐✕ ✎✠✚ ✘✡ ✈✔✬ ✥✒✠❖P✒ ✥✒✘❑ r✒✠ ◗❧ ✐✝✡✒✬ ✐✝✒❘r ✈✟✌✍✎ ✧✒✣ ❧✎✒✚r✬

✜✠✢✒✣ t✒✠r✒ t✮❁

(ii) ☞❢✕ ❢✡❧✣ ❧✎✒✚r✬ ✜✠✢✒✣ ✏✠✑ ✐✝☛☞✠✡ ✐✕ ✎✠✚ ❧✠ ✘✡ ✈✔✬ ❙✒❚✒☞✒ ✥✒✘ r✒✠❑ ◗❧ ✐✝✡✒✬ ✐✝✒❘r ✈✟✌✍✎

✧✒✣ ❧✎✒✚r✬ ✜✠✢✒✣ t✒✠r✒ t✮❁

(iii) ☞❢✕ ❢✡❧✣ ❧✎✒✚r✬ ✜✠✢✒✣ ✏✠✑ ✐✝☛☞✠✡ ✐✕ ✎✠✚ ✘✡ ✈✔✬ ❧✠ ✛✌✢✒✒ ❢✡☞✒ ✥✒✘ r✒✠❑ ◗❧ ✐✝✡✒✬ ✐✝✒❘r

✈✟✌✍✎ ✧✒✣ ❧✎✒✚r✬ ✜✠✢✒✣ t✒✠r✒ t✮❁

(vi) ☞❢✕ ❢✡❧✣ ❧✎✒✚r✬ ✜✠✢✒✣ ✏✠✑ ✐✝☛☞✠✡ ✐✕ ✡✒✠ ✘✡ ✈✞✒✻▼☞ ✈✔✬ ❧✠ ✧✒✒✛ ❢✕☞✒ ✥✒✘ r✒✠ ◗❧ ✐✝✡✒✬

✐✝✒❘r ✈✟✌✍✎ ✧✒✣ ✘✡ ❧✎✒✚r✬ ✜✠✢✒✣ t✒✠✛✒❁
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❀☛☞✌ ✍✎✏✑✒ ✓☞✔✕ ☛✖ ✎✖☞✗✘✙ ✚✑✛☞✜ ✏✑✒ ✢✣✤ ✢✥✦✥✢✣✢✧☞✘ ✎✗✏✑✒✘☞✑✗ ★☞ ✩✪❀☞✑✫ ★✙✑✗✫✑ ✬

a = ✪✐✭☞✖ ✪✔✕ l  = ✮✗✢✘✖ ✪✔✕ d = ✎☞✏❧ ✮✗✘✙

n =  ✪✔☞✑✗ ★✜ ✎✗✧❀☞✕ S
n
= ✎✖☞✗✘✙ ✚✑✛☞✜ ✏✑✒ n ✪✔☞✑✗ ★☞ ❀☞✑✫✪✒✣

✖☞✥☞ a, a + d, a + 2d, …, a + (n – 1) d ✤★ ✎✖☞✗✘✙ ✚✑✛☞✜ ☛✱✕ ✘☞✑
l    = a + (n – 1) d

✯ ✰S 2 ( 1)
2

n

n
a n d✲ ✳ ✴

☛✖ ✍✎ ✪✐★☞✙ ❣☞✜ ✢✣✧☞ ✎★✘✑ ☛✱✗ ✬

✵ ✶S
2

n

n
a l✲ ✳

✮☞✍✤ ✏✷✒✸ ✩✔☞☛✙✛☞ ✣✑✘✑ ☛✱✗✹

♠✺✻✼✽✾✻ 4 ❀✢✔ ✢★✎✜ ✎✖☞✗✘✙ ✚✑✛☞✜ ★☞ m✏☞✌ ✪✔ n ✘✭☞☞ n✏☞✌ ✪✔ m, t☛☞✌ m ✿ n, ☛☞✑ ✘☞✑ p✏☞✌ ✪✔

❑☞✘ ★✜✢t✤✹

✼❁ ☛✖ ✪☞✘✑ ☛✱✗ ✬

a
m
 = a + (m – 1) d = n, ... (1)

✘✭☞☞ a
n
 = a + (n – 1) d = m, ... (2)

(1) ✮☞✱✙ (2) ★☞✑ ☛✣ ★✙✥✑ ✪✙✕ ☛✖ ✪☞✘✑ ☛✱✗✬

(m – n) d = n – m, ❀☞ d = –1, ... (3)

✘✭☞☞ a = n + m –1 ... (4)

✍✎✢✣✤ a
p
 = a + (p – 1)d

= n + m – 1 +( p – 1) (–1) = n + m – p

✮✘✬✕ p ✏☞✌ ✪✔ n + m – p. ☛✱✹

♠✺✻✼✽✾✻ 5 ❀✢✔ ✢★✎✜ ✎✖☞✗✘✙ ✚✑✛☞✜ ✏✑✒ n ✪✔☞✑✗ ★☞ ❀☞✑✫
1

P ( 1)
2

n n n –❂ Q, ☛✱✕ t☛☞✌ P ✘✭☞☞ Q ✮❃✙

☛☞✑ ✘☞✑ ✎☞✏❧ ✮✗✘✙ ❑☞✘ ★✜✢t✤✹

✼❁ ✖☞✥☞ ✢★ a
1
, a

2
, …, a

n 
 ✔✜ ✫✍❧ ✎✖☞✗✘✙ ✚✑✛☞✜ ☛✱✕ ✘☞✑

S
n
 = a

1
 + a

2
 + a

3
 +...+ a

n–1
 + a

n
 = nP + 

1

2
n(n – 1)Q

✍✎✢✣✤ S
1
 = a

1
 = P, S

2
 = a

1
 + a

2
 = 2P + Q

✍✎✢✣✤ a
2
 = S

2
 – S

1
 = P + Q

✮✘✬ ✎☞✏❧ ✮✗✘✙ ☛✱ ✬

d = a
2
 – a

1
 = (P + Q) – P = Q
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♠☎✆✝✞✟✆ 6 ♥✠✡ ☛☞✠✌✍✎ ✏✡✑✒✓✔✠✡✌ ✕✡✖ n ✐♥✠✡✌ ✕✡✖ ✔✠✡✗✐✖✘ ✙✠ ✚✛✜✐✠✍ (3n + 8) : (7n + 15)  ❣✢✣

12 ✕✡✌ ✐♥ ✙✠ ✚✛✜✐✠✍ ♦✠✍ ✙✤✑✥✦✣

✝✧ ☞✠✛✠ ✑✙ a
1
, a

2
, ✍r✠✠ d

1
, d

2
, Ø☞★✠✩ ✐✪r✠☞ ✦✕✌ ✑✫✍✤✔ ☛☞✠✌✍✎ ✏✡✑✒✓✔✠✡✌ ✕✡✖ ✐✪r✠☞ ✐♥ ✍r✠✠ ☛✠✕✬

✚✌✍✎ ❣✢✌✈ ✍✠✡ ♥✤ ❣✜✭✬ ★✠✍✬ ✕✡✖ ✚✛✜☛✠✎✈ ❣☞ ✐✠✍✡ ❣✢✌ ✩

3 + 8

7 +15

n n

n n
✮

✯✰③ ❦❡ ✱❡❦❛✲❥ ❏s❁✳ ❤ ✴◗s ✯✵❦s❛ ✶❦ ✷❦ s✸

❢⑥✲❤✷ ✱❡❦✲❛ ❥ ❏s❁✳ ❤ ✴s◗ ✯✵❦s❛ ✶❦ ✷❦ s✸

✔✠

✹ ✺

✹ ✺

1 1

2 2

2 ( 1)
3 82

7 15
2 ( 1)

2

n
a n d

n

n n
a n d

✻ ✼
✻

✽
✻✻ ✼

✔✠
1 1

2 2

2 ( 1) 3 8

2 ( 1) 7 15

a n d n

a n d n

✾ ✿ ✾
❀

✾ ✿ ✾ ...  (1)

✚❂
12

12

❃❋❄ ❅❆ ❇❆❅❈❉ ❊ ●❍■❑▲ ❞❅ ▼❅→ ❃◆

❖P❈▲❘ ❇❆❅❉❈❊ ●❍■▲❑ ❞❅ ▼❅→ ❃◆

1 1

2 2

11

11

a d

a d

✾
❀

✾

1 1

2 2

2 22 3 23 8

2 22 7 23 15

a d

a d

❙ ❚ ❙
❯

❙ ❚ ❙ [(1) ☞✡✌ n = 23 ✎❱✠✛✡ ✐✎]

✔✠
1 1

2 2

11 7

11 16

a d

a d

✾
❀

✾

✚✍✩ ✕✠✌✑❲✍ ✚✛✜✐✠✍ 7 : 16 ❣✢✣

♠☎✆✝✞✟✆ 7 ✦✙ ❳✔✑❨✍ ✙✤ ✐✪r✠☞ ✕❩✠✬ ☞✡✌ ✚✠✔ 3,00,000 ❬✐✔✡ ❣✢ ✍r✠✠ ❭☛✙✤ ✚✠✔ 10,000 ❬✐✔✡
✐✪✑✍ ✕❩✠✬✈ ❭❪✛✤☛ ✕❩✠✠✡❫ ✍✙ ❂✒✓✍✤ ❣✢✈ ✍✠✡ ❭☛✕✡✖ ✫✠✎✠ 20 ✕❩✠✠✡❫ ☞✡✌ ✐✪✠❴✍ ✚✠✔ ♦✠✍ ✙✤✑✥✦✣

✝✧ ✔❣✠❵✈ ❣☞ ✐✠✍✡ ❣✢✌✈ ☛☞✠✌✍✎ ✏✡❜✠✤ ✑✥☛✙✠
a = 3,00,000, d = 10,000, ✍r✠✠ n = 20

✔✠✡✗ ☛❝❧✠ ✙✠ ❭✐✔✠✡✗ ✙✎✛✡ ✐✎✈ ❣☞ ✐✠✍✡✌ ❣✢✌✈

20

20
S [600000 19 10000]

2
♣ q t = 10 (790000) = 79,00,000

✕❣ ❳✔✑❨✍ 20 ✕❩✠✬ ✕✡✖ ✚✌✍ ☞✡✌ 79,00,000 ❬✐✔✡ ✐✪✠❴✍ ✙✎✍✠ ❣✢✣

9.4.1 ✉✇②④⑤⑦ ✇②⑧⑨ (Arithmetic mean) ✑♥✔✠ ❣✢ ♥✠✡ ☛✌❱✔✠✦❵ a ✍r✠✠ b. ❣☞ ✭✛ ☛✌❱✔✠✚✠✡✌ ✕✡✖ ❂✤⑩

☞✡✌ ✦✙ ☛✌❱✔✠ A ✘✡ ☛✙✍✡ ❣✢✌ ✍✠✑✙ a, A, b ☛☞✠✌✍✎ ✏✡❜✠✤ ☞✡✌ ❣✠✡✌✈ ✍✠✡ ☛✌❱✔✠ A ✙✠✡ a ✚✠✢✎ b ✙✠ ❶❷✆❸❹✞

❷✆❺❻ (A.M.) ✙❣✍✡ ❣✢✌✣



✈�✁✂✄ ☎✆✝✝ ✞✟✠✝✡           197

A – a = b – A  ☛☞✌✌✍✎✏✏ A =
2

a b✑

♥✌✒ ✓✔✕✖✌☛✌✒✔ a ✎☞✌✌ b ♦✒✗ ✘✙✖ ✓✘✌✔✎✚ ✘✌✙✖ ✛✌✒ ✜✢♦✒✗ ☛✌✣✓✎
2

a b✤
 ♦✒✗ ✥✦ ✘✒✔ ✧✖✌★✕✖✎ ★✛✖✌

t✌ ✓✛✎✌ ✩✣✪

♠♥✌✩✚✫✌ ♦✒✗ ★✬✭✮ ♥✌✒ ✓✔✕✖✌☛✌✒✔ 4 ✎☞✌✌ 16 ✛✌ ✓✘✌✔✎✚ ✘✌✙✖ 10 ✩✣✪ ✜✓ ✎✚✩ ✩✘ ✭✛ ✓✔✕✖✌

10 ✛✌✒ 4 ✎☞✌✌ 16 ♦✒✗ ✘✙✖ ✚✕✌✛✚ ✭✛ ✓✘✌✔✎✚ ✯✒✫✌✰ 4, 10, 16 ✛✰ ✚❞✢✌ ✛✚✎✒ ✩✣✔✪ ☛✱ ✭✛ ✲♦✌✳✌✌★♦✛

✦✐✴✢ ♠✵✎✌ ✩✣✔✪ ✶✖✌ ★♥✭ ✷✭ ★✛✸✩✰✔ ♥✌✒ ✓✔✕✖✌☛✌✒✔ ♦✒✗ ✱✰❞ ♥✌✒ ✖✌ ☛★✙✌✛ ✓✔✕✖✌☛✌✒✔ ✛✌✒ ✚✕✌✢✒ ✓✒ ✓✘✌✔✎✚

✯✒✫✌✰ (A.P.) ✎✣✖✌✚ ✩✌✒ ✓♦✒✗✷✰r ☛♦✬✌✒✛✢ ✛✰★t✭ ★✛ ✓✔✕✖✌☛✌✒✔ 4 ✎☞✌✌ 16 ♦✒✗ ✱✰❞ 8 ☛✌✣✚ 12 ✚✕✌✌

t✌✭ ✎✌✒ 4, 8, 12, 16 ✓✘✌✔✎✚ ✯✒✫✌✰ (A.P.) ✩✌✒ t✌✎✰ ✩✣✪

✓✌✘✌✸✖✎❧ ★✛✸✩✰✔ ♥✌✒ ✓✔✕✖✌☛✌✒✔ a ✎☞✌✌ b ♦✒✗ ✱✰❞ ★✛✎✢✰ ✳✌✰ ✓✔✕✖✌☛✌✒✔ ✛✌✒ ✚✕✌✛✚ ✓✘✌✔✎✚ ✯✒✫✌✰

A.P. ✘✒✔ ✦★✚★✫✌✎ ★✛✖✌ t✌ ✓✛✎✌ ✩✣✪

✘✌✢✌ ★✛ A
1
, A

2
, A

3
, …A

n
  a ✎☞✌✌ b ♦✒✗ ✘✙✖ n ✓✔✕✖✌✭✹ ✜✓ ✦✐✛✌✚ ✩✣✔✮ ★✛ a, A

1
, A

2
, A

3
,

…A
n
, b ✓✘✌✔✎✚ ✯✒✫✌✰ ✘✒✔ ✩✣✪

✖✩✌✹ b, (n + 2) ♦✌✹ ✦♥ ✩✣✔✮ ☛☞✌✌✍✎✏

b = a + [(n + 2) – 1]d

= a + (n + 1)d

✜✓✓✒ ✦✌✎✒ ✩✣✔
1

b a
d

n

✺
✻

✼
.

✜✓ ✦✐✛✌✚✮ a ✎☞✌✌ b ♦✒✗ ✘✙✖ n ✓✔✕✖✌✭✹ ★✢✽✢★✬★✕✌✎ ✩✣✔❧

A
1
 = a + d = a + 

1

b a

n

✾

✿

A
2
 = a + 2d = a + 

2( )

1

b a

n

✾

✿

A
3
 = a + 3d = a + 

3( )

1

b a

n

✺

✼

.....     .....     .....     .....

.....     .....     .....     .....

A
n
 = a + nd = a + 

( )

1

n b a

n

✾

✿
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♠☎✆✝✞✟✆ 8 ✱✠✡☛ 6 ✡❧☞✌✍✱✎ ✏✍✑ ✒☛✓✔✱ ✓✔✕✒✍✠ 3 ✈✍✖✗ 24 ♦✠✘ ✙☛✚ ✗☞✍✕✠ ✛✗ ✛✜✍✢✑ ✈✕✣✤✥ ✱✒

✡✥✍❧✑✗ ✦✠✧✍☛ ✙✕ ✔✍✱★

✝❣ ✥✍✕✍ ✓✒ A
1
, A

2
, A

3
, A

4
, A

5
 ✑r✍✍ A

6
,3 ✑r✍✍ 24 ♦✠✘ ✥✩✌ 6 ✡❧☞✌✍✱✎ ✪✖❧✫

❜✡✓✬✱ 3, A
1
, A

2
, A

3
, A

4
, A

5,
 A

6 
24 ✡✥✍❧✑✗ ✦✠✧✍☛ ✥✠❧ ✪✖❧★

✌✪✍✎ a = 3, b = 24, n = 8.

❜✡✓✬✱ 24 = 3 + (8 –1) d, ❜✡✡✠ ✛✜✍✢✑ ✪✍✠✑✍ ✪✖  d = 3.

❜✡ ✛✜✒✍✗ A
1
 = a + d = 3 + 3 = 6; A

2
 = a + 2d = 3 + 2 × 3 = 9;

A
3
 = a + 3d = 3 + 3 × 3 = 12; A

4
 = a + 4d = 3 + 4 × 3 = 15;

A
5
 = a + 5d = 3 + 5 × 3 = 18; A

6
 = a + 6d = 3 + 6 × 3 = 21.

✈✑✭✫ ✡❧☞✌✍✱✎ 3 ✑r✍✍ 24 ♦✠✘ ✥✩✌ 6 ✡❧☞✌✍✱✎ 6, 9, 12, 15, 18 ✑r✍✍ 21 ✪✖❧★

✐✮✯✰✲✳✴✵ 9.2

1. 1 ✡✠ 2001 ✑✒ ♦✠✘ ✓♦✶✍✥ ✛✷✧✍✍✸✒✍✠❧ ✒✍ ✌✍✠✹ ✏✍✑ ✒☛✓✔✱★

2. 100 ✑r✍✍ 1000 ♦✠✘ ✥✩✌ ✺✕ ✡✻✍☛ ✛✜✍♦✼✘✑ ✡❧☞✌✍✈✍✠❧ ✒✍ ✌✍✠✹✛✘✬ ✏✍✑ ✒☛✓✔✱ ✔✍✠ 5 ♦✠✘

✹✣✧✍✔ ✪✍✠❧★

3. ✓✒✡☛ ✡✥✍❧✑✗ ✦✠✧✍☛ ✥✠❧ ✛✜r✍✥ ✛❢ 2 ✪✖ ✑r✍✍ ✛✜r✍✥ ✛✍✎✚ ✛❢✍✠❧ ✒✍ ✌✍✠✹✛✘✬✫ ✈✹✬✠ ✛✍✎✚ ✛❢✍✠❧ ♦✠✘

✌✍✠✹✛✘✬ ✒✍ ✱✒ ✚✍✖r✍✍❜❀ ✪✖★ ❢✽✍✍❀❜✱ ✓✒ 20♦✍✎ ✛❢ –112 ✪✖★

4. ✡✥✍❧✑✗ ✦✠✧✍☛ – 6,  
11

2
✾ , – 5, … ♦✠✘ ✓✒✑✕✠ ✛❢✍✠❧ ✒✍ ✌✍✠✹✛✘✬ –25 ✪✖✿

5. ✓✒✡☛ ✡✥✍❧✑✗ ✦✠✧✍☛ ✒✍ p♦✍✎ ✛❢ 
1

q
 ✑r✍✍ q♦✍✎ ✛❢ 1

p

, ✪✍✠ ✑✍✠ ✓✡❁ ✒☛✓✔✱ ✓✒ ✛✜r✍✥ pq ✛❢✍✠❧

✒✍ ✌✍✠✹ 
1

2
(pq +1) ✪✍✠✹✍ ✔✪✍✎ p❂ q .

6. ✌✓❢ ✓✒✡☛ ✡✥✍❧✑✗ ✦✠✧✍☛ 25, 22, 19, … ♦✠✘ ♦✣✘❃ ✛❢✍✠❧ ✒✍ ✌✍✠✹✛✘✬ 116 ✪✖ ✑✍✠ ✈❧✓✑✥ ✛❢ ✏✍✑

✒☛✓✔✱★

7. ✺✡ ✡✥✍❧✑✗ ✦✠✧✍☛ ♦✠✘ n ✛❢✍✠❧ ✒✍ ✌✍✠✹✛✘✬ ✏✍✑ ✒☛✓✔✱✫ ✓✔✡✒✍ k ♦✍✎ ✛❢ 5 k + 1 ✪✖★

8. ✌✓❢ ✓✒✡☛ ✡✥✍❧✑✗ ✦✠✧✍☛ ♦✠✘ n ✛❢✍✠❧ ✒✍ ✌✍✠✹✛✘✬ (pn + qn2), ✪✖✫ ✔✪✍✎ p ✑r✍✍ q ✈✚✗ ✪✍✠❧ ✑✍✠

✡✍♦❀ ✈❧✑✗ ✏✍✑ ✒☛✓✔✱★

9. ❢✍✠ ✡✥✍❧✑✗ ✦✠✓♥❄✌✍✠❧ ♦✠✘ n ✛❢✍✠❧ ♦✠✘ ✌✍✠✹✛✘✬ ✒✍ ✈✕✣✛✍✑ 5n + 4 : 9n + 6. ✪✍✠✫ ✑✍✠ ✺✕♦✠✘ 18 ♦✠❧

✛❢✍✠❧ ✒✍ ✈✕✣✛✍✑ ✏✍✑ ✒☛✓✔✱★

10. ✌✓❢ ✓✒✡☛ ✡✥✍❧✑✗ ✦✠✧✍☛ ♦✠✘ ✛✜r✍✥ p ✛❢✍✠❧ ✒✍ ✌✍✠✹✫ ✛✜r✍✥ q ✛❢✍✠❧ ♦✠✘ ✌✍✠✹✛✘✬ ♦✠✘ ✙✗✍✙✗ ✪✍✠ ✑✍✠

✛✜r✍✥ (p + q) ✛❢✍✠❧ ✒✍ ✌✍✠✹✛✘✬ ✏✍✑ ✒☛✓✔✱★
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11. ❀☛☞ ☛✌✍✎ ✍✏✑✒✓✔ ✕✖✗✑✎ ✘✖✙ ✚✛✜✑✏ p, q, r ✚☞✑✖✒ ✌✑ ❀✑✖✐✚✙✢ ✣✏✤✑✥ a, b ✓✜✑✑ c ❣✑✖ ✓✑✖ ☛✍✦

✌✎☛❞✧ ☛✌

( ) ( ) ( ) 0
a b c

q r r p p a
p q r

★ ✩ ★ ✩ ★ ✪

12. ☛✌✍✎ ✍✏✑✒✓✔ ✕✖✗✑✎ ✘✖✙ m ✓✜✑✑ n ✚☞✑✖✒ ✘✖✙ ❀✑✖✐✚✙✢✑✖✒ ✌✑ ✫✬✭✚✑✓ m2 : n2 ❣✮ ✓✑✖ ☞✤✑✑✯✰✧ ☛✌

m ✘✖✒ ✓✜✑✑ n✘✖✒ ✚☞✑✖✒ ✌✑ ✫✬✭✚✑✓ (2m–1) : (2n–1) ❣✮✱

13. ❀☛☞ ☛✌✍✎ ✍✏✑✒✓✔ ✕✖✗✑✎ ✘✖✙ n✘✖✒ ✚☞ ✌✑ ❀✑✖✐✚✙✢ 3n2  + 5n ❣✮✒ ✓✜✑✑ ✰✍✌✑ m✘✑♦ ✚☞ 164 ❣✮✲

✓✑✖ m ✌✑ ✏✑✬ ✳✑✓ ✌✎☛❞✧✱

14. 5 ✫✑✮✔ 26 ✘✖✙ ✴✎✵ ✧✖✍✎ 5 ✍✒✶❀✑✧♦ ✷✑☛✢✧ ✓✑☛✌ ✚✛✑✸✓ ✫✬✭✣✏ ✍✏✑✒✓✔ ✕✖✗✑✎ ✴✬ ❞✑✧✱

15. ❀☛☞
1 1

n n

n n

a b

a b✹ ✹
✩

✩
, a ✓✜✑✑ b ✘✖✙ ✏✺❀ ✍✏✑✒✓✔ ✏✑✺❀ ❣✑✖ ✓✑✖ n ✌✑ ✏✑✬ ✳✑✓ ✌✎☛❞✧✱

16. m ✍✒✶❀✑✫✑✖✒ ✌✑✖ 1 ✓✜✑✑ 31 ✘✖✙ ✔✶✑✬✖ ✚✔ ✚✛✑✸✓ ✫✬✭✣✏ ✧✌ ✍✏✑✒✓✔ ✕✖✗✑✎ ❣✮ ✫✑✮✔ 7✘✎✒ ✧✘✒

(m –1) ✘✎✒ ✍✒✶❀✑✫✑✖✒ ✌✑ ✫✬✭✚✑✓ 5 : 9 ❣✮✱ ✓✑✖ m ✌✑ ✏✑✬ ✳✑✓ ✌✎☛❞✧✱

17. ✧✌ ✻❀☛✼✓ ✽✗✑ ✌✑ ✾✑✭✐✓✑✬ 100 ✿✚❀✖ ✌✎ ✚✛✜✑✏ ☛✌✤✓ ✍✖ ✤✑✭❁ ✌✔✓✑ ❣✮✱ ❀☛☞ ✘❣ ✚✛❂❀✖✌

☛✌✤✓ ✏✖✒ 5 ✿✚❀✖ ✚✛☛✓ ✏✑❣ ✴❃❄✓✑ ❣✮ ✓✑✖ 30 ✘✎✒ ☛✌✤✓ ✌✎ ✔✑☛✤✑ ✼❀✑ ❣✑✖✐✎❅

18. ✧✌ ✴❣✭✾✑✭❞ ✘✖✙ ☞✑✖ ✣☛✏✌ ✫✒✓✥✌✑✖✗✑✑✖✒ ✌✑ ✫✒✓✔ 50 ❣✮✱ ❀☛☞ ✍✴✍✖ ❆✑✖❇✑ ✌✑✖✗✑ 1200 ❣✑✖✲ ✓✑✖

✴❣✭✾✑✭❞ ✌✎ ✾✑✭❞✑✫✑✖✒ ✌✎ ✍✒✶❀✑ ✳✑✓ ✌✎☛❞✧✱

9.5 ①❈❉❊❊❋●❊❍ ■❋❉❊❏  [Geometric Progression (G . P.)]

✫✑✰✧ ☛✬❑✬☛✢☛✶✑✓ ✫✬✭✣✏✑✖✒ ✚✔ ☛✘✵✑✔ ✌✔✖✒ ✥
(i) 2,4,8,16,....

(ii)
1 1 1 1

9 27 81 243
, , , ,...
▲ ▲

(iii) .01,0001,.000001,...

✰✬✏✖ ✍✖ ✚✛❂❀✖✌ ✫✬✭✣✏ ✘✖✙ ✚☞ ☛✌✍ ✚✛✌✑✔ ✴❃❄✓✖ ❣✮✒❅

♠✚❀✭✯✼✓ ✚✛❂❀✖✌ ✫✬✭✣✏ ✏✖✒ ❣✏ ✚✑✓✖ ❣✮✒ ☛✌ ✚✛✜✑✏ ✚☞ ✌✑✖ ❆✑✖✷❄✲ ✍✾✑✎ ✚☞ ✧✌ ☛✘✤✑✖▼✑ ✣✏ ✏✖✒

✴❃❄✓✖ ❣✮✒✱

(i) ✏✖✒ ❣✏ ✚✑✓✖ ❣✮✒ ✥

32 4
1

1 2 3

2 2 2 2
aa a

a ; ; ;
a a a

◆ ◆ ◆ ◆  ✫✑✮✔ ✰✍ ✚✛✌✑✔

(ii) ✏✖✒ ❣✏ ✚✑✓✖ ❣✮✒ ✥

32 4
1

1 2 3

1 1 1 1

9 3 3 3

aa a– – –
a ; ; ;

a a a
❖ ❖ ❖ ❖  ✰❂❀✑☛☞✱

✰✍✎ ✚✛✌✑✔ (iii) ✏✖✒ ✚☞ ✘✮✙✍✖ ✫✐✛✍✔ ❣✑✖✓✖ ❣✮✒ ✴✓✑✰✧❅ ☛✬✔✎❡✑✗✑ ✍✖ ❀❣ ✳✑✓ ❣✑✖ ❞✑✓✑ ❣✮ ☛✌ ✚✛❂❀✖✌ ☛P✜✑☛✓
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❡☎✆✝ ✞✟✠✡❡ ✞☛ ☞✡☎ ✌✡☎✍✎✝ ✏✑ ✒✓✔✡ ✞☛ ✒✞✕☎ ✖✞✌✔☎ ✞☛ ✗☎ ✒✘✑ ✒✕✙✞✡✚ ❡☎✆ ✛✜✎✚✡ ✏✢✣ (i) ❡☎✆ ✤✏ ✒✘✑

✒✕✙✞✡✚ 2 ✏✢✝ (ii) ❡☎✆ ✤✏
1

–
3

 ✏✢ (iii) ❡☎✆ ✤✏ ✒✘✑ ✒✕✙✞✡✚ 0.01 ✏✢✣ ❣☎✗☎ ✒✕✙✥❡✡☎✆ ☞✡☎ ✓✙✦✡✡☎✧✡✑ ✒✕✙✥❡

✤✡ ★✩✪✫✫✬✭✫✮ ✯✬✪✫✰ ✤✡ ✗✆✱✡☎✞ ❡☎✆ G.P. ☞✏✚☎ ✏✢✆✣

✒✕✙✥❡ a
1
, a

2
, a

3
, …, a

n
, … ☞✡☎ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲ ☞✏✡ ✳✡✚✡ ✏✢✝ ✤✖☛ ✞✟✴✤☎☞ ✞☛ ✒✵✡✶✷✤ ✏✡☎ ✚✠✡✡

1k

k

a

a

✸
= r ✹✒✘✑✺✝ k ✻ 1 ♦☎✼ ✖✔❣✣

a
1
 = a, ✖✔❢✡✕☎ ✞✑ ✏❡ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲ ✞✡✚☎ ✏✢✆ ✽ a, ar, ar2, ar3, +…., ✳✏✡t a ☞✡☎ ✐✾✿✫❀ ✐❁ ☞✏✚☎

✏✢✆ ✚✠✡✡ r ☞✡☎ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲ ☞✡ ❧✫❂❃ ❄❅✩✐✫❆ ☞✏✚☎ ✏✢✆✣ (i), (ii) ✚✠✡✡ (iii) ❡☎✆ ☛✲ ✓❇❈ ✓✙✦✡✡☎✧✡✑ ❞☎✖✜✎✤✡☎✆

☞✡ ✗✡♦❈ ✒✕✙✞✡✚ ✥❡✵✡✽ 2, 
1

3
–  ✚✠✡✡ 0.01 ✏✢✣

✳✢✗✡ ✖☞ ✗❡✡✆✚✑ ❞☎✦✡✲ ♦☎✼ ✗✆☛❉✡❈ ❡☎✆✝ ♦✢✗☎ ✏✲ ✞☛ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲ ☞✡ n♦✡t ❢✡✡☎✳✕☎ ☞✲ ✗❡❊✤✡ ✤✡ ✓✙✦✡✡☎✧✡✑

❞☎✦✡✲ ♦☎✼ n ✞☛✡☎✆ ☞✡ ✤✡☎✓ ✖✳✗❡☎✆ ✛✏✙✚ ✗✆❢✤✡✒✡☎✆ ☞✡ ✗❡✡♦☎✵✡ ✏✡☎ ✚✡☎ ❇✷✏☎✆ ✖✛✕✡ ✗✶❋✡ ♦☎✼ ✏✔ ☞✑✕✡ ☞✖●✕

✏✢✣ ❇✕ ✗✶❋✡✡☎✆ ☞✡☎ ✏❡ ✒✓✔☎ ✒✕✙❍✌☎☛ ❡☎✆ ✖♦☞✖✗✚ ☞✑☎✆✓☎✽

✏❡ ❇✕ ✗✶❋✡✡☎✆ ♦☎✼ ✗✡✠✡ ✖✕■✕✖✔✖❢✡✚ ✗✆♦☎✼✚ ☞✡ ❏✞✤✡☎✓ ☞✑☎✆✓☎✣

a = ✞✟✠✡❡ ✞☛✝ r =  ✗✡♦❈ ✒✕✙✞✡✚✝ l =  ✒✆✖✚❡ ✞☛✝

n =  ✞☛✡☎✆ ☞✲ ✗✆❢✤✡✝  S
n
 = ✞✟✠✡❡ n ✞☛✡☎✆ ☞✡ ✤✡☎✓✞✼✔

9.5.1   ❑▲▼◆◆❖P◆◗ ❘❖▼◆❙ ❚◆ ❯❱◆❲❚ ❲❳ (General term of a G .P.) ✒✡❇❣ ❣☞ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲  G.P.

✖✳✗☞✡ ✞✟✠✡❡ ✒✵✡✶✷✤ ✞☛ ‘a’ ✚✠✡✡ ✗✡♦❈ ✒✕✙✞✡✚ ‘r’ ✏✢✝ ✞✑ ✖♦✘✡✑ ☞✑☎✆✣ ❇✗♦☎✼ ♦✙✼✌ ✞☛✡☎✆ ☞✡☎ ✖✔✖❢✡❣✣

☛✶✗✑✡ ✞☛✝ ✞✟✠✡❡ ✞☛ a ☞✡☎ ✗✡♦❈ ✒✕✙✞✡✚  r ✗☎ ✓✙✦✡✡ ☞✑✕☎ ✞✑ ✞✟✡❨✚ ✏✡☎✚✡ ✏✢✝ ✒✠✡✡❈✚❩ a
2
 = ar✝ ❇✗✲ ✞✟☞✡✑

✚✲✗✑✡ ✞☛ a
3
 ☞✡☎ r ✗☎ ✓✙✦✡✡ ☞✑✕☎ ✞✑ ✞✟✡❨✚ ✏✡☎✚✡ ✏✢ ✒✠✡✡❈✚❩ a

3
 = a

2
r = ar2, ✒✡✖☛✣ ✏❡ ❇✷✏☎✆ ✚✠✡✡ ♦✙✼✌

✒✡✢✑ ✞☛ ✕✲✘☎ ✖✔❢✡✚☎ ✏✢✆ ✽

✞✟✠✡❡ ✞☛ = a
1
 = a = ar1–1, ✖❬✚✲✤ ✞☛ = a

2
 = ar = ar2–1, ✚r✚✲✤ ✞☛ = a

3
 = ar2 = ar3–1

✘✚✙✠✡❈ ✞☛ = a
4
 = ar3 = ar4–1, ✞✡t✘♦✡tt ✞☛ = a

5
 = ar4 = ar5–1

❭✤✡ ✒✡✞ ☞✡☎❇❈ ✞✢❪✕❈ ☛☎❢✡✚☎ ✏✢✆❫ 16♦✡t ✞☛ ❭✤✡ ✏✡☎✓✡❫

a
16

 

= ar16–1 = ar15

❇✗✖✔❣ ✤✏ ✞✟✖✚❜✞ ✛✚✡✚✡ ✏✢ ✖☞ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲ ☞✡ n ♦✡t ✞☛ a arn

n❴ ❵1
.

✒✠✡✡❈✚❩ ✓✙✦✡✡☎✧✡✑ ❞☎✦✡✲ ❇✗ ❜✞ ❡☎✆ ✖✔❢✡✲ ✳✡ ✗☞✚✲ ✏✢✆ ✽ a, ar, ar2, ar3, … arn–1; a, ar, ar2...,

arn–1...  ✥❡✵✡✽ ✳✛ ❞☎✦✡✲ ✞✖✑✖❡✚ ✏✡☎ ✤✡ ✳✛ ❞☎✦✡✲ ✒✞✖✑✖❡✚ ✏✡☎✣

❞☎✦✡✲ a + ar + ar2 + ... + arn–1 ✒✠✡♦✡ a + ar + ar2 + ... + arn–1 +... ✥❡✵✡✽ ✐❛✮❛❀❆ ✤✡

❄✐❛✮❛❀❆ ★✩✪✫✫✬✭✫✮ ❞☎✦✡✲ ☞✏✔✡✚☎ ✏✢✆✣
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9.5.2.  ①☛☞✌✌✍✎✌✏ ✑✍☞✌✒ ✓✍✔ n ✐✕✌✍s ✖✌ ✗✌✍①✐✔✘ (Sum to n terms of a G .P.)

❡✙✚✙ ❢✛ ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ ✛✙ ✩✪✫✙❡ ✩✬ a r✫✙✙ ✭✙✮✯ ✰✚✢✩✙r r ❣✱✲✳ ❡✙✚✙ ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ ✮✤✴ n ✩✬✙✤✲ ✛✙

❀✙✤✜✩✴✵ S
n
 ✭✤ ❢✵❧✙r✤ ❣✱✲✳ r✶

S
n
 = a + ar + ar2 +...+arn–1 ... (1)

✷✸✹✺✷✻ 1 ❀❢✬   r = 1, r✙✤ ❣❡ ✩✙r✤ ❣✱✲

S
n
 = a + a + a + ... + a (n ✩✬✙✤✲ r✛) = na

✷✸✹✺✷✻ 2 ❀❢✬ r ✼  1, r✙✤ (1) ✛✙✤ r  ✭✤ ✜✢✣✙✙ ✛✦✚✤ ✩✦ ❣❡ ✩✙r✤ ❣✱✲

rS
n
 = ar + ar2 + ar3 + ... + arn ... (2)

(2) ✛✙✤ (1) ❡✤✲ ✭✤ ✽✙✾✙✚✤ ✩✦ ❣❡ ✩✙r✤ ❣✱✲

(1 – r) S
n
 = a – arn = a (1 – rn)

❜✭✭✤ ❣❡ ✩✙r✤ ❣✱✲ ✿

Sn =
(1 )

1

n
a r

r

❁

❁  

❀✙ 
( 1)

S
1

n

n

a r

r

❁
❂

❁

♠❃✺❄❅❆✺ 9 ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ 5, 25,125… ✛✙ 10✮✙♦ r✫✙✙ n✮✙♦ ✩✬ ❇✙r ✛★❢❈❉❊

❄❋ ❀❣✙♦ a = 5 r✫✙✙ r = 5

✰✫✙✙✯r● a
10

 = 5(5)10–1 = 5(5)9 = 510

r✫✙✙ a
n
 = arn–1 = 5(5)n–1 = 5n

♠❃✺❄❅❆✺ 10 ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ 2,8,32, ... ✛✙ ✛✙✱✚❞✭✙ ✩✬ 131072 ❣✱❊

❄❋ ❡✙✚✙ ❢✛ 131072 ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ ✛✙ n✮✙♦ ✩✬ ❣✱✳

❀❣✙♦ a = 2 r✫✙✙ r = 4 ❜✭❢✵❉

131072 = a
n
 = 2(4)n–1 ❀✙  65536 = 4n–1

❢❈✭✭✤ ❣❡ ✩✙r✤ ❣✱✲ 48 = 4n–1

❜✭❢✵❉ n – 1 = 8, ✰r✿ , n = 9, ✰✫✙✙✯r● 131072 ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ ✛✙ 9✮✙♦ ✩✬ ❣✱✳

♠❃✺❄❅❆✺ 11❉✛ ✜✢✣✙✙✤✥✙✦ ✧✤✣✙★ ❡✤✲ r★✭✦✙ ✩✬ 24 r✫✙✙ 6✮✙♦ ✩✬ 192 ❣✱❍ r✙✤ 10✮✙♦ ✩✬ ❇✙r ✛★❢❈❉✳

❄❋ ❀❣✙♦ a3 = ar2 24 ... (1)

r✫✙✙ a6 = ar5 = 192 ... (2)

(2) ✛✙✤ (1) ✭✤ ■✙✙✜ ✬✤✚✤ ✩✦❍ ❣❡ ✩✙r✤ ❣✱✲  r = 2

(1) ❡✤✲ r = 2 ✦❧✙✚✤ ✩✦❍ ❣❡ ✩✙r✤ ❣✱✲ a = 6

✰r✿ a
10

 = 6 (2)9 = 3072.
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♠☎✆✝✞✟✆ 12 ✠✡☛☞☞✌✍☞✎ ✏✌☛☞✑
2 4

1
3 9

...✒ ✒ ✒  ♦✌✓ ✔✕✖☞✗ n ✔✐☞✌✘ ✙☞ ✚☞✌✠ ✛✖☞☞ ✔✕✖☞✗ 5 ✔✐☞✌✘ ✙☞ ✚☞✌✠✔✓✜

❑☞✛ ✙✑✢✣✤✥

✝❣ ✚❀☞✦ a = 1, ✛✖☞☞ r = 
2

3
. ❜✧✢✜✤

S
n
 = 

2
1

3(1 )

21
1

3

n

n
a r

r

★ ✩✪ ✫
✬✭ ✮✯ ✰

✱ ✲✬ ✭ ✮✳ ✴✵
✬ ✬

 = 
2

3 1
3

n✶ ✷✸ ✹
✺✻ ✼✽ ✾

✿ ❁✻ ✼❂ ❃

✢♦❢☞✌❄☞✛❅ S
5 
 =

5
2

3 1
3

✶ ✷✸ ✹
✺✻ ✼✽ ✾

✿ ❁✻ ✼❂ ❃
 = 

211
3

243
❆  = 

211

81

♠☎✆✝✞✟✆ 13 ✠✡☛☞☞✌✍☞✎ ✏✌☛☞✑ 
3 3

3
2 4

, , ...  ♦✌✓ ✢✙✛❇✌ ✔✐ ❈☞♦❢✚✙ ❀❉✘ ✛☞✢✙ ❊❇✙☞ ✚☞✌✠✔✓✜ 
3069

512
❀☞✌ ✣☞✤❋

✝❣ ✗☞❇☞ ✢✙ n ❈☞♦❢✚✙ ✔✐☞✌✘ ✙✑ ✧✘✈✚☞ ❀❉✘✥ ✢✐✚☞ ❀❉ a = 3, r = 
1

2
 ✛✖☞☞ 

3069
S

512
n ●

❍✚☞✌✘✢✙
(1– )

1

n

n

a r
S

r
■

❏

❜✧✢✜✤

1
3(1 )

3069 12 6 1
1512 21
2

n

n

▲
▼ ◆

❖ ❖ ▲P ◗
❘ ❙▲

✚☞
3069 1

1
3072 2n

❚ ✺

✚☞
1 3069

1
30722n

❚ ✺

✚☞
1 3 1

3072 10242n
❚ ❚

✚☞ 2n = 1024 = 210, ✚☞ n = 10
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♠☛☞✌✍✎☞ 14 ✱✏ ✑✒✓✔✔✕✖✔✗ ✘✕✓✔✙ ✚✕✛ ✜✢✣✔✤ ✥✙✦ ✜✧✔✕★ ✏✔ ❀✔✕✑✜✛✩
13

12
❣✪ ✥✣✔✔ r✦✏✔ ✑✒✓✔✔✦✜✛✩ 1

❣✪✫ ✥✔✕ ✬✔✚✭ ✮✦✒✜✔✥ ✥✣✔✔ ✜✧✔✕★ ✏✔✕ ✯✔✥ ✏✙✰✲✱✳

✌✴ ✤✔✦✔ 
a

r
a ar, ,  ✑✒✓✔✔✕✖✔✗ ✘✕✓✔✙ ✚✕✛ ✥✙✦ ✜✧ ❣✪★ ✥✔✕

13

12

a
a ar

r
✵ ✵ ✶ ... (1)

✥✣✔✔ ( )( )
a

a ar
r

✷ ✸
✹ ✺
✻ ✼

 = – 1 ... (2)

(2) ✬✕ ❣✤ ✜✔✥✕ ❣✪ ★ a3 = –1 ✮✣✔✔✭✥✽ a = -–1 ✾✚✕✛✚✩ ✚✔✿✥✰✚✏ ✤❁✩ ✜✗ ✰✚❂✔✗ ✏✗✦✕ ✬✕❃

(1) ✤✕★ a = –1 ✗❥✔✦✕ ✜✗ ❣✤ ✜✔✥✕ ❣✪

1 13
1

12
– – – r

r
❄  ❀✔ 12r2 + 25r + 12 = 0.

❀❣ r ✤✕★ ✰❡❅✔✔✥ ✬✤✙✏✗✓✔ ❣✪✫ ✰✲✬✕ ❣✩ ✏✗✦✕ ✜✗ ❣✤ ✜✔✥✕ ❣✪★ ❆ 
3

4
r –✶  ❀✔

4

3
–

✮✥❆ ✑✒✓✔✔✕✖✔✗ ✘✕✓✔✙ ✚✕✛ ✥✙✦ ✜✧ ❣✪★

4 3 3
, 1, ,

3 4 4

–
– r ✶ ✚✕✛ ✰✩✱ ✥✣✔✔

3 4 4
, 1, ,

4 3 3

–
– r ✶ ✚✕✛ ✰✩✱

♠☛☞✌✍✎☞ 15 ✮✦✒❇✤ 7, 77, 777, 7777,... ✚✕✛ n✜✧✔✕ ★ ✏✔ ❀✔✕✑ ✯✔✥ ✏✙✰✲✱✐

✌✴ ❜✬ ❈✜ ✤✕★ ❀❣ ✑✒✓✔✔✕✖✔✗ ✘✕✓✔✙ ✦❣✙★ ❣✪★✐ ✥✣✔✔✰✜ ❜✬✕ ✰✦❉✦✰✩✰❥✔✥ ❈✜ ✤✕★ ✰✩❥✔✏✗ ✑✒✓✔✔✕✖✔✗ ✘✕✓✔✙

✬✕ ✬★❧★❊✔ ✰✦❈✰✜✥ ✰✏❀✔ ✲✔ ✬✏✥✔ ❣✪❆

Sn = 7 + 77 + 777 + 7777 + ... to n ✜✧✔✕★ ✥✏

=
7

[9 99 999 9999 to ]
9

... n❋ ❋ ❋ ❋ ●♥❍■s ❏❞

=
2 3 47

[(10 1) (10 1) (10 1) (10 1) ]
9

...n❑ ✵ ❑ ✵ ❑ ✵ ❑ ✵ ▲▼◆❛❖ P◗

=
2 37

[(10 10 10 ) (1+1+1+... )]
9

...n – n❘ ❘ ❘ ❙❚❦❯❱ ❲❳ ❙❚❦❱❯ ❲❳

=
7 10(10 1) 7 10 (10 1)

9 10 1 9 9

n n

n n
❨ ❩ ❨ ❩❬ ❬

❬ ❭ ❬❪ ❫ ❪ ❫
❬❴ ❵ ❴ ❵

 .
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♠☎✆✝✞✟✆ 16 ✱✠ ✡☛☞✌✍ ✠✎ ✏✑✒✎✓ ✔✎✕✖✎ ✍✠ ✔✗✒✘✙✚✛✓ ✠✎ ✑✓✜☛✚ ☞✠✍✢✎ ✣✚✛✤✎✥ ✙✦☞✠ ✧✑✒✛★

2 ❡✚✍✚✩☞✔✍✚✥ 4 ✏✚✏✚✩✏✚✏✎✥ 8 ✔✐ ✏✚✏✚✥ ✔✐ ✏✚✏✎ ✍✪✚✚ ✫✚☞✏ ✣✬✓✭

✝❣ ☛✣✚❀ a = 2, r = 2 ✍✪✚✚ n = 10,

☛✚✛✤✔★✮ ✠✚ ✑✗✯✚ ✧✔☛✚✛✤ ✠✐✢✛ ✔✐
( 1)

1

n

n

a r
S

r

✰
✲

✰

✣❡ ✔✚✍✛ ✣✬✓ S
10

 = 2(210  – 1) = 2046

✫✍✈ ✡☛☞✌✍ ✒✛★ ✔✗✒✘✙✚✛✓ ✠✎ ✑✓✜☛✚ 2046 ✣✬✭

9.5.3  ✳✴✵✶✶✷✸✶✹ ✺✶✻✼ [Geometric Mean G .M.)] ✏✚✛ ♥✢✚✽❡✠ ✑✓✜☛✚✫✚✛✓ a ✍✪✚✚ b ✠✚ ✤❞✾✚✚✛✿✚✐

❡✚❁☛ ✑✓✜☛✚ ab
 
✣✬✭ ❂✑☞✮✱ 2 ✍✪✚✚ 8 ✠✚ ✤❞✾✚✚✛✿✚✐ ❡✚❁☛ ❃ ✣✬✭ ✣❡ ✏✛✜✚✍✛ ✣✬✓ ☞✠ ✍✎✢ ✑✓✜☛✚✫✚✛✓

2, 4, 8 ✤❞✾✚✚✛✿✚✐ ❄✛✾✚✎ ✒✛★ ❅❡✚✤✍ ✔✏ ✣✬✓✭ ☛✣ ✏✚✛ ✑✓✜☛✚✫✚✛✓ ✒✛★ ✤❞✾✚✚✛✿✚✐ ❡✚❁☛ ✠✎ ♥✚✐✾✚✚ ✒✛★ ✡☛✚✔✠✎✠✐✾✚

✠✎ ✫✚✛✐ ✫✤❆✑✐ ✠✐✍✚ ✣✬✭

☛☞✏ ✏✚✛ ♥✢✚✽❡✠ ✑✓✜☛✚✱❀ a ✍✪✚✚ b ✏✎ ✤❂✘ ✣✚✛ ✍✚✛ ✧✢✒✛★ ✦✎❇ ❂☞❈❉✍ ✑✓✜☛✚✱❀ ✐✜✚✎ ✙✚ ✑✠✍✎

✣✬✓ ✍✚☞✠ ✔❆✚❊✍ ✫✢❞❅❡ ✱✠ ✤❞✾✚✚✛✿✚✐ ❄✛✾✚✎ ✦✢ ✙✚✱✭

❡✚✢ ✮✎☞✙✱ a ✍✪✚✚ b ✒✛★ ✦✎❇ n ✑✓✜☛✚✱❀ G
1
, G

2
, G

3 
,…,G

n
, ❂✑ ✔❆✠✚✐ ✣✬✓ ☞✠

a,G
1
,G

2
,G

3
,…,G

n
,b  ✤❞✾✚✚✛✿✚✐ ❄✛✾✚✎ ✣✬✭ ❂✑ ✔❆✠✚✐ b ✤❞✾✚✚✛✿✚✐ ❄✛✾✚✎ ✠✚ (n + 2) ✒✚❀ ✔✏ ✣✬✭

✣❡ ✔✚✍✛ ✣✬✓✈

1n
b ar ❋● , 

   
☛✚ 

   

1

1nb
r

a

❋❍ ■
● ❏ ❑

▲ ▼

✫✍✈

1

1

1G
nb

ar a
a

❋❍ ■
● ● ❏ ❑

▲ ▼
, 

2

12
2G

nb
ar a

a

❋❍ ■
● ● ❏ ❑

▲ ▼ , 

3

13
3G

nb
ar a

a

❋❍ ■
● ● ❏ ❑

▲ ▼ ,

1
G

n

nn
n

b
ar a

a

❋❍ ■
● ● ❏ ❑

▲ ▼

♠☎✆✝✞✟✆ 17 ✱✛✑✎ 3 ✑✓✜☛✚✱❀ ❧✚✍ ✠✎☞✙✱ ☞✙✢✠✚✛ 1 ✍✪✚✚ 256 ✒✛★ ✦✎❇ ✐✜✚✢✛ ✔✐ ✔❆✚❊✍ ✫✢❞❅❡ ✱✠

✤❞✾✚✚✛✿✚✐ ❄✛✾✚✎ ✦✢ ✙✚✱✭

✝❣ ❡✚✢✚ ☞✠ G
1
, G

2
,G

3
 ✍✎✢ ✤❞✾✚✚✛✿✚✐ ❡✚❁☛ 1 ✍✪✚✚ 256 ✒✛★ ✦✎❇ ❡✛✓ ✣✬✭

1,  G
1
,G

2
,G

3
 ,256  ✤❞✾✚✚✛✿✚✐ ❄✛✾✚✎ ❡✛✓ ✣✬✓✭

❂✑☞✮✱ 256 = r4 ☞✙✑✑✛  r = ◆  4 ❖✒✛★✒✮ ✒✚P✍☞✒✠ ❡✗✮ ✮✛✢✛ ✔✐◗ r = 4 ✒✛★ ☞✮✱ ✣❡

✔✚✍✛ ✣✬✓ G
1 
= ar = 4, G

2
 = ar2 = 16, G

3
 = ar3 = 64
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❜☛☞ ✌✍✎✏✑ r = – 4, ♦✒✓ ✔✕✖ ☛✗✘✙✏✖✚ – 4,16 r✛✏✏ – 64 ❣✜✗✢
✣r✤ 1 r✛✏✏ 256 ♦✒✓ ✥☞✦ r☞✧ ☛✗✘✙✏✖✚ 4, 16, 64 ❣✜✗✢

9.6  ❧★✩✪✫✬ ★✩✭✮ ✫✯✩✩ ✰✱✲✩✩✳✴✩✬ ★✩✭✮ ✵✳✶ ✷✸✹ ❧✪✷✪✺ (Relationship between A.M.

and G.M.)

❡✏✧✏ ✔✎ A r✛✏✏ G ♥☞ ✻❜✼ ♥✏✒ ✽✧✏✾❡✎ ♦✏✿r✔♦✎ ☛✗✘✙✏✣✏✒✗ a r✛✏✏ b ♦✒✓ ✥☞✦ ❀❡❁✏✤ ☛❡✏✗r✑ ❡✏❂✙
(A.M.) r✛✏✏ ✻❃❄✏✏✒❅✏✑ ❡✏❂✙ (A.M.) ❣✜✗✢ r✏✒

A
2

a b❆❇   r✛✏✏ G ab❈

❜☛ ✌✍✎✏✑

A G
2

a b
ab

❆❉ ❇ ❉  = 
2

2

a b ab❊ ❋
  = 

● ❍
2

2

a b■
❏ 0 ... (1)

(1) ☛✒ ❣❡ A ❑ G ☛✗✥✗✽ ✌✏r✒ ❣✜✗✢

♠▲▼◆❖P▼ 18 ✙✔♥ ♥✏✒ ✽✧✏✾❡✎ ☛✗✘✙✏✣✏✒✗ a r✛✏✏ b ♦✒✓ ✥☞✦ ☛❡✏✗r✑ ❡✏❂✙ r✛✏✏ ✻❃❄✏✏✒❅✏✑ ❡✏❂✙ ❀❡❁✏✤
10 r✛✏✏ 8 ❣✜✗◗ r✏✒ ☛✗✘✙✏✖✚ ❘✏r ✎☞✔❙✖✢

◆❚ ✔♥✙✏ ❣✜ A.M. 10
2

a b❆
❇ ❇ ... (1)

r✛✏✏ G.M. 8ab❈ ❈ ... (2)

(1) r✛✏✏ (2) ☛✒ ❣❡ ✌✏r✒ ❣✜✗
a + b = 20 ... (3)

ab     = 64 ... (4)

(3), (4) ☛✒ a r✛✏✏ b ✎✏ ❡✏✧ ☛♦✼☛✔❡✎✏ (a – b)2 = (a + b)2 – 4ab ❡✒✗ ✑✘✏✧✒ ✌✑ ❣❡ ✌✏r✒ ❣✜✗
(a – b)2 = 400 – 256 = 144 ✙✏  a – b = ❯ 12

(3) r✛✏✏ (5) ✎✏✒ ❣✕ ✎✑✧✒ ✌✑◗ ❣❡ ✌✏r✒ ❣✜✗
a = 4, b = 16 ✙✏ a = 16, b = 4

✣r✤ ☛✗✘✙✏✖✚ a r✛✏✏ b ❀❡❁✏✤ 4, 16 ✙✏ 16, 4 ❣✜✗✢

✐❱❲❳✩✵❨✸ 9.3

1. ✻❃❄✏✏✒❅✏✑ ①✒❄✏☞
5 5 5

, ,
2 4 8

, ... ✎✏ 20♦✏✚ r✛✏✏ n♦✏✚ ✌♥ ❘✏r ✎☞✔❙✖✢

2. ❩☛ ✻❃❄✏✏✒❅✏✑ ①✒❄✏☞ ✎✏ 12♦✏✚ ✌♥ ❘✏r ✎☞✔❙✖◗ ✔❙☛✎✏ 8♦✏✚ ✌♥ 192 r✛✏✏ ☛✏♦✼ ✣✧❃✌✏r 2 ❣✜✢
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3. ❢☎✆✝ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡ 5♦✡✎✏ 8♦✡✎ ✑✒✡✡ 11♦✡✎ ✓✔ ✕✖✗✡✘ p, q ✑✒✡✡ s ❣✙✚ ✑✡☛ ❢✔✛✡✡✜✢

❢☎ q2 = ps.

4. ❢☎✆✝ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡ ✣✡✙✒✡✡ ✓✔ ✤✆♦☛✥ ✔✦✆✌☛ ✓✔ ☎✡ ♦✞✧ ❣✙ ✑✒✡✡ ✓★✒✡✖ ✓✔ –3 ❣✙ ✑✡☛ 7♦✡✎ ✓✔

❑✡✑ ☎✝❢✩✢✪

5. ✈✫✟✕✖ ☎✡ ☎✡✙✫ ✆✡ ✓✔✘

(a)  2, 2 2 , 4, ...; 128  ❣✙✬

(b) 3 ,3 3 3 , ... ; 729 ❣✙✬

(c) 
1 1 1 1

, , ,...;
3 9 27 19683

❣✙✬

6. x ♦☛✥ ❢☎✆ ✖✡✫ ♦☛✥ ❢✭✢ ✆✚✛✮✡✢✎ 
2 7

, ,
7 2

–
– x  ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ✖☛✚ ❣✙✚✬

✓★✗✫ 7 ✆☛ 10 ✑☎ ✓★✯✮☛☎ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡ ✮✡☛✞✓✥✭ ❢✫❢✔✧✰✱ ✓✔✡☛✚ ✑☎ ❑✡✑ ☎✝❢✩✢✪

7. 0.15, 0.015, 0.0015, ... 20 ✓✔✡☛✚ ✑☎

8. 7 , 21 , 3 7 , ... n ✓✔✡☛✚ ✑☎

9. 1, – a, a2, – a3, ... n ✓✔✡☛ ✚ ✑☎  (✮❢✔ a ✲ –1)

10. x3, x5, x7, ... n ✓✔✡☛ ✚ ✑☎  ✳✮❢✔ x ✴  ✵ 1)

11. ✖✡✫ ❑✡✑ ☎✝❢✩✢ 
 

11

1

(2 3 )k

k✶
✷✸

12. ✢☎ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ♦☛✥ ✑✝✫ ✓✔✡☛✚ ☎✡ ✮✡☛✞✓✥✭  
39

10
  ❣✙✚ ✑✒✡✡ ✤✫☎✡ ✞✟✠✡✫✓✥✭ 1 ❣✙✪ ✆✡♦✧ ✈✫✟✓✡✑

✑✒✡✡ ✓✔✡☛ ✚ ☎✡☛ ❑✡✑ ☎✝❢✩✢✪

13. ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ 3, 32, 33, … ♦☛✥ ❢☎✑✫☛ ✓✔ ✈✡♦✗✮☎ ❣✙✚ ✑✡❢☎ ✤✫☎✡ ✮✡☛✞✓✥✭ 120 ❣✡☛ ✩✡✢✪

14. ❢☎✆✝ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ♦☛✥ ✓★✒✡✖ ✑✝✫ ✓✔✡☛✚ ☎✡ ✮✡☛✞✓✥✭ 16 ❣✙ ✑✒✡✡ ✈✞✭☛ ✑✝✫ ✓✔✡☛ ✚ ☎✡ ✮✡☛✞ 128

❣✙ ✑✡☛ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡ ✓★✒✡✖ ✓✔✏ ✆✡♦✧ ✈✫✟✓✡✑ ✑✒✡✡ n ✓✔✡☛✚ ☎✡ ✮✡☛✞✓✥✭ ❑✡✑ ☎✝❢✩✢✪

15. ✢☎ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡ ✓★✒✡✖ ✓✔ a = 729 ✑✒✡✡ 7♦✡✎ ✓✔ 64 ❣✙ ✑✡☛ S
7
 ❑✡✑ ☎✝❢✩✢✬

16. ✢☎ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡☛ ❑✡✑ ☎✝❢✩✢✏ ❢✩✆♦☛✥ ✓★✒✡✖ ✔✡☛ ✓✔✡☛✚ ☎✡ ✮✡☛✞✓✥✭ – 4 ❣✙ ✑✒✡✡ 5♦✡✎ ✓✔

✑r✑✝✮ ✓✔ ☎✡ 4 ✞✟✫✡ ❣✙✪

17.  ✮❢✔ ❢☎✆✝ ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ☎✡ 4 ♦✡✎✏ 10♦✡✎ ✑✒✡✡ 16♦✡✎ ✓✔ ✕✖✗✡✘ x, y ✑✒✡✡ z ❣✙✚✏ ✑✡☛ ❢✆✹

☎✝❢✩✢ ❢☎ x, y, z ✞✟✠✡✡☛☞✡✌ ✍☛✠✡✝ ✖☛✚ ❣✙✚✪

18. ✈✫✟✕✖ 8, 88, 888, 8888… ♦☛✥ n ✓✔✡☛✚ ☎✡ ✮✡☛✞ ❑✡✑ ☎✝❢✩✢✪



✈�✁✂✄ ☎✆✝✝ ✞✟✠✝✡           207

19. ☛☞✌✍✎ 2, 4, 8, 16, 32 r✏✑✑ 128, 32, 8, 2, 
1

2
 ♦✒✓ ✔✕✖r ✗✘✑✒✕ ♦✒✓ ✖✌✙✑☞✗✓✚ ✔✒ ✛☞✒ ☛☞✌✍✎ ✜✑

❀✑✒✖✗✓✚ ✢✑r ✜✣✤✥✦✧

20. ✤✘❢✑✑★✦ ✤✜ ☛☞✌✍✎  a, ar, ar2, … arn–1 r✏✑✑  A, AR, AR2,…ARn–1 ♦✒✓ ✔✕✖r ✗✘✑✒✕ ♦✒✓

✖✌✙✑☞✗✓✚ ✔✒ ✛☞✑ ☛☞✌✍✎ ✖✌✙✑✑✒①✑✩ ✪✒✙✑✣ ✫✑✒r✣ ✫✬ r✏✑✑ ✔✑♦✭ ☛☞✌✗✑r ✢✑r ✜✣✤✥✦✧

21. ✦✒✔✒ ✱✑✩ ✗✘ ✢✑r ✜✣✤✥✦ ✥✑✒ ✖✌✙✑✑✒①✑✩ ✪✒✙✑✣ ✎✒✕ ✫✑✒✮ ✤✥✔✜✑ r✣✔✩✑ ✗✘ ✗✯✏✑✎ ✗✘ ✔✒ 9 ☛✤✰✑✜

✫✑✒ r✏✑✑ ✘❣✔✩✑ ✗✘ ✱✑✬✏✑✒ ✗✘ ✔✒ 18 ☛✤✲✜ ✫✑✒✧

22. ❀✤✘ ✤✜✔✣ ✖✌✙✑✑✒①✑✩ ✪✒✙✑✣ ✜✑ p♦✑✳✮ q♦✑✳ r✏✑✑ r ♦✑✳ ✗✘ ✍✎✴✑✵ a, b r✏✑✑ c ✫✑✒✮ r✑✒ ✤✔✶ ✜✣✤✥✦

✤✜ aq–r br–pcP–q = 1

23. ❀✤✘ ✤✜✔✣ ✖✌✙✑✑✒①✑✩ ✪✒✙✑✣ ✜✑ ✗✯✏✑✎ r✏✑✑ n ♦✑✳ ✗✘ ✍✎✴✑✵ a r✏✑✑ b ✫✬✕✮ ✦♦✕ P, n ✗✘✑✒✕ ✜✑

✖✌✙✑☞✗✓✚ ✫✑✒✮ r✑✒ ✤✔✶ ✜✣✤✥✦ ✤✜ P2 = (ab)n

24. ✤✘❢✑✑★✦ ✤✜ ✦✜ ✖✌✙✑✑✒①✑✩ ✪✒✙✑✣ ♦✒✓ ✗✯✏✑✎ n ✗✘✑✒✕ ♦✒✓ ❀✑✒✖✗✓✚ r✏✑✑ (n + 1) ♦✒✕ ✗✘ ✔✒ (2n)♦✒✕ ✗✘

r✜ ♦✒✓ ✗✘✑✒✕ ♦✒✓ ❀✑✒✖✗✓✚ ✜✑ ☛☞✌✗✑r
1
n

r
 ✫✬✧

25. ❀✤✘ a, b, c r✏✑✑ d ✖✌✙✑✑✒①✑✩ ✪✒✙✑✣ ✎✒✕ ✫✬✕ r✑✒ ✤✘❢✑✑★✦ ✤✜ (a2 + b2 + c2) (b2 + c2 + d2) =

(ab + bc + cd)2 .

26. ✦✒✔✣ ✘✑✒ ✔✕❢❀✑✦✳ ✢✑r ✜✣✤✥✦ ✤✥☞✜✑✒ 3 r✏✑✑ 81 ♦✒✓ ✛✣✱ ✩❢✑☞✒ ✗✩ ✗✯✑✷r ☛☞✌✍✎ ✦✜ ✖✌✙✑✑✒①✑✩

✪✒✙✑✣ ✛☞ ✥✑❀✧

27. n ✜✑ ✎✑☞ ✢✑r ✜✣✤✥✦ r✑✤✜ 

1 1n n

n n

a b

a b

✸ ✸✹

✹
, a r✏✑✑ b ♦✒✓ ✛✣✱ ✖✌✙✑✑✒①✑✩ ✎✑✰❀ ✫✑✒✧

28. ✘✑✒ ✔✕❢❀✑☛✑✒✕ ✜✑ ❀✑✒✖✗✓✚ ♥☞♦✒✓ ✖✌✙✑✑✒①✑✩ ✎✑✰❀ ✜✑ 6 ✖✌☞✑ ✫✬ r✑✒ ✤✘❢✑✑★✦ ✤✜ ✔✕❢❀✑✦✳

(3 2 2) : (3 2 2)✺ ✻  ♦✒✓ ☛☞✌✗✑r ✎✒✕ ✫✬✕✧

29. ❀✤✘ A r✏✑✑ G ✘✑✒ ✲☞✑✼✎✜ ✔✕❢❀✑☛✑✒✕ ♦✒✓ ✛✣✱ ✍✎✴✑✵ ✔✎✑✕r✩ ✎✑✰❀ r✏✑✑ ✖✌✙✑✑✒①✑✩ ✎✑✰❀ ✫✑✒✕✮ r✑✒

✤✔✶ ✜✣✤✥✦ ✤✜ ✔✕❢❀✑✦✳ A (A + G) (A – G)✽ ✫✬✕✧

30. ✤✜✔✣ ✜✾✱✩ ✎✒✕ ✛✬✿❁✣✤✩❀✑ ✜✣ ✔✕❢❀✑ ✗✯✼❀✒✜ ❂✑✕❁✒ ✗✴✱✑r❃ ✘✌✖✌☞✣ ✫✑✒ ✥✑r✣ ✫✬✧ ❀✤✘ ✗✯✑✩✕❄✑ ✎✒✕ ♥✔✎✒✕

30 ✛✬✿❁✣✤✩❀✑ ♥✗✤❝✏✑r ✏✑✒✮ r✑✒ ✛✬✿❁✣✤✩❀✑ ✜✣ ✔✕❢❀✑ ✘❣✔✩✒✮ ✱✑✬✏✑✒ r✏✑✑ n♦✒✕ ❂✑✕❁✑✒✕ ✛✑✘

✿❀✑ ✫✑✒✖✣❉

31. 500 ❅✗❀✒ ✲☞✩✑✤✴✑ ❆❇❈ ♦✑✤❊✑✭✜ ✱✍♦❋✤✶ ●❀✑✥ ✗✩ 10 ♦❊✑✑✒❍ ✛✑✘ ✿❀✑ ✫✑✒ ✥✑✦✖✣✮ ✢✑r ✜✣✤✥✦❉

32. ❀✤✘ ✤✜✔✣ ✤■❂✑✑r ✔✎✣✜✩✙✑ ♦✒✓ ✎❣✚✑✒✕ ♦✒✓ ✔✎✑✕r✩ ✎✑✰❀ ✦♦✕ ✖✌✙✑✑✒①✑✩ ✎✑✰❀ ✍✎✴✑✵ 8 r✏✑✑ 5 ✫✬✕✮

r✑✒ ✤■❂✑✑r ✔✎✣✜✩✙✑ ✢✑r ✜✣✤✥✦✧
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9.7  ❢☎✆✝✞✟✝ ✠✡☛☞✌✝✞✍ ☎✞✎ n ✐✏✝✞✍ ✑✝ ✒✝✞✓✐✎✔ (Sum to n Terms of Special Series)

✈✕ ✖✗ ✘✙✚✛ ✜✘✢✣✤✥✣ ✈✦✙✧✗✣✤★ ✘✤✚ n ✩✪✣✤★ ✫✣ ✬✣✤✭ ✮✣✯ ✫✰✤★✭✤ ✱ ✘✤ ✜✦✲✦✜✳✜✴✣✯ ✖✵★✶

(i) 1 + 2 + 3 +… + n ✷✩✸✹✣✗ n ✩✸✣✘✺✚✯ ✻★✴✬✣✈✣✤★ ✫✣ ✬✣✤✭✼

(ii) 12 + 22 + 32+…   + n2 ✷✩✸✹✣✗ n ✩✸✣✘✺✚✯ ✻★✴✬✣✈✣✤★ ✘✤✚ ✘✭✣✤✽ ★ ✫✣ ✬✣✤✭✼

(iii) 13 + 23 + 33+…    + n3 ✷✩✸✹✣✗ n ✩✸✣✘✺✚✯ ✻★✴✬✣✈✣✤★ ✘✤✚ ✾✣✦✣✤★ ✫✣ ✬✣✤✭✼

✈✣✿❀ ✖✗ ✿✦ ✩✰ ❀✫ ✘✤✚ ✕✣✪ ✪❁✻✰✤ ✩✰ ✜✘❂✣✰ ✫✰✤★ ✱

(i) S
n
=1+ 2 + 3 + … + n❪ ✯✣✤ = 

( 1)

2

n n ❃
 ✷❄✣✣✭ 9.4 ✪✤✴✣✤ ★✼

(ii) ✬✖✣❅    S
n
=12+22+32+ … +n2

✖✗ ✻✘✽✻✜✗✫✣ ❆ ❇k k k k3 3 21 3 3 1❈ ❈ ❉ ❈ ❊ ✩✰ ✜✘❂✣✰ ✫✰✯✤ ✖✵★

✧✗✢✣✱ k = 1, 2… , n ✰✴✣✦✤ ✩✰❪ ✖✗ ✩✣✯✤ ✖✵ ★

13 – 03 = 3 (1)2 – 3 (1) + 1

23 – 13 = 3 (2)2 + 1

33 – 23 = 3(3)2 – 3 (3) + 1

.......................................

.......................................

......................................

n3 – (n – 1)3 = 3 (n)2 – 3 (n) + 1

✪✣✤✦✣✤★ ✩♥✣✣✤★ ✫✣✤ ❋✣✤●❍✦✤ ✩✰ ✖✗ ✩✣✯✤ ✖✵★

n3 – 03 = 3 (12 + 22 + 32 + ... + n2) – 3 (1 +2 +3 + ... + n) + n

✬✣ 3 2

1 1

3 3
n n

k k

n k – k n
■ ■

❏ ❑▲ ▲

(i) ✻✤ ✖✗ ❋✣✦✯✤ ✖✵★

1

( 1)
1 2 3

2

n

k

n n
k ... n

■

❑
❏ ❑ ❑ ❑ ❑ ❏▲

✈✯✱ S
n 
= 

2 3

1

1 3 ( 1)

3 2

n

k

n n
k n n

■

❑▼ ◆
❏ ❑ ❖P ◗❘ ❙

▲  =
3 21

(2 3 )
6

n n n❃ ❃  = 
( 1)(2 1)

6

n n n❃ ❃

(iii) ✬✖✣❅ S
n
 = 13 + 23 + ...+n3

✖✗ ✻✘✽✻✜✗✫✣ (k + 1)4 – k4 = 4k3 + 6k2 + 4k + 1 ✩✰ ✜✘❂✣✰ ✫✰✯✤ ✖✵★
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Ø☛☞✌✍ k = 1, 2, 3… n, ❥✎✌✏✑ ✒❥✓ ✔☛ ✒✌✕✑ ✔✖✗
24 – 14 = 4(1)3 + 6(1)2 + 4(1) + 1

34 – 24 = 4(2)3 + 6(2)2 + 4(2) + 1

44 – 34 = 4(3)3 + 6(3)2 + 4(3) + 1

..................................................

..................................................

..................................................

(n – 1)4 – (n – 2)4 = 4(n – 2)3 + 6(n – 2)2 + 4(n – 2) + 1

n4 – (n – 1)4 = 4(n – 1)3 + 6(n – 1)2 + 4(n – 1) + 1

(n + 1)4 – n4 = 4n3 + 6n2 + 4n + 1

♥✌✑✏✌✑✗ ✒✘✌✌✑✗ ✙✌✑ ✚✌✑✛✜✏✑ ✒❥✓ ✔☛ ✒✌✕✑ ✔✖✗
(n + 1)4 – 14 = 4(13 + 23 + 33 +...+ n3) + 6(12 + 22 + 32 + ...+ n2) +

4(1 + 2 + 3 +...+ n) + n

3 2

1 1 1

4 6 4
n n n

k k k

k k k n
✢ ✢ ✢

✣ ✤ ✤ ✤✥ ✥ ✥ , ... (1)

(i) ✕r✌✌ (ii) ❧✑✓ ✔☛ ✚✌✏✕✑ ✔✖✗

✦ ✧

1

1

2

n

k

n n
k
★

✩
✪✫  ✕r✌✌

✬ ✭✬ ✭2

1

1 2 1
d

6

n

k

n n n
k
★

✩ ✩
✪✫

❜✏ ☛✌✏✌✑✗ ✙✌✑ (1) ☛✑✗ ❥✎✌✏✑ ✒❥✓ ✔☛ ✒✌✕✑ ✔✖✗

3 4 3 2

1

6 ( 1) (2 1) 4 (
4 4 6 4

6 2

n

k

n n n n n
k n n n n – –
✮

✯ ✯✰ ✯ ✯ ✯✱

or 4S
n
 = n4 + 4n3 + 6n2 + 4n – n (2n2 + 3n + 1) – 2n (n + 1) – n

= n4 + 2n3 + n2

= n2(n + 1)2.

✲✕✍ S
n
 =

✳ ✴
22 2 ( 1)( 1)

4 4

n nn n ✤✤ ✣

♠✵✶✷✸✹✶ 19 ❏✑✺✌✻ 5 + 11 + 19 + 29 + 41… ♦✑✼ n✒♥✌✑✗ ✙✌ ✐✌✑✽✒✼✾ ✿✌✕ ✙✻❀✚❁❂

✷❣ ✲✌❜❁ ❀✾✎✌✑ ✗

  S
n 
= 5 + 11 + 19 + 29 + ... + a

n–1
 + a

n

✲r✌♦✌   S
n 
=        5 + 11 + 19  + ... + a

n–2
 + a

n–1
 + a

n

❄✌❃✌✏✑ ✒❥ ✔☛ ✒✌✕✑ ✔✖✗
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0 = 5 + [6 + 8 + 10 + 12 + ...(n – 1) ✐☎✆✝✞ ] – a
n

✈✟✆✠✆ a
n
 =

( 1)[12 ( 2) 2]
5

2

n n✡ ☛ ✡ ☞
☛

= 5 + (n – 1) (n + 4) = n2 + 3n + 1

❜✌ ✐✍✎✆✏  S
n
 =

2 2

1 1 1 1

( 3 1) 3
n n n n

k

k k k

a k k k k n
✑ ✑ ✑

✒ ✓ ✓ ✒ ✓ ✓✔ ✔ ✔ ✔

=
( 1)(2 1) 3 ( 1)

6 2

n n n n n
n

☛ ☛ ☛
☛ ☛  = 

( 2) ( 4)

3

n n n✕ ✕
.

♠✖✗✘✙✚✗ 20 ✥✌ ✛✝✜✆✢ ✠✝✣ n ✐☎✆✝✞ ✎✆ ✤✆✝✦ ✧✆★ ✎✢✩✪✫ ✩✪✌✎✆ n✠✆♦ ✐☎ n (n + 3) ❣✬✭

✘✮ ✩☎✤✆ ✦✤✆ ❣✬
a

n
 = n (n + 3) = n2 + 3n

❜✌ ✐✍✎✆✏ n ✐☎✆✝✞ ✎✆ ✤✆✝✦✐✣✯

S
n
 =

2

1 1 1

3
n n n

k

k k k

a k k
✑ ✑ ✑

✒ ✓✔ ✔ ✔

=
( 1) (2 1) 3 ( 1)

6 2

n n n n n☛ ☛ ☛
☛  

( 1)( 5)

3

n n n☛ ☛
✰ .

✱✲✳✴✵✶✷✸ 9.4

✐✍✹✉ 1 ✌✝ 7 ★✎ ✐✍r✤✝✎ ✛✝✜✆✢ ✠✝✣ n✐☎✆✝ ✞ ✎✆ ✤✆✝✦ ✧✆★ ✎✢✩✪✫✭

1. 1 × 2 + 2 × 3 + 3 × 4 + 4 × 5 +... 2. 1 × 2 × 3 + 2 × 3 × 4 + 3 × 4 × 5 + ...

3. 3 × 12 + 5 × 22 + 7 × 32 + ... 4.
1 1 1

1 2 2 3 3 4
✺ ✺ ✺

✻ ✻ ✻ ...

5. 52 + 62 + 72 + ... + 202 6. 3 × 8 + 6 × 11 + 9 × 14 + ...

7. 12 + (12 + 22) + (12 + 22 + 32) + ...

✐✍✹✉ 8 ✌✝ 10 ★✎ ✐✍r✤✝✎ ✛✝✜✆✢ ✠✝✣ n ✐☎✆✝ ✞ ✎✆ ✤✆✝✦ ✧✆★ ✎✢✩✪✫ ✩✪✌✎✆ n ✠✆♦ ✐☎ ✩☎✤✆ ❣✬✼

8. n (n+1) (n+4). 9. n2 + 2n

10. 2(2 1)n –
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❢☛❢☛☞ ✌✍✎✏✑✒✎

♠✓✔✕✖✗✔ 21 ❀✘✙ ✘✚✛✜ ✛✢✣✤✥✦ ✧★✩✣✜ ✚✣ p ♦✣✪✫ q ♦✣✪✫ r ♦✣✪ ✥✬✣✣ s ♦✣✪ ✭✙ ✮✯✩✣✣★✰✣✦ ✧★✩✣✜ ✢★✤ ✱✲✤✫ ✥✣★

✘✙✳✣✣✴✵ ✘✚ (p – q), (q – r), (r-s) ❍✣✜ ✮✯✩✣✣★✰✣✦ ✧★✩✣✜ ✢★✤ ✱✣★✮★✤✶

✕❣ ❀✱✣✪ a
p
 = a + (p –1) d ... (1)

a
q
 = a + (q –1) d ... (2)

a
r
 = a + (r –1) d ... (3)

a
s
 = a + (s –1) d ... (4)

✘✙❀✣ ✮❀✣ ✱✲ ✘✚ a
p
, a

q
, a

r
 ✥✬✣✣ a

s 
 ✮✯✩✣✣★✰✣✦ ✧★✩✣✜ ✢★✤ ✱✲✤✶ ✴✛✘①✵

q

p

a

a
 =

q rr

q p q

a aa q r

a a a p q

✷ ✷
✸ ✸

✷ ✷  

✹✺❀✣★✤✻✼ … (5)

✴✛✜ ✭❜✚✣✦
r

q

a

a
 =

s r s

r q r

a a a r s

a a a q r

✽ ✽
✾ ✾

✽ ✽
; ✹✺❀✣★✤✻✼ … (6)

✿✥❁ (5) ✥✬✣✣ (6) ✛★

q r

p q

❂

❂
 =

r s

q r

❂

❂
✿✬✣✣❃✥❄  p – q, q – r ✥✬✣✣ r – s ✮✯✩✣✣★✰✣✦ ✧★✩✣✜ ✢★✤ ✱✲✤✶

♠✓✔✕✖✗✔ 22 ❀✘✙ a, b, c ✮✯✩✣✣★✰✣✦ ✧★✩✣✜ ✢★✤ ✱✲✤ ✥✬✣✣ 
11 1

yx za b c❅ ❅  ✱✲✤ ✥✣★ ✘✛❆ ✚✜✘❇✵  x, y, z ✛✢✣✤✥✦

✧★✩✣✜ ✢★✤ ✱✲✤✶

✕❣ ✢✣❡✣ ✘✚ a1/x = b1/y = c1/z= k. ✱✲✤ ✥✣★

a = kx , b = ky ✥✬✣✣ c = kz. … (1)

✺❀✣★✤✘✚ a, b, c ✮✯✩✣✣★✰✣✦ ✧★✩✣✜ ✢★✤ ✱✲✤

b2 = ac … (2)

(1) ✥✬✣✣ (2) ♦★❈ ❉✭❀✣★✮ ✛★ ✱✢ ✭✣✥★ ✱✲✤

k2y = k x+z

✴✛✛★ ✱✢★✤ ✘✢①✥✣ ✱✲  2y = x + z.

✿✥❁ x, y ✥✬✣✣ z ✛✢✣✤✥✦ ✧★✩✣✜ ✢★✤ ✱✲✤✶

♠✓✔✕✖✗✔ 23 ❀✘✙ a, b, c, d ✥✬✣✣ p ✘♦✘❍✣❊❡ ♦✣❋✥✘♦✚ ✛✤✳❀✣✵✪ ✴✛ ✭❜✚✣✦ ✱✲✤ ✘✚

(a2 + b2 + c2)p2 – 2(ab + bc + cd)p + (b2 + c2 + d2) ● 0 ✥✣★ ✙r✣✣❃✴✵ ✘✚ a, b, c ✥✬✣✣ d ✮✯✩✣✣★✰✣✦

✧★✩✣✜ ✢★✤ ✱✲✤✶
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❣☎ ❢✆✝✞ ✟✠✡
(a2 + b2 + c2) p2 – 2 (ab + bc + cd)p + (b2 + c2 + d2) ☛ 0 ... (1)

✐☞✡✌✍ ✎✞✝✞✏ ✐✑✞
= (a2p2 – 2abp+b2) + (b2p2 – 2bcp+c2) + (c2p2 – 2cdp + d2),

❜✒✒✓ ✟✔✓✡ ❢✔✕✌✞ ✟✠
(ap – b)2 + (bp – c)2 + (cp – d)2  ✖ 0 ... (2)

❉✝✞✓✡❢✗ ♦✞✘✌❢♦✗ ✒✡❧✝✞✙✞✓✡ ♦✓✚ ♦✛✞✓✜ ✗✞ ✝✞✓✛ ➼✢✞✓✌☞ ✟✠✣ ❜✒❢✕✤ (1) ✌r✞✞ (2) ✒✓✣ ✟✔ ✐✞✌✓ ✟✠✡

✥ ✦ ✥ ✦ ✥ ✦ap b bp c cp d✧ ★ ✧ ★ ✧ ✩
2 2 2

0

✙r✞♦✞ ap – b = 0, bp – c = 0, cp – d = 0 ❜✒✒✓ ✟✔✓✡ ❢✔✕✌✞ ✟✠

b c d
p

a b c
✪ ✪ ✪

✙✌✈ a, b, c ✌r✞✞ d ✛✍✢✞✞✓✫✞☞ ✬✓✢✞✭ ✔✓✡ ✟✠✡✮

♠✯✰❣✱✲✰ 24 ✝❢✆  p,q,r ✛✍✢✞✞✓✫✞☞ ✬✓✢✞✭ ✔✓✡ ✟✠✡ ✌r✞✞ ✒✔✭✗☞✢✞✞✓✡  px2 + 2qx + r = 0 ✙✞✠☞

dx2 + 2ex + f = 0 ✤✗ ✳✴✞✝❢✵✶✷ ✔✸✕ ☞❧✞✌✓ ✟✞✓✡✣ ✌✞✓ ✆✹✞✞✺❜✤ ❢✗  
d

p

e

q

f

r
, ,   ✒✔✞✡✌☞ ✬✓✢✞✭ ✔✓✡ ✟✠✡✮

❣☎ ✒✔✭✗☞✢✞  px2 + 2qx + r = 0 ♦✓✚ ✔✸✕ ❢✵✻✵❢✕❢❧✞✌ ✟✠✡✈

22 4 4

2

q q rp
x

p

✼ ✽ ✼
✾

❉✝✞✓✡❢✗  p ,q, r ✛✍✢✞✞✓✫✞☞ ✬✓✢✞✭ ✔✓✡ ✟✠✡✣ ❜✒❢✕✤ q2 = pr, ✙r✞✞✺✌✿ 
q

x
p

❀
❁ ✐☞✡✌✍ 

q

p

❀
 ✒✔✭✗☞✢✞

dx2 + 2ex + f = 0 ✗✞ ✴✞✭ ✔✸✕ ✟✠✣ ❂❉✝✞✓✡❃❄

❜✒❢✕✤
2

2 0
q q

d e f ,
p p

❅ ❆ ❅ ❆❇ ❇
❈ ❈ ❊❋ ● ❋ ●

❍ ■ ❍ ■
✝✞ oqQ2 – 2eqp + fp2 = 0 ... (1)

(1) ✗✞✓ pq2 ✒✓ ✴✞✞✛ ✆✓✵✓ ✐☞ ✌r✞✞  q2 = pr ✗✞ ✳✐✝✞✓✛ ✗☞✵✓ ✒✓✣ ✟✔ ✐✞✌✓ ✟✠✡

2
0

d e fp
,

p q pr
❏ ❑ ▲

 
✝✞ 

2e d f

q p r
▲ ❑

✙✌✈ , ,
d e f

p q r
 ✒✔✞✡✌☞ ✬✓✢✞✭ ✔✓✡ ✟✠✡✮
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☛☞✌✍✌ 9 ✐✎ ✏✑✏✑✒ ✐✓✔✕✍✑✖✗

1. ♥✘✙✙✚✛✜ ✢✣ ✢✣✤✥ ✤✦✙✧★✩ ✪✫✬✙✥ ✭✫✮ (m + n)✭✫✧ ★♦✙✙ (m – n)✭✫✧ ✯♥✙✫✧ ✣✙ ✰✙✫✱ m✭✫✧ ✯♥ ✣✙
♥✲✱✲✳✙ ✴✵✶

2. ✰✢♥ ✢✣✤✥ ✤✦✙✧★✩ ✪✫✬✙✥ ✣✥ ★✥✳ ✤✧❀✰✙✷✙✫✧ ✣✙ ✰✙✫✱ 24 ✴✵ ★♦✙✙ ❣✳✣✙ ✱✲✬✙✳✯✮✸ 440 ✴✵✹ ★✙✫
✤✧❀✰✙✜❧ ✺✙★ ✣✥✢✻✜✶

3. ✦✙✳✙ ✢✣ ✢✣✤✥ ✤✦✙✧★✩ ✪✫✬✙✥ ✭✫✮ n, 2n, ★♦✙✙ 3n ✯♥✙✫✧ ✣✙ ✰✙✫✱✯✮✸ ✼✦✘✙✽ S
1
, S

2 
★♦✙✙ S

3
 ✴✵

★✙✫ ✢♥❀✙✙✛✜ ✢✣ S
3
 = 3(S

2
 –S

1
)

4. 200 ★♦✙✙ 400 ✭✫✮ ✦✾✰ ✷✙✳✫ ✭✙✸✥ ❣✳ ✤✿✙✥ ✤✧❀✰✙✷✙✫✧ ✣✙ ✰✙✫✱✯✮✸ ✺✙★ ✣✥✢✻✜ ✻✙✫ 7 ✤✫
✢✭✿✙✙✢✻★ ✴✙✫✧✶

5. 1 ✤✫ 100 ★✣ ✷✙✳✫ ✭✙✸✫ ❣✳ ✤✿✙✥ ✯r✬✙✙❁✣✙✫✧ ✣✙ ✰✙✫✱✯✮✸ ✺✙★ ✣✥✢✻✜ ✻✙✫ 2 ✰✙ 5 ✤✫
✢✭✿✙✙✢✻★ ✴✙✫✧✶

6. ♥✙✫ ✷✧✣✙✫✧ ✣✥ ❣✳ ✤✿✙✥ ✤✧❀✰✙✷✙✫✧ ✣✙ ✰✙✫✱✯✮✸ ✺✙★ ✣✥✢✻✜✹ ✢✻✳✣✙✫ 4 ✤✫ ✢✭✿✙✢✻★ ✣✩✳✫ ✯✩
✘✙✫❂✙✯✮✸ 1 ✴✙✫✶

7. ✤✿✙✥ x , y ❃N ✭✫✮ ✢✸✜ f (x + y) = f (x). f (y) ✣✙✫ ✤✧★✲❂❞ ✣✩★✙ ✴✲✷✙ f ✜✣ ✜✫✤✙ ✯✮✸✳ ✴✵

✢✣ f (1) = 3 ✜✭✧
1

( ) 120
n

x

f x
❄

❅❆  ★✙✫ n ✣✙ ✦✙✳ ✺✙★ ✣✥✢✻✜✶

8. ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥ ✭✫✮ ✭✲✮❇ ✯♥✙✫✧ ✣✙ ✰✙✫✱ 315 ✴✵✹ ❣✤✣✙ ✯❈♦✙✦ ✯♥ ★♦✙✙ ✤✙✭✚ ✷✳✲✯✙★ ✼✦✘✙✽ 5 ★♦✙✙

2 ✴✵✧✶ ✷✧✢★✦ ✯♥ ★♦✙✙ ✯♥✙✫✧ ✣✥ ✤✧❀✰✙ ✺✙★ ✣✥✢✻✜✶

9. ✢✣✤✥ ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥ ✣✙ ✯❈♦✙✦ ✯♥ 1 ✴✵✶ ★✥✤✩✫ ✜✭✧ ✯✙❧❉✭✫✧ ✯♥✙✫✧ ✣✙ ✰✙✫✱ 90 ✴✙✫ ★✙✫ ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥

✣✙ ✤✙✭✚ ✷✳✲✯✙★ ✺✙★ ✣✥✢✻✜✶

10. ✢✣✤✥ ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥ ✭✫✮ ★✥✳ ✯♥✙✫✧ ✣✙ ✰✙✫✱ 56 ✴✵✶ ✰✢♥ ✴✦ ✼✦ ✤✫ ✛✳ ✤✧❀✰✙✷✙✫✧ ✦✫✧ ✤✫ 1, 7,

21 ❊✙❞✙✜❧ ★✙✫ ✴✦✫✧ ✜✣ ✤✦✙✧★✩ ✪✫✬✙✥ ✯❈✙❋★ ✴✙✫★✥ ✴✵✶ ✤✧❀✰✙✜❧ ✺✙★ ✣✥✢✻✜✶

11. ✢✣✤✥ ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥ ✭✫✮ ✯♥✙✫✧ ✣✥ ✤✧❀✰✙ ✤✦ ✴✵✶ ✰✢♥ ❣✤✭✫✮ ✤✿✙✥ ✯♥✙✫✧ ✣✙ ✰✙✫✱✯✮✸✹ ✢✭❂✙✦ ❢♦✙✙✳

✯✩ ✩❀✙✫ ✯♥✙✫✧ ✭✫✮ ✰✙✫✱✯✮✸ ✣✙ 5 ✱✲✳✙ ✴✵✹ ★✙✫ ✤✙✭✚ ✷✳✲✯✙★ ✺✙★ ✣✥✢✻✜✶

12. ✜✣ ✤✦✙✧★✩ ✪✫✬✙✥ ✭✫✮ ✯❈♦✙✦ ❉✙✩ ✯♥✙✫✧ ✣✙ ✰✙✫✱✯✮✸ 56 ✴✵✶ ✷✧✢★✦ ❉✙✩ ✯♥✙✫✧ ✣✙ ✰✙✫✱✯✮✸ 112

✴✵✶ ✰✢♥ ✛✤✣✙ ✯❈♦✙✦ ✯♥ 11 ✴✵✹ ★✙✫ ✯♥✙✫✧ ✣✥ ✤✧❀✰✙ ✺✙★ ✣✥✢✻✜✶

13. ✰✢♥  
a bx

a bx

b cx

b cx

c dx

c dx
x

●

❍
■

●

❍
■

●

❍
❏( ) ,0  ✴✙✫ ★✙✫ ✢♥❀✙✙✛✜ ✢✣ a, b, c ★♦✙✙ d ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥

✦✫✧ ✴✵✧✶

14. ✢✣✤✥ ✱✲✬✙✙✫①✙✩ ✪✫✬✙✥ ✦✫✧ S, n ✯♥✙✫✧ ✣✙ ✰✙✫✱✹ P ❣✳✣✙ ✱✲✬✙✳✯✮✸ ★♦✙✙ R ❣✳✭✫✮ ♠✰✲❑✼✦✙✫✧ ✣✙ ✰✙✫✱

✴✙✫ ★✙✫ ✢✤▲ ✣✥✢✻✜ ✢✣ P2Rn = Sn.

15. ✢✣✤✥ ✤✦✙✧★✩ ✪✫✬✙✥ ✣✙ p✭✙❧✹ q✭✙❧ r✭✙❧ ✯♥ ✼✦✘✙✽ a, b, c ✴✵✧✹ ★✙✫ ✢✤▲ ✣✥✢✻✜
(q – r )a + (r – p )b + (p – q )c = 0
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16. ❀☎✆  
1 1 1 1 1 1

a ,b ,c
b c c a a b

✝ ✞ ✝ ✞ ✝ ✞✟ ✟ ✟✠ ✡ ✠ ✡ ✠ ✡☛ ☞ ☛ ☞ ☛ ☞  

❧✌✍✎✏✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎✘ ✏✍✓ ☎❧✙ ✚✕☎✛✜ ☎✚

a, b, c ❧✌✍✎✏✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎✢
17. ❀☎✆ a, b, c, d ✣✤✔✍✍✓✥✍✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎✘ ✏✍✓ ☎❧✙ ✚✕☎✛✜ ☎✚ ✦ ✧a b b c c d

n n n n n n★ ★ ★,( ),( )

✣✤✔✍✍✓✥✍✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎✢
18. ❀☎✆   x2 – 3x +p = 0 ♦✓✩ ✌✪✫ a ✏r✍✍ b ✖✗✎ ✏r✍✍ x2 –12x +q = 0, ♦✓✩ ✌✪✫ c ✏r✍✍ d  ✖✗✎✘ ✛✖✍❣

a, b, c, d ✣✤✔✍✍✓✥✍✑ ✒✓✔✍✕ ♦✓✩ ✬✭ ✌✓✎ ✖✗✎✢ ☎❧✙ ✚✕☎✛✜ ☎✚ (q + p) : (q – p) = 17:15

19. ✆✍✓ ♥✮✍✯✌✚ ❧✎✰❀✍✱✍✓✎ a ✏r✍✍ b ♦✓✩ ✲✕✳ ❧✌✍✎✏✑ ✌✍✴❀ ✏r✍✍ ✣✤✔✍✍✓✥✍✑ ✌✍✴❀ ✚✍ ✱✮✤✭✍✏ m:n.

✖✗✢ ✆✵✍✍✶✷✜ ☎✚ ✸ ✹ ✸ ✹2 2 2 2:a b m m – n : m – m – n✺ ✻

20. ❀☎✆ a, b, c ❧✌✍✎✏✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎ b, c, d ✣✤✔✍✍✓✥✍✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎ ✏r✍✍ 
1 1 1

c d e
, ,  ❧✌✍✎✏✑ ✒✓✔✍✕ ✌✓✎

✖✗✎✘ ✏✍✓ ☎❧✙ ✚✕☎✛✜ ☎✚ a, c, e ✣✤✔✍✍✓✥✍✑ ✒✓✔✍✕ ✌✓✎ ✖✗✎✢
21. ☎✮❢✮☎✫☎✰✍✏ ✒✓☎✔✍❀✍✓✎ ♦✓✩ n ✭✆✍✓✎ ✚✍ ❀✍✓✣ ✐✍✏ ✚✕☎✛✜✢

(i) 5 + 55 +555 + …

(ii) .6 +. 66 +. 666+…

22. ✒✓✔✍✕ ✚✍ 20♦✍❣ ✭✆ ✐✍✏ ✚✕☎✛✜ ✼
2 × 4 + 4 × 6 + 6 × 8 + ... + n ✭✆✍✓✎ ✏✚

23. ✒✓✔✍✕ 3+ 7 +13 +21 +31 +… ♦✓✩ n ✭✆✍✓✎ ✚✍ ❀✍✓✣ ✐✍✏ ✚✕☎✛✜✢
24. ❀☎✆ S

1
, S

2
, S

3 
Ø✌✵✍✼ ✭✽r✍✌ n ✭✽✍♦✾✩✏ ❧✎✰❀✍✱✍✓✎ ✚✍ ❀✍✓✣✘ ✿✮♦✓✩ ♦✣✍✓❁ ✚✍ ❀✍✓✣ ✏r✍✍ ❂✍✮✍✓✎ ✚✍

❀✍✓✣ ✖✗ ✏✍✓ ☎❧✙ ✚✕☎✛✜ ☎✚ 9 2

2S = S
3
 (1 + 8S

1
).

25. ☎✮❢✮☎✫☎✰✍✏ ✒✓☎✔✍❀✍✓✎ ♦✓✩ n ✭✆✍✓✎ ✏✚ ❀✍✓✣ ✐✍✏ ✚✕☎✛✜✎✼
3 3 2 3 3 31 1 2 1 2 3

1 1 3 1 3 5
...

❃ ❃ ❃❃ ❃ ❃
❃ ❃ ❃

26. ✆✵✍✍✶✷✜ ☎✚ ✼ 
2 2 2

2 2 2

1 2 2 3 ( 1) 3 5

3 11 2 2 3 ( 1)

... n n n

n... n n

❄ ❅ ❄ ❅ ❅ ❄ ❅ ❅❆ ❅❄ ❅ ❄ ❅ ❅ ❄ ❅ .

27. ✚✍✓✷✶ ☎✚❧✍✮ ✜✚ ✭✤✑✍✮✓ ❞✗❇❈❞✑ ✚✍✓ 12000 ❉ ✌✓✎ ✰✍✑✕✆✏✍ ✖✗✢ ♦✖ 6000 ❉ ✮✚✆ ❊✍✤✣✏✍✮ ✚✑✏✍
✖✗ ✱✍✗✑ ✵✍✓❋✍ ✑✍☎✵✍ ✚✍✓ 500 ❉ ✚✕ ♦✍☎❋✍✶✚ ☎✚●✏ ♦✓✩ ✱☎✏☎✑❈✏ ✿❧ ✴✍✮ ✭✑ ☎✛❧✚✍ ❊✍✤✣✏✍✮ ✮
☎✚❀✍ ✣❀✍ ✖✍✓ 12% ♦✍☎❋✍✶✚ ❍❀✍✛ ❊✍✕ ✆✓✏✍ ✖✗✢ ☎✚❧✍✮ ✚✍✓ ❞✗❇❈❞✑ ✚✕ ♦✤✩✫ ☎✚✏✮✕ ✚✕✌✏
✆✓✮✕ ✭■✓❏✣✕❑
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28. ✬☛☞✬☛☛✌ ✍✎✏ 22000 ★✑✒✓ ☞✓✔ ✕✖ ✗✖✘✙✚ ✛☛✚✏✌✜☛ ✢✣✤ ✥✢ 4000 ★✑✒✓ ✦✖✌ ✌✓✜☛ ✢✣ ✜✧☛☛ ✬☛✓✩☛

✚☛❥✬☛ ✖☛✓ 1000 ★✑✒✓✔ ✥☛❥✩☛✪✖ ❥✖✬✜ ✥✓✫ ✍❥✜❥✚✭✜ ✮✯ ✰✦ ✑✚ ❥✱✯✖☛ ✲☛✳✴✜☛✦ ✦ ❥✖✒☛ ✴✒☛

✢☛✓ 10% ✥☛❥✩☛✪✖ ♦✒☛✱ ✲☛✏ ✌✓✜☛ ✢✣✤ ✮✯✓ ✗✖✘✙✚ ✥✓✫ ❥✎✕ ✥✳✫✎ ❥✖✜✦✏ ✚☛❥✬☛ ✵✳✖☛✦✏ ✑✶✷✓✴✏✸

29. ✕✖ ✹✒❥✭✜ ✍✑✦✓ ✵☛✚ ❥☞✺☛☛✓✔ ✖☛✓ ✑✺☛ ❥✎✛☛✜☛ ✢✣✤ ✥✢ ✑✻✼✒✓✖ ✖☛✓ ✮✯✖✏ ✦✖✎ ✖✚✥✓✫ ✵☛✚ ✌✘✯✚✓

✹✒❥✭✜✒☛✓✔ ✖☛✓ ✲☛✓✱✦✓ ✖☛ ❥✦✌✓✪✬☛ ✌✓✜☛ ✢✣❖ ✜✧☛☛ ✮✦✯✓ ✒✢ ✲☛✏ ✖✚✦✓ ✖☛✓ ✖✢✜☛ ✢✣✔ ❥✖ ✑✻✼✒✓✖ ✑✺☛

✑✻☛✐✜ ✖✚✦✓ ✥☛✎☛ ✹✒❥✭✜ ✽✯ ✾✔☛✿✛☛✎☛ ✖☛✓ ✱☛✚✏ ✚✛☛✓✤ ✒✢ ✖❀✑✦☛ ✖✚✥✓✫ ❥✖ ✾✔☛✿✛☛✎☛ ✦ ✙✘✙✓ ✜☛✓

8 ✥✓✔ ✑✺☛☛✓✔ ✥✓✫ ✯☞✘✢ ✲☛✓✱✓ ✱☛✦✓ ✜✖ ❥✖✜✦☛ ✶☛✖ ✛☛✵✪ ✢☛✓✴☛ ✱❁❥✖ ✕✖ ✑✺☛ ✖☛ ✶☛✖ ✛☛✵✪ 50

✑✣✯✓ ✢✣✤

30. ✕✖ ✍☛✌☞✏ ✦✓ ✕✖ ❁✣✔✖ ☞✓✔ 10000 ★✑✒✓ 5% ✥☛❥✩☛✪✖ ✯☛✰☛✚❂☛ ♦✒☛✱ ✑✚ ✱☞☛ ❥✖✒☛✤ ✱❁ ✯✓

✚✖☞ ❁✣✔✖ ☞✓✔ ✱☞☛ ✖✏ ✴✽✪ ✜❁ ✯✓❖ 15 ✥✓✔ ✥✩☛✪ ☞✓✔ ✮✯✥✓✫ ✛☛☛✜✓✔ ☞✓✔ ❥✖✜✦✏ ✚✖☞ ✢☛✓ ✴✽✪❖ ✜✧☛☛ 20

✥✩☛☛✓✪ ✔ ❁☛✌ ✥✳✫✎ ❥✖✜✦✏ ✚✖☞ ✢☛✓ ✴✽✪❖ ❃☛✜ ✖✏❥✱✕✤

31. ✕✖ ❥✦☞☛✪✜☛ ❄☛☛✓❥✩☛✜ ✖✚✜☛ ✢✣ ❥✖ ✮✯✖✏ ☞✬☛✏✦ ❥✱✯✖☛ ☞✘❀✒ 15625 ★✑✒✓ ✢✣❖ ✢✚ ✥✩☛✪ 20%

✖✏ ✌✚ ✯✓ ✮✯✖☛ ✍✥☞✘❀✒✦ ✢☛✓✜☛ ✢✣✤ 5 ✥✩☛✪ ❁☛✌ ☞✬☛✏✦ ✖☛ ✍✦✳☞☛❥✦✜ ☞✘❀✒ ❃☛✜ ✖✏❥✱✕✤

32. ❥✖✯✏ ✖☛✒✪ ✖☛✓ ✥✳✫❢ ❥✌✦☛✓✔ ☞✓✔ ✑✘✚☛ ✖✚✦✓ ✥✓✫ ❥✎✕ 150 ✖☞✪✵☛✚✏ ✎✴☛✕ ✴✕✤ ✌✘✯✚✓ ❥✌✦ 4

✖☞✪✵☛❥✚✒☛✓✔ ✦✓ ✖☛☞ ❢☛✓✶✷ ❥✌✒☛❖ ✜✏✯✚✓ ❥✌✦ 4 ✍☛✣✚ ✖☞✪✵☛❥✚✒☛✓✔ ✦✓ ✖☛☞ ❢☛✓✶✷ ❥✌✒☛ ✜✧☛☛ ✽✯ ✑✻✖☛✚

✍❅✒✤ ✍❁ ✖☛✒✪ ✑✘❂☛✪ ✖✚✦✓ ☞✓✔ 8 ❥✌✦ ✍❥✰✖ ✎✴✜✓ ✢✣✔❖ ✜☛✓ ❥✌✦☛✓✔ ✖✏ ✯✔✛✒☛ ❃☛✜ ✖✏❥✱✕❖ ❥✱✦☞✓✔

✖☛✒✪ ✑✘❂☛✪ ❥✖✒☛ ✴✒☛✤

❧❆❇❆❈❉❆

❊ ✍✦✳❋☞ ✯✓ ✢☞☛✚☛ ✜☛✼✑✒✪ ✢✣❖ ●❥✖✯✏ ❥✦✒☞ ✥✓✫ ✍✦✳✯☛✚ ✕✖ ✑❥✚✲☛☛❥✩☛✜ ❍❥✦❥✬✵✜■ ❋☞ ☞✓✔

✯✔✛✒☛✍☛✓✔ ✖✏ ✹✒✥✗✧☛☛❏✤ ✑✳✦❑ ✢☞ ✕✖ ✍✦✳❋☞ ✖☛✓ ✕✖ ✑✫✎✦ ✥✓✫ ▲✑ ☞✓✔ ✑❥✚✲☛☛❥✩☛✜ ✖✚

✯✖✜✓ ✢✣✔❖ ❥✱✯✖☛ ✑✻☛✔✜ ✑✻☛✥✿✫✜ ✯✔✛✒☛✍☛✓✔ ✖☛ ✯☞✳▼✵✒ ✢☛✓ ✍✧☛✥☛ ✮✯✖☛ ✮✑✯☞✳▼✵✒

{1, 2, 3, ..., k} ✥✓✫ ✑✻✖☛✚ ✖☛ ✢☛✓✤ ✥✓ ✍✦✳❋☞❖ ❥✱✦☞✓✔ ✑✌☛✓✔ ✖✏ ✯✔✛✒☛ ✯✏❥☞✜ ✢☛✓✜✏ ✢✣❖

●✑❥✚❥☞✜ ✍✦✳❋☞❏ ✖✢✎☛✜✓ ✢✣✔✤ ✒❥✌ ✖☛✓✽✪ ✍✦✳❋☞ ✑❥✚❥☞✜ ✦✢✏✔ ✢✣ ✜☛✓ ✮✯✓ ✍✑❥✚❥☞✜

✍✦✳❋☞ ✖✢✜✓ ✢✣✔✤

❊ ☞☛✦ ✎✏❥✱✕ a
1
, a

2
, a

3
, ... ✕✖ ✍✦✳❋☞ ✢✣✔ ✜☛✓ a

1
 + a

2
 + a

3
 + ... ✥✓✫ ▲✑ ☞✓✔ ✹✒✭✜ ❥✖✒☛

✴✒☛ ✒☛✓✴ ①✓❂☛✏ ✖✢✎☛✜☛ ✢✣ ❥✱✯ ①✓❂☛✏ ✥✓✫ ✑✌☛✓✔ ✖✏ ✯✔✛✒☛ ✯✏❥☞✜ ✢☛✓✜✏ ✢✣ ✮✯✓ ✑❥✚❥☞✜ ①✓❂☛✏

✖✢✜✓ ✢✣✔✤

❊ ❥✖✯✏ ✍✦✳❋☞ ☞✓✔ ✑✌ ✯☞☛✦ ❥✦✒✜☛✔✖ ✯✓ ✎✴☛✜☛✚ ❁◆✷✜✓ ✒☛ ❄☛✙✜✓ ✢✣✔❖ ✯☞☛✔✜✚ ①✓❂☛✏ ✢☛✓✜✏ ✢✣✔✤

❥✦✒✜☛✔✖ ✖☛✓ ✯☞☛✔✜✚ ①✓❂☛✏ ✖☛ ✯☛✥✪ ✍✔✜✚ ✖✢✜✓ ✢✣✔✤ ✯☛☞☛❅✒✜❑ ✢☞ ✯☞☛✔✜✚ ①✓❂☛✏ ✖☛ ✑✻✧☛☞

✑✌ a, ✯☛✥✪ ✍✔✜✚ d ✜✧☛☛ ✍✔❥✜☞ ✑✌ l ✯✓ ✑✻✌❥✬☛✪✜ ✖✚✜✓ ✢✣✔✤ ✯☞☛✔✜✚ ①✓❂☛✏ ✖☛ ✹✒☛✑✖ ✑✌ ✒☛

n ✥☛P ✑✌ a
n
 = a + (n – 1) d ✢✣✤
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❧☎✆✝✞✟ ✠✡☛✆☞ ✌✡✍ n ✐✎✆✡✝ ✏✆ ✑✆✡✒ S
n
 ❢✓✔✓❢✕❢✖✆✞ ❧✗✘✆ ✙✆✟✆ ✐✚✆✛✞ ✜✆✡✞✆ ✜✢✣

✤ ✥ ✤ ✥S 2 1
2 2

n

n n
= a+ n – d = a+l✦ ✧★ ✩ .

✪ ✏✆✡❞✫ ✎✆✡ ❧✝✖✑✆✬✆✡✝ a ✞r✆✆ b ✏✆ ❧☎✆✝✞✟ ☎✆✭✑ A, 
2

a+b
 ✜✆✡✞✆ ✜✢ ✬r✆✆✫✞❣ ✬✓✮✯☎ a, A,

b ❧☎✆✝✞✟ ✠✡☛✆☞ (A.P.) ☎✡✝ ✜✢❡

✪ ❢✏❧☞ ✬✓✮✯☎ ✏✆✡ ✒✮☛✆✆✡✰✆✟ ✠✡☛✆☞ ✑✆ G.P. ✏✜✞✡ ✜✢✝✱ ✑❢✎ ✏✆✡❞✫ ✐✎✱ ✬✐✓✡ ❢✐✲✕✡ ✐✎ ❧✡ ✳✏
✬✈✟ ✬✓✮✐✆✞ ☎✡✝ ✴✵✶✞✆ ✜✢❡ ❞❧ ✬✈✟ ✒✮☛✆✆✝✏ ✏✆✡ ❧✆✌✫ ✬✓✮✐✆✞ ✏✜✞✡ ✜✢✝❡ ❧✆✭✆✆✟☛✆✞✣ ✜☎
✒✮☛✆✆✡✰✆✟ ✠✡☛✆☞ ✌✡✍ ✐✚r✆☎ ✐✎ ✏✆✡ a ✞r✆✆ ❧✆✌✫ ✬✓✮✐✆✞ r ❧✡ ❧✆✝✌✡✍❢✞✏ ✏✟✞✡ ✜✢✝❡ ✒✮☛✆✆✡✰✆✟ ✠✡☛✆☞
✏✆ ✷✑✆✐✏ ✐✎ ✑✆ n✌✆♦ ✐✎ a

n
= arn – 1 ✜✆✡✞✆ ✜✢❡

✒✮☛✆✆✡✰✆✟ ✠✡☛✆☞ ✌✡✍ ✐✚r✆☎ n ✐✎✆✡✝ ✏✆ ✑✆✡✒ 
✸ ✹ – 1

S
1

n

n

a r
=

r – 
✑✆

✺ ✻1– 

1 – 

na r

r
 ✑❢✎ r ✼1

 ✜✆✡✞✆ ✜✢❡

✪ ✏✆✡❞✫ ✎✆✡ ✽✓✆✾☎✏ ❧✝✖✑✆✳♦ a ✞r✆✆ b ✏✆ ✒✮☛✆✆✡✰✆✟ ☎✆✭✑ ab  ✜✢ ✬r✆✆✫✞❣❣ ✬✓✮✯☎ a, G, b

✒✮☛✆✆✡✰✆✟ ✠✡☛✆☞ ☎✡✝ ✜✢✝❡

✿❀❁❂❃❄❁❅❆ ❇❈❉❊❋❄●❁❍

❞❧ ✴✆✞ ✌✡✍ ✐✚☎✆☛✆ ❢☎✕✞✡ ✜✢✝ ❢✏ 4000 ✌■✆✫ ✐✗✌✫ ✴✡✴☞✕✆✡❢✓✑✆ ✌✡✍ ❢✓✌✆❢❧✑✆✡✝ ✏✆✡ ❧☎✆✝✞✟ ✞r✆✆
✒✮☛✆✆✡✰✆✟ ✬✓✮✯☎✆✡✝ ✏✆ ❏✆✓ r✆✆❡ Boethius (510 A.D.) ✌✡✍ ✬✓✮❧✆✟ ❧☎✆✝✞✟ ✞r✆✆ ✒✮☛✆✆✡✰✆✟ ✬✓✮✯☎✆✡✝
✏☞ ❑✆✓✏✆✟☞ ✐✚✆✟✝❢▲✆✏ ✑✗✓✆✓☞ ▼✒✚☞✏◆ ✕✡✖✆✏✆✡✝ ✏✆✡ r✆☞❡ ▲✆✆✟✞☞✑ ✒❢☛✆✞❏✆✡✝ ☎✡✝ ❧✡ ✬✆✑✫▲✆❖ (476

A.D.) ✓✡ ✐✜✕☞ ✴✆✟ ✐✚✆✌✉✍✞ ❧✝✖✑✆✬✆✡✝ ✌✡✍ ✌✒✆✡P ✞r✆✆ ◗✆✓✆✡✝ ✏✆ ✑✆✡✒ ✬✐✓☞ ✐✚❢❧❘ ✐✮❙✞✏
❫✬✆✑✫▲✆❖☞✑☎❣❚ ❑✆✡ ✕✒▲✆✒ 499 A.D. ☎✡✝ ❢✕✖✆☞ ✒❞✫ r✆☞✱ ☎✡✝ ❢✎✑✆❡ ❯❱✜✆✡✝✓✡ p ✌✆♦ ✐✎ ❧✡ ✬✆✟✝▲✆✱
❧☎✆✝✞✟ ✬✓✮✯☎ ✌✡✍ n ✐✎✆✡✝ ✌✡✍ ✑✆✡✒ ✏✆ ❧✗✘✆ ▲✆☞ ❢✎✑✆❡ ✬❱✑ ☎✜✆✓ ▲✆✆✟✞☞✑ ✒❢☛✆✞❏ ✴✚❲✒✮✛✞ (598

A.D.), ☎✜✆✌☞✟ (850 A.D.) ✞r✆✆ ▲✆✆❙✏✟ (1114–1185 A.D.) ✓✡ ❧✝✖✑✆✬✆✡✝ ✌✡✍ ✌✒✆✡✫✝ ✳✌✝ ◗✆✓✆✡✝
✌✡✍ ✑✆✡✒ ✐✟ ❢✌✈✆✟ ❢✏✑✆❡ ✳✏ ✎✗❧✟✡ ❢✌❢❳✆■❖ ✐✚✏✆✟ ✏✆ ✬✓✮✯☎ ❢❑❧✏✆ ✒❢☛✆✞ ☎✡✝ ☎✜✰✌✐✗☛✆✫
✒✮☛✆✽☎✫ ✜✢ ❑✆✡ Fibonacci sequence ✏✜✕✆✞✆ ✜✢✱ ✏✆ ✬✆❢✌■✏✆✟ ❞❖✕☞ ✌✡✍ ☎✜✆✓ ✒❢☛✆✞❏
Leonardo Fibonacci (1170–1250 A.D.) ✓✡ ❢✏✑✆❡ ❧✘✆✜✌☞✝ ❳✆✞✆❨✎☞ ☎✡✝ ✠✡❢☛✆✑✆✡✝ ✏✆
✌✒☞✫✏✟☛✆ ❢✌❢❳✆■❖ ❩✐ ❧✡ ✜✮✬✆❡ 1671 ❞✫❜ ☎✡✝ James Gregory ✓✡ ✬✐❢✟❢☎✞ ✬✓✮✯☎ ✌✡✍ ❧✝✎▲✆✫
☎✡✝ ✬✐❢✟❢☎✞ ✠✡☛✆☞ ❳✆❨✎ ✏✆ ❯✐✑✆✡✒ ❢✏✑✆❡ ✴☞❑✒❢☛✆✞☞✑ ✞r✆✆ ❧☎✮❬✈✑ ❢❧❘✆✝✞✆✡✝ ✌✡✍ ❧☎✮❢✈✞
❢✌✏✆❧ ✌✡✍ ❯✐✟✆✝✞ ✜☞ ✬✓✮✯☎ ✞r✆✆ ✠✡❢☛✆✑✆✡✝ ❧✡ ❧✝✴✝❢✽✞ ❑✆✓✏✆✟☞ ✬❬✲✡ ✵✶✝✒ ❧✡ ✐✚❙✞✮✞ ✜✆✡ ❧✏☞❡



�Geometry, as a logical system, is a means and even the most powerful

means to make children feel the strength of the human spirit that is

of their own spirit.  – H. FREUDENTHAL�

10.1 ✥✁✂✄☎✆✁ (Introduction)

❣✝ ✞✟✠✡ ✟☛☞✌☞✍✡✌ ✎✏✑✑✞✑✒✓ ✝✒✓ ✔✕✔☞✝✡✖ ❢✗✘✙✚✛✜✜✢✣ ✤✦✜❢✧❢★ ❧✒
✟✔✐✔✩✍ ❣✑✒ ✩✪✎✒ ❣✫✓✬ ✝✪✭✖✍✮ ✖❣ ❝✯✰✱❢✲✜★ ✞✑✫✐ ✤✦✜❢✧❢★ ✎✑
❧✓✖✑✒✳✠ ❣✫✬ ✴✡✳✵✔✶✑✍ ☞✒✷ ✟✸✖✑✒✵ ❧✒ ✹✖✑✔✝✔✍ ✎✑ ✺✝✴✻ ✞✼✖✖✠
❧☞✌✟✸✽✑✝ ✟✸✭✖✑✍ ✟✸✓✷✑❧✡❧✡ ✾✑✿✑✌✔✠✎ ❀☞✓ ✵✔✶✑✍❁ Rene Descartes

✠✒ ✉❂❃❄ ✝✒✓ ✟✸✎✑✔✿✑✍ ✞✟✠✡ ✟✪❅✍✎ La Gemoetry ✝✒✓ ✔✎✖✑ ✽✑✑✬
❜❧ ✟✪❅✍✎ ❧✒ ✹✖✑✔✝✔✍ ☞✒✷ ✞✼✖✖✠ ✝✒✓ ☞✺ ☞✒✷ ❧✝✡✎✐✶✑ ✎✑ ✔☞✩✑✐
✍✽✑✑ ❧✓✴✓✔r✍ ☞✫✿❆✒✔❇✑✎ ✔☞✔r✖✑✒✓ ✎✑ ✟✸✑✐✓❈✑ ❣✪✞✑✬ ✹✖✑✔✝✔✍ ❀☞✓
✔☞✿❆✒❇✑✶✑ ✎✑ ✟✔✐✶✑✑✝✡ ❧✓✖✑✒✳✠ ✞✴ ♦❉✛❊✙❢❋✜✣ ✤✦✜❢✧❢★ (Analytical

Geometry) ☞✒✷ ●✟ ✝✒✓ ❍■❆✒✔✭✑✍ ❣✑✒✍✑ ❣✫✬ ✟☛☞✌☞✍✡✌ ✎✏✑✑✞✑✒✓ ✝✒✓ ❣✝✠✒
✔✠✾✒✌✿✑✑✓✎ ✹✖✑✔✝✔✍ ✎✑ ✞✼✖✖✠ ✟✸✑✐✓❈✑ ✔✎✖✑ ❣✫❏ ✔✳❧✝✒✓ ❣✝✠✒ ✔✠✾✒✌✿✑✑✓✎
✞✏✑✑✒✓❏ ✔✠✾✒✌✿✑✑✓✎ ✍❆❏ ✍❆ ✝✒✓ ✔✴✓✾✪✞✑✒✓ ✎✑✒ ✞✑❆✒✔✭✑✍ ✎✐✠✑❏ ✾✑✒ ✔✴✓✾✪✞✑✒✓
☞✒✷ ✴✡✩ ✎✡ ✾☛✐✡❏ ✔☞❈✑✑✳✠ ❧☛❑✑ ❜▲✖✑✔✾ ☞✒✷ ✴✑✐✒ ✝✒✓ ✞✼✖✖✠ ✔✎✖✑ ❣✫✬ ✖✒ ❧❈✑✡ ❧✓✎■✟✠✑❀▼ ✔✠✾✒✌✿✑✑✓✎
✹✖✑✔✝✔✍ ☞✒✷ ✞✑r✑✐ (basics) ❣✫✓✬ ✞✑❜❀ ❣✝❏ ✟☛☞✌☞✍✡✌ ✎✏✑✑✞✑✒✓ ✝✒✓ ✞✼✖✖✠ ✎✡ ✵❜✌ ✔✠✾✒✌✿✑✑✓✎ ✹✖✑✔✝✔✍
✎✑ ❅✝✐✶✑ ✎✐✒✓✬ ❅✝✐✶✑ ☞✒✷ ✔❆❀❏ XY-✍❆ ✝✒✓ (6, – 4) ✞✑✫✐  (3,

0) ✔✴✓✾✪✞✑✒✓ ☞✒✷ ❧✓✏✑✒✟ ✝✒✓ ✾✑✒❣✐✑✠✒ ✎✑✒ ✞✑☞◆✷✔✍ ✉❖P✉ ✝✒✓ ✟✸✾✔✿✑✌✍
✔✎✖✑ ✵✖✑ ❣✫✬

✼✖✑✠ ✾✡✔✳❀ ✔✎ ✔✴✓✾✪ (6, – 4) r✠ x-✞✏✑ ☞✒✷ ✞✠✪✔✾✿✑
y-✞✏✑ ❧✒ ❂ ❜✎✑❜✌ ✾☛✐✡ ✟✐ ✞✑✫✐ ✈✶✑ y-✞✏✑ ☞✒✷ ✞✠✪✔✾✿✑ x-✞✏✑
❧✒ ◗ ❜✎✑❜✌ ✾☛✐✡ ✟✐ ❣✫✬ ❜❧✡ ✟✸✎✑✐ ✔✴✓✾✪ ❘❃❏❖❙ r✠ x-✞✏✑ ☞✒✷
✞✠✪✔✾✿✑ y-✞✏✑ ❧✒ ❃ ❜✎✑❜✌ ✾☛✐✡ ✟✐ ✞✑✫✐ x-✞✏✑ ❧✒ ✿✑☛❚✖
✾☛✐✡ ✟✐ ❣✫✬

10❯❱❲❳❲

❨❩❬ ❩❭❪❫❫❴❵ (Straight Lines)

René Descartes

(1596 -1650 A.D.)

❛✜♦❞❡❢★ 10.1



218 ①�✁✂✄

❣☎✆✝ ✞✆✟✆✞✠✞✡☛☞ ☎❣✌✍✎✏✑☛✒ ✓✏✔☛☛✝✕ ✖☛ ✗☛✘ ✙✚✛✛✆ ✞✖✛☛ ❣✜✢

I. P (x
1,  

y
1
) ✙☛✜✈ Q (x

2
, y

2
) ✞❢✕✣✤✙☛✝✕ ✍✝✥ ❢✘✦ ✖✘ ✣✏✈✘

1

2 2

2 2 1PQ x – x y – y  ❣✜✧

♠✣☛❣✈✑☛☛★☛✒✩ (6, – 4) ✙☛✜✈ (3, 0) ✞❢✕✣✤✙☛✝✕ ✍✝✥ ❢✘✦ ✖✘ ✣✏✈✘

22(3 6) 9 16 5(0 4)✪ ✫ ✬ ✫ ✬✫ ❜✖☛❜✒ ❣✜✧

II. (x
1,  

y
1
) ✙☛✜✈ (x

2
, y

2
) ✞❢✕✣✤✙☛✝✕ ✖☛✝ ✞☎✠☛✆✝ ✍☛✠✝ ✈✝✡☛☛✡☛✕✭ ✖☛✝ m: n ☎✝✕ ✙✕☞✢✞✍✗☛☛✞❡☞ ✖✈✆✝ ✍☛✠✝

✞❢✕✣✤ ✍✝✥ ✞✆✣✝✒✮☛☛✕✖
2 1 2 1

m ny ym nx x
,

m n m n

✯✯✰ ✱
✲ ✳✯ ✯✴ ✵

 ❣✜✕✧

♠✣☛❣✈✑☛☛★☛✒✩ ♠✓ ✞❢✕✣✤ ✍✝✥ ✞✆✣✝ ✒✮☛☛ ✕✖ ❡☛✝ A(1, – 3)  ✙☛✜✈ B (–3, 9) ✖☛✝ ✞☎✠☛✆✝ ✍☛✠✝

✈✝✡☛☛✡☛✕✭ ✖☛✝ 1: 3 ☎✝✕ ✙✕☞✢✞✍✗☛☛✞❡☞ ✖✈☞☛ ❣✜✩ ❜✓✞✠✶
1 ( 3) 3 1

0
1 3

. .
x

✷ ✸
✹ ✹

✸
 ✙☛✜✈

1.9 3. 3
0

1 3
y ❣✜✕✧

III.   ✞✍✮☛✝✺☛ ✻✎ ☎✝✕ ✛✞✣ m = n, ☞☛✝ (x
1,  

y
1
) ✙☛✜✈ (x

2
, y

2
) ✞❢✕✣✤✙☛✝ ✕ ✖☛✝ ✞☎✠☛✆✝ ✍☛✠✝ ✈✝✡☛☛✡☛✕✭ ✍✝✥

☎✚✛ ✞❢✕✣✤ ✍✝✥ ✞✆✣✝✒✮☛☛✕✖ 1 2 1 2

2 2

y yx x
,

✯✯✰ ✱
✲ ✳
✴ ✵

 ❣✜✕✧

IV. (x
1,  

y
1
), (x

2
, y

2
) ✙☛✜✈ (x

3
, y

3
) ✮☛✘✺☛☛✝✼ ✓✝ ❢✆✝ ✞✔☛✗☛✤✤❡ ✖☛ ✽☛✝✔☛✎✥✠

 1 2 32 3 3 1 1 2

1

2
y y y y y yx x x ✍♦✒ ❜✖☛❜✒ ❣✜✧

♠✣☛❣✈✑☛☛★☛✒✩ ✶✖ ✞✔☛✗☛✤❡ ✞❡✓✍✝✥ ✮☛✘✺☛✒ (4, 4), (3, – 2) ✙☛✜✈ (– 3, 16) ❣✕✜✩

♠✓✖☛ ✽☛✝✔☛✎✥✠  = 
541

4( 2 16) 3(16 4) ( 3)(4 2) 27
2 2

✾
✾ ✾ ✿ ✾ ✿ ✾ ✿ ❀ ❀ ✍♦✒ ❜✖☛❜✒ ❣✜✧

❁❂❃❄❅❆❇  ✛✞✣ ✞✔☛✗☛✤❡ ABC ✖☛ ✽☛✝✔☛✎✥✠ ✮☛✏❞✛ ❣✜✩ ☞☛✝ ☞✘✆ ✞❢✕✣✤ A, B ✙☛✜✈ C ✶✖ ✈✝✡☛☛ ✎✈ ❣☛✝☞✝

❣✜✕ ✙★☛☛✒☞❈ ✍✝ ▲❉❊❋●❍❊ ■collinear❏ ❣✜✕✧

❜✓ ✙✚✛☛✛ ☎✝✕✩ ❣☎ ✞✆✣✝✒✮☛☛✕✖ ❑✛☛✞☎✞☞ ✍✝✥ ✙✚✛✛✆ ✖☛✝ ✓✈✠☞☎ ❑✛☛✞☎☞✘✛ ✙☛✍▼✥✞☞◆✓✈✠ ✈✝✡☛☛

✍✝✥ ♦✤✑☛❖☎☛✝✼ ✍✝✥ ✙✚✛✛✆ ❣✝☞✤ ✓☞☞ ✖✈☞✝ ✈❣✝ ✕♦✝✧ ❜✓✖✘ ✓✈✠☞☛ ✍✝✥ ❣☛✝☞✝ ❣✤✶ ✗☛✘ ✈✝✡☛☛✩ ❑✛☛✞☎✞☞ ✖✘ ✶✖

✙✌✛☛✍✮✛✖ ✓✕✖P✎✆☛ ❣✜ ✙☛✜✈ ❣☎☛✈✝ ✣✜✞✆✖ ❡✘✍✆ ✍✝✥ ✙✆✤✗☛✍ ☎✝✕ ❢❣✤☞ ✈☛✝✦✖ ✶✍✕ ♠✎✛☛✝♦✘ ◗✕♦ ✓✝
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✞✟✠✡✟☛☞ ✌✍✎✏ ✑✌✒✓ ✡✔✕✑ ✖✗✘✙✑ ✚✘✕✒✒ ✛✒ ✜✢✣✤✟✥✒☞✢✑ ✟✦✧★✥✒ ✌✍ ✟✣✞✩✘✪ ✟☛✫ ✬✒☛ ✭slope✮ ✛✢

✞✎✛✯★✦✒ ✰✱✑✎☞ ✰✒✩✙✑✛ ✌✍✏

10.2  ❥✲✳✴✴ ✵✶ ✷✴✸ (Slope of a line)

✟✦❢✘✹✙✒✒✎✛ ☞☛ ✡✘✎ ✫✛ ✚✘✕✒✒ x-✰✈✒, ✩✘✪ ✞✒♦✒ ❢✒✘ ✛✒✘✥✒ ✜✦✒☞✢ ✌✍✺ ✣✒✘ ★✚✻★✚ ✞✎★✼✚✛ ✌✒✘☞✘ ✌✍✎✏ ✛✒✘✥✒ ✽

✭✡✒✦ ☛✢✟✣✫✮ ✣✒✘ ✚✘✕✒✒ l, x-✰✈✒ ✛✢ ✾✦✒✱✡✛ ✟❢✙✒✒ ✩✘✪

✞✒♦✒ ✜✦✒☞✢ ✌✍✺ ✚✘✕✒✒ l, ✛✒ ❃✿❀❁❂ ✭Inclination of the

line l✮ ✛✌☛✒☞✒ ✌✍✏ ✻★❄❅☞✑✒ 0° ❆ ✽ ❇180° (✰✒✩❈✪✟☞

10.2)✏

✌✡ ❢✘✕✒☞✘ ✌✍✎ ✟✛ x-✰✈✒ ★✚ ✞✎★✒☞✢ ✚✘✕✒✒✰✒✘✎ ✛✒

❉✔✛✒✩ 0° ✌✒✘☞✒ ✌✍✏ ✫✛ ❣❊✩✹ ✚✘✕✒✒ ✭y–✰✈✒ ✩✘✪ ✞✡✒✎☞✚

✑✒ y–✰✈✒ ★✚ ✞✎★✒☞✢✮ ✛✒ ❉✔✛✒✩ 90° ✌✍✏

✐❋●❍❁❁■❁❁ 1  ✑✟❢ ✽ ✟✛✞✢ ✚✘✕✒✒ l ✛✒ ❉✔✛✒✩ ✌✍✺ ☞✒✘

tan ✽ ✛✒✘ ✚✘✕✒✒ l ✛✢ ❏❁❑ ✛✌☞✘ ✌✍✎✏

✩✌ ✚✘✕✒✒ ✟✣✞✛✒ ❉✔✛✒✩ 90° ✌✍✺ ✖✞✛✢ ✬✒☛ ★✟✚▲✒✒✟❄✒☞

✦✌✢✎ ✌✍✏ ✫✛ ✚✘✕✒✒ ✛✢ ✬✒☛ ✛✒✘ m ✞✘ ▼✑◆☞ ✛✚☞✘ ✌✍✎✏ ❖✞

★P✛✒✚ m = tan ✽, ✽ ◗ 90° ✑✌ ❢✘✕✒✒ ✣✒ ✞✛☞✒ ✌✍ ✟✛

x ✰✈✒ ✛✢ ✬✒☛ ✙✒✼❘✑ ✌✍ ✰✒✍✚ y ✰✈✒ ✛✢ ✬✒☛ ★✟✚▲✒✒✟❄✒☞ ✦✌✢✎ ✌✍✏

10.2.1 ❙❚❯❱❱ ❲❳ ❨❱❩❬ ❭❪ ❫❴ ❵❙ ❛❱❚ ❜❪❝❛❞ ❜❛❡ ❤❡ ❦❱❚❝ (Slope of a line when

coordinates of any two points on the line are given) ✌✡ ✣✒✦☞✘ ✌✍✎✺ ✟✛ ✑✟❢ ✫✛ ✚✘✕✒✒ ★✚

❢✒✘ ✟✜✎❢✔ ♥✒☞ ✌✒✘✎✺ ☞✒✘ ✩✌ ★✼✥✒✹☞✑✒ ★✟✚▲✒✒✟❄✒☞ ✌✒✘☞✢ ✌✍✏ ✰☞♠ ✌✡ ✚✘✕✒✒ ✛✢ ✬✒☛ ✛✒✘ ✖✞ ★✚ ✟❢✫ ❢✒✘ ✟✜✎❢✔✰✒✘✎

✩✘✪ ✟✦❢✘✹✙✒✒✎✛✒✎✘ ✩✘✪ ★❢ ✡✘✎ ♥✒☞ ✛✚☞✘ ✌✍✎✏

✡✒✦ ☛✢✟✣✫ ✟✛ ✫✛ ✖✪❊✩✘✹♣✒✚ ✭non-

vertical✮ ✚✘✕✒✒ l, ✟✣✞✛✒ ❉✔✛✒✩ ✽ ✌✍✺ ★✚ ❢✒✘

✟✜✎❢✔ P(x
1
, y

1
) ✰✒✍✚ Q(x

2
, y

2
) ✌✍✎✏ ✻★❄❅☞✑✒

x
1
 ◗ x

2
, ✰❘✑♦✒✒ ✚✘✕✒✒ x-✰✈✒ ★✚ ☛✎✜ ✌✒✘✤✢✺

✟✣✞✛✢ ✬✒☛ ★✟✚▲✒✒✟❄✒☞ ✦✌✢✎ ✌✍✏ ✚✘✕✒✒ l ✛✒ ❉✔✛✒✩

✽q ❘✑✼✦✛✒✘✥✒ ✑✒ ✰✟✾✛ ✛✒✘✥✒ ✌✒✘ ✞✛☞✒ ✌✍✏ ✌✡

❢✒✘✦✒✘✎ ✟✻♦✒✟☞✑✒✘✎ ★✚ ✟✩r✒✚ ✛✚☞✘ ✌✍✎✏

x–✰✈✒ ★✚ QR ☞♦✒✒ RQ ★✚ PM ☛✎✜

✕✒✢✎✟r✫ ✭✰✒✩❈✪✟☞ 10.3 (i) ✰✒✍✚ (ii) ✡✘✎ ❢✙✒✒✹✑✒

✤✑✒ ✌✍✏

s❁❂t✉❋✇  10.2

①②③④⑤⑥⑦ 10. 3 (i)
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♥☎✆✆ I t✝ ✞ ❯✟✠✡☛☞✌✍☞ ✎✏ ✑☞✒✓✔✕✖ 10.3 (i), ❡✌✗ ✘MPQ =  ✞

❜✙✕✚✛ ✜✌✢☞☞ l ☛❞ ✣☞✚ = m = tan ✞ ... (1)

✐✜✗✖✤ ✕✥☞✦☞✤t ✧MPQ ❡✌✗★ 2 1

2 1

MQ
tan✩

MP

y y

x x

✪
✫ ✫

✪
... (2)

✙❡❞☛✜✍☞ (1) ✖r☞☞ (2) ✙✌★ ✎❡ ✐☞✖✌ ✎✏✗ ✕☛
2 1

2 1

y y
m

x x

♥☎✆✆ II  t✝ ✞ ✑✕✬☛ ☛☞✌✍☞ ✎✏ ✭

✑☞✒✓✔✕✖ 10.3 (ii) ❡✌✗, ✘MPQ = 180° – ✞.

❜✙✕✚✛★ ✞ = 180° – ✘MPQ.

✑✝★ ✜✌✢☞☞  l  ☛❞ ✣☞✚  = m = tan ✞

= tan ( 180° – ✘MPQ)

= – tan  ✘MPQ

=
2 1

1 2

MQ

MP

y y

x x
 = 

2 1

2 1

y y
.

x x

✪

✪

✐✔✚✖✭ ✮☞✌✡☞✌✗ ✮✯☞☞✑☞✌✗ ❡✌✗ ✕✝✗✮✤ (x
1
, y

1
) ✑☞✏✜

(x
2
, y

2
) ✙✌ t☞✡✌ ✒☞✚❞ ✜✌✢☞☞ ☛❞ ✣☞✚

2 1

2 1

y y
m

x x

10.2.2 ✰✱✲ ✳✲✴✱✱✵✱✲✶ ✷✲✸ ✹✺✱✶✻✳ ✵✱✼✳ ✽✳✾✽✳ ✿✶❀ ❁✱✲❂✲ ❃✱ ✽❄❅✻❀✶❆ (Conditions for

parallelism and perpendicularity of lines) ❡☞✡ ✚❞✕t✛ ✕☛ ❇❈✒✌❉✖✜ ✜✌✢☞☞✑☞✌✗ l
1 
✑☞✏✜ l

2 
☛❞

✣☞✚✌✗★ t☞✌ ✛☛ ✕✡✮✌❉✯☞☞✗☛ ✖✚ ❡✌✗ ✎✏✗ ❊❡✯☞✭ m
1
 ✖r☞☞ m

2
,✎✏✗❣ ❡☞✡

✚❞✕t✛ ✕☛ ❜✡✒✌✔ ②✤☛☞✒ ❊❡✯☞✭  ❋ ✑☞✏✜ ● ✎✏✗❣ ❍■♥ l
1
 ✈✆❏❑

l
2 
❧▲✆▼◆❑ ❑❖P✆✆◗❘❙❏▼ ❚✑☞✒✓✔✕✖ ❱❲❳❨❩ ✖✝ ❬✡✒✌✔ ②✤☛☞✒ ✙❡☞✡

✎☞✌❭✌✗❣

✑r☞☞❉✖❪ ❋ = ●, ✑☞✏✜ tan ❋ = tan ●

❜✙✕✚✛ m
1
 = m

2
, ✑r☞☞❉✖❪ ❬✡✒✌✔ ✣☞✚ ✝✜☞✝✜ ✎✏✗❣

✕✒✚☞✌❡✖✭ ✟✕✮ ✮☞✌ ✜✌✢☞☞✑☞✌✗ l
1
 ✑☞✏✜  l

2
 ✒✌✔ ✣☞✚ ✝✜☞✝✜ ✎✏✗

✑r☞☞❉✖❪ m
1
 = m

2

✖✝ tan ❋ = tan ●

❫✐✯☞❉❴✟☞ (tangent) ✐✔✚✡ ✒✌✔ ❭✤✍☞✬❡❉ ✙✌ (0° ✑☞✏✜ 180° ✒✌✔ ✝❞♦), ❋ = ●

✑✖✭ ✜✌✢☞☞✛❵ ✙❡☞✗✖✜ ✎✏✗❣

❛❝❢❤❥❦♠ 10. 3 (ii)

❛❝❢❤❥❦♠ 10. 4
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✈✞✟ ✠✡☛ ☞✌✍✎☛✏✡✑ ✑☛✒✡✡✓✔ l
1 
✈✡✕✑ l

2
 ✖✗✡✘✞✑ ✙✡☛✞✚ ✙✘✕✛ ✜✢✠ ✈✡✕✑

✍☛♦✍✣ ✜✢✠ ✤✥✍☛♦ ✦✡✣ ✖✗✡✥ ✙✕✘✧

❀★✩ ✪✫✬✭✭✮✯ l
1
 ✰✭✱✪  l

2
 ✐✪✲✐✪ ✳✴✵ ✶✱✴ ✷✈✡✍✸♦✢✞ ✹✺✻✼✽✛ ✞✾

✿ = ❁ + 90°.

❜✖✢✣✓ , tan ✿ = tan (❁ + 90°)

= – cot ❁ = 
1

tan

✈❂✡✡✎✞❃ m
2
 =

1

1

m
✜✡ m

1
  m

2
  = – 1

✢✍✣✡☛✗✞✟ ✜✢✠  m
1
  m

2
  =  – 1, ✈❂✡✡✎✞❃  tan ❁ tan ✿ = – 1.

✞✾✛ tan ❁ = – cot ✿ = tan (✿ + 90°) ✜✡ tan (✿ – 90°)

❜✖✢✣✓✛ ❁  ✈✡✕✑ ✿ ❞✡ ✈✘✞✑ 90° ✙✕✧

✈✞✟✛ ✑☛✒✡✡✓✔ l
1
 ✈✡✕✑ l

2
 ❄✑❅❄✑ ✣✘✾ ✙✕✘✧

✈✞✟ ✠✡☛ ☞✌✍✎☛✏✡✑ ✑☛✒✡✡✓✔ l
1
 ✈✡✕✑ l

2
 ❄✑❅❄✑ ✣✘✾ ✙✡☛✞✚ ✙✕✘ ✜✢✠ ✈✡✕✑ ✍☛♦✍✣ ✜✢✠ ✤✥❞✚ ✦✡✣ ❄✑❅❄✑

➼❆✡✡❇✗❞ ❈✜❉❇✍❊♦✗ ✙✕✧

✈❂✡✡✎✞❃   m
2
= 

1

1

m
 ✜✡  m

1
 m

2
 = – 1

✈✡❜✓✛ ✢✥❋✥✢✣✢✒✡✞ ✤✠✡✙✑❆✡ ❄✑ ✢✍●✡✑ ❞✑☛✘✟

♠✩✭✶✪❍✭ ■ ✤✥ ✑☛✒✡✡✈✡☛✘ ✍☛♦ ✦✡✣ ❏✡✞ ❞✚✢❑✓ ❑✡☛

(a) (3, – 2) ✈✡✕✑ (–1, 4) ✢✾✘✠❉✈✡☛✘ ✖☛ ✙✡☛❞✑ ❑✡✞✚ ✙✕✛

(b) (3, – 2) ✈✡✕✑ (7, –2) ✢✾✘✠❉✈✡☛✘ ✖☛ ✙✡☛❞✑ ❑✡✞✚ ✙✕✛

(c) (3, – 2) ✈✡✕✑ (3, 4) ✢✾✘✠❉✈✡☛✘ ✖☛ ✙✡☛❞✑ ❑✡✞✚ ✙✕✛

(d) ▲✥ x–✈▼✡ ✖☛ ◆✺° ❞✡ ❞✡☛❆✡ ✾✥✡✞✚ ✙✕✧

✶✳ (a) (3, – 2) ✈✡✕✑ (–1, 4) ✢✾✘✠❉✈✡☛✘ ✖☛ ❑✡✥☛ ✍✡✣✚ ✑☛✒✡✡ ❞✚ ✦✡✣

                                       
4 ( 2) 6 3

1 3 4 2
m

❖ ❖
P P P ❖

❖ ❖ ❖
 ✙✕

(b) (3, – 2) ✈✡✕✑ (7, –2) ✢✾✘✠❉✈✡☛✘ ✖☛ ❑✡✥☛ ✍✡✣✚ ✑☛✒✡✡ ❞✡ ✦✡✣

                                        
2 ( 2) 0

0
7 3 4

m
◗ ◗ ◗

❘ ❘ ❘
◗

✙✕

❙❚❯❱❲❳❨ 10. 5
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(c) (3, – 2) ✈☎✆✝ (3, 4) ❢✞✟✠✡✈☎☛✟ ☞☛ ✌☎✍☛ ✎☎✏✑ ✝☛✒☎☎ ✓☎ ✔☎✏

     
0

6

33

)2(4
✕

✖

✖✖
✕m , ✌☎☛ ❢✓ t❢✝✗☎☎❢✘☎✙ ✍✚✑✟ ✚✆✛

(d) ❀✚☎✜ ✝☛✒☎☎ ✓☎ ✢✡✓☎✎  ✣ = 60° ✛ ❆☞❢✏✤✥ ✝☛✒☎☎ ✓☎ ✔☎✏

     m = tan 60° = 3 ✚✆✛

10.2.3 ♥✦✧ ★✧✩✦✦✪✦✧✫ ✬✧✭ ✮✯✰ ✱✦ ✱✦✧✲✦ (Angle between two lines) ✌✞ ✚✳ ✤✓ ✙✏ ✳☛✟ ❢✴✵☎✙

✤✓ ☞☛ ✈❢✶✓ ✝☛✒☎☎✈☎☛✟ ✎☛✷ ✞☎✝☛ ✳☛✟ ❢✎✸☎✝ ✓✝✙☛

✚✆✟ ✙✞ ✠☛✒☎✙☛ ✚✆✟ ❢✓ ❀☎ ✙☎☛ ❀☛ ✝☛✒☎☎✤✜ t❣❢✙✹✺☛✠

✓✝✙✑ ✚✟✆✟ ❀☎ ☞✳☎✟✙✝ ✚☎☛✙✑ ✚✆✟✛ ❀✚☎✜ ✚✳ ✠☎☛

✝☛✒☎☎✈☎☛✟ ✎☛✷ ✞✑✸ ✎☛✷ ✓☎☛❥☎ t✝✥ ✻✍✎☛✷ ✔☎✏☎☛✟ ✎☛✷

t✠☎☛✟ ✳☛✟ ❢✎✸☎✝ ✓✝☛✟✐☛✛

✳☎✍ ✏✑❢✌✤ ✠☎☛ ❡✼✎✽☛✾☎✝ ✝☛✒☎☎✈☎☛✟  L
1
✈☎✆✝

L
2
 ✎☛✷ ✔☎✏ ♦✳✿☎❁ m

1
 ✈☎✆✝ m

2
✚✆✛ ❀❢✠

L
1
✈☎✆✝ L

2 
✎☛✷ ✢✡✓☎✎ ♦✳✿☎❁ ✣

1
 ✈☎✆✝ ✣

2
 ✚☎☛✟

✙☎☛

1 1 22
❂ ❂tan tanm m❃❄❅❙

✚✳ ✌☎✍✙☛ ✚✆✟ ❢✓ ✌✞ ✠☎☛ ✝☛✒☎☎✤✜ t✝✴t✝

t❣❢✙✹✺☛✠ ✓✝✙✑ ✚✆✟ ✙✞ ✎☛ ✠☎☛ ✿☎✑✘☎☎✽❢✗☎✳✡✒☎ ✓☎☛❥☎☎☛✟

✎☛✷ ❀✡❇✳ ✞✍☎✙✑ ✚✆✟ ✌☎☛ ✤☛☞☛ ✚✆✟ ❢✓ ❢✓❈✚✑✟ ✠☎☛

☞✟✏❇✍ ✓☎☛❥☎☎☛✟ ✓☎ ❀☎☛✐ 180° ✚✆✛ ✳☎✍ ✏✑❢✌✤ ❢✓ ✝☛✒☎☎✈☎☛✟ L
1
✈☎✆✝ L

2 
✎☛✷ ✞✑✸ ☞✟✏❇✍ ✓☎☛❥☎ ❉ ✈☎✆✝ ❊

✚✆✟ ❋✈☎✎●✷❢✙ ❍■❏❑▲✛ ✙✞

❉ = ▼
2
 – ▼

1
 ✈☎✆✝ ▼

1
, ▼

2
  ◆ 90°

❆☞❢✏✤, tan ❉ = tan (▼
2
 – ▼

1
) 2 1 2 1

1 2 1 2

tan tan
–

1 tan tan 1

m m

m m

❖ ❖
P P

◗ ◗

❘ ❘

❘ ❘
   (❚❀☎☛✟❢✓ 1 + m

1
m

2 
◆ 0)

✈☎✆✝ ❊ = 180° – ❉

❆☞ t❣✓☎✝ tan ❊ = tan (180° – ❉ ) = – tan ❉ = 
2 1

1 21

m m

m m
, ❚❀☎☛✟❢✓ 1 + m

1
m

2
 ◆ 0

✈✞✥ ✠☎☛ ❢✴✵☎❢✙❀☎✜ ✻❯t❈✍ ✚☎☛✙✑ ✚✟✆❁

❱❲❳❨❱❩  I  ❀❢✠ 
mm

mm

21

12

1❬

❭
✶✍☎❯✳✓ ✚✆✥ ✙✞ tan ❉ ✶✍☎❯✳✓ ✚☎☛✐☎ ✈☎✆✝ tan ❊ ➼❥☎☎❯✳✓ ✚☎☛✐☎ ❢✌☞✓☎

❪❨❫❴❵❱❩ 10. 6
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✈✞✟✠ ✡☛ ☞ ❯✌✍✎✏✟✑✒✟ ✡✟✑✓✟ ✈✟☛✔ ✕ ✈✖✗✏ ✏✟✑✒✟ ✡✟✑✓✟✘

❢✙✚✛❢✜ II  ✌✖❀  
mm

mm

21

12

1✢

✣
➼✒✟✟✤✥✏ ✡☛✦ ✧★ tan ☞ ➼✒✟✟✤✥✏ ✡✟✑✓✟ ✈✟☛✔ tan ✕ è✟✎✟✤✥✏ ✡✟✑✓✟

✖✩✪✏✟ ✈✞✟✠ ✡☛ ☞ ✈✖✗✏ ✏✟✑✒✟ ✡✟✑✓✟ ✈✟☛✔ ✕ ❯✌✍✎ ✏✟✑✒✟ ✡✟✑✓✟✘

❜✪ ✫✬✏✟✔✦ m
1
 ✈✟☛✔ m

2
, ❁✟✭ ✮✟✭✯ ✔✑✰✟✟✈✟✑✱  L

1
 ✈✟☛✔ L

2
 ✮✑♦ ★✯✲ ✏✟ ❯✌✍✎ ✏✟✑✒✟ ✳✥✟✎✟ ✖✏ ☞)

❜✪ ✫✬✏✟✔ ✡☛✦

2 1
1 2

1 2

tan ✴ , 1 0
1

m m
m m

m m

✵
✶ ✷ ✸

✷
t✹❦→ ... (1)

✈✖✗✏ ✏✟✑✒✟ ✳✥✟✎✟ ✖✏ ✕) ✕ =1800 – ☞ ✮✑♦ ✫✬✌✟✑✓ ✪✑ ✫✬✟✺✧ ✖✏✌✟ ✩✟ ✪✏✧✟ ✡☛✘

♠✻✛✼✽✾✛ 2  ✌✖❀ ❀✟✑ ✔✑✰✟✟✈✟✑✱ ✮✑♦ ★✯✲ ✏✟ ✏✟✑✒✟ 
✿

4
 ✡☛ ✈✟☛✔ ❣✏ ✔✑✰✟✟ ✏✯ ❁✟✭

1

2
 ✡☛ ✧✟✑ ❀✍✪✔✯ ✔✑✰✟✟

✏✯ ❁✟✭ ❞✟✧ ✏✯✖✩❣✘

✼❂  ✡✥ ✩✟✎✧✑ ✡☛✱ ✖✏ m
1
 ✈✟☛✔  m

2
❁✟✭ ✮✟✭✯ ❀✟✑ ✔✑✰✟✟✈✟✑✱ ✮✑♦ ★✯✲ ❯✌✍✎✏✟✑✒✟ ☞ ❜✪ ✫✬✏✟✔ ✡☛ ✖✏

2 1

1 2

tan✴
1

m m

m m

✵
✶

✷
... (1)

✌✡✟❃  m
1 
= 

1

2
, m

2
 = m ✈✟☛✔ ☞ =

✿

4

✈★ ✳❄❅ ✥✑✱ ❜✎ ✥✟✎✟✑✱ ✏✟✑ ✔✰✟✎✑ ✫✔

1 1

❆ 2 2tan   1
1 14

1 1
2 2

m m

,

m m

❇❈

✖✩✪✪✑ ✫✬✟✺✧ ✡✟✑✧✟ ✡☛

1 1

2 21 1
1 1

1 1
2 2

m m

–

m m

❉❊

❜✪✖✭❣✦
1

3
3

m m❋●



224 ①�✁✂✄

✈☎✆ ✝✞✟✠✡ ✠☛☞✌✌ ✍✡ ✎✌✏ 3 ❀✌
1

3
❣✑✒ ✈✌✓✔✕✖☎ ✗✘✙✚ ✛☛✜ ✝✌☛ ✢✣✌✠ ✍✌ ✍✌✠✤✌ ✥✦✧★ ✖✍❀✌ ✩❀✌ ❣✑✒

♠✪✫✬✭✮✬ ✯ (–2, 6) ✈✌✑✠ (4, 8) ✖❢✜✝✰✈✌☛✜ ✍✌☛ ✖✛✏✌✱☛ ✓✌✏✡ ✠☛☞✌✌✲ (8, 12) ✈✌✑✠ (x, 24) ✖❢✜✝✰✈✌☛✜  ✍✌☛

✖✛✏✌✱☛ ✓✌✏✡ ✠☛☞✌✌ ✦✠ ✏✜❢ ❣✑✒ x ✍✌ ✛✌✱ ❞✌☎ ✍✡✖✳✴✒

✫✵  (– 2, 6) ✈✌✑✠ (4, 8) ✖❢✜✝✰✈✌☛✜ ✟☛ ✳✌✱☛ ✓✌✏✡ ✠☛☞✌✌ ✍✡ ✎✌✏ ✶ ✷
1

8 6 2 1

4 2 6 3
m

✸
✹ ✹ ✹

✸ ✸

(8, 12) ✈✌✑✠ (x, 24) ✖❢✜✝✰✈✌☛✜ ✟☛ ✳✌✱☛ ✓✌✏✡ ✠☛☞✌✌ ✍✡ ✎✌✏ 2

24 12 12

8 8
m

x x

✺
✻ ✻

✺ ✺

❉❀✌☛✜✖✍ ✝✌☛✱✌☛✜ ✠☛☞✌✌✴✼ ✏✜❢ ❣✑✜ ✽✟✖✏✴, m
1
 m

2
 = –1, ✖✳✟✟☛ ✦✾✌✿☎ ❣✌☛☎✌ ❣✑

1 12
1 = 4

3 8
x

x
❁ ✻ ✺

✺
❂ ❃ .

10.2.4 r❄❅ ❆❇❈❊❋●❍■❈ ❏❄ ❑❈▲■▼❍r❍

(Collinearity of three points) ❣✛ ✳✌✱☎☛

❣✑✜ ✖✍ ✝✌☛ ✟✛✌✜☎✠ ✠☛☞✌✌✈✌☛✜ ✓☛✕ ✎✌✏ ✟✛✌✱ ❣✌☛☎☛

❣✑✜✒ ❀✖✝ ✟✛✌✱ ✎✌✏ ✓✌✏✡ ✝✌☛ ✠☛☞✌✌✴✼ ✴✍ ❣✡

✖❢✜✝✰ ✟☛ ❣✌☛✍✠ ✳✌☎✡ ❣✑✜✲ ☎✌☛ ✈✌✓◆❀✍ ❖✦ ✟☛

✓☛ ✟✜✦✌☎✡ (coincident) ❣✌☛☎✡ ❣✑✜✒ ✈☎✆ ❀✖✝

XY-☎✏ ✛☛✜ A, B ✈✌✑✠ C ☎✡✱ ✖❢✜✝✰ ❣✑✜✲ ☎❢ ✓☛

✴✍ ✠☛☞✌✌ ✦✠ ❣✌☛✜✩☛ ✈P✌✌◗☎❘ ☎✡✱✌☛✜ ✖❢✜✝✰ ✟✜✠☛☞✌ ❣✌☛✜✩☛

❙✈✌✓✔✕✖☎ ✗✘✙❚❯ ❀✖✝ ✈✌✑✠ ✓☛✕✓✏ ❀✖✝ AB

✍✡ ✎✌✏ = BC ✍✡ ✎✌✏✒

❱✬❲❳❨❩❬ 10. 7

❱✬❲❳❨❩❬ 10. 8
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♠✞✟✠✡☛✟ ☞  r✌✍ ✎✏✑✒✓ P (h, k), Q (x
1
, y

1
) ✈✔✕✖ R (x

2
, y

2
) ✱✗ ✖✘✙✔✔ ✚✖ ✛✕✑✜ ✎✒✙✔✔✢✱

(h – x
1
) (y

2
 – y

1
)  = (k – y

1
) (x

2
 – x

1
)

✠❣  ❉✣✔✘✑✎✗ ✎✏✑✒✓ P, Q ✈✔✕✖ R ✤✑✖✘✙✔ ✛✕✑✥ ✛✦ ✚✔r✘ ✛✕

PQ ✗✌ ❞✔✧ = QR ✗✌ ❞✔✧ ✈★✔✔✩r✪
1 2 1

1 2 1

ky y y

x h x x

✣✔  
1 2 1

1 2 1

k y y y

h x x x
,

✣✔ (h – x
1
) (y

2
 – y

1
)  = (k – y

1
) (x

2
 – x

1
)

♠✞✟✠✡☛✟ ✫  ✈✔✬✭✮✎r 10.9, ✦✘✑ ✱✗ ✖✕✎✙✔✗ ❡✎r ✗✔ ✤✦✣ ✈✔✕✖ ✒✯✖✌ ✗✔ ✧✘✙✔✔✎✰✲✔ ✎✒✣✔ ✛✕✜ ✤✦✣ ✈✔✕✖

✒✯✖✌ ✗✌ ✒✔✘ ✎♥★✔✎r✣✔✳✥ ✴✏ T = 0, D = 2 ✈✔✕✖

✴✏ T = 3, D = 8 ✈✑✎✗r ✗✌ ❡✢✵ ✛✕✑✜ ❞✔✧ ✗✌

✤✑✗✶✚✍✔ ✗✔ ✚✷✣✔✘❡ ✗✖✬✘✮ ❡✎r ✗✔ ✎✍✣✦ ✸✔r

✗✌✎✴✱ ✈★✔✔✩r✪ ✒✯✖✌✥ ✤✦✣ ✚✖ ✎✗✤ ✚✷✗✔✖

✈✔✎✹r ✛✕✺

✠❣ ✦✔✍ ✧✌✎✴✱ ✎✗ ✖✘✙✔✔ ✚✖ ✗✔✘✢✩ ✎✏✑✒✓

(T, D) ✛✕ ✴✛✔✳ T ✤✦✣ ✚✖ D ✒✯✖✌ ✎✍✻✎✚r ✛✕✜

✢✤✎✧✱✥ ✎✏✑✒✓ (0, 2), (3, 8) ✈✔✕✖ (T, D) ✤✑✖✘✙✔

✛✕✜ ✢✤ ✚✷✗✔✖

8 2 D 8
6 (T 3) 3 (D 8)

3 0 T 3
❀✼

✣✔ D = 2(T + 1), ✴✔✘ ✎✗ ✈t✔✌✽✾ ✤✑✏✑✿ ✛✕✜

✐❁❂❃✟❄❣❅ ❆❇❈❆

1. ✗✔r✌✩✣ r✧ ✦✘✑ ✱✗ ✰r✓t✔✩✓✴ ✙✔✌✑✎✰✱ ✎✴✤✗✘ ❊✔✌✽✔✩ (– 4, 5),  (0, 7), (5, – 5) ✈✔✕✖ (– 4, –2)

✛✕✑✜ ✢✤✗✔ ❋✔✘✲✔✚✮✧ t✔✌ ✸✔r ✗✌✎✴✱✜

2.  2a t✔✓✴✔ ✬✘✮ ✤✦✏✔✛✓ ✎✲✔t✔✓✴ ✗✔ ✈✔✿✔✖ y-✈❋✔ ✬✘✮ ✈✍✓✎✒❊✔ ✢✤ ✚✷✗✔✖ ✛✕ ✎✗ ✈✔✿✔✖ ✗✔ ✦●✣

✎✏✑✒✓ ✦✯✧ ✎✏✑✒✓ ✚✖ ✛✕✜ ✎✲✔t✔✓✴ ✬✘✮ ❊✔✌✽✔✩ ✸✔r ✗✌✎✴✱✜

3. P (x
1
, y

1
) ✈✔✕✖ Q (x

2
, y

2
) ✬✘✮ ✏✌✰ ✗✌ ✒✯✖✌ ✸✔r ✗✌✎✴✱ ✴✏ : (i) PQ, y-✈❋✔ ✬✘✮ ✤✦✔✑r✖

✛✕✥ (ii) PQ, x-✈❋✔ ✬✘✮ ✤✦✔✑r✖ ✛✕✜

4. x-✈❋✔ ✚✖ ✱✗ ✎✏✑✒✓ ✸✔r ✗✌✎✴✱ ✴✔✘ (7, 6) ✈✔✕✖ (3, 4) ✎✏✑✒✓✈✔✘✑ ✤✘ ✤✦✔✍ ✒✯✖✌ ✚✖ ✛✕✜

❍✟❄■❏❑▲ 10.9
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5. ❥☎✆✝✝ ✞✟ ✠✝✡ ☛✝☞ ✞✟✌✍✎ ✍✝☎ ✏✑✡ ✌✒✓✔✕ ✖✝✗❥ P (0, – 4) ☞r✝✝ B (8, 0) ✌✒✓✔✕✖✝☎✓ ✞✝☎ ✌✏✡✝❢☎ ✘✝✡☎

❥☎✆✝✝✆✝✓✙ ✘☎✚ ✏✛✜ ✌✒✓✔✕ ✢☎ ✍✝☞✟ ✣✓✗✤

6. ✐✝✥r✝✝✦✝☎❥✢ ✐✧✏☎✜ ✘☎✚ ✐✧✜✝☎✦ ✌✒❢✝ ✌✔✆✝✡✝✥✎ ✌✞ ✌✒✓✔✕ (4, 4), (3, 5) ✖✝✗❥ (–1, –1) ✎✞ ✢✏✞✝☎✱✝

✌★✝✩✝✕✍ ✘☎✚ ✪✝✟✫✝✬ ✣✗✓✤

7. ♠✢ ❥☎✆✝✝ ✞✝ ✢✏✟✞❥✱✝ ☛✝☞ ✞✟✌✍✎ ✍✝☎ y✭✖✮✝ ✞✟ ✯❢ ✌✔✪✝✝ ✢☎ ✘✝✏✝✘✰✝✬ ✏✝✐✝ ✦✜✝ 30° ✞✝

✞✝☎✱✝ ✒❢✝☞✟ ✣✗✤

8. x ✞✝ ✘✣ ✏✝❢ ☛✝☞ ✞✟✌✍✎ ✌✍✢✘☎✚ ✌✡✎ ✌✒✓✔✕ (x, – 1), (2,1) ✖✝✗❥ (4, 5) ✢✓❥☎✆✝ ✣✓✗✤

9. ✔✑❥✟ ✢✑★✝ ✞✝ ✐✧✜✝☎✦ ✌✞✎ ✌✒❢✝ ✌✔✆✝✡✝✥✎ ✌✞ ✌✒✓✔✕  (– 2, – 1), (4, 0), (3, 3) ✖✝✗❥ (–3, 2) ✎✞

✢✏✝✓☞❥ ❧☞✕✩✝✕✬✍ ✘☎✚ ✪✝✟✫✝✬ ✣✗✓✤

10. x-✖✮✝ ✖✝✗❥ (3,–1) ✖✝✗❥ (4,–2) ✌✒✓✔✕✖✝☎✓ ✞✝☎ ✌✏✡✝❢☎ ✘✝✡✟ ❥☎✆✝✝ ✘☎✚ ✒✟❧ ✞✝ ✞✝☎✱✝ ☛✝☞ ✞✟✌✍✎✤

11. ✎✞ ❥☎✆✝✝ ✞✟ ✠✝✡ ✔✑✢❥✟ ❥☎✆✝✝ ✞✟ ✠✝✡ ✞✝ ✔✕✦✕❢✝ ✣✗✤ ✜✌✔ ✔✝☎❢✝☎✓ ✘☎✚ ✒✟❧ ✘☎✚ ✞✝☎✱✝ ✞✟ ✲✐✪✝✬✳✜✝

✴tangent✵
3

1
 ✣✗ ☞✝☎ ❥☎✆✝✝✖✝☎✓ ✞✟ ✠✝✡ ☛✝☞ ✞✟✌✍✎✤

12. ✎✞ ❥☎✆✝✝ (x
1
, y

1
) ✖✝✗❥ (h, k) ✢☎ ✍✝☞✟ ✣✗✤ ✜✌✔ ❥☎✆✝✝ ✞✟ ✠✝✡ m ✣✗ ☞✝☎ ✌✔✆✝✝✥✎

k – y
1 
= m (h – x

1
).

13. ✜✌✔ ☞✟❢ ✌✒✓✔✕ (h, 0), (a, b) ✖✝✗❥ (0, k) ✎✞ ❥☎✆✝✝ ✐❥ ✣✗✓ ☞✝☎ ✌✔✆✝✝✥✎ ✌✞ 1✶✷
k

b

h

a
.

14. ✍❢✢✓✆✜✝ ✖✝✗❥ ✘✫✝✬ ✘☎✚ ✌❢t❢✌✡✌✆✝☞ ✡☎✆✝✝✌❧★✝ ✐❥ ✌✘❧✝❥ ✞✟✌✍✎ (✖✝✘✈✚✌☞ 10.10)✤

❥☎✆✝✝ AB ✞✟ ✠✝✡ ☛✝☞ ✞✟✌✍✎ ✖✝✗❥ ✥✢✘☎✚ ✐✧✜✝☎✦ ✢☎ ✒☞✝✥✎ ✌✞ ✘✫✝✬ ❞✸✹✸ ✏☎✓ ✍❢✢✓✆✜✝ ✌✞☞❢✟
✣✝☎✦✟❣

✺✻✼✽✾✿❀ 10.10
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10.3  ❥✞✟✠✠ ✡✞☛ ☞✌✍✎❥✏✠ ✡✞☛ ✑✡✑✡✒ ✓✔ (Various Forms of the Equation

of a Line)

❣✕ ✖✗✘✙✚ ❣✛✜ ✢✣ ✢✣✤✥ ✙✦ ✕✚✜ ✢✧★✗✙ ✩✣ ✪✚✫✗✗ ✕✚✜ ✢✬✜✭✮✯✗✚✜ ✣✥ ✤✜✫✰✗ ✯✘✜✙ ❣✗✚✙✥ ❣✛✱ ✪✚✫✗✗ ✯✗✛✪ ✢✬✜✭✮✯✗✚✜

✣✚ ✬✥❞ ✣✗ ✩✣ ✤✜✬✜✲ ❣✕✚✜ ✢✘✳✘✢✦✢✫✗✙ ✤✕✧✰✗ ✣✗✚ ❣✦ ✣✪✘✚ ✕✚✜ ✤❣✗✰✣ ❣✗✚✙✗ ❣✛✴

❣✕ ✵✛✶✤✚ ✣❣ ✤✣✙✚ ❣✛✜ ✢✣ ✢✭✰✗ ✷✰✗ ✢✬✜✭✮ ✢✣✤✥ ✭✥ ❣✮✸✹ ✪✚✫✗✗ ✺✪ ✢✧★✗✙ ❣✛✻ ✸✤✣✗ ✼✽✗✪ ✰❣

❣✗✚ ✤✣✙✗ ❣✛ ✢✣ ❣✕✚✜ ✢✬✜✭✮✯✗✚✜ ✵✚✶ ✪✚✫✗✗ ✺✪ ❣✗✚✘✚ ✣✗ ✢✘✢✾❞✙ ✺✿✢✙✬✜✲ ❀✗✙ ❣✗✚✱ ✣❁✺✘✗ ✣✥✢✖✩ ✢✣ XY-

✙✦ ✕✚✜ P (x, y) ✩✣ ✧✵✚❂❃ ✢✬✜✭✮ ❣✛ L ✵✚✶ ✤✕✥✣✪❄✗ ❣✚✙✮ ❣✕ ✢✬✜✭✮ P ✵✚✶ ✢✦✩ ✩✣ ✩✚✤✚ ✣★✗✘ ✰✗

✺✿✢✙✬✜✲ ✣✥ ✪❞✘✗ ✣✪✘✗ ❞✗❣✙✚ ❣✛ ✜ ✖✗✚ ✵✚✶✵✦ ✼✤ ✭✾✗✗ ✕✚✜ ✤✐✰ ❣✗✚✙✗ ❣✛ ✖✬ ✢✬✜✭✮ P ✪✚✫✗✗ L ✺✪ ✢✧★✗✙

❣✗✚❅ ✯❆✰★✗✗ ✯✤✐✰ ❣✗✚✙✗ ❣✛✱ ✢✘✧✤✜✭✚❣ ✰❣ ✣★✗✘ ✩✣ ✩✚✤✗ ✬✥✖✷✢❄✗✙✥✰ ✤✕✥✣✪❄✗ ❣✛❅ ✢✖✤✕✚✜ x ✙★✗✗

y ✭✗✚✘✗✚ ✜ ❣✥ ✤✢✳✕✢✦✙ ❣✗✚✙✚ ❣✛ ✜✱

✯✬❅ ❣✕ ✢✵✢✈✗❆✘ ✺✿✢✙✬✜✲✗✚✜ ✵✚✶ ✯✜✙✷✹✙ ✪✚✫✗✗ ✣✥ ✤✕✥✣✪❄✗ ✺✪ ✢✵❞✗✪ ✣✪✚✜✷✚✱

10.3.1 ④❇❈❉❊❋ ●❍■❏❑❍❇▲▼◆ ◆❖P❇❇●◗ (Horizontal and vertical lines) ✰✢✭ ✩✣ ❘✗✛✢✙✖

✪✚✫✗✗ L, x-✯❘✗ ✤✚ a ✭♥✪✥ ✺✪ ❣✛ ✙✗✚ ✪✚✫✗✗ ✵✚✶ ✺✿✐✰✚✣ ✢✬✜✭✮ ✣✥ ✣✗✚✢❙ ✰✗ ✙✗✚  a ✰✗ – a ❣✛

[✯✗✵❚✶✢✙ 10.11 (a)]✱ ✸✤✢✦✩❅ ✪✚✫✗✗ L ✣✗ ✤✕✥✣✪❄✗ ✰✗ ✙✗✚  y =  a ✰✗ y = – a ❣✛✱ ✢❞❯ ✣✗ ❞✰✘

✪✚✫✗✗ ✣✥ ✢✧★✗✢✙ ✺✪ ✢✘✈✗✹✪ ✣✪✙✗ ❣✛ ✢✣ ✪✚✫✗✗  y-✯❘✗ ✵✚✶ ❱✺✪ ✰✗ ✘✥❞✚ ❣✛✱ ✸✤✥ ✺✿✣✗✪❅ x-✯❘✗ ✤✚

b ✭♥✪✥ ✺✪ ✢✧★✗✙ ✩✣ ❱❲✵✗✹✲✪ ✪✚✫✗✗ ✣✗ ✤✕✥✣✪❄✗ ✰✗ ✙✗✚ x = b ✰✗ x =  – b ❣✛ [✯✗✵❚✶✢✙ 10.11(b)]✱

♠❳❇❨◆❩❇ ❬ ✯❘✗✗✚ ✜ ✵✚✶ ✤✕✗✜✙✪ ✯✗✛✪ (– 2, 3)  ✤✚ ✖✗✘✚ ✵✗✦✥ ✪✚✫✗✗✯✗✚ ✜ ✵✚✶ ✤✕✥✣✪❄✗ ❀✗✙ ✣✥✢✖✩✱

❨❭ ✯✗✵❚✶✢✙ 10.12 ✕✚✜ ✪✚✫✗✗✯✗✚✜ ✣✥ ✢✧★✗✢✙✰✗❡ ✭✾✗✗✹✸✹ ✷✸✹ ❣✛✜✱  x-✯❘✗ ✵✚✶ ✤✕✗✜✙✪ ✪✚✫✗✗ ✵✚✶ ✺✿✐✰✚✣ ✢✬✜✭✮ ✵✚✶

y-✢✘✭✚✹✾✗✗✜✣ ❢ ❣✜✛❅ ✸✤✢✦✩ x-✯❘✗ ✵✚✶ ✤✕✗✜✙✪ ✯✗✛✪ (– 2, 3) ✤✚ ✖✗✘✚ ✵✗✦✥ ✪✚✫✗✗ ✣✗ ✤✕✥✣✪❄✗

❪❇❍❫❴❉❊ 10.11
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y = 3 ❣☎✆ ✝✞✟ ✠✡☛☞✌✍ y-✈✎☞ ✏✑✒ ✞✓☞✔✕✌ ✈☞☎✌ (– 2, 3)

✞✑ ❧☞✖✑ ✏☞✗✟ ✌✑✘☞☞ ☛☞ ✞✓✟☛✌✙☞ x = – 2 ❣☎

✭✈☞✏✚✒✛✕ ✜✢✣✜✤✥✆

10.3.2 ❢✦✧★✩✪✫✬✮ ✯✰ (Point-slope form)  ☛❞✠✖☞

☛✟✛❧✱ ✛☛ P
0
 (x

0
, y

0
) ✱☛ ✲✳✏✑✴✕✌ ✌✑✘☞☞ L, ✛❧✞☛✟

❁☞✗ m ❣☎✍ ✠✌ ✛✵✶☞✕ ✱☛ ✛✖✷✕ ✛✸✔✹✺ ❣☎✆ ✓☞✖ ✗✟✛❧✱

✛☛ L ✠✌ ✱☛ ✵✏✑✐✻ ✛✸✔✹✺ P (x, y) ❣☎✆✭✈☞✏✚✒✛✕ ✜✢✣✼✥

✕✸✍ ✠✛✌r☞☞✽☞☞ ✞✑✍ L ☛✟ ❁☞✗ ✝✞ ✠✡☛☞✌ ❣☎
0

00
0

, ,   
y y

x xm y my
x x

✾✿❦❦❀❩ ❂ ..(1)

❉✷☞✑✔✛☛ ✛✸✔✹✺ P
0
 (x

0 
, y

0
) L ✏✑✒ ✞r☞✟ ✛✸✔✹✺✈☞✑✔

(x, y) ✏✑✒ ✞☞✶☞ (1) ☛☞✑ ✞✔✕✺✽❃ ☛✌✕☞ ❣☎ ✈☞☎✌ ✕✗

☛☞ ☛☞✑✝✴ ✈❄✷ ✛✸✔✹✺ (1) ☛☞✑ ✞❄✕✺✽❃ ✖❣✟✔ ☛✌✕☞ ❣☎✆

✝✞✛✗✱ ✞✓✟☛✌✙☞ (1) ❣✟ ✏☞✵✕✏ ✓✑✔ ✹✟ ❣✺✝✴ ✌✑✘☞☞

L ☛☞ ✞✓✟☛✌✙☞ ❣☎✆

✝✞ ✠✡☛☞✌✍ ✛✖✷✕ ✛✸✔✹✺ (x
0
, y

0
) ✞✑ ❧☞✖✑

✏☞✗✟ ❁☞✗ m ☛✟ ✌✑✘☞☞ ✠✌ ✛✸✔✹✺ (x, y) ❣☎ ✷✛✹

✈☞☎✌ ✏✑✒✏✗ ✷✛✹ ✝✞✏✑✒ ✛✖✹✑ ✴❅☞☞✔☛ ✞✓✟☛✌✙☞

y – y
0
 = m (x – x

0
)

☛☞✑ ✞✔✕✺✽❃ ☛✌✕✑ ❣☎✔✆

♠❆❇❈❊❋❇ ●  (– 2, 3) ✞✑ ❧☞✖✑ ✏☞✗✟ ❁☞✗❍■ ☛✟ ✌✑✘☞☞ ☛☞ ✞✓✟☛✌✙☞ ❏☞✕ ☛✟✛❧✱✆

❈❑  ✷❣☞▲ m = – 4 ✈☞☎✌ ✛✹✷☞ ✛✸✔✹✺ (x
0 
, y

0
) = (– 2, 3) ❣☎✆

▼✠✷✺✴❉✕ ✛✸✔✹✺❍❁☞✗ ◆✠ ✞❖P☞ ✭✜✥ ✞✑ ✹✟ ✌✑✘☞☞ ☛☞ ✞✓✟☛✌✙☞ y – 3 = – 4 (x + 2) ✷☞

4x + y + 5 = 0, ❣☎ ❧☞✑ ✈r☞✟✽❃ ✞✓✟☛✌✙☞ ❣☎✆

10.3.3 ★✬♥ ❢✦✧★✩ ✯✰ (Two-point form) ✓☞✖ ✗✟✛❧✱ ✌✑✘☞☞ L ✹☞✑ ✛✹✱ ✛✸✔✹✺✈☞✑✔  P
1
 (x

1
, y

1
) ✈☞☎✌ P

2

(x
2
, y

2
) ✞✑ ❧☞✕✟ ❣☎ ✈☞☎✌ L ✠✌ ◗✷☞✠☛ ✛✸✔✹✺ P (x, y) ❣☎ ✭✈☞✏✚✒✛✕ ✜✢✣✜■✥✆

✕✟✖ ✛✸✔✹✺ P
1
, P

2 
✈☞☎✌ P ✞✔✌✑✘☞ ❣☎✔✍ ✝✞✛✗✱✍

P
1
P ☛✟ ❁☞✗ = P

1
P

2 
☛✟ ❁☞✗

❘❇❙❚❯❱❲ 10.12

❘❇❙❚❯❱❲ 10.13
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✈✞✟✟✠✡☛
1 2 1

1 2 1

y y y y

x x x x

☞ ☞
✌

☞ ☞

❀✟
2 1

11
2 1

( )
y y

y xy x
x x

✍
✍ ✎ ✍

✍

❜✏ ✑✒✓✟✔✕ (x
1
, y

1
) ✈✟✖✔ (x

2
, y

2
)

❢✗✘✙✚✈✟✛ ✘ ✏✛ ✜✟✢✛ ✣✟✤✥ ✔✛✦✟✟ ✓✟

✏✧✥✓✔★✟

)( 1

12

12

1
xx

xx

yy
yy ✩

✩

✩
✪✩ ... (2)

♠✫✬✭✮✯✬ 8 ❢✗✘✙✚✈✟✛✘ (1, –1) ✈✟✖✔ (3, 5) ✏✛ ✰✟✛✓✔ ✜✟✢✛ ✣✟✤✥ ✔✛✦✟✟ ✓✟ ✏✧✥✓✔★✟ ❢✤❢✦✟✱✲

✭❣ ❀✰✟✳ x
1
 = 1, y

1
 = –1, x

2
 = 3  ✈✟✖✔ y

2
 = 5, ✙✟✛ ❢✗✘✙✚ ♥✑ ✏✴✵✟ ✶✷✸ ✣✛✹ ✑✒❀✟✛✺ ✏✛ ✔✛✦✟✟ ✓✟

✏✧✥✓✔★✟✕ ✰✧ ✑✟✡✛ ✰✖✘

✻ ✼
✻ ✼

✻ ✼
5 1

1 1
3 1

y x
✍ ✍

✍ ✍ ✎ ✍
✍

❀✟       043 ✽✾✾✿ yx , ✜✟✛ ✈t✟✥❁❂ ✏✧✥✓✔★✟ ✰✖✲

10.3.4 ❃❄❅ ❆❇❈❉❊❄❇❋ ●❍ (Slope-intercept form) ✓t✟✥❞✓t✟✥ ✰✧✛✘ ✱✓ ✔✛✦✟✟ ✓✟ ✧✟✢ ■✏✓✥

❏✟✤ ✡✞✟✟ ■✏✣✛✹ ❑✟✔✟ ❢✓✏✥ ✱✓ ✈▲✟ ✑✔ ✓✟❂✛ ✺✱ ✈✘✡▼✦✟✘◆ ❑✟✔✟ ✰✟✛✡✟ ✰✖✲

❖P◗✬❖❘ I ✓❙✑✢✟ ✓✥❢✜✱ ❢✓ ❏✟✤ m ✓✥ ✔✛✦✟✟

L,  y-✈▲✟ ✑✔ ✧✴✤ ❢✗✘✙✚ ✏✛ c ✙✴✔✥ ✑✔ ✑✒❢✡❚❯✛✙

✓✔✡✥ ✰✖ ✶✈✟✣❱✹❢✡ ❲❳❨❲❩✸✲ ✙✴✔✥ c ✔✛✦✟✟ L ✓✟

y-✈✘✡▼✦✟✘◆ ✓✰✤✟✡✥ ✰✖✲ ❬✑❁❂ ♥✑ ✏✛ ■✏ ❢✗✘✙✚

✣✛✹ ❢✢✙✛✠♦✟✟✘✓ ✜✰✟✳ ❀✰ ✔✛✦✟✟ y-✈▲✟ ✏✛ ❢✧✤✡✥ ✰✖✕

(0, c) ✰✖✘✲ ❜✏ ✑✒✓✟✔ L ✓✥ ❏✟✤ m ✰✖ ✈✟✖✔ ❀✰

✱✓ ❢❬✞✟✔ ❢✗✘✙✚ (0, c) ✏✛ ✰✟✛✓✔ ✜✟✡✥ ✰✖✲ ❜✏❢✤✱✕

❢✗✘✙✚❞❏✟✤ ♥✑ ✏✛✕ L ✓✟ ✏✧✥✓✔★✟

y – c = m (x – 0 )

❀✟ y = mx + c

❜✏ ✑✒✓✟✔✕ ❏✟✤ m ✡✞✟✟ y ❞ ✈✘✡▼✦✟✘◆ c ✣✟✤✥ ✔✛✦✟✟ ✑✔ ❢✗✘✙✚ (x, y) ✣✛✹✣✤ ✈✟✖✔ ✣✛✹✣✤ ✡t✟✥ ✰✟✛✺✥

❭✬❪❫❴❖❘ 10.14

❭✬❪❫❴❖❘ 10.15



230 ①�✁✂✄

❀☎✆ cmxy ✝✞ ... (3)

è❀✟✠ ✆✡☎☛☞ ☎✌ c ✌✟ ✥✟✠ ✍✠✟✎✥✌ ❀✟ ✏✑✟✟✎✥✌ ✒✟✓✔✟ ❀☎✆ y✫✕✖✟ ✗✓ ✕✘✙✚✛✟✘✜ ✢✥✣✟✚ ✍✠ ❀✟

✏✑✟ ➼✟✟✔ ✗✓ ✤✠✟ ✒✟✓✦

❢✧★✩❢✪ II ✌❞✬✠✟ ✌✡☎☛☞ ✭✟✮ m ♦✟✮✡ ✯✓✛✟✟ x-✕✖✟ ✗✓ d ✕✘✙✚✛✟✘✜ ✤✠✟✙✡ ✒✈✦ ✙✤ ✯✓✛✟✟ L ✌✟

✗✥✡✌✯✑✟ ✒✈✦  dxmy ✰✱ ( ) ... (4)

☎✲✳✟☎✙ ✴✵✶ ✥✓✘ ✌✒✡ ♦☎✑✟✷✙ ✗✓ ☎♦✸✟✳✟✡✷ ✲♦❀✘ ✹✗ ✗✥✡✌✯✑✟ ✌✟✓ ✬✺✟✻✙ ✌✯ ✗✌✙✓ ✒✈✘✦

♠✼✩✽✾✿✩ ❁  ❂✠ ✯✓✛✟✟✕✟✓✘ ♦✓❃ ✗✥✡✌✯✑✟ ☎✮☎✛✟☞ ☎☛✠♦✓❃ ☎✮☞ tan ❄ = 
2

1
, ☛✒✟t ❄ ✯✓✛✟✟ ✌✟ ❥❅✌✟♦

✒✈ ✕✟✈✯ (i) y-✕✘✙✚✛✟✘✜ – 
3

2
✒✈❣ (ii) x-✕✘✙✚✛✟✘✜ 4 ✒✈✦

✽❆  (i) ❀✒✟t ✯✓✛✟✟ ✌✡ ✭✟✮ = m = tan ❄  = 
1

2
✕✟✈✯ y - ✕✘✙✚✛✟✘✜ c = – 

3

2
. ✹✗☎✮☞❣ ✭✟✮✫✕✘✙✚✛✟✘✜

❇✬ ❂✬❀❅✷❈✙ ✗❉❊✟ ✴❋✶ ✗✓ ✯✓✛✟✟ ✌✟ ✗✥✡✌✯✑✟
1 3

2 3 0
2 2

y x y x● ❍ ❍ ■ ●❏❑  ✒✈❣ ☛✟✓ ✕➼✟✡▲▼

✗✥✡✌✯✑✟ ✒✈✦

(ii) ❀✒✟t❣ m = tan ❄  = 
2

1
✕✟✈✯ d = 4

✹✗☎✮☞❣ ✭✟✮✫✕✘✙✚✛✟✘✜ ❇✬ ❂✬❀❅✷❈✙ ✗❉❊✟ ✴❜✶ ✗✓ ✯✓✛✟✟ ✌✟ ✗✥✡✌✯✑✟

1
( 4) 2 4 0

2
y x y x◆ ❖ ❖ P ◆◗ ❘ ,

✒✈❣ ☛✟✓ ✕➼✟✡▲▼ ✗✥✡✌✯✑✟ ✒✈✦

10.3.5 ❙❚❯❱❬❲❚❳❨❩❭ (Intercept - form) ✌❞✬✠✟

✌✡ ☎☛☞ ☎✌ ☞✌ ✯ ✓✛ ✟ ✟ L, x-✕ ✘ ✙✚ ✛ ✟ ✘✜

a ✕✟✈✯ y-✕✘✙✚✛✟✘✜ b ✤✠✟✙✡ ✒✈✦ ✲✬▲▼✙❀✟ L, x-✕✖✟

✗✓ ☎✤✘✆❅ (a, 0) ✕✟✈✯ y-✕✖✟ ✗✓ ☎✤✘✆❅ (0, b) ✬✯

☎✥✮✙✡ ✒✈ ✴✕✟♦❪❃☎✙ 10.16) ✦

✯✓✛✟✟ ♦✓❃ ✆✟✓ ☎✤✘✆❅ ❇✬ ✗✥✡✌✯✑✟ ✗✓

0
0 ( )

0

b
y x a ay bx ab

a

❍
❍ ● ❍ ● ❍ ■

❍
❏ ❑ ,

❫✩❴❵❛❢✪ 10.16
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✈✞✟✟ ✠✡☛ 1☞✌
b

y

a

x

❜ ✍ ✎✏✑✟ ✒✓ x✫✈ ✔✟ ✈✟ ✕ ✒ y✫✈ ✔✟ ✍✖ ✗✘✙✟ ✚ a ✈✟ ✕ ✒ b ✈ ✥✡ ✚ ✛✟ ✥✜ ✢✣✟ ✣✖ ✤✟ ✦ ✧ ✒✖ ✛✟ ✟ ✑✟ ✍✘ ✧✑ ✒★✟

❢✣ ✩✣ ❢✦ ❢✛✟ ✡ ✪✕ ✚ 1✬✭
b

y

a

x
... (5)

♠ ✮✯ ✰✱✲✯ ✳ ✴ ✵✑ ✒✖ ✛✟ ✟ ✑✟ ✍✘ ✧✑ ✒★✟ ✶✟ ✡ ✑ ✧❢✷ ✵ ✷✟ ✖ x- ✈✟ ✕ ✒ y-✈ ✔✟ ✍✖ ✗✘✙ ✟✚ –3 ✈✟ ✕ ✒  2 ✤✖ ✸

✈ ✥✡ ✚ ✛✟ ✥✜ ✢ ✣✟ ✡ ✧ ✪✕ ✹

✰ ❣ ✺ ✪ ✟ ✻ a = –3 ✈ ✟ ✕ ✒ b = 2. ✼ ✎ ✺ ✽ ✠ ✾ ✡ ✈ ✥ ✡ ✚ ✛ ✟ ✥ ✜ ✿ ✎ ❀ ❁ ❂ ✍ ✖ ✒ ✖ ✛ ✟ ✟ ✑ ✟ ✍ ✘ ✧ ✑ ✒ ★ ✟

1 2 3 6 0
3 2

x y
x y❃ ❄ ❅ ❃ ❄

❅
❆ ❇

10.3.6 ②❈ ❉ ❊❋ (Normal  form)  ✑❞ ✎✣✟ ✑✧❢✷✵ ❢✑ ❢✣ ✩✣ ❢✦ ❢✛✟ ✡ ✈✟ ✻✑ ✜●✟ ✖ ✥ ✍❢✪✡ ✪ ✘✑✟✖ ✵✑

✼✸❍ ✤✠✖ ✡ ✒ ✒✖ ✛✟ ✟ ✶✟✡ ✪ ✕ ✹

(i) ✘❡✦ ❢✢✥■ ✽ ✍✖ ✒✖ ✛✟ ✟ ✎✒ ✦ ✥✢ ✑ ✧ ✦ ✥✢✟❜ ✠✹

(ii) ✦ ✥✢ ✵✤✥ ❏✣ x✫✈ ✔✟ ✤✖ ✸ ✢✧❑ ✑✟ ✑✟✖ ★✟ ✹

▲✯ ▼ ◆❖P ◗ 10.17
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❡☎✆ ✝✞✟✠✡ ✟☛  L ✡☛ ✱☞✌☎☎ ✍✎ ✟✠✏☛✞ ❡✑✝ ✟✒✓✔✕ O ✏☞ ✝☎✓✟✒☛ ✔✑✱✞ OA = p ✈☎✎✱ ✖✆

x-✈✗☎ ✈☎✎✱ OA ♦☞✘ ✒✞✙ ☛☎ ☛☎☞✚☎ ✛XOA = ✜. ☛☎❞☎✞✢✣ ✤✝ ❡☞✓ ✱☞✌☎☎ L ☛✞ ✏✓✥☎♦ ✟✦✧☎✟✤✣☎★ ✈☎♦✩✘✟✤

10.17 ❡☞✓ ✔✪☎☎✢✫✢ ✬✣✞ ✍✎✓✭ ✈✒✮ ✍❡☎✱☎ ✯✰☞✪✣ L ☛☎ ✲☎✝ ✈☎✎✱ ✫✏ ✳✱ ✡☛ ✟✒✓✔✕ ✴☎✤ ☛✱✆☎ ✍✎✭ ✳✵✶✣☞☛

✟✦✧☎✟✤ ❡☞✓ x-✈✗☎ ✳✱ AM ✝✓✒ ②☎✝☎ ✬✣☎ ✍✎✭

✳✵✶✣☞☛ ✟✦✧☎✟✤ ❡☞✓✮ OM = p cos ✜ ✈☎✎✱ MA =  p sin ✜, ✫✏ ✳✵☛☎✱ ✟✒✓✔✕ A ♦☞✘ ✟✆✔☞✢✪☎☎✓☛

(p cos ✜, p sin ✜) ✍✓✎✭

✫✏♦☞✘ ✈✟✤✟✱❜✤ ✱☞✌☎☎ L, OA ✳✱ ✝✓✒ ✍✎✭

✱☞✌☎☎ L ☛✞ ✲☎✝  = 
1 1 cos ✷

OA tan ✷ sin ✷✸❤ ✹❦✺
.

✫✏ ✳✵☛☎✱✮ ✱☞✌☎☎ L ☛✞ ✲☎✝
✻sin

✻cos
✼ ✍✎ ✈☎✎✱ ✟✒✓✔✕ A ✽ ✾✿sin,✿cos pp ✯✏ ✳✱ ✟✦✧☎✤ ✍✎✓✭

✫✏✟✝✡✮ ✟✒✓✔✕❀✲☎✝ ❁✳ ✏☞ ✱☞✌☎☎ ☛☎ ✏❡✞☛✱✚☎

❂ ❃ 2 2cos✷
sin ✷ cos ✷ cos ✷ sin ✷ ( ✷ ✷)sin cos

sin✷
y p x p x y p❄ ❅ ❄ ❄ ❆ ❅ ❆❇ ❦

✣☎ x cos ✜ + y sin ✜ = p.

✈✤❈✮ ❡✑✝ ✟✒✓✔✕ ✏☞ ✝☎✓✟✒☛ ✔✑✱✞  p ✈☎✎✱ ✖✆ x-✈✗☎ ✤✧☎☎ ✝✓✒ ♦☞✘ ✒✞✙ ☛☎☞✚☎ ✜ ♦☎✝✞ ✱☞✌☎☎ ☛☎

✏❡✞☛✱✚☎ ✫✏ ✳✵☛☎✱ ✍✎     x cos ✜ + y sin ✜ = p ... (6)

♠❉❊❋●❍❊ ■■  ✱☞✌☎☎ ☛☎ ✏❡✞☛✱✚☎ ✴☎✤ ☛✞✟✠✡ ✟✠✏☛✞ ❡✑✝

✟✒✓✔✕ ✏☞ ✝☎✓✟✒☛ ✔✑✱✞ ❢ ✫☛☎✫✢ ✈☎✎✱ ✖✆ x-✈✗☎ ✤✧☎☎ ✝✓✒ ♦☞✘

✒✞✙ ☛☎☞✚☎ 15° ✍✎✭

❋❣  ✣✍☎★ ✍❡☞✓ ✟✔✣☎ ✍✎ p = 4 ✈☎✎✱  ✜ = 150 ❏✈☎♦✩✘✟✤ 10.18).

✈✒✮ cos 15° =
3 1

2 2

❑
 ✈☎✎✱

sin 15º =
3 1

2 2

▲
 (❜✣☎☞✓?)

✯✳✣✕✢❜✤ ✝✓✒ ❁✳ ❏▼◆ ✏☞ ✱☞✌☎☎ ☛☎ ✏❡✞☛✱✚☎

0 0 3 1 3 1
cos sin 4 4 3 1 3 1 8 215 15

2 2 2 2
x y x y x y❖P ❖P

✍✎✭ ✣✍✞ ✈✥☎✞◗❘ ✏❡✞☛✱✚☎ ✍✎✭

❙❊❚❯❱❲❳ 10.18
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♠ ✞✟ ✠✡☛✟ ☞ ✌  ✐✍✎ ✏✑✒ ✓✎ ✔ ✕ ✖✎✐ F ✈✎ ✗✏ ✐✏ ✘ ✖✎ ✘  K ✱✙ ✏ ✗✚✛✎ ✙ ✜ ✘✢✙✏✣✎ ✙✎ ✑ ✜ ✤✖✥ ✦✕ ✙✏ ✖✑ ✓✗✤✧ ✚★ ✩✎

✓ ✗ ✚✙ K = 273 t✪  F = 32 ✈✎ ✗✏  K = 373 t✪ F = 212 ✖✎ ✑ K ✙✎ ✑  F ♦✑✍ ✐ ★✎ ✑✤ ✘✑✤ ✫✩✬ ✖ ✙ ✢✚ t✱

✈✎ ✗✏ F  ✙✎ ✘✎ ✒ ❞✎ ✖ ✙ ✢✚ t✱ t ✪✚✙ K = 0

✠❣  ✙✭✐✒✎ ✙ ✢✚ t✱ ✚✙ F, x-✈✮✎ ♦ ✑✍ ✈✒✥ ✚ ★✯✎ ✈✎ ✗✏ K, y-✈✮ ✎ ✈✒ ✥✚ ★ ✯✎ ✓✗ ✖✎ ✑ XY-✖r ✘✑✤ ✓✘✑✤ ★✎ ✑

✚ ✪ ✤★✥  (32, 273) ✈✎ ✗✏ (212, 373) ✚❢✰✎ ✖ ✓✗ ✤✧ ★✎ ✑ ✚ ✪ ✤★✥ ✲✐ ✜✳✴✎ ✜ ✑ ✚ ✪ ✤★✥ (F, K) ♦ ✑✍ ✵ ✎✏✎ ✜ ✤✖✥ ✦✕ ✓✎ ✑✒ ✑ ♦✎ r✎

✜ ✘✢✙✏✣✎ ✚✒ ✶✒ ✚ r✚✛ ✎ ✖ ✓✗ ✷

373 273
K 273

212 32

✸
✸ ✹

✸
✺ ✻ ✺ ✻

100
F 32 K 273 F 32

180
✸ ✸ ✹ ✸❀ ✼

 ✩✎ ✽ ✾
5

K F 32 273
9

✿ ❁ ❂ ... (1)

✩✓✢ ✈❃✎ ✢✦✕ ✜ ✤✪✤❄ ✓✗ ✧ t✪  K = 0, ✜ ✘✢✙✏✣✎ ❅❆ ❇ ✜ ✑❈

❉ ❊
5 273 9

0 F 32 273 F 32 491 4 F= 459.4
9 5

.
❋

✹ ✸ ● ✸ ✹ ✸ ✹ ✸ ✸❀ ✼ ❀ ✼

❍ ■❏❑ ▲▼ ❏ ❑ ❍❑ ◆❖ ✓✘ t✎ ✒ ✖ ✑ ✓✗✤ ✚✙ ✏✑✛✎ ✎ ♦ ✑✍ ✜ ✘ ✢✙✏✣✎ ✙✎ ✜✏ r ✖✘ ✲✐ y = mx + c ✓✗ ✐✥✒ ✷ F ✙✎ ✑

x-✈✮✎ ♦✑✍ ✈✒ ✥✚ ★ ✯✎ ✈✎ ✗✏ K ✙✎ ✑ y-✈✮ ✎ ♦ ✑✍ ✈✒ ✥✚ ★ ✯✎ ✘✎ ✒ ✖ ✑ ✓✥ ✱ ✓ ✘ ✜ ✘✢✙✏✣✎
K = mF + c ... (1)

♦✑✍ ✲✐ ✘✑✤ r✑ ✜✙ ✖✑ ✓✗✤ ✧ ✜ ✘✢✙✏✣✎ ❅❆ ❇ ✚ ✪ ✤★✥ ✈✎ ✑✤ ❅P ◗ ❈ ◗ ❘P ❇ ✈✎ ✗✏ ❅◗ ❆◗ ❈ P ❘ P ❇ ✜ ✑ ✜ ✤ ✖✥ ✦✕ ✓✎ ✑✖ ✢ ✓✗❈

✔✜✚ r ✱❈

273 = 32m + c ... (2)

✈✎✗✏ 373 = 212m + c ... (3)

❅◗ ❇ ✈✎ ✗✏ ❅P ❇ ✙✎ ✑ ✓r ✙✏✒ ✑ ✐✏ ❈  m = 
9

5
✈✎ ✗✏ c = 

9

2297

❅❆ ❇ ✘✑✤ m ✈✎ ✗✏ c  ♦ ✑✍ ✘✎ ✒ ✏✛ ✎✒ ✑ ✐✏ ❈

5 2297
K F

9 9
✹ ● ... (4)

t✎ ✑ ✚✙ ✈❃✎ ✢✦ ✕ ✜ ✤✪✤❄ ✓ ✗✧ t✪ K = 0, (4) ✜ ✑ F = – 459.4 ✐❙✎ ❚ ✖ ✓✎ ✑✖✎ ✓✗✧

❯❑ ❱❲▼☛✟ ❳ ✓✘ t✎ ✒ ✖ ✑ ✓ ✗✤ ✚✙ ✜ ✘ ✢✙✏✣✎ y = mx + c, ✘✑ ✤ ★✎ ✑ ✈❡✏❈ ✒ ✎ ✘✖ ✷ m ✈✎ ✗✏  c ✓✗ ✤✧ ✔ ✒ ★✎ ✑

✈❡✏✎ ✑✤ ✙✎ ✑ ❞✎ ✖ ✙✏✒ ✑ ♦ ✑✍ ✚ r ✱ ✓✘✑ ✤ ✏ ✑✛ ✎ ✎ ♦✑✍ ✜ ✘✢✙✏✣✎ ✙✎ ✑ ✜ ✤✖✥ ✦✕ ✙✏✒ ✑ ♦ ✑✍ ✚ r ✱ ★✎ ✑ ✐❙✚✖ ✪✤❄ ❡✎✚ ✓ ✱✧

❨ ✐ ✩✥ ❩✬ ✖ ✜ ❃✎ ✢ ❨ ★✎ ✓✏✣✎✎ ✑✤ ✘✑ ✤ ✓✘✑✤ ✏ ✑✛ ✎ ✎ ✙✎ ✜ ✘✢✙✏✣✎ ❞✎ ✖ ✙✏✒ ✑ ✙ ✑ ✚r ✱ ★✎ ✑ ✐❙✚ ✖ ✪✤❄ ✚ ★✩ ✑ ❬ ✩✑ ✓ ✗✤✧
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✐☎✆✝✞✟✠✡ 10.2

☛☞✌✍ ✎ ✏✑ ✒ ✓✔✕ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤ ✣✘✑ ✢✥✦✑ ✧✦✑ ☛☞✢✓★✩✪✘✑✩ ✔✘✑ ✏✩✓✫✬✭ ✔✖✓✘ ✮✯ ✰
1. x- ✱✘✯✖ y-✱✈✘✘✑✩ ✲✑✳ ✏✙✚✔✖✛✘ ✢✴✢✗✘✤✵

2. ❁✘✴
1

2
✱✘✯✖ ✢★✩✥✫ (– 4, 3) ✏✑ ✣✘✍✑ ✲✘✴✚ ✵

3. ✢★✩✥✫ (0, 0) ✏✑ ✣✘✍✑ ✲✘✴✚ ✱✘✯✖ ❁✘✴ m ✲✘✴✚✵

4. ✢★✩✥✫ ✶ ✷32,2  ✏✑ ✣✘✍✑ ✲✘✴✚ ✱✘✯✖ x-✱✈✘ ✏✑ 75o ✲✑✳ ✔✘✑✛✘ ☛✖ ♦✫✔✚ ✮✫✸✹✵
5. ✙❡✴ ✢★✩✥✫ ✲✑✳ ★✘✩✸✺ ✱✘✑✖  x-✱✈✘ ✔✘✑ 3 ✸✔✘✸✹ ✔✚ ✥❡✖✚ ☛✖ ☛☞✢✓❜✻✑✥ ✔✖✍✑ ✓✼✘✘ ❁✘✴✽✾ ✲✘✴✚✵
6. ✙❡✴ ✢★✩✥✫ ✏✑ ✿☛✖  y-✱✈✘ ✔✘✑ 2 ✸✔✘✸✹ ✔✚ ✥❡✖✚ ☛✖ ☛☞✢✓❜✻✑✥ ✔✖✍✑ ✲✘✴✚ ✱✘✯✖ x-✔✚ ✪✍ ✢✥✌✘✘

✲✑✳ ✏✘✼✘ 30° ✔✘ ✔✘✑✛✘ ★✍✘✍✑ ✲✘✴✚✵
7. ✢★✩✥✫✱✘✑✩ (–1, 1) ✱✘✯✖  (2, – 4) ✏✑ ✣✘✓✑ ✮✫✤✵
8. ♠✏ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤ ✢✣✏✔✚ ✙❡✴ ✢★✩✥✫ ✏✑ ✴✘✩✢★✔ ✥❡✖✚ ❀ ✸✔✘✸✹ ✱✘✯✖ ✴✩★✕

✪✍ x-✱✈✘ ✏✑ 30° ✔✘ ✔✘✑✛✘ ★✍✘✓✚ ✮✯✵
9. ❂ PQR ✲✑✳ ✌✘✚✬✘✹ P (2, 1), Q (–2, 3) ✱✘✯✖ R (4, 5) ✮✯✩✵ ✌✘✚✬✘✹ R ✏✑ ✣✘✍✑ ✲✘✴✚ ✙✘✢❃✦✔✘ ✔✘

✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤✵
10. (–3, 5) ✏✑ ✮✘✑✔✖ ✣✘✍✑ ✲✘✴✚ ✱✘✯✖ ✢★✩✥✫ (2, 5) ✱✘✯✖ (–3, 6) ✏✑ ✣✘✍✑ ✲✘✴✚ ✖✑✗✘✘ ☛✖ ✴✩★ ✖✑✗✘✘

✔✘ ✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤✵
11. ✤✔ ✖✑✗✘✘ ❄✎✕❅❆ ✓✼✘✘ ❄✾✕❇❆ ✢★✩✥✫✱✘✑✩ ✔✘✑ ✢✙✴✘✍✑ ✲✘✴✚ ✖✑✗✘✘ ✗✘✩❈ ☛✖ ✴✩★ ✮✯ ✓✼✘✘ ♠✏✔✘✑ ✎✰

n ✲✑✳ ✱✍✫☛✘✓ ✙✑✩ ✢✲❉✘✘✢✣✓ ✔✖✓✚ ✮✯✵ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤✵
12. ✤✔ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤ ✣✘✑ ✢✍✥✑✹✌✘✘✩✔✘✑✩ ✏✑ ✏✙✘✍ ✱✩✓✰✗✘✩❈ ✔✘✭✓✚ ✮✯ ✱✘✯✖ ✢★✩✥✫ (2,

3) ✏✑ ✣✘✓✚ ✮✯✵
13. ✢★✩✥✫ (2, 2) ✏✑ ✣✘✍✑ ✲✘✴✚ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤ ✢✣✏✲✑✳ ❧✘✖✘ ✱✈✘✘✑✩ ✏✑ ✔✭✑ ✱✩✓✰✗✘✩❈✘✑✩

✔✘ ✦✘✑✧ ❞ ✮✯✵

14. ✢★✩✥✫ (0, 2) ✏✑ ✣✘✍✑ ✲✘✴✚ ✱✘✯✖ ✪✍ x-✱✈✘ ✏✑
2❊
3

✲✑✳ ✔✘✑✛✘ ★✍✘✍✑ ✲✘✴✚ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ✜✘✓

✔✚✢✣✤✵ ✸✏✲✑✳ ✏✙✘✩✓✖ ✱✘✯✖ y-✱✈✘ ✔✘✑ ✙❡✴ ✢★✩✥✫ ✏✑ ✾ ✸✔✘✸✹ ✍✚❋✑ ✔✚ ✥❡✖✚ ☛✖ ☛☞✢✓❜✻✑✥ ✔✖✓✚
✮✫✸✹ ✖✑✗✘✘ ✔✘ ✏✙✚✔✖✛✘ ❉✘✚ ✜✘✓ ✔✚✢✣✤✵

15. ✙❡✴ ✢★✩✥✫ ✏✑ ✢✔✏✚ ✖✑✗✘✘ ☛✖ ❈✘✴✘ ✧✦✘ ✴✩★ ✖✑✗✘✘ ✏✑ ✢★✩✥✫ ❄✽✾✕ ❞❆ ☛✖ ✢✙✴✓✘ ✮✯✕ ✖✑✗✘✘ ✔✘
✏✙✚✔✖✛✘ ✜✘✓ ✔✚✢✣✤✵

16. ✓✘r★✑ ✔✚ ✻❈● ✔✚ ✴✩★✘✸✹ L ❄✏✑✙✚ ✙✑✩❆ ✏✑✢❍✏✦✏ ✓✘☛ C ✔✘ ✖✯✢✗✘✔ ☛✳✴✍ ✮✯✵ ✤✔ ☛☞✦✘✑✧ ✙✑✩
✦✢✥ L = 124.942 ✣★ C=20 ✱✘✯✖ L= 125.134 ✣★ C = 110 ✮✘✑✕ ✓✘✑ L ✔✘✑  C  ✲✑✳ ☛✥✘✑✩ ✙✑✩
❖✦■✓ ✔✚✢✣✤✵
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17. ❢✞✟✠ ✡☛☞ ✌✍✎✏✍✑ ✞✍ ✒✓✍✔✠ ✕✖❢✗ ✟✘✗✍✙ ✚✛✜ ❢✢✣✑ ✡☛☞✤ ✥✦ ✧★ ✕✖❢✗ ❢✢✣✑ ✓✩✪ ✌✍✍✓ ✟✩ ✫✍✬✑

✥✶✶✜ ✢✠✣✑ ✡☛☞ ✥✭ ✧★ ✕✖❢✗ ❢✢✣✑ ✓✩✪ ✌✍✍✓ ✟✩ ✮✩✯ ✟✞✗✍ ✙✬✰ ❢✓✓✖✪✱ ✔☛✲✱ ✗✳✍✍ ✔✍✎✴ ✓✩✪ ✔✵✱

✓✩✪ ✟✎✮✎☞ ✞✍✩ ✑✬❢♦✍✞ ✔✍✷✗✩ ✙✸✹ ✱✙ ✺✍✗ ✞✠❢✻✹ ❢✞ ✕✖❢✗ ✟✘✗✍✙ ✓✙ ❢✞✗✷✍ ✡☛☞ ✥✼ ✧★ ✕✖❢✗

❢✢✣✑ ✓✩✪ ✌✍✍✓ ✟✩ ✮✩✯ ✟✞✗✍ ✙✬✽

18. ✫✈✍✍✩✎ ✓✩✪ ✮✠✯ ✑✩♦✍✍♦✍✎✏ ✞✍ ✔✵✱ ❢✮✎✡✸  P (a, b) ✙✬✰ ❢✡♦✍✍❣✹ ❢✞ ✑✩♦✍✍ ✞✍ ✟✔✠✞✑✾✍

2✿❀
b

y

a

x
 ✙✬✰

19. ✫✈✍✍✩✎ ✓✩✪ ✮✠✯ ✑✩♦✍✍♦✍✎✏ ✞✍✩ ❢✮✎✡✸ R (h, k), 1:2  ✓✩✪ ✫✷✸✕✍✗ ✔✩✎ ❢✓✌✍❁✗ ✞✑✗✍ ✙✬✰ ✑✩♦✍✍ ✞✍

✟✔✠✞✑✾✍ ✺✍✗ ✞✠❢✻✹✰

20. ✑✩♦✍✍ ✓✩✪ ✟✔✠✞✑✾✍ ✞✠ ✟✎✞✲✕✷✍ ✞✍ ✕✖✱✍✩✴ ✞✑✗✩ ✙✸✹ ❢✟❥ ✞✠❢✻✹ ❢✞ ✗✠✷ ❢✮✎✡✸ ❂❃✤✜❄✤

❂❅✶✤ ❅✶❄ ✫✍✬✑ ❂✛✤ ✶❄ ✟✎✑✩♦✍ ✙✬✎✰

10.4 ❆❇❈❉❉ ❊❉ ❋●❉❍❊ ■❏❑❊❆▲❉ (General Equation of a Line)

✕☛✓✐✓✗✠✐ ✞✈✍✍✫✍✩✎ ✔✩✎ ✙✔✷✩ ✡✍✩ ✯✑ ✑✍❢▼✍✱✍✩✎ ✓✩✪ ✹✞ ◆✍✍✗✠✱ ❖✱✍✕✞ ✟✔✠✞✑✾✍ Ax + By + C = 0, ✞✍

✫✵✱✱✷ ❢✞✱✍ ✻✙✍P A, B ✫✍✬✑ C , ✹✩✟✩ ✓✍✒✗❢✓✞ ✫✯✑ ✙✬✎ ❢✞ A ✫✍✬✑ B ✹✞ ✟✍✳✍ ▼✍☛◗✱ ✷✙✠✎ ✙✬✎✰

✟✔✠✞✑✾✍ Ax + By + C = 0 ✞✍ ✢✩♦✍✍❢✯❞✍ ✟✡✬✓ ✹✞ ✟✑✢ ✑✩♦✍✍ ✙✍✩✗✍ ✙✬✰ ❣✟❢✢✹✤ ✻✮ A ✫✍✬✑

B ✹✞ ✟✍✳✍ ▼✍☛◗✱ ✷✙✠✎ ✙✬✎ ✗✍✩ Ax + By + C = 0, ✓✩✪ ❘✕ ✞✍ ✞✍✩❣✐ ✟✔✠✞✑✾✍ ✑✩♦✍✍ ✞✍ ❋●❉❍❊

❆❙❚❈❉❊ ■❏❑❊❆▲❉ (General linear equation) ✱✍ ❆❇❈❉❉ ❊❉ ❋●❉❍❊ ■❏❑❊❆▲❉  (General

equation) ✞✙✢✍✗✍ ✙✬✰

10.4.1 Ax + By + C = 0 ✓✩✪ ❢✓❢✌✍◗✷ ❘✕  (Different forms of Ax + By + C = 0)

✟✔✠✞✑✾✍ ✞✍✩ ❢✷❯✷❢✢❢♦✍✗ ✕✖❢❱✱✍✫✍✩✎ ❲✍✑✍ ✑✩♦✍✍ ✓✩✪ ✟✔✠✞✑✾✍ ✓✩✪ ❢✓❢✌✍◗✷ ❘✕✍✩✎ ✔✩✎ ❘✕✍✎✗❢✑✗ ❢✞✱✍

✻✍ ✟✞✗✍ ✙✬✰

(a) ❳❉❨❩❬❭❪❫❈❉❭❴ ❵❍ (Slope-intercept form) ✱❢✡ B ❛ 0, ✗✍✩ Ax + By + C = 0 ✞✍✩

A C

B B
y x y mx c❜ ❝ ❝ ❜ ❡❤ ❦ ... (1)

✻✙✍P
A C

B B
m c♠ ♥ ♠ ♥♣qrs  ✓✩✪ ❘✕ ✔✩✎ ❢✢♦✍✍ ✻✍ ✟✞✗✍ ✙✬✰

✙✔ ✻✍✷✗✩ ✙✬✎ ❢✞ ✟✔✠✞✑✾✍ (1) t✟ ✑✩♦✍✍ ✞✠ ✉✍✢❅✫✎✗✇♦✍✎✏ ❘✕ ✙✬ ❢✻✟✞✠ ✉✍✢
– A

B
,  ✫✍✬✑

y-✫✎✗✇♦✍✎✏ 
C

B
❝  ✙✬✰ ✱❢✡ B = 0, ✗✍✩ x = 

C

A
❝ , ✻✍✩ ❢✞ ✹✞ ①✵✓✍✐☞✑ ✑✩♦✍✍ ✞✍ ✟✔✠✞✑✾✍ ✙✬ ❢✻✟✞✠

✉✍✢ ✫✕❢✑✌✍✍❢②✍✗ ✫✍✬✑ x-✫✎✗✇♦✍✎✏
A

C
③ ✙✬✰
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(b) ✈☎✆✝✞✟☎✠✡☛☞ (Intercept form) ❀✌✍ C ✎ 0, r✏✑ Ax + By + C = 0 ❞✏✑

                   
1 1

C C

A B

x y x y

a b
✒ ✓ ✒ ✓

✔ ✔
✕ ✖

... (1)

t✗✏✘ a = 
A

C✙  ✚✏✛✜  b = 
B

C✙

✗❣ t✏✢r✑ ✗✛✣ ✌❞ ✤❣✥❞✜✦✏ ✧★✩ ✪✤ ✜✑✫✏✏ ✬✑✭ ✤❣✥❞✜✦✏ ❞✏ ✚✣r✮✫✏✣✯ ✰✱ ✗✛ ✌t✤✬✑✭ ✲❣✳✏✮

x-✚✣r✮✫✏✣✯
A

C✙ ✚✏✛✜ y-✚✣r✮✫✏✣✯
B

C✙ ✗✛✣✴

❀✌✍ C = 0, r✏✑ Ax + By + C = 0 ❞✏✑ Ax + By = 0, ✌❢✫✏✏ t✏ ✤❞r✏ ✗✛ t✏✑ ❣✵❢ ✌✶✣✍✷
✤✑ t✏✢✑ ✬✏❢✥ ✜✑✫✏✏ ✗✛ ✚✏✛✜ ❧✤✌❢✸✹ ✚✺✏✏✑✣ ✱✜ ✳✏✵✻❀ ✚✣r✮✫✏✣✯ ✗✛✑✣✴
(c) ②☎✼ ☛☞ (Normal form)  ❣✏✢ ❢✥✌t✸ ✌❞ ✤❣✥❞✜✦✏ Ax + By + C = 0 ❀✏
Ax + By = – C ✤✑ ✌✢✰✌✱r ✜✑✫✏✏ ❞✏ ❢✣✶ ✰✱ x cos ✽ + y sin ✽ = p ✗✛✹ t✗✏✘ p ❣✵❢ ✌✶✣✍✷ ✤✑
✜✑✫✏✏ ✱✜ ✯✏❢✑ ❥✸ ❢✣✶ ❞✥ ❢✣✶✏❧✾ ✗✛ ✚✏✛✜ ✽✹ ❢✣✶ ✸✬✣ x-✚✺✏ ❞✥ ✿✢✏❁❣❞ ✌✍✳✏✏ ✬✑✭ ✶✥❂ ❞✏ ❞✏✑✦✏
✗✛ ❧✤✌❢✸✹ ✍✏✑✢✏✑✣ ✤❣✥❞✜✦✏ ✤❣✏✢ ✗✛✣ ✚r✮

A B C

cos ❃ sin ❃ p
... (1)

✌t✤✤✑ A B
cos ❄ sin ❄

C C

p p❅ ❆ ❅ ❆❇❈❉❙ ✱✐✏❊r ✗✏✑r✏ ✗✛✴

✚✶ ❋ ● ❋ ●
22

2 2 A B❍ ❍ 1sin cos
C C

p p■ ❏ ❑ ■ ❑ ❏

✚▲✏✬✏
2

2

2 2 2 2

CC

A B A B
pp ▼ ▼ ◆❖ ❖P ◗

❧✤✌❢✸
2 2 2 2

A B
cos❘ sin❘

A B A B
❚ ❯ ❚ ❯❱ ❱❲❳❨❩ .

❧✤ ✱✐❞✏✜✹ ✤❣✥❞✜✦✏  Ax + By + C = 0 ❞✏ ❢✣✶ ✰✱
                            x cos ✽ + y sin ✽ = p
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t✞✟ ✠ 
2 2 2 2 2 2

A B C
cos ✡ , sin ✡

A B A B A B
p☛ ☞ ☛ ☞ ☛ ☞

✌ ✌ ✌
✈✍✎❥ ✞ ✥✏

❢✑✒✟ ✓✏ ✔✟ ✕ ❢✑✖ ✑✗✘ ✙ ✚ ✛✜✔✟ ✢ ❢✔ ✗✟ t✟ ✖✟ ✞ ✥ ❢✔  p ✣✘ ✟ ✤✦✔ ✢✞✓ ✧

♠ ★ ✩✪✫ ✬ ✩ ✭✮ ✱✔ ✢✓ ✯✟ ✟ ✔✟ ✚✦✰✔✢ ✲✟ 3x – 4y + 10 = 0 ✞ ✥✧ ✙ ✚❣✓ ✳ (i) ❁✟ ✴ (ii) x-✵✟ ✥✢
y-✵✏ ✖✶✯ ✟ ✏ ✷ ✸✟ ✖ ✔✰❢t✱ ✧

✞✴ (i) ❢✹ ✗✟ ✞ ✺✵✟ ✚✦✰✔✢ ✲✟ 3x – 4y + 10 = 0 ✔✟ ✓

                    
2

5

4

3
✻✼ xy ... (1)

❢✴ ✯ ✟ ✟ t ✟ ✚✔ ✖✟ ✞ ✥✧ ✽ ✾✿ ✔✰ ✖ ✺✴ ✘✟ y = mx + c, ✚✓ ✔✢✘ ✓ ✛✢ ✞ ✦ ✛✟ ✖✓ ✞ ✥✏ ❢✔ ✹✰ ✞ ✺✙ ❀ ✢✓✯ ✟✟ ✔✰ ❁✟ ✴

m = 
4

3
✞ ✥✧

(ii) ✚✦✰✔✢ ✲✟ 3x – 4y + 10 = 0 ✔✟ ✓ ✙ ✚ ✛✜ ✔✟ ✢ ❞✟ ✰ ❢✴✯ ✟ ✟ t✟ ✚✔ ✖✟ ✞ ✥

3 4 10 1
10 5

3 2

x y
x y❂ ❃ ❂ ❄ ❃

❂
❅ ❆ ... (2)

✽❇ ✿ ✔✰ ✖✺✴✘ ✟ 1❈❉
b

y

a

x
, ✚✓ ✔✢✘ ✓ ✛✢ ✞ ✦ ✛✟ ✖✓ ✞ ✥✏ ❢✔ x-✵✏ ✖✶✯ ✟ ✏ ✷

 a = 
3

10
❊  ✵✟ ✥✢  y-✵✏ ✖✶ ✯ ✟✏ ✷ b = 

5

2
 ✞ ✥ ✧

♠ ★ ✩✪✫ ✬✩ ✭❋  ✚✦✰✔✢ ✲✟ 3 8 0x y✌ ● ☛ ✔✟ ✓ ✴✏ ❍ ■✛ ✦✓✏ ■ ✛✟ ✏ ✖❢✢ ✖ ✔✰ ❢t✱ ✵✟ ✥✢ p ✖r✟ ✟ ❏ ❣✓ ✳ ✦✟ ✘

✸✟ ✖ ✔✰ ❢t✱❑

✪▲ ❢✹ ✗✟ ✚✦✰✔✢ ✲✟

                    083 ▼◆❖ yx ... (1)

✞ ✥✧ ✽ ✾✿ ✔✟✓ P ◗ ❘ ❙
2 2

3 1 2❚ ❯ , ✚✓ ❞✟ ✟ ❱ ✹✓✘✓ ✛✢

 
3 1

4 cos 30 sin 30 4
2 2

x y x y❲ ❳ ... (2)

✽❇ ✿ ✔✰ ✖✺✴✘ ✟ x cos ❨ + y sin ❨ = p, ✚✓ ✔✢✘ ✓ ✛✢ ❩ ✞✦ p = 4 ✵✟ ✥✢ ❨ = 30° ✛✟ ✖✓ ✞ ✥✏ ✧
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♠☎✆✝✞✟✆ ✠✡ 053 ☛☞☞ xy ✈✌✍✎ 3 6 0y x ✎❥✏✌✌✈✌❥✑ ✒❥✓ ✔✕✖ ✗✌ ✗✌❥✘✌ ✙✌✚ ✗✕✛✜✢✣

✝❣ ✥✕ ✤✦✧★ ✎❥✏✌✌✢✩

053 ☛☞☞ xy ❀✌ 53 ✪☛ xy ... (1)

  ✈✌✍✎ 063 ☛✪☞ xy ❀✌ 
1

2 3
3

y x✫ ✬ ... (2)

✎❥✏✌✌ ✭✮✯ ✗✕ ✰✌✱  m
1
 = 3  ✈✌✍✎ ✎❥✏✌✌ ✭✲✯ ✗✕ ✰✌✱ m

2
 = 

3

1
 ✤✍✣

✥✌❥♥✌❥✑ ✎❥✏✌✌✈✌❥✑ ✒❥✓ ✔✕✖ ✳❀✴♥✗✌❥✘✌ ✭✵✌♥✌ ✛✗ ✶✯ ✧✷ ✸✹✗✌✎ ✤✍

mm

mm

21

12

1
✺tan

✻

✼
✽ ... (3)

m
1 
✈✌✍✎ m

2
 ✒❥✓ ✵✌♥ ✭♦✯ ✵❥✑ ✎✏✌♥❥ ✸✎✾

1
3

1 3 13
tan✿

1 2 3 31 3
3

✛✜✷✷❥ ✶  = 30°. ✸✹✌✐✚ ✤✌❥✚✌ ✤✍✣ ✈✚❁ ✥✌❥♥✌❥✑ ✎❥✏✌✌✈✌❥✑ ✒❥✓ ✔✕✖ ✗✌❥✘✌ ❀✌ ✚✌❥ 30° ❀✌

180° – 30° = 150° ✤✍✣

♠☎✆✝✞✟✆ ✠❂ ✥❃✌✌★✧✢ ✛✗ ✥✌❥ ✎❥✏✌✌✢✩ 1 1 1 2 2 20 0x y x ya b c a b c❄ ❄ ❅ ❄ ❄ ❅❆❇❈❙ , ✜✤✌✩ b
1, 

b
2
 ❉ 0

(i) ✷✵✌✑✚✎ ✤✍✑ ❀✛✥
b

a

b

a

2

2

1

1
✽   ✈✌✍✎ (ii) ✱✑✔ ✤✍ ❀✛✥ 02121 ❊❋ bbaa .

✝❣ ✥✕ ●✧★ ✎❥✏✌✌✢✩ ✢❥✷❥ ✛✱✏✌✕ ✜✌ ✷✗✚✕ ✤✍✑

b

c
x

b

a
y

1

1

1

1
✼✼✽ ... (1)

✈✌✍✎
b

c
x

b

a
y

2

2

2

2
✼✼✽ ... (2)

✎❥✏✌✌✈✌❥✑ ✭✮✯ ✈✌✍✎ ✭✲✯ ✗✕ ✰✌✱ ❍✵❃✌❁  m
1 
= 

b

a

1

1
✼ ✈✌✍✎  m

2
 = 

b

a

2

2
✼  ✤✍✑✣
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✈✞ (i) ❥✟✠✡✡☛☞ ✌✍✡✎✏❥ ✑✡✟✎✒✓✔ ✕✖✗ m
1 
=  m

2
, ✖❢✌✌✟ ✘✙✡✚✏ ✑✡✟✏✡ ✑✛

b

a

b

a

2

2

1

1 ✜✢✜ ✕✡ 
b

a

b

a

2

2

1

1 ✢

(ii) ❥✟✠✡✡☛☞ ✣✎✞ ✑✡✟✎✒✓✔ ✕✖✗ m
1
.m

2
 = – 1, ✖❢✌✌✟ ✘✙✡✚✏ ✑✡✟✏✡ ✑✛

1 2

1 2

. 1
a a

b b
 ✕✡ a

1
a

2
 + b

1
b

2
 = 0

♠✤✥✦✧★✥ ✩✪ ❥✟✠✡✡ 032 ✫✬✭ yx  ✘❥ ✣✎✞ ✈✡✛❥ ✖✞✎✗✐ ✮✯✔ ✰✱✲ ✌✟ ❢✡✳✟ ✴✡✣✓ ❥✟✠✡✡ ✵✡ ✌✍✓✵❥✶✡

❑✡✏ ✵✓✖❢☛✷

✦❣  ✗✓ ✑✐♥✸ ❥✟✠✡✡ 032 ✹✺✻ yx ✵✡✟

2

3

2

1
✼✽ xy     ✖✣✠✡✡ ❢✡ ✌✵✏✡ ✑✛✷ ... (1)

❥✟✠✡✡ ✮✯✲ ✵✓ ✾✡✣  m
1
 = 

2

1
. ✑✛✷ ♥✌✖✣☛✔ ❥✟✠✡✡ ✮✯✲ ✴✟✿ ✣✎✞ ❥✟✠✡✡ ✵✓ ✾✡✣

2
1

1

2 ✜✢✜✢
m

m  ✑✛✷

✾✡✣ ✰✱ ✴✡✣✓ ✈✡✛❥ ✖✞✎✗✐ (1, – 2) ✌✟ ❢✡✳✟ ✴✡✣✓ ❥✟✠✡✡ ✵✡ ✌✍✓✵❥✶✡

( 2) 2( 1) = 2y x y x❀ ❀ ❁ ❀ ❀ ❀❂ ❃ ,

✑✛✔ ❢✡✟ ✈❄✡✓❅❆ ✌✍✓✵❥✶✡ ✑✛✷

10.5 ❇❈ ❉❊❋●❍ ❈■ ❏▲▼◆◆ ❖▲ ●P❏■  (Distance of a Point From a Line)

☛✵ ✖✞✎✗✐ ✵✓ ✖✵✌✓ ❥✟✠✡✡ ✌✟ ✗◗❥✓

✖✞ ✎✗ ✐ ✌✟ ❥ ✟✠ ✡ ✡ ✘❥ ❘✡✣ ✟ ✣ ✎✞

✵✓ ✣✎✞✡♥✸ ✑✛✷ ✍✡✳ ✣✓✖❢☛ ✖✵

L : Ax + By + C = 0 ☛✵ ❥✟✠✡✡ ✑✛✔

✖❢✌✵✓ ✖✞✎✗✐ P (x
1
, y

1
) ✌✟ ✗◗❥✓ d ✑✛✷

✖✞✎✗✐ P ✌✟ ❥✟✠✡✡ ✘❥ ✣✎✞ PL ✠✡✓✎✖❬☛

✮✈✡✴❙✿✖✏ 10.19) ✕✖✗ ❥✟✠✡✡ x-✈❚✡

✈✡✛❥ y-✈❚✡ ✵✡✟ ❯✍❱✡❲ Q ✈✡✛❥ R, ✘❥

✖✍✣✏✓ ✑✛ ✏✡✟ ♥✳ ✖✞✎✗✐✈✡✟✎ ✴✟✿ ✖✳✗✟✸❱✡✡✎✵

Q
C

0
A

,
❳ ❨
❩❭ ❪

❫ ❴
✈✡✛❥  R 

C
0

B
,

❳ ❨
❩❭ ❪

❫ ❴
✑✛✎✷

❵✥❛❜❝❞❡ 10.19
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❢☎✆✝✆✞✟ PQR ❞✆ ✠✆✡☎✆☛☞✌ ❢✍✎✍❢✌❢✏✆✑ ☛✒❞✆✓ ✔✡ ❢❞✕✆ ✟✆ ✔❞✑✆ ✖✗✘

✠✆✡☎✆☛☞✌ 1
( PQR) PM.QR

2
✙ ✚ ❢✟✔✔✡ 2 ( PQR)

PM =
QR

✛④✜✢❂✜❦✣✤
... (1)

✔✆❧✆ ✖✥ ✦PQR ❞✆ ✠✆✡☎✆☛☞✌ = ✧ ★1 1

1 C C C
0 0 0

2 B A B
y y

✩ ✪ ✩ ✪✩ ✪✫ ✫ ✬ ✬ ✬ ✫ ✬✭ ✮ ✭ ✮✭ ✮✯ ✰ ✯ ✰✯ ✰

=

2

1 1

1 C C C

2 B A AB
yx ✱ ✱

✕✆❀ ✷ ✦PQR ❞✆ ✠✆✡☎✆☛☞✌ = 1 1

C
A B C

AB
. ,yx ✲ ✲ ✈✆✗✓

✳ ✴
22

2 2CC C
QR 0 0 A B

ABA B

✵ ✶✸ ✹ ✸ ✹✹ ✺✻ ✼✽ ✾
✦PQR ♦✡☞ ✠✆✡☎✆☛☞✌ ✈✆✗✓ QR ♦✡☞ ✿✆✍ ❁❃❄ ✿✡❅ ✓✏✆✍✡ ☛✓❀

1 1

2 2

A B C
PM

A B

yx ✹ ✹✸ ✹

✕✆
BA

CBA

22

11

❆
❆❆❇ yx

d .

❜✔ ☛✒❞✆✓❀ ❢❈❅❉✞ (x
1
, y

1
) ✔✡ ✓✡✏✆✆ Ax + By+ C = 0 ❞✥ ✌✆❅❢❈❞ ❉❊✓✥ (d) ❜✔ ☛✒❞✆✓ ✖✗ ✘

                            
BA

CBA

22

11

❆
❆❆❇ yx

d

10.5.1 ♥❋● ❍■❋❏❑▲ ▲●▼❋❋◆❋●❏ ❖●P ◗❘❙ ❚❘ ♥❯▲❘  (Distance between two parallel lines) ✖✿
✟✆✍✑✡ ✖✗❅ ❢❞ ✔✿✆❅✑✓ ✓✡✏✆✆✈✆✡❅ ❞✥ t✆✌ ✔✿✆✍ ✖✆✡✑✡ ✖✗❅❱ ❜✔❢✌❲❀ ✔✿✆❅✑✓ ✓✡✏✆✆❲❳ ❜✔ ❨☛ ✿✡❅ ❢✌✏✆✥ ✟✆
✔❞✑✥ ✖✗❅

y = mx + c
1

... (1)

✈✆✗✓ y = mx + c
2

... (2)

✓✡✏✆✆ ❁❃❄ x-✈✠✆ ☛✓ ❢❈❅❉✞ A 
1 0

c
,

m

❩ ❬❭❪ ❫❴ ❵ ✿✡❅ ☛✒❢✑❡❛✡❉ ❞✓✡❝✥ ✟✗✔✆ ✈✆♦❣☞❢✑ ❃❤✐✷❤ ✿✡❅ ❢❉✏✆✆✕✆ ❝✕✆
✖✗❱ ❉✆✡ ✓✡✏✆✆✈✆✡❅ ♦✡☞ ❈✥❥ ❞✥ ❉❊✓✥❀ ❢❈❅❉✞ A ✔✡ ✓✡✏✆✆ ❁✷❄ ☛✓ ✌❅❈ ❞✥ ✌❅❈✆❜♠ ✖✗❱ ❜✔❢✌❲❀ ✓✡✏✆✆✈✆✡❅ ❁❃❄
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✈✞✟✠ ✡☛☞ ✌✍✎ ✏✑✒ ✓✑ ✔✕✠✑

1
2

1 2

2 2
  =

1 1

c
m c

c cm
d

m m
❀✖  ❣✟✗

❜✘ ✙✚✓✞✠✛ ✔✞✍ ✘✜✞✢✣✠ ✠✍✤✞✞✈✞✍✢  
1y mx c ✈✞✟✠ 2y mx c ✌✍✎ ✏✑✒ ✓✑ ✔✕✠✑

1 2

2
=

1

c c
d

m

✥

✦

✧★✔ ✠✍✤✞✞✩✪ ✫✧✞✙✓ ✬✙ ✜✍✢ ✔✑ ✭❜✮ ❣✟✢ ✈✯✞✞✮✣✰  Ax + By + C
1
 = 0 ✈✞✟✠ Ax + By + C

2
 = 0, ✣✞✍

♠✙✧✱✮✲✣ ✘✕✳✞
1 2

2 2

C C

A B
d

✴
✵

✶
✓✞ ✬✙ ❞✍ ❞✍✣✞ ❣✟✗

★✌✷✞✯✞✑✮ ❜✘✍ ✸✌✧✢ ✙✚✞✹✣ ✓✠ ✘✓✣✍ ❣✟ ✢✗

✺✻✼✽✾✿✼ ❁❂ ★✏✢✔✱ (3, – 5) ✓✑ ✠✍✤✞✞ 3x – 4y –26 = 0 ✘✍ ✔✕✠✑ ❃✞✣ ✓✑★❄✩✗

✽❅  ✔✑ ❣✱❜✮ ✠✍✤✞✞ 3x – 4y –26 = 0 ... (1)

✡❆☞ ✓✑ ✣✱❞❇✞ ✠✍✤✞✞ ✌✍✎ ✫✧✞✙✓ ✘✜✑✓✠❈✞ Ax + By + C = 0, ✘✍ ✓✠❇✍ ✙✠✛ ❣✜ ✙✞✣✍ ❣✟✢❉

A = 3, B = – 4 ✈✞✟✠ C = – 26

★✔✧✞ ❣✱✈✞ ★✏✢✔✱ (x
1
, y

1
) = (3, –5) ❣✟✗ ★✔✩ ★✏✢✔✱ ✓✑ ✠✍✤✞✞ ✘✍ ✔✕✠✑

❊✼❋●❍■❏ 10.20
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1 1

2 2 22

3 3 4 5 26A B C 3

5A B 3 4

. – – –x y
d

–
✥☎✆✥✝ ✞✟✠

♠✡☛☞✌✍☛ ✎✏ ✑✒✆✓✔✕ ✕✖✗✆✆✘✆✖✓ 3x – 4y +7 = 0 ✘✆✟✕ 3x – 4y + 5 = 0 ♦✖✙ ✚✛✜ ☎✛ ✢✣✕✛ ✤✆✔ ☎✛✦✧★✠

☞❣ ✩✞✆✪ A = 3, B = –4, C
1
 = 7 ✘✆✟✕ C

2
 = 5. ✥✑✦❜★✫ ✘✬✆✛✭✮ ✢✣✕✛

22

7 5 2

53 4

–
d

–

✐✯✰✱☛✲❣✳ ✎✴✵✶

1. ✦❢✷❢✦❜✦✗✆✔ ✑✒✛☎✕✸✆✆✖✓ ☎✆✖ ✹✆❜✺✘✓✔✻✗✆✓✼ ✽✾ ✒✖✓ ✽✾✆✓✔✦✕✔ ☎✛✦✧★ ✘✆✟✕ ✿❢♦✖✙ ✹✆❜ ✔❀✆✆

y✺✘✓✔✻✗✆✓✼ ✤✆✔ ☎✛✦✧★✻

(i) x + 7y = 0 (ii) 6x + 3y – 5 = 0 (iii) y  = 0

2. ✦❢✷❢✦❜✦✗✆✔ ✑✒✛☎✕✸✆✆✖ ✓ ☎✆✖ ✘✓✔✻✗✆✓✼ ✽✾ ✒✖✓ ✽✾✆✓✔✦✕✔ ☎✛✦✧★ ✘✆✟✕ ✘❁✆✆✖✓ ✾✕ ✥❢☎✖ ❂✆✕✆ ☎✆✮✖

❃★ ✘✓✔✻✗✆✓✼ ✤✆✔ ☎✛✦✧★✻

(i) 3x + 2y – 12 = 0 (ii) 4x – 3y = 6 (iii) 3y + 2 = 0.

3. ✦❢✷❢✦❜✦✗✆✔ ✑✒✛☎✕✸✆✆✖ ✓ ☎✆✖ ❜✓✚ ✽✾ ✒✖✓ ✽✾✆✓✔✦✕✔ ☎✛✦✧★✠ ✿❢☎✛ ✒✣❜ ✦✚✓✢❄ ✑✖ ❜✆✓✦✚☎ ✢✣✦✕✩✆✪

✘✆✟✕ ❜✓✚ ✔❀✆✆ ✈❢ x-✘❁✆ ♦✖✙ ✚✛✜ ☎✆ ☎✆✖✸✆ ✤✆✔ ☎✛✦✧★ ✻

(i) x – 3y + 8 = 0 (ii) y – 2 = 0 (iii) x – y = 4.

4. ✦✚✓✢❄ ❅✺❆✫ ❆❇ ☎✛ ✕✖✗✆✆ 12(x + 6) = 5(y – 2) ✑✖ ✢✣✕✛ ✤✆✔ ☎✛✦✧★✠

5. x✺✘❁✆ ✾✕ ✦✚✓✢❄✘✆✖✓ ☎✆✖ ✤✆✔ ☎✛✦✧★ ✦✧❢☎✛ ✕✖✗✆✆ 1
3 4

x y
✑✖ ✢✣✕✛✩✆✪ 4 ✥☎✆✥✝ ✞✟✓✠

6. ✑✒✆✓✔✕ ✕✖✗✆✆✘✆✖✓ ♦✖✙ ✚✛✜ ☎✛ ✢✣✕✛ ✤✆✔ ☎✛✦✧★✻

(i) 15x + 8y – 34 = 0 ✘✆✟✕ 15x + 8y + 31 = 0  (ii)l(x + y) + p = 0 ✘✆✟✕ l (x +  y) – r  = 0

7. ✕✖✗✆✆ 3 4 2 0x y❈ ❉ ❊ ♦✖✙ ✑✒✆✓✔✕ ✘✆✟✕ ✦✚✓✢❄ (–2, 3) ✑✖ ✧✆❢✖ ♦✆❜✛ ✕✖✗✆✆ ☎✆ ✑✒✛☎✕✸✆ ✤✆✔

☎✛✦✧★✠

8. ✕✖✗✆✆ x – 7y + 5 = 0 ✾✕ ❜✓✚ ✘✆✟✕ x-✘✓✔✻✗✆✓✼ ❋ ♦✆❜✛ ✕✖✗✆✆ ☎✆ ✑✒✛☎✕✸✆ ✤✆✔ ☎✛✦✧★✠

9. ✕✖✗✆✆✘✆✖✓ 3 1 3 1x y x y●❍❥❙ ♦✖✙ ✚✛✜ ☎✆ ☎✆✖✸✆ ✤✆✔ ☎✛✦✧★✠

10. ✦✚✓✢❄✘✆✖✓ (h, 3) ✘✆✟✕ (4, 1) ✑✖ ✧✆❢✖ ♦✆❜✛ ✕✖✗✆✆✫ ✕✖✗✆✆ 7 9 19 0x y ☎✆✖ ✑✒☎✆✖✸✆ ✾✕

✾■✦✔❏❑✖✢ ☎✕✔✛ ✞✟✠ h ☎✆ ✒✆❢ ✤✆✔ ☎✛✦✧★✠
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11. ❢✞✟ ✠✡❢☛☞ ❢✠ ❢✌✍✎✏ (x
1
, y

1
) ✞✑ ☛✒✓✑ ✔✒✕✡ ✖✒✗✘ ✘✑✙✒✒ Ax + By + C = 0 ✔✑♦ ✞✚✒✍✛✘ ✘✑✙✒✒ ✠✒

✞✚✡✠✘✜✒ A (x –x
1
) + B (y – y

1
) = 0 ❣✗✢

12. ❢✌✍✎✏ ✣✤✥ ✦✧ ✞✑ ☛✒✓✑ ✔✒✕✡ ✎✒✑ ✘✑✙✒✒☞★ ✩✘✪✩✘ 60o ✔✑♦ ✠✒✑✜✒ ✩✘ ✩✫❢✛✬✭✑✎ ✠✘✛✡ ❣✗✍✢ ✮❢✎ ☞✠

✘✑✙✒✒ ✠✡ ❥✒✕ ✤ ❣✗ ✛✒✑ ✎✯✞✘✡ ✘✑✙✒✒ ✠✒ ✞✚✡✠✘✜✒ ✰✒✛ ✠✡❢☛☞✢

13. ❢✌✍✎✏✖✒✑✍ ✣✦✥ ✱✧ ✖✒✗✘ ✣✲✳✥ ✤✧ ✠✒✑ ❢✚✕✒✓✑ ✔✒✕✡ ✘✑✙✒✒✙✒✍✴ ✔✑♦ ✕✍✌ ✞✚❢✵✶✒✒☛✠ ✘✑✙✒✒ ✠✒

✞✚✡✠✘✜✒ ✰✒✛ ✠✡❢☛☞✢

14. ❢✌✍✎✏ ✣✲✳✥ ✦✧ ✞✑ ✘✑✙✒✒ 01643 ✷✸✸ yx  ✩✘ ✴✒✕✑ ✐✮✑ ✕✍✌✩✒✎ ✔✑♦ ❢✓✎✑✹✺✒✒✍✠ ✰✒✛ ✠✡❢☛☞✢

15. ✚✯✕ ❢✌✍✎✏ ✞✑ ✘✑✙✒✒ y = mx + c ✩✘ ✴✒✕✒ ✐✮✒ ✕✍✌ ✘✑✙✒✒ ✞✑ ❢✌✍✎✏ ✣✲✳✥ ✤✧ ✩✘ ❢✚✕✛✒ ❣✗✢

m ✖✒✗✘ c ✔✑♦ ✚✒✓ ✰✒✛ ✠✡❢☛☞✢

16. ✮❢✎ p ✖✒✗✘ q Ø✚✺✒✻ ✚✯✕ ❢✌✍✎✏ ✞✑ ✘✑✙✒✒✖✒✑ ✍ ✼2cos✼sin✼cos kyx ✷✸  ✖✒✗✘

x sec ✽ + y cosec ✽ = k, ✩✘ ✕✍✌ ✠✡ ✕✍✌✒✾✮✒★ ❣✗✍ ✛✒✑ ❢✞✟ ✠✡❢☛☞ ❢✠ p2 + 4q2 = k2.

17. ✺✒✡✿✒✒✑❀ A (2, 3), B (4, –1) ✖✒✗✘ C (1, 2) ✔✒✕✑ ❢❁✒✶✒✏☛ ABC ✔✑♦ ✺✒✡✿✒✹ A ✞✑ ❂✞✠✡ ✞✍✚✏✙✒ ✶✒✏☛✒

✩✘ ✕✍✌ ✴✒✕✒ ✐✮✒ ❣✗✢ ✕✍✌ ✠✡ ✕✍✌✒✾✹ ✛❃✒✒ ✞✚✡✠✘✜✒ ✰✒✛ ✠✡❢☛☞✢

18. ✮❢✎ p ✚✯✕ ❢✌✍✎✏ ✞✑ ❂✞ ✘✑✙✒✒ ✩✘ ✴✒✕✑ ✕✍✌ ✠✡ ✕✍✌✒✾✹ ❣✒✑ ❢☛✞ ✩✘ ✖❡✒✒✑✍ ✩✘ ✠❄✑ ✖✍✛✻ ✙✒✍✴

a ✖✒✗✘ b ❣✒✑✍✥ ✛✒✑ ❢✎✙✒✒✾☞ ❢✠ 2 2 2

1 1 1

p a b
❅ ❆

❇❈❇❈❉ ❊❋●❍■❏●

♠❑▲▼◆❖▼ P◗  ✮❢✎ ✘✑✙✒✒☞ ★ 2 3 0 5 3 0x y , x ky ✖✒✗✘  3 2 0x y ✞✍✐✒✚✡

(concurrent) ❣✗✍✥ ✛✒✑ k ✠✒ ✚✒✓ ✰✒✛ ✠✡❢☛☞✢

▲❘ ✛✡✓ ✘✑✙✒✒☞★ ✞✍✐✒✚✡ ✠❣✕✒✛✡ ❣✗✍ ✮❢✎ ✔✑ ☞✠ ✞✔✹❢✓✿❙ ❢✌✍✎✏ ✞✑ ❣✒✑✠✘ ☛✒☞ ✖❃✒✒✹✛❚ ❢✠❯❣✡✍ ✎✒✑ ✘✑✙✒✒✖✒✑✍

✠✒ ✩✫❢✛✬✭✑✎ ❢✌✍✎✏ ✛✡✞✘✡ ✘✑✙✒✒ ✩✘ ❢✪❃✒❢✛ ❣✒✑✢ ✮❣✒★ ✎✡ ✘✑✙✒✒☞★ ❣✗✍✻
2x + y – 3 = 0 ... (1)

5x + ky – 3 = 0 ... (2)

3x – y – 2 = 0 ... (3)

(1) ✖✒✗✘ ✣✦✧ ✠✒✑ ✔☛✫ ✐✏✜✒✓ ❢✔❢✈ ✞✑ ❣✕ ✠✘✓✑ ✩✘✥

                            
1

1 1
2 3 9 4 2 3

x y
x , y❱ ❱ ❱ ❱

❲ ❲ ❲ ❳ ❲ ❲
❨❩

✾✞❢✕☞✥ ✎✒✑ ✘✑✙✒✒✖✒✑✍ ✠✒ ✩✫❢✛✬✭✑✎ ❢✌✍✎✏ ✣✳✥ ✳✧ ❣✗✢ ❜✯★❢✠ ❂✩✮✏✹❬✛ ✛✡✓✒✑✍ ✘✑✙✒✒☞★ ✞✍✐✒✚✡ ❣✗✍✥ ❢✌✍✎✏

✣✳✥ ✳✧ ✞✚✡✠✘✜✒ ✣✤✧ ✠✒✑ ✞✍✛✏✿❄ ✠✘✑✐✒ ❢☛✞✞✑

5.1 .1 3 0 =k k❆ ❭ ❅ ❭❪ ❫ 2
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♠ ☎✆✝ ✞✟✝ ❦ ✠   ❢✡☛☞ ✌ P (4, 1) ❧✍ ✎✍✏ ✑✑ 4x – y = 0 ❞✒ ☞ ✓✎ ✒ ✔❧ ✎✍✏ ✑ ✑ ✕✍ ✖ ✗ ✘ ✌❢☞ ✙✑ ✚✑ ✛ ❞✒❢✜✢ ✜✑ ✍

✴✘ x-✗ ✈✑ ❧✍ 135° ❞✑ ❞✑ ✍✣✑ ✡✘✑ ✛ ✒ ✤ ✥✦

✆❣ ☞ ✒ ✤ ✌♥✧ ✎✍✏ ✑ ✑ 4x – y = 0      … (1)

✎✍✏ ✑ ✑ ❥ ★ ✩ ❞✒ ❢✡ ☛☞ ✌ P (4, 1) ❧✍ ☞ ✓✎ ✒✪

❢❞❧ ✒ ✗✫ ✬ ✎✍✏ ✑ ✑ ✕✍ ✖ ✗ ✘ ✌❢☞ ✙✑ ✪ ✚ ✑✛ ❞✎ ✘✍

✕✍ ✖ ❢♦ ✢ ✤ ✭✍ ☛ ☞✑ ✍ ✘✑ ✍ ☛ ✎✍✏ ✑ ✑✗ ✑✍ ☛ ✕✍ ✖ ✮✯❢✛ ✰✱✍ ☞

❢✡ ☛☞ ✌ ❞✑ ✍ ✚ ✑✛ ❞✎ ✘✑ ✮✲ ✳✍ ✵✑ ✦ ♥❧ ✕✍ ✖ ❢♦ ✢ ✤ ✭

✮✤ ♦ ✍ ☞✓ ❧✎ ✒ ✎✍✏ ✑ ✑ ❞✑ ❧ ✭✒❞✎✣✑ ✮✯✑ ✐ ✛ ❞✎✍ ☛✵✍

❥ ✗✑ ✕✶ ✖❢✛ 10.21)✦ ☞ ✓❧✎ ✒ ✎✍✏ ✑ ✑ ❞✒ ❆✑ ♦

▲ ✮✙✑ ✧✷ ✬✑ (tangent) 135° = – 1

❆✑ ♦ ❁ ★ ✕✑ ♦ ✒ ✗✑ ✥✎ ❢✡☛☞ ✌  P (4, 1) ❧✍

✜ ✑ ✘✍ ✕✑ ♦ ✒ ✎✍✏ ✑✑ ❞✑ ❧ ✭✒❞✎✣✑

1 1( 4) 5 0y = x x y❀✸ ... (2)

❥ ★ ✩ ✗✑ ✥✎ ❥ ✹ ✩ ❞✑ ✍ ✤♦ ❞✎✘✍ ✮✎ ✪ ✤ ✭ x = 1 ✗ ✑ ✥✎  y = 4 ✮✑ ✛ ✍ ✤ ✥☛ ✗✛ ✺ ☞ ✑ ✍ ✘✑ ✍ ☛ ✎✍✏ ✑ ✑✗ ✑✍ ☛ ❞✑ ✮✯❢✛ ✰✱✍ ☞ ❢✡☛☞ ✌

Q (1, 4) ✤ ✥ ✦ ✗ ✡ ✎✍✏ ✑✑ ❥ ★ ✩ ❞✒ ❢✡☛☞ ✌ ❥ ✻ ✪★ ✩ ❧✍ ✎✍✏ ✑✑ ❥ ✹ ✩ ✕✍ ✖ ✗ ✘✌ ❢☞ ✙✑ ☞✓ ✎ ✒ = P (4, 1) ✗ ✑ ✥✎ Q

(1, 4) ❢✡☛☞ ✌✗✑ ✍ ☛ ✕✍ ✖ ✡ ✒✼ ❞✒ ☞ ✓✎ ✒

= ✽ ✾ ✽ ✾
2 2

1 4 4 1 3 2✿ ❂ ✿ ❃ ❜❄ ❅❜❩

♠ ☎✆✝ ✞✟✝ ❦❦ ❞❇ ✮✘✑ ❞✎✛✍ ✤ ✌✢ ❢❞

❧ ✎♦ ✎✍✏ ✑✑ ✢❈ ❢✡☛☞ ✌ ✕✍ ✖ ❢♦ ✢ ☞ ✮✧✣✑ ❞✒ ✛ ✎✤

❞✑ ✬✧ ❞✎✛ ✒ ✤ ✥✪ ❢✡ ☛☞ ✌ ❥ ★ ✪ ✹ ✩ ❞✑ ✎✍ ✏✑ ✑

043 ❉❊❋ yx ✭ ✍ ☛ ✮ ✯ ❢ ✛ ❢ ✡ ☛ ✡ ✚ ✑ ✛

❞✒❢✜✢✦

✆❣ ✭✑ ✘ ♦ ✒❢✜✢ Q (h, k) ❢✡☛☞ ✌

P (1, 2) ❞✑ ✎✍✏ ✑ ✑

x – 3y + 4 = 0     ... (1)

✭✍ ☛ ✮✯❢✛ ❢✡ ☛✡ ✤ ✥✦

♥❧ ❢♦ ✢✪ ✎✍✏ ✑ ✑ ❥ ★✩ ✎✍✏ ✑ ✑ ✏✑ ☛✲ PQ  ❞✑

♦ ☛✡ ❧ ✭❢② ●✑✑ ✜ ❞ ✤ ✥

❥ ✗✑ ✕✶ ✖❢✛ 10.22)✦

❍✝ ■ ❏❑▼ ◆ 10.21

(1, 4)

❍✝■ ❏❑▼ ◆ 10.22
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✈✞✟ PQ ❞✠ ✡☛☞  = 
1

3 4 0x y❥❬s ✌✌ ✍❤ ✥✌②
 ,

❢✎✏✏✑ 2 1
3 5

11

3

k
h k

h

✒ ✒✓ ✔ ✓
✒

❀✕

... (2)✈☛✖✗ PQ ❞☛ ✘✙✚ ❢✛✜✢✣ ✈✤☛☛✦✞✧ ❢✛✜✢✣ 
1 2

2 2

h k
,

★ ★✩ ✪
✫ ✬✭ ✮✏

✘✠❞✗✯☛ ✰✱✲ ❞☛✑ ✏✜✞✣✳✴ ❞✗✑✵☛ ❢✎✏✏✑

1 2
3 4 0 3 3

2 2

h k
h k✶✌ ... (3)

✰✷✲ ✈☛✖✗ ✰✸✲ ❞☛✑ ✹☞ ❞✗✺✑ ✻✗✼ ✹✘ ✻☛✞✑ ✹✖✜  h =
6

5
✈☛✖✗ k = 

7

5
.

✈✞✟ ❢✛✜✢✣ ✰✱✼ ✷✲ ❞☛ ✗✑✽☛☛ ✰✱✲ ✘✑✜ ✻✾❢✞❢✛✜✛  
6 7

5 5
,

✩ ✪
✫ ✬✭ ✮

 ✹✖❣

♠✿❁❂❃❄❁ ❅❆ ✢♥☛☛✦❇❈ ❢❞ ✗✑✽☛☛✈☛✑✜

cxmycxmy 2211 , ❉❊❉❊  ✈☛✖✗ x = 0 ✏✑ ✛✺✑ ❢❋☛●☛✣✎ ❞☛ ❍☛✑❋☛✻■☞
❏ ❑

2

1 2

1 22

cc

m m

–

▲
 ✹✖❣

❂▼  ✢✠ ✗✑✽☛☛❈◆ ✹✖✜
y = m

1 
x + c

1
... (1)

y = m
2 
x + c

2
... (2)

x = 0 ... (3)

✹✘ ✎☛✺✞✑ ✹✖✜ ❢❞ ✗✑✽☛☛ y = mx + c ✗✑✽☛☛
x = 0 (y-✈❍☛) ❞☛✑ ❢✛✜✢✣ (0, c) ✻✗ ❢✘☞☛✞✠
✹✖❣ ❇✏❢☞❈ ✗✑✽☛☛✈☛✑✜ (1) ✏✑ (3) ✞❞ ✏✑ ✛✺✑
❢❋☛●☛✣✎ ❖✑■ ✢☛✑ ♥☛✠✳☛✦ P (0, c

1
) ✈☛✖✗

Q (0, c
2
) ✹✖✜ (✈☛❖P■❢✞ 10. 23)❣ ✞✠✏✗☛ ♥☛✠✳☛✦

✏✘✠❞✗✯☛ ✰✱✲ ✈☛✖✗ ✰✷✲ ❞☛✑ ✹☞ ❞✗✺✑
✻✗ ✻✾☛✐✞ ✹☛✑✵☛❣ ✰✱✲ ✈☛✖✗ ✰✷✲ ❞☛✑ ✹☞
❞✗✺✑ ✻✗✼ ✹✘ ✻☛✞✑ ✹✖✜ ◗❁❘❙❚❯❱ 10.23
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2 1 1 2 2 1

1 2 1 2

c c m c m c
x y

m m m m
r☎❦❦

❜✆✝✞✟✠ ✝✡☛☞☛✌✍ ✎☛ ✏✑✆✒☛ ✓☛✑✔☛✕ R 
2 1 1 2 2 1

1 2 1 2

c c m c m c
,

m m m m  ❣✖✗

✈✘✠ ✝✡☛☞☛✌✍ ✎☛ ✙☛✚✡☛✛✜✞
2

12
1 2 2 1 2 1 1 2 2 1

2 2 1 1

1 21 2 1 2 1 2

1
0 0

2 2

c cm c m c c c m c m c
. c c c . c

m m m m m m m m
❣✖

♠✢✣✤✥✦✣ ✧★ ✟✎ ✒✚✱☛☛ ❜✆ ✛✩✎☛✒ ❣✖ ✝✎ ❜✆✎☛ ✒✚✱☛☛✈☛✚✪ 5x – y + 4 = 0 ✈☛✖✒  3x + 4y – 4 = 0 ♦✚✜

✘✑❝ ✎☛ ✒✚✱☛☛✱☛✪✫ ✝✘✪✬✌ ✭✮✠ ✯✰ ✛✒ ✆✲✝✳☞☛☛✝✍✏ ❣☛✚✏☛ ❣✖ ❜✆✎☛ ✆✲✑✎✒✴☛ ✛✩☛✵✏ ✎✑✝✍✟✗

✤✶  ✬✑ ❣✌❜✕ ✒✚✱☛☛✟♥ 5x – y + 4 = 0 ... (1)

3x + 4y – 4 = 0 ... (2)

✲☛❡ ✞✑✝✍✟ ✝✎ ✈☞☛✑✔✷ ✒✚✱☛☛ ✭✮✰ ✈☛✖✒ ✭✸✰ ✒✚✱☛☛✈☛✚✪ ✎☛✚ ✹✲✓☛✺  (✻
1
, ✼

1
) ✈☛✖✒(✻

2
, ✼

2
) ✝✘✪✬✌✈☛✚✪ ✛✒

✛✩✝✏✐✽✚✬ ✎✒✏✑ ❣✖ ✭✈☛♦✾✜✝✏ ✮✿❀✸❁✰✗

❜✆✝✞✟ 1 21 2
5 4 0 3 4 4 0❂ ❂❃ ❃❄ ❅ ❆ ❅ ❄ ❆❇❈❉❙

❊☛
2

11 2

4 –3❋
5 4   ● ●❋

4
❍ ■ ❍❏❑▲❥

▼✣◆❖P◗❘ 10.24
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❣✞✟✠ ✡☛☞✌ ❣✍ ✡✎ ✏✑✌✒✓✔ ✕✟✖✌✌ ✎✌ (✗
1
, ✘

1
) ✏✌✍✕ (✗

2
, ✘

2
) ♦✟✙ ✚✒✛ ♦✟✙ ✖✌✠✜ ✎✌ ✞✢☞ ✡✚✠☛✣

(1, 5) ❣✍✤

❜✥✡✦✧★
1 2 1 2✩ ✩✪ ✪

1 5
2 2

✫✫
✬ ✬✈✭❥❙ ,

☞✌ ✗
1
 + ✗

2
 = 2 ✏✌✍✕ 

2
1

4 3✮
5 4✮

4 5,
2

✯
✰ ✰

✱

☞✌ ✗
1
 + ✗

2
 = 2 ✏✌✍✕  20 ✗

1
 – 3 ✗

2
 = 20

... (3)

✗
1
 ✏✌✍✕ ✗

2
, ♦✟✙ ✞✌✲✌✟✠ ♦✟✙ ✡✦✧ ✳✴✵ ♦✟✙ ✥✞✒✎✕✶✌✌✟✠ ✎✌✟ ❣✦ ✎✕✲✟ ✷✕★ ❣✞ ✷✌✸✟ ❣✍✠

1

26
✪ =

23
 ✸r✌✌  

2

20
=✪

23
✏✸✹, 1

26 222
5 4✩

23 23
.✬ ✫ ✬

✳✺★✻✵ ✏✌✍✕  (✗
1
, ✘

1
) ✥✟ ✼✌✲✟ ♦✌✦✒ ✏✑✌✒✓✔ ✕✟✖✌✌ ✎✌ ✥✞✒✎✕✶✌

1

1

5✽
5 ( 1)

1✾
y x

✿
✿ ❀ ✿

✿
 ☞✌  

222
5

235 ( 1)
26

1
23

y x

☞✌  107x – 3y – 92 = 0, ✼✌✟ ✡✎ ✏✑✌✒✓✔ ✕✟✖✌✌ ✎✌ ✥✞✒✎✕✶✌ ❣✍✤

♠❁❂❃❄❅❂ ❆❇ ☛♥✌✌❈❜✧ ✡✎ ✧✎ ❉✡✸✞✌✲ ✡✚✠☛✣★ ✡✼✥✎✒ ☛✌✟ ✕✟✖✌✌✏✌✟✠ 3x – 2y = 5 ✏✌✍✕ 3x + 2y = 5 ✥✟

☛❊✕✒☞✌❋ ✥✞✌✲ ❣✍★ ✎✌ ✷r✌ ✧✎ ✕✟✖✌✌ ❣✍✤

❃●  ☛✒ ✕✟✖✌✌✧❋ 3x – 2y = 5 ... (1)

✏✌✍✕ 3x + 2y = 5   ❣✍✠✤ ... (2)

✞✌✲ ✦✒✡✼✧ ✎✌✟❜❈ ✡✚✠☛✣ (h, k ) ❣✍ ✡✼✥✎✒ ✕✟✖✌✌✏✌✟✠ ✳✺✵ ✏✌✍✕ ✳❍✵ ✥✟ ☛❊✕✒☞✌❋ ✥✞✌✲ ❣✍✤ ❜✥✡✦✧

3 2 5 3 2 5
3 2 5 3 2 5

9 4 9 4

h k h k
h k h k

■ ■ ❏ ■
❑ ■ ■ ❑ ❏ ■

❏ ❏
▲ ▼ ,

✡✼✥✥✟ ✡✞✦✸✌ ❣✍★ 3h – 2k – 5 = 3h + 2k – 5 ☞✌  – (3h – 2k – 5) = 3h + 2k – 5.

❜✲ ☛✌✟✲✌✟✠ ✥✠✚✠◆✌✟✠ ✎✌✟ ❣✦ ✎✕✲✟ ✷✕ ❣✞ ✷✌✸✟ ❣✍✠ , k = 0 ☞✌  h = 
3

5
. ❜✥ ✷❖✎✌✕★ ✡✚✠☛✣ (h, k) ✥✞✒✎✕✶✌✌✟✠

y = 0 ☞✌  x = 
5

3
, ✼✌✟ ✡✎ ✥✕✦ ✕✟✖✌✌✧❋ ✡✲t✡✷✸ ✎✕✸✟ ❣✍✠★ ✎✌✟ ✥✠✸✣✓✔ ✎✕✸✌ ❣✍✤ ✏✸✹ ✕✟✖✌✌✏✌✟✠ ✳✺✵ ✏✌✍✕

✳❍✵ ✥✟ ✥✞✌✲ ☛❊✕✒ ✷✕ ✕❣✲✟ ♦✌✦✟ ✡✚✠☛✣ ✎✌ ✷r✌ ✧✎ ✥✕✦ ✕✟✖✌✌ ❣✍✤
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✈☎✆✝✆ ✞✟ ✠✡ ☛☞☛☞✌ ✠✍✎✏✝☞✑✒

1. k ♦✓✔ ✕✖✗ ✘✖✙ ✚✛✜✢✣ ✢✤✜✚ ✥✓✦✖✖ (k–3) x – (4 – k2) y + k2 –7k + 6 = 0

(a) x-✧★✖ ♦✓✔ ✩✕✖✪✙✥ ✫✬✭

(b) y-✧★✖ ♦✓✔ ✩✕✖✪✙✥ ✫✬✭

(c) ✕❡✮ ✜✤✪✯✰ ✩✓ ✢✖✙✛ ✫✬✭

2. ✱  ✧✖✬✥  p ♦✓✔ ✕✖✗ ✘✖✙ ✚✛✜✢✣ ✲✜✯ ✩✕✛✚✥✳✖ x cos ✱ + y sin ✱ = p ✥✓✦✖✖

3 x + y + 2 = 0 ✚✖ ✮✪✤ ❞✴ ✫✬✪✭

3. ♠✗ ✥✓✦✖✖✧✖✓✪ ♦✓✔ ✩✕✛✚✥✳✖ ✘✖✙ ✚✛✜✢✣ ✜✢✗♦✓✔ ✧★✖✖✓✪ ✩✓ ✚✵✓ ✧✪✙✶✦✖✪✷✖✓✪ ✚✖ ✲✖✓✸ ✧✖✬✥ ✸✰✳✖✗✴✔✮

Ø✕✹✖✶ ✺ ✧✖✬✥ ✻✼ ✫✬✭

4. y-✧★✖ ✴✥ ✚✖✬✗ ✩✓ ✜✤✪✯✰ ✣✓✩✓ ✫✬✪✽ ✜✢✗✚✛ ✥✓✦✖✖ 1
3 4

x y
✾ ✿  ✩✓ ✯❡✥✛ ❧ ❀✚✖❀❁ ✫✬✭

5. ✕❡✮ ✜✤✪✯✰ ✩✓ ✜✤✪✯✰✧✖✓✪ (cos✱, sin ✱) ✧✖✬✥ (cos ❂, sin ❂) ✚✖✓ ✜✕✮✖✗✓ ♦✖✮✛ ✥✓✦✖✖ ✚✛ ✮✖✪✜✤✚ ✯❡✥✛

✘✖✙ ✚✛✜✢✣✭

6. ✥✓✦✖✖✧✖✓✪ x – 7y + 5 = 0 ✧✖✬✥ 3x + y = 0 ♦✓✔ ✴❃✜✙❄❅✓✯ ✜✤✪✯✰ ✩✓ ✦✖✛✪❆✛ ✸❀❁ ✧✖✬✥ y-✧★✖ ♦✓✔ ✩✕✖✪✙✥

✥✓✦✖✖ ✚✖ ✩✕✛✚✥✳✖ ✘✖✙ ✚✛✜✢✣✭

7. ✥✓✦✖✖ 1
64

❇❈
yx

✴✥ ✮✪✤ ♠✩ ✜✤✪✯✰ ✩✓ ✦✖✛✪❆✛ ✸❀❁ ✥✓✦✖✖ ✚✖ ✩✕✛✚✥✳✖ ✘✖✙ ✚✛✜✢✣ ✢✫✖✐ ✲✫ ✥✓✦✖✖

y-✧★✖ ✩✓ ✜✕✮✙✛ ✫✬✭

8. ✥✓✦✖✖✧✖✓✪ y – x = 0, x + y = 0 ✧✖✬✥ x – k = 0 ✩✓ ✤✗✓ ✜❉✖❊✖✰✢ ✚✖ ★✖✓❉✖✴✔✮ ✘✖✙ ✚✛✜✢✣✭

9. p ✚✖ ✕✖✗ ✘✖✙ ✚✛✜✢✣ ✜✢✩✩✓ ✙✛✗ ✥✓✦✖✖✣✐ 3x + y – 2 = 0, px + 2 y – 3 = 0 ✧✖✬✥

2x – y – 3 = 0 ✣✚ ✜✤✪✯✰ ✴✥ ✴❃✜✙❄❅✓✯ ✚✥✓✪✭

10. ✲✜✯ ✙✛✗ ✥✓✦✖✖✣✐ ✜✢✗♦✓✔ ✩✕✛✚✥✳✖ y = m
1
x + c

1
, y = m

2
x + c

2
 ✧✖✬✥ y = m

3
x + c

3
 ✫✬✪✽ ✩✪✸✖✕✛

✫✬✪ ✙✖✓ ✜✯✦✖✖❀✣ ✜✚ m
1
(c

2 
– c

3
) + m

2 
(c

3
 – c

1
) + m

3
 (c

1
 – c

2
) = 0.

11. ✜✤✪✯✰ ❢❋✽ ●❍ ✩✓ ✢✖✗✓ ♦✖✮✛ ♠✩ ✥✓✦✖✖ ✚✖ ✩✕✛✚✥✳✖ ✘✖✙ ✚✛✜✢✣ ✢✖✓ ✥✓✦✖✖ x – 2y = 3 ✩✓ 45o

✚✖ ✚✖✓✳✖ ✤✗✖✙✛ ✫✬✭

12. ✥✓✦✖✖✧✖✓✪ 4x + 7y – 3 = 0 ✧✖✬✥ 2x – 3y + 1 = 0 ♦✓✔ ✴❃✜✙❄❅✓✯ ✜✤✪✯✰ ✩✓ ✢✖✗✓ ♦✖✮✛ ✥✓✦✖✖ ✚✖

✩✕✛✚✥✳✖ ✘✖✙ ✚✛✜✢✣ ✢✖✓ ✧★✖✖✓✪ ✩✓ ✩✕✖✗ ✧✪✙✶✦✖✪✷ ✤✗✖✙✛ ✫✬✭

13. ✯✹✖✖❁❀✣ ✜✚ ✕❡✮ ✜✤✪✯✰ ✩✓ ✢✖✗✓ ♦✖✮✛ ✧✖✬✥ ✥✓✦✖✖ y = mx + c ✩✓ ✱ ✚✖✓✳✖ ✤✗✖✗✓ ♦✖✮✛ ♠✩ ✥✓✦✖✖

✚✖ ✩✕✛✚✥✳✖
± tan■

= ±
1 tan■

y m

x  ❏
 ✫✬✭

14. (–1, 1) ✧✖✬✥ (5, 7) ✚✖✓ ✜✕✮✖✗✓ ♦✖✮✛ ✥✓✦✖✖✦✖✪✷ ✚✖✓ ✥✓✦✖✖ x + y = 4 ✜✚✩ ✧✗✰✴✖✙ ✕✓✪ ✜♦❊✖✖✜✢✙

✚✥✙✛ ✫✬❑
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15. ❢✞✟✠✡ ☛☞✌ ✍✎ ✏✑ ✒✑✓✔✔ 4x + 7y + 5 = 0 ❞✕ 2x – y = 0 ♦✑✖ ✗✘✡❢✠✙✔✌ ✠✚✒✕ ✛✔✜ ❞✕❢✢✣✤

16. ❢✞✟✠✡ (–1, 2) ✏✑ ✓✔✕✟✥✕ ✢✔ ✏❞✘✑ ♦✔✦✕ ✧✏ ✒✑✓✔✔ ❞✕ ❢✠✙✔✔ ✛✔✜ ❞✕❢✢✣ ❢✢✏❞✔ ✒✑✓✔✔

x + y =4 ✏✑ ★✩❢✜✪✫✑✠ ❢✞✟✠✡ ❢✠✣ ❢✞✟✠✡ ✏✑ ✬ ✭❞✔✭✮ ❞✕ ✠✚✒✕ ★✒ ✯✰✤

17. ✏✱❞✔✑✲✔ ❢✳✔✴✔✡✢ ♦✑✖ ❞✲✔✮ ♦✑✖ ✗✟✜✵ ❢✞✟✠✡ ☛☞✌✬✎ ✗✔✰✒ ☛✶✷✌ ☞✎ ✯✰✟✤ ❢✳✔✴✔✡✢ ♦✑✖ ★✔✠ ☛legs✎

☛✏✱❞✔✑✲✔✕✵ ✴✔✡✢✔✗✔✑✟✎ ♦✑✖ ✏✱✕❞✒✲✔ ✛✔✜ ❞✕❢✢✣ ✢✔✑ ✗✸✔✔✑✟ ♦✑✖ ✏✱✔✹✜✒ ✯✰✟✰✰✟✤

18. ❢❞✏✕ ❢✞✟✠✡ ♦✑✖ ❢✦✣ ✒✑✓✔✔ ❞✔✑ ✠★✮✲✔ ✱✔✘✜✑ ✯✡✣ ❢✞✟✠✡ ☛✬✌ ✺✎ ❞✔ ✒✑✓✔✔ x +3y = 7 ✱✑✟ ★✩❢✜❢✞✟✞

✛✔✜ ❞✕❢✢✣✤

19. ✵❢✠ ✒✑✓✔✔✣❀ y = 3x +1 ✗✔✰✒ 2y = x + 3, ✒✑✓✔✔ y = mx + 4, ★✒ ✏✱✔✘ ✐★ ✏✑ ✗✔✘✜ ✯✔✑✟ ✜✔✑ m

❞✔ ✱✔✘ ✛✔✜ ❞✕❢✢✣✤

20. ✵❢✠ ✣❞ ✥✒ ❢✞✟✠✡ P (x, y) ❞✕ ✒✑✓✔✔✗✔✑✟ x + y – 5 = 0 ✗✔✰✒ 3x – 2y +7 = 0 ✏✑ ✦✔✟❢✞❞

✠✚❢✒✵✔✑✟ ❞✔ ✵✔✑♥ ✏✠✰♦ ☞✻ ✒✯✑ ✜✔✑ ✠✙✔✔✮✭✣ ❢❞ P ✗❢✘♦✔✵✮ ✐★ ✏✑ ✣❞ ✒✑✓✔✔ ★✒ ♥✱✘ ❞✒✜✔ ✯✰✤

21.  ✏✱✔✟✜✒ ✒✑✓✔✔✗✔✑✟ 9x + 6y – 7 = 0 ✗✔✰✒ 3x + 2y + 6 = 0 ✏✑ ✏✱✠✚✒✼✽✔ ✒✑✓✔✔ ❞✔ ✏✱✕❞✒✲✔ ✛✔✜

❞✕❢✢✣✤

22. ❢✞✟✠✡ ☛☞✌ ✍✎ ✏✑ ✯✔✑❞✒ ✢✔✘✑ ♦✔✦✕ ✣❞ ★✩❞✔✙✔ ❢❞✒✲✔ x✶✗✸✔ ♦✑✖ ❢✞✟✠✡ A ✏✑ ★✒✔♦❢✜✮✜ ✯✔✑✜✕

✯✰ ✗✔✰✒ ★✒✔♦❢✜✮✜ ❢❞✒✲✔ ❢✞✟✠✡ ☛❣✌ ✬✎ ✏✑ ✯✔✑❞✒ ✢✔✜✕ ✯✰✤ A ♦✑✖ ❢✘✠✑✮✙✔✔✟❞ ✛✔✜ ❞✕❢✢✣✤

23. ❢✠✓✔✔✭✣ ❢❞
2 2 0a b , ✗✔✰✒ 

2 2 0a b , ❢✞✟✠✡✗✔✑✟ ✏✑ ✒✑✓✔✔ cos✾ sin✾ 1
x y

a b
✿ ❁ ★✒

✓✔✕✟✥✑ ♥✵✑ ✦✟✞✔✑✟ ❞✕ ✦✟✞✔✭✵✔✑✟ ❞✔ ♥✡✲✔✘★✖✦ b❂ ✯✰✤

24. ✣❞ ❃✵❢❄✜ ✏✱✕❞✒✲✔✔✑✟ 2x – 3y  + 4 = 0 ✗✔✰✒ 3x + 4y – 5 = 0 ✏✑ ❢✘✐❢★✜ ✏✒✦ ✒✑✓✔✕✵ ★✽✔✔✑✟

♦✑✖ ✏✟❢❅ ❢✞✟✠✡ ☛junction/crossing✎ ★✒ ✓✔❆❇✔ ✯✰ ✗✔✰✒ ✏✱✕❞✒✲✔ 6x – 7y + 8 = 0 ✏✑ ❢✘✐❢★✜

★✽✔ ★✒ ✹✵✚✘✜✱ ✏✱✵ ✱✑✟ ★✯✡❀✥✘✔ ✥✔✯✜✔ ✯✰✤ ✧✏♦✑✖ ❈✔✒✔ ✗✘✡✏❢✒✜ ★✽✔ ❞✔ ✏✱✕❞✒✲✔ ✛✔✜

❞✕❢✢✣✤

❉❊❋❊●❍❊

■ (x
1
, y

1
) ✗✔✰✒ (x

2
, y

2
) ❢✞✟✠✡✗✔✑✟ ✏✑ ✢✔✘✑ ♦✔✦✕ ❏❑♦✮✑▲✔✒ ✒✑✓✔✔ ❞✕ ▼✔✦ m ✭✏ ★✩❞✔✒ ✯✰

2 1 1 2
1 2

2 1 1 2

y y y y
m x x, .

x x x x

◆ ◆
❖ ❖ P

◆ ◆

■ ✵❢✠ ✣❞ ✒✑✓✔✔ x-✗✸✔ ❞✕ ❅✘ ❢✠✙✔✔ ✏✑ ◗❞✔✑✲✔ ✞✘✔✜✕ ✯✰ ✜✔✑ ✒✑✓✔✔ ❞✕ ▼✔✦  m = tan ◗,

◗ ❘ 90° ✯✰✤

■ ✸✔✰❢✜✢ ✒✑✓✔✔ ❞✕ ▼✔✦ ✙✔✚✹✵ ✯✰ ✗✔✰✒ ❏❑♦✔✮❅✒ ✒✑✓✔✔ ❞✕ ▼✔✦ ✗★❢✒✴✔✔❢④✔✜ ✯✰✤

■ m
1
 ✗✔✰✒  m

2 
▼✔✦✔✑✟ ♦✔✦✕ ✒✑✓✔✔✗✔✑✟ L

1
 ✗✔✰✒ L

2
 ♦✑✖ ✞✕✥ ❞✔ ✹✵✚✘ ❞✔✑✲✔ ❙ ☛✱✔✘ ❢✦✵✔✎ ✯✔✑ ✜✔✑
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2 1

1 2

1 2

tan☎ 1 0
1

m – m
, m m

m m
✆ ✝ ✞

✝ .

✟ ♥✠✡ ☛✡☞✠✠✌✍ ✎✏✠✑✒☛ ✓✠✡✒✔ ✓✕ ✖✗♥ ✘✠✕☛ ✙✡✚✙✛ ✖✗♥ ✜✢✙✡✚ ✣✠✛ ✎✏✠✢ ✓✕✑✤

✟ ♥✠✡ ☛✡☞✠✠✌✍ ✛✑✥ ✓✠✡✒✔ ✓✕ ✑ ✖✗♥ ✘✠✕☛ ✙✡✚✙✛ ✖✗♥ ✜✢✙✡✚ ✣✠✛✠✡✑ ✦✠ ✧★✩✠✢✪✚✛ ✫✬ ✓✕✤

✟ ✒✔✢ ✗✥✑♥★ A, B ✘✠✕☛ C ✎✑☛✡☞✠ ✓✠✡✒✡ ✓✕ ✑ ✖✗♥ ✘✠✕☛ ✙✡✚✙✛ ✖✗♥ AB ✦✔ ✣✠✛ = BC ✦✔ ✣✠✛✤

✟ x-✘✈✠ ✎✡ a ♥✭☛✔ ✪☛ ✗✮✯✠✒ ✈✠✕✗✒✰ ☛✡☞✠✠ ✦✠ ✎✏✔✦☛✩✠ ✖✠ ✒✠✡ y = a  ✖✠ y = – a ✓✕✤

✟ y-✘✈✠ ✎✡ b ♥✭☛✔ ✪☛ ✗✮✯✠✒ ✱✲✙✠✳✴☛ ☛✡☞✠✠ ✦✠ ✎✏✔✦☛✩✠ ✖✠ ✒✠✡ x = b ✖✠ x = – b

✟ ✗✮✯✠☛ ✗✥✑♥★ (x
o
, y

o
) ✎✡ ✰✠✢✡ ✙✠✛✔ ✘✠✕☛ ✣✠✛ m ✙✠✛✔ ☛✡☞✠✠ ✪☛ ✗✥✑♥★ (x, y) ✗✮✯✠✒ ✓✠✡✧✠

✖✗♥ ✘✠✕☛ ✙✡✚✙✛ ✖✗♥ ❀✎✙✡✚ ✗✢♥✡✳✵✠✠✑✦ ✎✏✔✦☛✩✠ y – y
o
 = m (x – x

o
) ✦✠✡ ✎✑✒★❞✶ ✦☛✒✡ ✓✕✑✤

✟ ✗✥✑♥★✘✠✡✑ (x
1
, y

1
) ✘✠✕☛ (x

2
, y

2
) ✎✡ ✰✠✢✡ ✙✠✛✔ ☛✡☞✠✠ ✦✠ ✎✏✔✦☛✩✠ ❀✎ ✪❧✦✠☛ ✓✕✷

2 1
11

2 1

( )
y y

x xy y
x x

✟ ✣✠✛ m ✘✠✕☛ y-✘✑✒✸☞✠✑✹ c ✙✠✛✔ ☛✡☞✠✠ ✪☛ ✗✥✑♥★ (x, y) ✓✠✡✧✠ ✖✗♥ ✘✠✕☛ ✙✡✚✙✛ ✖✗♥

cmxy ✺✻ .

✟ ✖✗♥ ✣✠✛ m ✙✠✛✔ ☛ ✡☞✠✠ x-✘✑✒✸☞✠ ✑✹ d ✥✢✠✒✔ ✓ ✕ ✒✠ ✡ ☛ ✡☞✠✠ ✦✠ ✎✏✔✦☛✩✠

y = m (x – d) ✓✕✤

✟ x- ✘✠✕☛ y-✘✈✠✠✡ ✑ ✎✡ ✼✏✵✠✸  a ✘✠✕☛ b ✘✑✒✸☞✠✑✹ ✥✢✠✢✡ ✙✠✛✔ ☛✡☞✠✠ ✦✠ ✎✏✔✦☛✩✠

1✽✾
b

y

a

x

✟ ✏✭✛ ✗✥✑♥★ ✎✡ ✛✠✑✗✥✦ ♥✭☛✔ p ✘✠✕☛ ❀✎ ✛✑✥ ✒✯✠✠ ✴✢ x-✘✈✠ ✙✡✚ ✥✔✿ ❁ ✦✠✡✩✠ ✥✢✠✢✡ ✙✠✛✔

☛✡☞✠✠ ✦✠ ✎✏✔✦☛✩✠ pyx ❂❃ ❄sin❄cos

✟ ✖✗♥ A ✘✠✕☛ B ✌✦ ✎✠✯✠ ✵✠✭❅✖ ✢ ✓✠✡✑ ✒✠✡ Ax + By + C = 0 ✙✡✚ ♦✪ ✦✠ ✦✠✡❀✳ ✎✏✔✦☛✩✠

☛✡☞✠✠ ✦✠ ❥✖✠✪✦ ☛✕✗☞✠✦ ✎✏✔✦☛✩✠ ✖✠ ☛✡☞✠✠ ✦✠ ❥✖✠✪✦ ✎✏✔✦☛✩✠ ✦✓✛✠✒✠ ✓✕✤

✟ ✌✦ ✗✥✑♥★ (x
1
,  y

1
) ✎✡ ☛✡☞✠✠ Ax + By+ C = 0 ✦✔ ✛✠✑✗✥✦ ♥✭☛✔ (d) ❀✎ ✪❧✦✠☛ ✓✕

1 1

2 2

A B C

A B

x y
d

✟ ✎✏✠✑✒☛ ☛✡☞✠✠✘✠✡✑  Ax + By + C
1
 = 0 ✘✠✕☛ Ax + By + C

2
 = 0, ✙✡✚ ✥✔✿ ✦✔ ♥✭☛✔

BA

CC

22

21

❆

❇
❈d  ✓✕✤



�Let the relation of knowledge to real life be very visible to your pupils

and let them understand how by knowledge the world could be

transformed”. – BERTRAND RUSSELL �

11.1 ❍✁✂✄☎✆✁ (Introduction)

❢✝✞✟✠ ✡☛☞✌☞ ✍✠✎ ✏✍✑✠ ✒✓ ✔✠✕✌✌ ✖✠✗ ✘✍✙✓✔✚✌✌✠✎ ✖✠✗ ❢✖❢✛✌✜✑ ✢✝✌✠✎ ✓✌
✡☛☞☞✑ ❢✓☞✌ ✏✈✣ ✤✘ ✡☛☞✌☞ ✍✠✎✥ ✏✍ ✖✦✗✞ ✡✜☞ ✖✧✌✠✎ ✓✌ ✡☛☞☞✑
✓✔✠✎①✠ ★✈✘✠ ✖✩✪✌ ✫circle✮✥ ✝✔✖✟☞ ✫parabola)✥ ❪✙✬✌✭✖✩✪✌ ✫ellipse✮
✡✌✈✔ ✡❢✯✝✔✖✟☞ ✫hyperbola✮✣ ✝✔✖✟☞ ✡✌✈✔ ✡❢✯✝✔✖✟☞
Apollonius ✰✌✔✌ ❢❪✒ ①✒ ✑✌✍ ✏✈✎✣ ✖✌✱✯✖ ✍✠✎ ✤✑ ✖✧✌✠✎ ✓✌✠ ✲✳✴✵✶✷
✐✸✹✺✻✼✽ ☞✌ ✘✌✍✌✜☞✯✾ ✲✳✳✴✿✵ ✓✏✌ ★✌✯✌ ✏✈ ❀☞✌✠✎❢✓ ✤✜✏✠✎ ✒✓ ✟✎❁
✖✩✪✌✙☞ ❢✰♦✌✎✖✦✗ ✡✌✈✔ ✒✓ ✘✍✯✟ ✖✠✗ ✝❢✔❂✞✠❪✑ ✘✠ ✝❃✌❄✯ ❢✓☞✌ ★✌
✘✓✯✌ ✏✈✣ ✤✑ ✖✧✌✠ ✎ ✓✌ ①❃✏✌✠✎ ✖✠✗ ✬✌❧✚✌✭✑✥ ❪❧✔❪♦✌✙✭☞✎❅✌ ✫telescope✮
✡✌✈✔ ✒✎❆✙✑✌ ✖✠✗ ❢✑✍✌✭✚✌✥ ✡✌❆✌✠✍✌✠❁✌✤❇✘ ✓✙ ✏✠❈✟✌✤❆ ✍✠✎✥ ✝✔✌✖✯✭✓
✤❜☞✌❢❪ ✍✠✎ ❁✏✦✯ ✡❢❉✓ ❊✝☞✌✠①✙ ✏✌✠✯✌ ✏✈✣ ✡❁ ✏✍ ✡✌①✠ ✡✌✑✠ ✖✌✟✠
✡✑✦✛✌✌①✌✠ ✎ ✍✠✎ ❪✠✕✌✠✎①✎✠ ❢✓ ❢✓✘ ✝❃✓✌✔ ✒✓ ✟✎❁ ✖✩✪✌✙☞ ❢✰♦✌✎✖✦✗ ✡✌✈✔ ✒✓ ✯✟ ✖✠✗ ✝❢✔❂✞✠❪✑ ✖✠✗ ✝❢✔✚✌✌✍
✱✖✢✝ ❢✖❢✛✌✜✑ ✝❃✓✌✔ ✖✠✗ ✖✧ ✝❃✌❄✯ ✏✌✠✯✠ ✏✈✎✣
11.2 ❋✁●■❏❑ ■▲❑ ▼✄◆❖P▲◗
✍✌✑ ✟✙❢★✒ l ✒✓ ❢✱❘✌✔ ❙☛✖✌✭❉✔ ✔✠✕✌✌ ✏✈ m ✒✓ ❪❧✘✔✙ ✔✠✕✌✌ ✏✈ ★✌✠ ✤✘ ✔✠✕✌✌
✓✌✠ ❢✱❘✌✔ ❢❁✎❪✦ V ✝✔ ✝❃❢✯❂✞✠❪ ✓✔✯✙ ✏✈ ✡✌✈✔ ✤✘✘✠ ✒✓ ✓✌✠✚✌ ❚ ❁✑✌✯✙ ✏✈
(✡✌✖✩✗❢✯ 11.1)✣

✍✌✑ ✟✙❢★✒ ✏✍ ✔✠✕✌✌ m ✓✌✠ ✔✠✕✌✌ l ✖✠✗ ✝❢✔✯✾ ✤✘ ✝❃✓✌✔ ✬✌✦✍✌✯✠ ✏✈ ✎ ❢✓
m ✓✙ ✘✛✌✙ ❢✱❘✌❢✯☞✌✠ ✎ ✍✠✎✥ ✓✌✠✚✌ ❚ ✡❯✔ ✔✏✠ ✯❁ ❊❜✝✜✑ ✝✩❱❲ ✒✓ ✟✎❁ ✖✩✪✌✙☞
✕✌✌✠✕✌✟✠ ❢✰♦✌✎✖✦✗ ✏✈ ❢★✜✏✠✎ ✡❁ ✘✠ ♦✌✎✖✦✗ ✓✏✠✎①✠ ★✌✠ ❪✌✠✑✌✠✎ ❢❪♦✌✌✡✌✠✎ ✍✠✎ ✡❢✑❢♦❯✯ ❪❧✔✙
✯✓ ❁r❳ ✔✏✠ ✏✈✎ ✫✡✌✖✩✗❢✯ ❨❨❩❬✮✣

Apollonius

(262 B.C. -190 B.C.)

11❭❫❴❵❴

❛❝❞❡❣❤❥  11. 1

❦♠♥♣qs t✉✇②③④⑤ (Conic Sections)
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✈☎✆✝✞✟✠ 11. 2 ✈☎✆✝✞✟✠ 11. 3

❢✡☛☞✌ ❢✍✎♥✏  V ❞☞✑ ✬☎✒✆✓✞ ✔☎ ✬☎✕✖☎✗ ✭vertex) ✘☞✙✌ ❢✡☛☞✌ ✌✑✚☞☞ l ✬☎✒✆✓✞ ✔☎ ✈✛☎ (axis)  ❞✜✢☞✣☞

✜✙❣ ✤✥ ✦✧☞★ ❢✡☛☞❢✣✩☞✑ ✎ ✪✑✎ ✫☞✮✪✥✑ ✯☞✢★ ✌✑✚☞☞ m ✬☎✒✆✓✞ ✔✕ ✰✱✔ ( generator) ❞✜✢☞✣★ ✜✙❣ ✲☞✎✯✏✳ ❞☞✑

✲☞★✴☞✵ ♥☞✑ ✧☞☞✶☞✑✎ ✪✑ ✎ ❢✯✧☞✷✣ ❞✌✣☞ ✜✙ ❢✸✹✜✑✎ ✱☎✉✺ (Nappes) ❞✜✣✑ ✜✙✎❣

✩❢♥ ✜✪ ❀❞ ✣✢ ✘☞✙✌ ❀❞ ✲☞✎✯✏✳ ❞☞ ✻❢✌✼✽✑♥✥ ✢✑✣✑ ✜✙✎ ✣☞✑ ✤✦ ✻✾❞☞✌ ✻✾☞✿✣ ✻❢✌✼✽✑♥ ✯❁❂ ✬☎✒✒✆✓✞

✉✟✐❃❄✺❅ ❞✜✢☞✣✑ ✜✙ ✎❣ ✤✦ ✻✾❞☞✌❂ ✲☞✎✯✏✳ ✻❢✌✼✽✑♥ ✯✑ ✯❁ ✜✙✎ ❢✸✹✜✑✎ ❀❞ ✢✎✍ ✯❆❇☞★✩ ✲☞✎✯✏✳ ✘☞✙✌ ❀❞ ✣✢

✯✑✳ ✻❢✌✼✽✑♥✥ ✦✑ ✻✾☞✿✣ ❢❞✩☞ ✸☞✣☞ ✜✙❣

✲☞✎✯✏✳ ✯✑✳ ❈❉✯☞✵❊✌ ✘❋☞ ✘☞✙✌ ✻❢✌✼✽✑♥★ ✣✢ ✯✑✳ ✍★● ✍✥✑ ❞☞✑❍☞ ✘☞✙✌ ✻❢✌✼✽✑♥★ ✣✢ ❞★ ❢✡☛☞❢✣✩☞✑✎

✯✑✳ ✘✥✏✦☞✌ ❢✯❢✧☞✹✥ ✻✾❞☞✌ ✯✑✳ ✲☞✎✯✏✳ ✻❢✌✼✽✑♥ ✻✾☞✿✣ ✜☞✑✣✑ ✜✙✎❣ ✪☞✥ ✢★❢✸❀ ✻❢✌✼✽✑♥★ ✣✢❂ ✲☞✎✯✏✳ ✯✑✳

❈❉✯☞✵❊✌ ✘❋☞ ✯✑✳ ✦☞☛☞ ■ ❞☞✑❍☞ ✍✥☞✣☞ ✜✙ ✭✘☞✯❆✳❢✣ ❏❏❑▲▼❣

✲☞✎✯✏✳ ✯✑✳ ✦☞☛☞ ✣✢ ❞☞ ✻❢✌✼✽✑♥✥ ✩☞ ✣☞✑ ✲☞✎✯✏✳ ✯✑✳ ✲☞★✴☞✵ ✻✌ ✜☞✑ ✦❞✣☞ ✜✙ ✩☞ ✥☞✻✑ ✯✑✳ ♥✮✦✌✑ ❢❞✦★

✧☞☞✶ ✻✌ ❈✻✌ ✩☞ ✥★●✑ ✜☞✑ ✦❞✣☞ ✜✎✙❣

11.2.1 ♦◆❖P◗ ❘❙❚P❯♦◆❖P◗ ❱❲♦❳❨ ❩P❬❲ ❩❭❪❱❲♦❳❨ (Circle, ellipse, parabola and

hyperbola) ✸✍ ✣✢❂ ✲☞✎✯✏✳ ✯✑✳ ✥☞✻✑ ✭✲☞★✴☞✵ ✯✑✳ ✘❢✣❢✌✷✣▼ ❞☞✑ ❞☞t✣☞ ✜✙❂ ✣☞✑ ✜✪✑✎ ❢✥❫✥☞✎❢❞✣ ❢✡☛☞❢✣✩☞❴

✻✾☞✿✣ ✜☞✑✣★ ✜✙❵

(a) ✸✍ ❛ = 90o,  ✣☞✑ ✻❢✌✼✽✑♥ ❀❞ ✯❆❇☞ ✜☞✑✣☞ ✜✙ ✭✘☞✯❆✳❢✣ ❏❏❑r▼❣

(b) ✸✍ ❜ < ❛ <  90o, ✣☞✑ ✻❢✌✼✽✑♥ ❀❞ ♥★✫☞✵✯❆❇☞ ✜☞✑✣☞ ✜✙ ✭✘☞✯❆✳❢✣ ❏❏❑❝▼❣

(c) ✸✍ ❛ = ❜, ✣☞✑ ✻❢✌✼✽✑♥ ❀❞ ✻✌✯✢✩ ✜☞✑✣☞ ✜✙ ✭✘☞✯❆✳❢✣ ❏❏❑❡▼❣

(♠✻✌☞✑✷✣ ✣★✥☞✑✎ ❢✡☛☞❢✣✩☞✑✎ ❞★ ✻✾❤✩✑❞ ❢✡☛☞❢✣ ✪✑✎ ✣✢ ✲☞✎✯✏✳ ❞☞✑ ✥☞✻✑ ✯✑✳ ✻✮❍☞✵✣❵ ✘☞✌❥✻☞✌ ❞☞t✣☞ ✜✙)❣
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✈☞✌✍✎✏✑ 11. 4

(d) t✒ 0 ✓ ✔ < ✕, r✖✗ r✘ ✙✖✚✛✜✢ ✛✗✢ ✣✖✗✤✖✗✚ ✤✗✥✦ ✧✖✗ ✧✖★r✖ ✩✪ r✖✗ ✫✭✮✯✰✗✣ ✛✱ ✲✧ ✳✭r✫✮✛✘✴

✩✖✗r✖ ✩✪ (✳✖✛✵✢✭r 11.7)❆

11.2.2  ✈✶✷☞✸✹✺ ✻☞✼✌✽✎ ✶✏✾✿❀❁❂ (Degenerated conic sections) t✒ r✘ ✙✖✚✛✜✢ ✛✗✢ ✙✖❃❄✖❅ ✫✮

✧✖★r✖ ✩✪ r✖✗ ✭✤❞✤✭✘✭❇✖r ✭❈❉✖✭r✴✖❊ ✫❋✖✥r ✩✖✗r❃ ✩✪✚●

(a) t✒ ✕ < ✔ ✓ 90o, r✖✗ ✫✭✮✯✰✗✣ ✲✧ ✭✒✚✣✜ ✩✪ (✳✖✛✵✢✭r 11.8)❆

(b) t✒  ✔ = ✕, r✖✗ r✘❍ t✤✧ ✧✖✗ ✳✚r✭✛❅❄★ ✧✮r✖ ✩✪ ✳✖✪✮ ✫✭✮✯✰✗✣ ✲✧ ✦✮✘ ✮✗❇✖✖ ✩✖✗r❃ ✩✪

■✳✖✛✵✢✭r ❏❏❑▲▼❆

✈☞✌✍✎✏✑ 11. 6 ✈☞✌✍✎✏✑ 11. 7

✈☞✌✍✎✏✑ 11. 5
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❀☎ ✆✝✞✟❀ ✠✡ ☛✆☞ ✌✍ ✎✏ ✑✒✓ ✌✑✔ ☎✕ ✖

✈✗ ✘✙ ✚✛ ✜ 11. 8
✈✗ ✘✙ ✚✛ ✜ 11. 9

✢✣ ✤✥✦✧ ★ 11. 10

(c) t✩  0 ✪ ✫ < ✬, ✔ ✌r ✆✑✝✭✮ r✯ ✰✠ ✆✍ ✑✔✭✮ r✯ ✠✝✱r ✞✌✟ ✡ ✝r✲ ✌✌ ☛ ✌r ✳ ✠✌ ❀ ✴✵✶ ☎✕ (☛✌✞✷ ✸✑ ✔ 11.10)✖

❀ ☎ ☛✑✔✆✝✞✟❀ ✠✡ ☛✆☞ ✌✍ ✎✏ ✑ ✒✓ ✌✑ ✔ ☎✕ ✖

☛✌ ✹r ☛✌ ✱r ✞ ✌✟ r ☛ ✱✴✭✮ r✯ ✶r✳ ☎✶ ✺ ✱ ✻ ✌✳✞ ✴✸ ✆✑✝✭✮r ✯ ✌r✳ ✠✌r ✼❀ ✌✑✶ ✔ ✡❀ ✹✴✽✌ ✌r✳ ✞r ✸ ☛ ✌✾✌✝ ✆✝ ✆✑✝☞ ✌ ✌✑ ✎✌ ✔

✠✝ ✔r ☎ ✴✰ ❞ ✱✶r✳ ✿r ✆✍❁❀r ✠ ✞r ✸ ✿✶ ✡✠✝✽ ✌ ✶ ✌ ✱✠ ❂✆ ✶r✳ ✆✍ ✌ ❃ ✔ ✠✝r✳ ✹r ✖
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11.3 ♦☞✌✍ (Circle)

✐✎✏✑✒✒✓✒✒ 1 ✥✔✕✖✗ ✘✙ ✥✚✛ ✜✢ ✣✤✦✧★✩✖✚✦ ✪✖ ✫✭★✮✯✰ ✱✖✚✘✖ ✱✲ ✳✖✚ ✘✙ ✥✚✛ ✴✪ ✣✵✶✖✷ ✣✤✦✧★ ✫✚ ✫✭✖✢ ✧✸✷✹

✺✷ ✱✖✚✘✚ ✱✲✦✻

✣✵✶✖✷ ✣✤✦✧★ ✪✖✚ ✥✔✕✖ ✪✖ ✼✽✾✿❀❁❁ ❂centre❃ ✪✱✘✚ ✱✲✦ ✘✶✖✖ ✥✔✕✖ ✺✷ ✣✪✫✹ ✴✪ ✣✤✦✧★ ✪✹ ✥✚✦✛✧❄ ✫✚

✧✸✷✹ ✪✖✚ ✥✔✕✖ ✪✹ ✎❢✒❅❆✒ ❂radius❃ ✪✱✘✚ ✱✲✦ ❂✩✖✥✔✛✣✘ 11.11)✻

✈❇❈❉❊❋● 11.11 ✈❇❈❉❊❋● 11.12

✰✣✧ ✥✔✕✖ ✪✖ ✥✚✦✛✧❄ ✭✸✙ ✣✤✦✧★ ✺✷ ✱✖✚✘✖ ✱✲ ✘✖✚ ✥✔✕✖ ✪✖ ✫✭✹✪✷❍✖ ✫✷✙✘✭ ✱✖✚✘✖ ✱✲✻ ✣✺✛✷ ■✖✹✗ ✱✭

❑✖✘ ✥✚✦✛✧❄ ✘✶✖✖ ✣❏✖▲✰✖ ✥✚✛ ✥✔✕✖ ✪✖ ✫✭✹✪✷❍✖ ✣✢▼✢✣✙✣◆✖✘ ✺❄✪✖✷ ✫✚ ❖✰★P✺◗✢ ✪✷✚✦❘✚✦ ❂✩✖✥✔✛✣✘ 11.12)✻

✥✔✕✖ ✪✖ ✥✚✦✛✧❄ C(h, k) ✘✶✖✖ ✣❏✖▲✰✖ r ❑✖✘ ✱✲✻ ✭✖✢ ✙✹✣✳✴ ✥✔✕✖ ✺✷ ✪✖✚❙❚ ✣✤✦✧★ P(x, y)  ✱✲

(✩✖✥✔✛✣✘ 11.12)✻ ✘✤ ✺✣✷■✖✖❯✖✖ ✫✚✗ | CP | = r ✧✸✷✹ ✫✸❏✖ ♥✖✷✖✗ ✱✭ ✺✖✘✚ ✱✲✦

2 2( ) ( )x – h y – k r❱ ❲

✩✶✖✖❚✘❳ (x – h)2 + (y – k)2 = r2

✰✱ ✥✚✦✛✧❄ (h,k) ✘✶✖✖ ✣❏✖▲✰✖ r ✥✖✙✚ ✥✔✕✖ ✪✖ ✩■✖✹❯❨ ✫✭✹✪✷❍✖ ✱✲✻

♠❀✒❩✏❬✒ 1  ✥✚✦✛✧❄ (0,0) ✘✶✖✖ ✣❏✖▲✰✖ r ✥✖✙✚ ✥✔✕✖ ✪✖ ✫✭✹✪✷❍✖ ❑✖✘ ✪✹✣✳✴✻

❩❣  ✰✱✖❭  h = k = 0. ✩✘❪ ✥✔✕✖ ✪✖ ✫✭✹✪✷❍✖ x2 + y2 = r2 ✱✲✻

♠❀✒❩✏❬✒ 2 ✥✚✦✛✧❄ (–3, 2) ✘✶✖✖ ✣❏✖▲✰✖ 4 ❙✪✖❙❚ ✥✖✙✚ ✥✔✕✖ ✪✖ ✫✭✹✪✷❍✖ ❑✖✘ ✪✹✣✳✴✻

❩❣  ✰✱✖❭  h = –3, k = 2 ✩✖✲✷ r = 4. ✩✘❪ ✥✔✕✖ ✪✖ ✩■✖✹❯❨ ✫✭✹✪✷❍✖

(x + 3)2 + (y –2)2 = 16 ✱✲✻

♠❀✒❩✏❬✒ 3 ✥✔✕✖ x2 + y2 + 8x + 10y – 8 = 0 ✪✖ ✥✚✦✛✧❄ ✘✶✖✖ ✣❏✖▲✰✖ ❑✖✘ ✪✹✣✳✴✻

❩❣  ✣✧✰✖ ❘✰✖ ✫✭✹✪✷❍✖
(x2 + 8x)  + (y2 + 10y) = 8
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✈☎ ✆✝✞✟✠✆✝✞✡ ✆✝✞ ☛☞✌✝✍ ✎✏✍ ☎✑✝✑✞ ☛✒✓
(x2 + 8x + 16)  +  (y2 + 10y + 25)  = 8 + 16 + 25

❀✝ (x + 4)2 + (y + 5)2 = 49

❀✝ {x – (– 4)}2 + {y – (–5)}2 = 72

✈✔✕ ✎✖✗✝ ✆✝ ✎✞✡✘✙✚ (– 4, –5) ✎ ♦✛✝✜❀✝ 7 ✥✆✝✥✍ ✢✣✤

♠✦✧★✩✪✧ 4 ♦☎✡✙❢✈✝✞✡  (2, – 2), ✈✝✣✒ (3,4) ❧✞ ✢✝✞✆✒ ✫✝✑✞ ✎✝✬✞ ✭❧ ✎✖✗✝ ✆✝ ❧✮✯✆✒✌✝ ✰✝✔ ✆✯♦✫✱

♦✫❧✆✝ ✎✞✡✘✙✚ ✒✞✲✝✝ x + y = 2 ☛✒ ♦✐✳✝✔ ✢✣✤

★❣  ✮✝✑ ✬✯♦✫✱ ♦✆ ✎✖✗✝ ✆✝ ❧✮✯✆✒✌✝ (x – h)2 + (y – k)2 = r2 ✢✣✤

❀✢ ♦☎✡✙❢✈✝✞✡ ✴✵✓ ✶✵✷ ✈✝✣✒ ✴✸✓ ✹✷ ❧✞ ✫✝✔✝ ✢✣✤ ✥❧♦✬✱ ✢✮ ☛✝✔✞ ✢✣✡ ♦✆
(2 – h)2 + (–2 – k)2 = r2 ... (1)

✈✝✣✒ (3 – h)2 + (4 – k)2 = r2 ... (2)

✔✳✝✝ ✎✖✗✝ ✆✝ ✎✞✡✘✙✚ ✒✞✲✝✝ x + y = 2, ☛✒ ♦✐✳✝✔ ✢✣✓ ✥❧♦✬✱
h + k = 2 ... (3)

❧✮✯✆✒✌✝ (1), (2) ✎ (3), ✆✝✞ ✢✬ ✆✒✑✞ ☛✒✓ ✢✮ ☛✝✔✞ ✢✣✡ ♦✆

h = 0.7,   k = 1.3  ✈✝✣✒  r2 = 12.58

✈✔✕ ✎✖✗✝ ✆✝ ✈✺✝✯✟✻ ❧✮✯✆✒✌✝
(x – 0.7)2 + (y – 1.3)2 = 12.58

✼✽✾✿❁❂❃❄ 11.1

♦✑❅✑♦✬♦✲✝✔ ☛✚❆✑ ❇ ❧✞ ❈ ✔✆ ☛✚❉❀✞✆ ✮✞✡ ✎✖✗✝ ✆✝ ❧✮✯✆✒✌✝ ✰✝✔ ✆✯♦✫✱✕

1. ✎✞✘✡✙✚  (0,2) ✈✝✣✒ ♦✛✝✜❀✝  2 ✥✆✝✥✍ 2. ✎✞✘✡✙✚ (–2,3) ✈✝✣✒ ♦✛✝✜❀✝ 4 ✥✆✝✥✍

3. ✎✞✘✡✙✚  ( 4

1
,

2

1
) ✈✝✣✒ ♦✛✝✜❀✝ 

1

12
✥✆✝✥✍ 4. ✎✞✘✡✙✚  (1,1) ✈✝✣✒ ♦✛✝✜❀✝ 2  

✥✆✝✥✍

5. ✎✞✘✡✙✚  (–a, –b) ✈✝✣✒ ♦✛✝✜❀✝ 22 ba ❊  ✢✣✤

♦✑❅✑♦✬♦✲✝✔ ☛✚❆✑ ❋ ❧✞ ● ✔✆ ✮✞✡ ☛✚❉❀✞✆ ✎✖✗✝ ✆✝ ✎✞✡✘✙✚ ✈✝✣✒ ♦✛✝✜❀✝ ✰✝✔ ✆✯♦✫✱✕

6. (x + 5)2 + (y – 3)2 = 36 7. x2 + y2 – 4x – 8y – 45 = 0

8. x2 + y2 – 8x + 10y – 12 = 0 9. 2x2 + 2y2 – x = 0

10. ♦☎✡✙❢✈✝✞✡ (4,1) ✈✝✣✒ (6,5) ❧✞ ✫✝✑✞ ✎✝✬✞ ✎✖✗✝ ✆✝ ❧✮✯✆✒✌✝ ✆✯♦✫✱ ♦✫❧✆✝ ✎✞✘✡✙✚ ✒✞✲✝✝

4x + y = 16 ☛✒ ♦✐✳✝✔ ✢✣✤

11. ♦☎✡✙❢✈✝✞✡ (2,3) ✈✝✣✒ (–1,1) ❧✞ ✫✝✑✞ ✎✝✬✞ ✎✖✗✝ ✆✝ ❧✮✯✆✒✌✝ ✰✝✔ ✆✯♦✫✱ ♦✫❧✆✝ ✎✞✡✘✙✚ ✒✞✲✝✝

x – 3y – 11 = 0 ☛✒ ♦✐✳✝✔ ✢✣✤
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12. ❢☞✌✍✎✌ ✏ ✑✒✓ ✔✕ ✑✖✗✌ ✘✌ ✕✙✚✘✛✜✌ ✢✌✣ ✘✚❢✤✥ ❢✤✕✘✌ ✑✒✦✓✧★✩ x-✈✪✌ ✫✛ ✭✌✒ ✈✌✮✛ ✤✌✒ ❢✯✦★✰

(2,3)✕✒ ✤✌✣✌ ✭✮❧

13. (0,0) ✕✒ ✭✌✒✘✛ ✤✌✱✒ ✑✌✲✒ ✑✖✗✌ ✘✌ ✕✙✚✘✛✜✌ ✢✌✣ ✘✚❢✤✥ ✤✌✒ ❢✱★✒✳✴✌✌✦✪✌✌✒✦ ✫✛ a ✈✌✮✛ b ✈✦✣✵✶✌✜✷

✯✱✌✣✌ ✭✮❧

14. ✔✕ ✑✖✗✌ ✘✌ ✕✙✚✘✛✜✌ ✢✌✣ ✘✚❢✤✥ ❢✤✕✘✌ ✑✒✓✦✦✦★✩ (2,2) ✭✌✒ ✣❣✌✌ ❢✯✦★✰ (4,5) ✕✒ ✤✌✣✌ ✭✮❧

15. ❉✎✌ ❢✯✦★✰ (–2.5,  3.5) ✑✖✗✌ x2 + y2 = 25 ✑✒✓ ✈✦★✛♦ ✯✌✭✛ ✎✌ ✑✖✗✌ ✫✛ ❢✸❣✌✣ ✭✮ ?

11.4  ✐✹✺✻✼ (Parabola)

✐✽✹✾✿✿❀✿✿ 2 ✥✘ ✫✛✑✲✎ ✣✲ ✑✒✓ ✔✱ ✕❁✌✚ ❢✯✦★✰✈✌✒✦ ✘✌

✕✙✰❂❃✎ ✭✮ ✤✌✒ ✥✘ ❢✱❢✴❃✣ ✕✛✲ ✛✒✶✌✌ ✈✌✮✛ ✣✲ ✑✒✓

✥✘ ❢✱❢✴❃✣ ❢✯✦★✰ ❄✤✌✒ ✛✒✶✌✌ ✫✛ ❢✸❣✌✣ ✱✭✚✦ ✭✮❅ ✕✒

✕✙✌✱ ★❆✛✚ ✫✛ ✭✮❧

❢✱❢✴❃✣ ✕✛✲ ✛✒✶✌✌ ✘✌✒ ✫✛✑✲✎ ✘✚ ✽❇✼❈✿

(directrix) ✈✌✮✛ ❢✱❢✴❃✣ ❢✯✦★✰ F ✘✌✒ ✫✛✑✲✎ ✘✚

❇✿✽✾✿ (focus) ✘✭✣✒ ✭✮✦ ❄✈✌✑✖✓❢✣ ❞❞❊❞❋❅❧ ❄✈✦●✩✒✤✚

❁✌✌❍✌✌ ✙✒✦ ‘Para’ ✘✌ ✈❣✌✳ ‘✕✒’ ✑ ‘bola’ ✘✌ ✈❣✌✳

‘✫✒✦✓✘✱✌’, ✈❣✌✌✳✣■ ✭✑✌ ✙✒✦ ●✒✦★ ✫✒✦✓✘✱✒ ✕✒ ✯✱✌ ✭✰✈✌ ✫❣✌❅

❏✽❑▲✐▼✿◆ ✎❢★ ❢✱❢✴❃✣ ❢✯✦★✰♦ ❢✱❢✴❃✣ ✕✛✲

✛✒✶✌✌ ✫✛ ❢✸❣✌✣ ✭✌✒ ✣✌✒ ✣✲ ✑✒✓ ✔✱ ❢✯✦★✰✈✌✒✦ ✘✌

✕✙✰❂❃✎ ✤✌✒ ❢✱❢✴❃✣ ❢✯✦★✰ ✈✌✮✛ ❢✱❢✴❃✣ ✛✒✶✌✌ ✕✒

✕✙✌✱ ★❆✛✚ ✫✛ ✭✮✦♦ ❢✱❢✴❃✣ ❢✯✦★✰ ✕✒ ●✰❖✌✛✱✒ ✑✌✲✚

❢✱❢✴❃✣ ✛✒✶✌✌ ✫✛ ✲✦✯✑✣ ✕✛✲ ✛✒✶✌✌ ✭✌✒✣✚ ✭✮❧ ✭✙ P✕

✕✛✲ ✛✒✶✌✌ ✘✌✒ ✫✛✑✲✎ ✘✚ ◗✐✾✿❘❀❑ ✽❙❚✿✽❈ ✘✭✣✒

✭✮✦❧

✫✛✑✲✎ ✘✚ ✱✌❢❁✌ ✕✒ ✤✌✱✒ ✑✌✲✚ ✣❣✌✌ ❢✱✎✣✌ ✫✛

✲✦✯ ✛✒✶✌✌ ✘✌✒ ✫✛✑✲✎ ✘✌ ◗❯✿ ✘✭✌ ✤✌✣✌ ✭✮❧ ✫✛✑✲✎

✘✌ ✈✪✌ ❢✤✕ ❢✯✦★✰ ✫✛ ✫✛✑✲✎ ✘✌✒ ✘✌❱✣✌ ✭✮ ✔✕✒

✫✛✑✲✎ ✘✌ ❲✿◆❀✿❳❄vertex❅ ✘✭✣✒ ✭✮✦ ❄✈✌✑✖✓❢✣ ❞❞❊❞❨❅❧

11.4.1 ❩❥❬❭❪ ❫❴ ❩❵❛❴❜❝❴❫ ❡❛❤❫❥❝❴ (Standard equation of parabola) ✫✛✑✲✎ ✘✌

✕✙✚✘✛✜✌ ✕✛✲✣✙ ✭✌✒✣✌ ✭✮ ✎❢★ P✕✘✌ ✴✌✚❍✌✳ ✙❆✲ ❢✯✦★✰ ✫✛ ✭✌✒ ✈✌✮✛ P✕✘✚ ✕✙❢✙✣ ✈✪✌♦ x-✈✪✌ ✎✌

y-✈✪✌ ✑✒✓ ✈✱✰❢★✴✌ ✭✌✒✣✌ ✭✮❧ ✫✛✑✲✎ ✑✒✓ ✥✒✕✒ ❃✌✛ ✕✦❁✌✑ ❢★✘■❢✑✧✎✌✕ ✱✚❃✒ ✈✌✑✖✓❢✣ ❞❞❊❞✏(a) ✕✒ (d)

✣✘ ✙✒✦ ★✴✌✌✳✥ ●✥ ✭✮✦❧

❦♠♥♣qrs 11.13

❦♠♥♣qrs 11.14
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✈☎✆✝✞✟✠ 11.15 (a) ❧✡  (d)

☛☞ ✌✍ ☛✎✏✑✒✓✔ 11.15 (a) ✍❡✕ ✖✗✎✎✘✙ ✚✙ ✛✜✏✢✣ ✤✎ ✥✍✦✤✜✧✎ ✓★✥✤✦ ✩✎✓✪✎ (a, 0) a > 0

☛✎✫✜ ✓✩✣✔✎ x = – a ✤✎❡ ✓✩❞✩✏✔ ✛✬✎✭✔ ✤✜❡✕✚❡✮

✍✎✩ ✢✦✓★✙ ✓✤ ✩✎✓✪✎ F ☛✎✫✜ ✓✩✣✔✎ l ✌✫✮ ✓✩✣✔✎ ✛✜

✢✕☞ FM ❬✎✦✕✓✯✙ ☛✎✫✜ FM ✤✎❡ ✓☞✕✖✰ O ✛✜ ✥✍✓✐✪✎✎✓★✔

✤✦✓★✙✮ MO ✤✎❡ X ✔✤ ☞r✱✎✲✙✮ ✛✜✏✢✣ ✤✦ ✛✓✜✪✎✎✳✎✎

✏❡✒ ☛✩✰✥✎✜ ✍♦✣ ✓☞✕✖✰ O ✛✜✏✢✣ ✛✜ ✌✫ ☛✎✫✜ ✛✜✏✢✣ ✤✎

✗✎✦✳✎✘ ✤✌✢✎✔✎ ✌✫✮ O ✤✎❡ ✍✴✢ ✓☞✕✖✰ ✍✎✩✤✜ OX ✤✎❡

x-☛✵✎ ☛✎✫✜ ✲✥✏❡✒ ✢✕☞✏✔ OY ✤✎❡ y-☛✵✎ ✢✦✓★✙✮  ✍✎✩

✢✦✓★✙ ✓✤ ✩✎✓✪✎ ✤✦ ✓✩✣✔✎ ✥❡ ✖✴✜✦ 2a ✌✫✮ ✔☞ ✩✎✓✪✎ ✏❡✒

✓✩✖❡✘✗✎✎✕✤ (a, 0), a > 0 ✌✫ ✔❣✎✎ ✓✩✣✔✎ ✤✎ ✥✍✦✤✜✧✎

x + a = 0 ★✫✥✎ ✓✤ ☛✎✏✑✒✓✔ 11.16 ✍❡✕ ✌✫✮ ✈☎✆✝✞✟✠11.16
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❡☞✌ ✍✎✏✑✒ ✓✔✕✍✖ ✓✔ ✗☞✘✙✚ ✏✛✜✢✣ P(x, y) ✙❜ ✓✤✗☞✔ ✥✦ ✏✗
PF = PB ... (1)

✑✥☞t PB ✔✘❥☞☞ l ✓✔ ✍✜✛ ✥✦✐ B ✕✘♦ ✏✌✢✘✚✧☞☞✜✗ (– a, y) ✥✦✜✐ ✢❣✔✎ ❜❣★☞ ❜✘ ✥❡ ✓☞✩✘ ✥✦✜

PF = 2 2( )x – a y✪  ✈☞✦✔ PB = 2( )x a✪

❉✖☞✘✜✏✗  PF = PB, ✥❡ ✓☞✩✘ ✥✦✜✫

2 2 2( ) ( )x – a y x a✪ ✭ ✪

✙❜✏✍✒ (x – a)2 + y2 = (x + a)2

✖☞ x2 – 2ax + a2 + y2 = x2 + 2ax + a2    ✖☞  y2 = 4ax,( a > 0).

✙❜ ✓✤✗☞✔ ✓✔✕✍✖ ✓✔ ✗☞✘✙✚ ✏✛✜✢✣ ❜❡✎✗✔✮☞

y2 = 4ax ✗☞✘ ❜✜✩✣❞✯ ✗✔✩☞ ✥✦✐      ... (2)

✏✕✍☞✘❡✩❢ ❡☞✌☞ ✰✱✲ ✓✔  P(x, y) ✒✗ ✏✛✜✢✣ ✥✦✐

✈✛ PF = 2 2( )x – a y✪ = 2( ) 4x – a ax✪

=
2( )x a✪  = PB ... (3)

✙❜✏✍✒  P(x,y), ✓✔✕✍✖ ✓✔ ✏✳✴☞✩ ✥✦✐

✙❜ ✓✤✗☞✔ ✰✱✲ ✈☞✦✔ ✰✵✲ ❜✘ ✥❡✌✘ ✏❜✶ ✏✗✖☞ ✏✗ ✒✗ ✓✔✕✍✖ ✏✑❜✗☞ ✧☞✎❞☞✚ ❡❣✍ ✏✛✜✢✣ ✓✔

✌☞✏✉☞ (a,0) ✩✴☞☞ ✏✌✖✩☞ x = – a ✗☞ ❜❡✎✗✔✮☞ y2 = 4ax ✥☞✘✩☞ ✥✦✐

✷✸✸✹✺✻✼ ❜❡✎✗✔✮☞ ✰✱✲ ❡✘✜✫ ✖✏✢ a > 0, x  ✗☞ ❡☞✌ ✽✌☞✾❡✗ ✖☞ ✧☞❣✿✖ ✥☞✘ ❜✗✩☞ ✥✦ ✓✔✜✩✣ ❀✮☞☞✾❡✗

✌✥✎✜✐ ✙❜ ✏✳✴☞✏✩ ❡✘✜ ✓✔✕✍✖ ✗☞✘ ✓✤✴☞❡ ✈☞✦✔ ❁✩✣✴☞✚ ❁✩✣✴☞☞❂✧☞ ❡✘✜ ✈✏✌✏✧❁✩ ❃✓ ❜✘ ✢❣✔ ✩✗ ✛❄❅☞✖☞ ✑☞

❜✗✩☞ ✥✦ ✈☞✦✔ ✓✔✕✍✖ ✗☞ ✈❧☞✫ x-✈❧☞ ✗☞ ✽✌☞✾❡✗ ✉☞☞❆ ✥✦✐

✙❜✎ ✓✤✗☞✔ ✥❡ ✓✔✕✍✖☞✘✜ ✗☞ ❜❡✎✗✔✮☞ ✓✤☞❇✩ ✗✔ ❜✗✩✘ ✥✦✜✐

✈☞✕❈♦✏✩  11.15 (b) ❡✘✜ y2 = – 4ax,

✈☞✕❈♦✏✩  11.15 (c) ❡✘✜ x2 = 4ay,

✈☞✕❈♦✏✩  11.15 (d) ❡✘✜ x2 = – 4ay,

✙✌ ❁☞✔ ❜❡✎✗✔✮☞☞✘✜ ✗☞✘ ✓✔✕✍✖ ✕✘♦ ❊✼✻❋ ●❊❍❋■❏✼ ✗✥✩✘ ✥✦✜✐

❑✷▲▼◆❏✼❍ ✓✔✕✍✖ ✕✘♦ ❡☞✌✗ ❜❡✎✗✔✮☞ ❡✘✜✫ ✓✔✕✍✖ ✗✎ ✌☞✏✉☞ ✏✗❜✎ ✒✗ ✏✌✢✘✚✧☞☞✜✗ ✈❧☞ ✓✔

✏✳✴☞✩ ✥☞✘✩✎ ✥✦✫ ✧☞✎❞☞✚ ❡❣✍ ✏✛✜✢✣ ✓✔ ✥☞✘✩☞ ✥✦ ✈☞✦✔ ✏✌✖✩☞✫ ✢❣❜✔✘ ✈❧☞ ✕✘♦ ❜❡☞✜✩✔ ✥☞✘✩✎ ✥✦✐ ✖✥☞t ✒✘❜✘

✓✔✕✍✖☞✘✜ ✗☞ ✈❖✖✖✌✫ ✏✑✌✗✎ ✌☞✏✉☞ ✗☞✘✙✚ ✉☞✎ ✏✛✜✢✣ ✥☞✘ ❜✗✩✎ ✥✦ ✈☞✦✔ ✏✌✖✩☞ ✗☞✘✙✚ ✉☞✎ ✔✘❥☞☞ ✥☞✘

❜✗✩✎ ✥✦✫ ✙❜ ✓✣✳✩✗ ✕✘♦ ✏✕❞☞✖ ❜✘ ✛☞✥✔ ✥✦✐

✈☞✕❈♦✏✩ 11.15, ❜✘ ✓✤☞❇✩ ✓✔✕✍✖ ✕✘♦ ✓✤❡☞✏✮☞✗ ❜❡✎✗✔✮☞ ✕✘♦ ✏✌✔✎❧☞✮☞ ❜✘ ✏✌P✌☞✜✏✗✩ ✏✌❞✗❞☞✚ ✓✤☞❇✩

✥☞✘✩✘ ✥✦✜❢
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1. ✐☎✆✝✞✟ ✐☎✆✝✞ ✠✡☛ ✆☞✌ ✍☛✐☞✡☛ ✍✎✏✎✑ ✒☛☞✑☛ ✒✓✔ ✞✏✕ ✐☎✆✝✞ ✆☞✌ ✍✎✖✗☎✘☛ ✎☞✙ y2 ✗☛ ✐✕

✒✓ ✑☛☞ ✍✎✏✎✑✟ x-✠✡☛ ✆☞✌ ✠✈✚✏✕✛☛ ✒✓ ✠☛✓☎ ✞✏✕ ✍✎✖✗☎✘☛ ✎☞✙ x2 ✗☛ ✐✕ ✒✓ ✑☛☞ ✍✎✏✎✑ ✠✡☛✟

y-✠✡☛ ✆☞✌ ✠✈✚✏✕✛☛ ✒✓✔

2. ✞✏✕ ✍✎✏✎✑ ✠✡☛✟ x-✠✡☛ ✆☞✌ ✠✈✚✏✕✛☛ ✒☛☞ ✠☛✓☎

(a) x ✗☛ ❞✚✘☛☛✙✗ ✜✈☛✢✎✗ ✒☛☞ ✑☛☞ ✐☎✆✝✞ ✕☛✣✤ ✠☛☞☎ ✥☛✚✝✑☛ ✒✓✔

(b) x ✗☛ ❞✚✘☛☛✙✗ ✦✘☛☛✢✎✗ ✒☛☞ ✑☛☞ ✐☎✆✝✞ ✧☛✣✤ ✠☛☞☎ ✥☛✚✝✑☛ ✒✓✔

3. ✞✏✕ ✍✎✏✎✑ ✠✡☛✟ y-✠✡☛ ✆☞✌ ✠✈✚✏✕✛☛ ✒☛☞ ✠☛✓☎

(a) y ✗☛ ❞✚✘☛☛✙✗ ✜✈☛✢✎✗ ✒☛☞ ✑☛☞ ✐☎✆✝✞ ★✐☎ ✗✖ ✠☛☞☎ ✥☛✚✝✑☛ ✒✓✔

(b) y ✗☛ ❞✚✘☛☛✙✗ ✦✘☛☛✢✎✗ ✒☛☞ ✑☛☞ ✐☎✆✝✞ ✈✖✩☞ ✗✖ ✠☛☞☎ ✥☛✚✝✑☛ ✒✓✔

11.4.2 ✉✪✫✬✪✭✮✯ ✰✱✲✪ (Latus rectum)

✳✴✵✶✷✷✸✷✷ ✹ ✐☎✆✝✞ ✗✖ ✈☛✏✺☛ ✍☞ ✻☛✈☞ ✆☛✝✖ ✠☛✓☎ ✐☎✆✝✞ ✗✖ ✠✡☛ ✆☞✌ ✝✙✧✆✑ ☎☞✥☛☛✥☛✙✼ ✏✻✍✆☞✌ ✠✙✢✞

✏✧✙✕✚ ✐☎✆✝✞ ✐☎ ✒☛☞ ✙✟ ✗☛☞ ✐☎✆✝✞ ✗✖ ✈☛✏✺☛✝✙✧ ✻✖✆☛ ✗✒✑☞ ✒✓✙ ❢✠☛✆✽✌✏✑ 11.17)

✳✵✾✿❀ y2 = 4ax ❁❂ ❃✷✴✶✷✿❄❅ ❆❂✾✷ ❁❂ ✿❄❅✷❇❈ ❉✷❊ ❁✵❃✷ ❋●✷✾❍■✴❊ 11.18)

✐☎✆✝✞ ✗✖ ✐✏☎✺☛☛❏☛☛ ✆☞✌ ✠✈✚✍☛☎, AF = AC

✐☎✙✑✚ AC = FM = 2a

✠✑❑ AF = 2a

✠☛✓☎ ▲✞☛☞✙✏✗ ✐☎✆✝✞✟ x-✠✡☛ ✆☞✌ ✐✏☎✑❑ ✍✎✏✎✑ ✒✓✔ ✠✑❑

▼◆❖P◗❘❙ 11.17 ▼◆❖P◗❘❙ 11.18

AF = FB ✠☛✓☎ ✣✍✏✝❚

AB = ✈☛✏✺☛✝✙✧ ✻✖✆☛ ✗✖ ✝✙✧☛✣❯ = 4a

♠❱❲✷✵❳✷ ❨ ✞✏✕ ❚✗ ✐☎✆✝✞ ✗☛ ✍✎✖✗☎✘☛ y2 = 8x ✒✓ ✑☛☞ ✈☛✏✺☛ ✆☞✌ ✏✈✕☞❯✛☛☛✙✗✟ ✠✡☛✟ ✏✈✞✑☛ ✗☛

✍✎✖✗☎✘☛ ✠☛✓☎ ✈☛✏✺☛✝✙✧ ✻✖✆☛ ✗✖ ✝✙✧☛✣❯ ❧☛✑ ✗✖✏✻❚✔
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❣☞  ❢✌✍ ✎✏✑✒✓✔✕ ✏✖✗  y2  ✒✕ ❞✌ ✘✙ ✚✎❢✛✍ ❞✓✜✛✢

x-✈✣✕ ✜✖✤ ❞❢✓✥✦ ✎✏❢✏✥ ✘✙✧

❉✢✕✖✗❢✒ ✎✏✑✒✓✔✕ ✏✖✗ ❞✌ x ✒✕ ★✩✔✕✕✗✒ ✪✫✕✭✏✒ ✘✙

✚✎❢✛✍ ❞✓✜✛✢ ✌✕❢✘✫✑ ✈✕✖✓ ❜✕✩✛✥✕ ✘✙✧ ❢✌✍ ★✍ ✎✏✑✒✓✔✕

y2 = 4ax, ✎✖ ✥✩✛✫✕ ✒✓✫✖ ❞✓❧ a = 2

✈✥✦ ❞✓✜✛✢ ✒✑ ✫✕❢✮✕ (2, 0) ✘✙ ✈✕✙✓ ❞✓✜✛✢ ✒✑ ❢✫✢✥✕

✒✕ ✎✏✑✒✓✔✕ x = – 2  ✘✙ (✈✕✜✯✤❢✥ 11.19)✧

✫✕❢✮✕✛✗✉ ✰✑✜✕ ✒✑ ✛✗✉✕✚❝  4a = 4 × 2 = 8

♠✱✲❣✳✴✲ ✵ ✫✕❢✮✕ (2,0) ✈✕✙✓ ❢✫✢✥✕ x = – 2 ✜✕✛✖ ❞✓✜✛✢

✒✕ ✎✏✑✒✓✔✕ ✶✕✥ ✒✑❢✰✍✧

❣☞ ❉✢✕✖✗❢✒ ✫✕❢✮✕ (2,0) x-✈✣✕ ❞✓ ✘✙ ✚✎❢✛✍ x-✈✣✕ ✷✜✢✗ ❞✓✜✛✢ ✒✕ ✈✣✕ ✘✙✧

✈✥✦ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ y2 = 4ax ✢✕ y2 = – 4ax ✜✖✤ ♦❞ ✏✖✗ ✘✕✖✫✕ ✸✕❢✘✍ ❉✢✕✖✗❢✒ ❢✫✢✥✕

x = – 2 ✘✙ ✈✕✙✓ ✫✕❢✮✕ (2,0) ✘✙, ✚✎❢✛✍ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ y2 = 4ax ✒✖ ♦❞ ✏✖✗ ✘✙ ✰✘✕✹ a = 2.

✈✥✦ ❞✓✜✛✢ ✒✕ ✈✮✕✑✺✻ ✎✏✑✒✓✔✕ y2 = 4(2) x = 8x ✘✙✧

♠✱✲❣✳✴✲ ✼ ✍✒ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ ✶✕✥ ✒✑❢✰✍ ❢✰✎✒✕ ✽✕✑✺✕❝ ✾✿❧✿❀✈✕✙✓ ✫✕❢✮✕ ✾✿❧ ❁❀ ✘✙✧

❣☞  ❉✢✕✖✗❢✒ ✽✕✑✺✕❝ (0,0) ❞✓ ✈✕✙✓ ✫✕❢✮✕ (0,2) ❞✓ ✘✙❧ ✰✕✖  y-✈✣✕ ❞✓ ❢✷❂✕✥ ✘✙❧ ✈✥✦ ❞✓✜✛✢ ✒✕ ✈✣✕,

y-✈✣✕ ✘✙✧ ✚✎❢✛✍ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕❧ x2 = 4ay ✒✖ ♦❞ ✏✖✗ ✘✙✧ ✈✥✦ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ ✘✙

x2 = 4(2)y, ✈❂✕✕❝✥❃  x2 = 8y

♠✱❣✲✳✴✲ ❄ ❅✎ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ ✶✕✥ ✒✑❢✰✍ ✰✕✖ y-✈✣✕ ✜✖✤ ❞❢✓✥✦ ✎✏❢✏✥ ✘✕✖ ✈✕✙✓ ❢✉✗✌✩

(2,–3) ✎✖ ★✩❆✕✓✥✕ ✘✙✧

❣☞ ❉✢✕✖✗❢✒ ❞✓✜✛✢ y-✈✣✕ ✜✖✤ ❞❢✓✥✦ ✎✏❢✏✥ ✘✙ ✈✕✙✓ ✚✎✒✕ ✽✕✑✺✕❝ ✏❇✛ ❢✉✗✌✩ ❞✓ ✘✙❧ ✈✥✦ ✚✎✒✕

✎✏✑✒✓✔✕ x2 = 4ay ✢✕ x2 = – 4ay, ✜✖✤ ♦❞ ✏✖✗ ✘✙ ✰✘✕✹ ❢✸❈ ❞✓✜✛✢ ✜✖✤ ❊❞✓ ✢✕ ✫✑✸✖ ❜✕✩✛✫✖ ❞✓

❢✫✮✕❝✓ ✒✓✥✕ ✘✙ ❞✓✗✥✩ ❞✓✜✛✢ ✸✥✩❂✕❝ ✸✥✩❂✕✕❋✽✕ ✏✖✗ ❢✷❂✕✥ ❢✉✗✌✩ ✾❁❧ ●❍❀ ✎✖ ★✩❆✕✓✥✕ ✘✙ ✚✎❢✛✍ ✢✘ ✈✜✽✢

✘✑ ✫✑✸✖ ✒✑ ✈✕✖✓ ❜✕✩✛✖★✕✧ ✈✥✦ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ x2 = – 4ay ✜✖✤ ✈✫✩♦❞ ✘✙❧ ❉✢✕✖✗❢✒ ❞✓✜✛✢

( 2,–3), ✎✖ ★✩❆✕✓✥✕ ✘✙❧ ✈✥✦ ✘✏✖✗ ❞■✕❏✥ ✘✕✖✥✕ ✘✙❧

22   = – 4a (–3), ✈❂✕✕❝✥❃ a   =  
1

3

✈✥✦ ❞✓✜✛✢ ✒✕ ✎✏✑✒✓✔✕ ✘✙

x2 = 
1

4
3

❑ ▲
▼ ◆ ❖

P ◗
 y,  ✈❂✕✕❝✥❃   3x2 = – 4y

❘❙❚❯❱❲❳ 11.19
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✐☎✆✝✞✟✠✡ ☛☛☞✌

❢✍✎✍❢✏❢✑✒✓ ✔✕✖✍ ✗ ✘✙ ✚ ✓✛ ✔✕✜✢✙✛ ✣✙✤ ✍✒❢✥✒ ✦✙✧ ❢✍★✙✩✖✒✒✤✛✪ ✔✫✦✏✢ ✛✒ ✬✭✒✪ ❢✍✢✓✒ ✛✒ ✘✣✮✛✫✯✒

✬✒✈✫ ✍✒❢✥✒✏✤✰ ✱✮✦✒ ✛✮ ✏✤✰✒✲✩ ✳✒✓ ✛✮❢✱✴✵
1. y2 = 12x 2. x2 = 6y 3. y2 = – 8x

4. x2 = – 16y 5. y2 = 10x 6. x2 = – 9y

❢✍✎✍❢✏❢✑✒✓ ✔✕✖✍ ✶ ✘✙ ✗✷ ✓✛ ✔✕✜✢✙✛ ✣✙✤ ✔✫✦✏✢ ✛✒ ✘✣✮✛✫✯✒ ✳✒✓ ✛✮❢✱✴ ✱✒✙ ❢★✴ ✔✕❢✓✰✤✸ ✛✒✙

✘✤✓❧✹✺ ✛✫✓✒ ✻✈✵

7. ✍✒❢✥✒ (6,0), ❢✍✢✓✒ x = – 6 8. ✍✒❢✥✒ (0,–3), ❢✍✢✓✒ y = 3

9. ✖✒✮✹✒✩ (0,0), ✍✒❢✥✒ (3,0) 10. ✖✒✮✹✒✩  (0,0), ✍✒❢✥✒ (–2,0)

11. ✖✒✮✹✒✩ (0,0), (2,3)  ✘✙ ✱✒✓✒ ✻✈ ✬✒✈✫ ✬✭✒✪ x-✬✭✒ ✦✙✧ ✬✍❧❢★✖✒ ✻✈✼

12. ✖✒✮✹✒✩  (0,0), (5,2) ✘✙ ✱✒✓✒ ✻✈ ✬✒✈✫ y-✬✭✒ ✦✙✧ ✘✒✔✙✭✒ ✘✣❢✣✓ ✻✈✼

11. 5 ♥✡✽✞✾✟✿❀✞ (Ellipse)

❁❂❃❄❅❅❆❅❅ ❇ ✴✛ ★✮❈✒✩✦❉❊✒ ✓✏ ✦✙✧ ❋✍ ❢✰✤★❧✬✒✙✤ ✛✒

✘✣❧●❍✢ ✻✈ ❢✱✍✛✒ ✓✏ ✣✙✤ ★✒✙ ❢■❏✒✫ ❢✰✤★❧✬✒✙✤ ✘✙ ★❑✫✮ ✛✒

✢✒✙▲ ✬❍✫ ✻✒✙✓✒ ✻✈✼ ★✒✙ ❢■❏✒✫ ❢✰✤★❧✬✒✙✤ ✛✒✙ ★✮❈✒✩✦❉❊✒ ✛✮

✉❅❂❄❅▼❅◆ ✛✻✓✙ ✻✈✤ ❖✬✒✦❉✧❢✓ 11.20)✼

P❂◗❘❁❙❅❚  ★✮❈✒✩✦❉❊✒ ✔✫ ❢✛✘✮ ❢✰✤★❧ ✛✒ ★✒✙ ❢■❏✒✫

❢✰✤★❧✬✒✙✤ ✘✙ ★❑❢✫✢✒✙✤ ✛✒ ✢✒✙▲ ✬❍✫ ✻✒✙✓✒ ✻✈✪ ✦✻ ❢■❏✒✫

❢✰✤★❧✬✒✙✤ ✦✙✧ ✰✮❍ ✛✮ ★❑✫✮ ✘✙ ✬❢✸✛ ✻✒✙✓✒ ✻✈✼

✍✒❢✥✒✢✒✙✤ ✛✒✙ ❢✣✏✒✍✙ ✦✒✏✙ ✫✙✑✒✒✑✒✤❯ ✦✙✧ ✣❱✢ ❢✰✤★❧ ✛✒✙ ★✮❈✒✩✦❉❊✒ ✛✒ ♦❲❳❨❩❬ ✛✻✓✙ ✻✈✤✼ ★✮❈✒✩✦❉❊✒ ✛✮

✍✒❢✥✒✢✒✙✤ ✘✙ ✱✒✍✙ ✦✒✏✒ ✫✙✑✒✒✑✒✤❯✪ ★✮❈✒✩✦❉❊✒ ✛✒ ★✮✸✩ ✬✭✒ ❖Major axis❭ ✛✻✏✒✓✒ ✻✈ ✬✒✈✫ ✦✙✤✧★✕ ✘✙ ✱✒✍✙

❪❫❴❵❛❜❝ 11.20

❪❫❴❵❛❜❝ 11.21 ❪❫❴❵❛❜❝ 11.22
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♦☞✌☞ ✍☞✎✏ ✑✒✓✔ ✍✕☞ ✖✏ ✌✗✘♦✙ ✏✚✛☞☞✛☞✗✜✢ ✑✒✣☞✔♦✤✥☞ ✦☞ ②✧★✩ ✪✫★ ✭Minor axis✮ ✦✯✌☞✙☞ ✯✎✰

✑✒✔✣☞✔ ✍✕☞ ♦✚♥ ✍✱✲✳ ✴✘✗✑✵✍☞✚✗ ✦☞✚ ✑✒✣☞✔♦✤✥☞ ♦✚♥ ✶★✷✸★✹ ✦✯✙✚ ✯✎✗ ✭✍☞♦✤♥✴✙ ✺✺✻✼✺✮✰

✯❣ ✑✒✣☞✔ ✍✕☞ ✦✒ ✌✗✘☞✽✔ ✦☞✚✢ 2a ❧✚ ✌✣☞✵ ✍✕☞ ✦✒ ✌✗✘☞✽✔ ✦☞✚✢ 2b ❧✚ ✍☞✎✏ ✾☞✴✿☞✳☞✚ ✗ ♦✚♥ ✘✒❀ ✦✒

✑❁✏✒ ✦☞✚ 2c ❧✚ ✴✌✛☞✙✚ ✯✎✗✰ ✍✙❂ ✍✓✔❃✑✒✣☞✔ ✍✕☞ ✦✒ ✌✗✘☞✽✔ a ✙r☞☞ ✍✓✔❃✌✣☞✵ ✍✕☞ ✦✒ ✌✗✘☞✽✔ b ✯✎

✭✍☞♦✤♥✴✙ 11.22)✰

11.5.1 ✈❄❅❆❇❈❄❅ ✈❉❊❋ ✈❄❅❆●❍❊■ ✈❉❊ ✈❊❏❑ ❇❈❍❊❅▲▼◆❊ ▲❖P ▲❖◗P❇❘ ❙❖ ❚❊❯❱❊ ❲❈ ❇❳❑❈ ▲❖P ❨❈❩ ❬❖◗

❙◗❨◗❄ (✈❊▲▼P❯❭ 11.23)❪

✍☞♦✤♥✴✙ ✺✺✻✼❫ ❣✚✗ ✑✒✣☞✔♦✤✥☞ ♦✚♥ ✑✒✣☞✔ ✍✕☞ ✖✏ ❴✦

✍✗✲✳ ✴✘✗✑✵ P ✌✒✴❵❴✰

✴✘✗✑✵ P ✦✒ ✾☞✴✿☞✳☞✚✗ ❧✚ ✑❁✴✏✳☞✚✗ ✦☞ ✳☞✚❞

    F
1
P + F

2
P = F

1
O + OP + F

2
P

           (❛✳☞✚✗✴✦  F
1
P = F

1
O + OP)

= c + a + a – c = 2a

✍✘ ✌✣☞✵ ✍✕☞ ✖✏ ❴✦ ✍✗✲✳ ✴✘✗✑✵ Q ✌✒✴❵❴✰

✴✘✗✑✵ Q ✦✒ ✾☞✴✿☞✳☞✚✗ ❧✚ ✑❁✴✏✳☞✚✗ ✦☞ ✳☞✚❞

F
1
Q + F

2
Q = 2222 cbcb ❜❜❜  =  2 22 b c❝

❛✳☞✚✗✴✦ P ✍☞✎✏ Q ✑☞✚✾☞✚ ✗ ✑✒✣☞✔♦✤✥☞ ✖✏ ✴❡r☞✙ ✯✎✗✰

✍✙❂ ✑✒✣☞✔♦✤✥☞ ✦✒ ✖✴✏✿☞☞❢☞☞ ❧✚ ✯❣ ✖☞✙✚ ✯✎✗

2 22
cb ❤ =  2a, ✍r☞☞✔✙✐   a = 22

cb ❤

✳☞ a 2 = b2 + c2

 

, ✍r☞☞✔✙✐ c = 22 ba ❥
.

11.5.2 ❦❲ ❇❈❍❊❅▲▼◆❊ ❲❈ ❯▲♠❊❖♣❊ ❯qs❊❯❭t❊✉ (Special cases of an ellipse) ✇✖✏☞✚❛✙ ✖①☞③✙

❧❣✒✦✏④☞ c2 = a2 – b2 ❣✚✗✢ ✳✴✑ ✯❣ a ✦☞ ❣☞✾ ✴❡r☞✏ ✏✛☞✚✗ ✍☞✎✏

c ✦☞ ❣☞✾ 0 ❧✚ a, ✙✦ ✘⑤⑥☞✳✗✚ ✙☞✚ ✖✴✏④☞☞❣✒ ✑✒✣☞✔♦✤✥☞ ♦✚♥ ✍☞✦☞✏

✴✾⑦✾✗☞✴✦✙ ✖①✦☞✏ ❧✚ ✘✑✌✚✗❞✚✰

⑧⑨⑩★⑧❶ (i) ✳✴✑ c = 0, ✯☞✚ ✙☞✚ ✑☞✚✾☞✚✗ ✾☞✴✿☞✳☞❷✢ ✑✒✣☞✔♦✤✥☞ ♦✚♥ ♦✚ ✗♥✑① ❣✚✗

✴❣✌ ❵☞✙✒ ✯✎ ✗ ✍☞✎✏ a2 = b2, ✳☞ a = b, ✍☞✎✏ ✽❧✴✌❴ ✑✒✣☞✔♦✤✥☞ ❴✦

♦✤✥☞ ✘✾ ❵☞✙☞ ✯✎ ✭✍☞♦✤♥✴✙ 11.24)✰ ✽❧ ✖①✦☞✏ ♦✤✥☞✢ ❴✦ ✑✒✣☞✔♦✤✥☞

✦✒ ✴♦❸☞✚❢☞ ✴❡r☞✴✙ ✯✎ ✴❵❧✚ ✍✾✵❹❺✚✑ ✺✺✻❫ ❣✚✗ ♦✴④☞✔✙ ✴✦✳☞ ❞✳☞ ✯✎✰

❻❼❽❾❿➀➁ 11.23

❻❼❽❾❿➀➁ 11.24
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❢☎✆✝❢✞  (ii) ✥✟✠ c = a, ❣✡☛ ☞✡☛ b = 0. ✈✡✌✍ ✠✎✏✡✑✒✓✔✡ ✠✡☛✕✡☛✖ ✕✡✟✗✡✥✡☛✖

❞✡☛ ✟✘✙✡✕☛ ✒✡✙☛ ✍☛✚✡✡✚✡✖✛ F
1
F

2
 ☞❞ ✟r✘✜ ✢✡☞✡ ❣✌

✭✈✡✒✓✣✟☞ 11.25)❆

11.5.3 ♠✤✦✧★✩✪✫✬✮ ✯Eccentricity)

✐❢✰✱✝✝✲✝✝ ✳ ✠✎✏✡✑✒✓✔✡ ❞✎ ♥✴✒☛✖✣✠✵☞✡✶ ✠✎✏✡✑✒✓✔✡ ✒☛✣ ✒☛✖✣✠✵ r☛ ✕✡✟✗✡ ✈✡✌✍ ✒☛ ✖✣✠✵✵ r☛ ✷✡✎✸✡✑ ❞✎ ✠✹✟✍✥✡☛✖ ❞✡ ✈✕✺✻✡☞

❣✌❆ ♥✴✒☛✖✣✠✵☞✡ ❞✡☛ e ✒☛✣ ♦✡✍✡ ✟✕✟✠✑✸✜ ❞✍☞☛ ❣✌✖✶ ✈✼✡✡✑☞✽ 
c

e
a

✾  ❣✌❆

❉✥✡☛ ✖✟❞ ✕✡✟✗✡ ❞✎ ✒☛✖✣✠✵ r☛ ✠✹✍✎  c ❣✌ ✿r✟✙❀ ♥✴✒☛✖✣✠✵☞✡ ✒☛✣ ✻✠ ✘☛✖ ✕✡✟✗✡ ❞✎ ✒☛✖✣✠✵ r☛ ✠✹✍✎ ae ❣✌☛❆

11.5.4 ✪❁❂✮❃✦❄❅✮ ❇✮ ❈✮❊❇ ❋❈❁❇●❍✮ (Standard equation of an ellipse) ❀❞ ✠✎✏✡✑✒✓✔✡ ❞✡

r✘✎❞✍❧✡ r✍✙☞✘ ❣✡☛☞✡ ❣✌ ✥✟✠ ✠✎✏✡✑✒✓✔✡ ❞✡ ✒☛✖✣✠✵ ✘✹✙ ✟■✖✠✺ ✻✍ ❣✡☛ ✈✡✌✍ ✕✡✟✗✡✥✡❏ x-✈❑✡ ✥✡ y-✈❑✡ ✻✍

✟▲✼✡☞ ❣✡☛✖❆ ❀☛r☛ ✠✡☛ r✖✗✡✒ ✟✠❞✟✒▼✥✡r ✈✡✒✓✣✟☞ 11.26 ✘☛✖ ✠✷✡✡✑❀ ❡❀ ❣✌✖❆

◆❖P◗❘❙❚ 11.25

✈■ ❣✘ ✈✡✒✓✣✟☞ 11.26 (a) ✘☛✖ ✠✷✡✡✑❀ ❡❀ ✠✎✏✡✑✒✓✔✡✶ ✟✢r❞✎ ✕✡✟✗✡✥✡❏ x-✈❑✡ ✻✍ ✟▲✼✡☞ ❣✌✖✶ ❞✡

r✘✎❞✍❧✡ ❯✥✺✴✻▼✕ ❞✍☛✖❡☛✖❆

✘✡✕ ✙✎✟✢❀ F
1
 ✈✡✌✍ F

2
 ✕✡✟✗✡✥✡❏ ❣✌✖ ✈✡✌✍ ✍☛✚✡✡✚✡✖✛ F

1
F

2 
❞✡ ✘❱✥ ✟■✖✠✺ O ❣✌❆ ✘✡✕ ✙✎✟✢❀ O

✘✹✙ ✟■✖✠✺ ❣✌ ✈✡✌✍ O r☛ F
2
 ❞✎ ✈✡☛✍ ❲✕✡✴✘❞ x-✈❑✡ ✒ O r☛ F

1 
❞✎ ✈✡☛✍ ❳❧✡✡✴✘❞ x-✈❑✡ ❣✌❆ ✘✡✕✡

❨✝❩❬❭❢✞ 11.26
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O ❧☞ x-✈✌✍ ✎✏ ✑✒ ✓ ✏☞✔✍ ✍ y-✈✌✍ ✕✖✗ F
1 

♦☞✘ ✙✚ ✛ ☞✜✢✍ ✍✒ ✣

(– c, 0) r ✤✍ ✍ F
2
 ♦☞ ✘ ✙✚ ✛ ☞✜✢ ✍✍ ✒✣ (c, 0) ❡✍ ✚ ✑ ☞r☞ ✕✖✒

✭ ✈✍ ♦✥ ✘✙r 11.27)✗

❡✍✚ ✑✦ ✙✧★ ✛✦ ✩✍ ✜ ♦✥ ✪✍ ✎✏ ✣✍ ☞✫✜ ✙✓✒✛ ✮ P(x, y) ✫❧

✎✐✣✍ ✏ ✕✖ ✙✣ P ❧☞ ✛✍ ☞✚ ✍ ☞✒ ✚ ✍ ✙✯✍ ✰✍ ☞✒ ✣✦ ✛ ✱ ✙✏✰✍ ☞✒ ✣✍ ✰✍ ☞✲  2a

✕✖ ✈✤✍✍ ✜ r❣
PF

1
 + PF

2
 = 2a ... (1)

✛✱ ✏✦ ❧✱ ♥✍ ❧☞ ✕❡ ✎✍ r ☞ ✕✖ ✒✳

2222 )()( ycxycx ✴✵✴✴✴   =  2a

✈✤✍✍✜ r❣ 22)( ycx ✴✴   =  2a – 22)( ycx ✶✷

✛✍ ☞✚ ✍ ☞✒ ✎✌✍ ✍ ☞✒ ✣✍ ♦✲✜ ✣ ✏✚ ☞ ✎✏✳ ✕❡ ✎✐✍ ✸ r ✣ ✏r ☞ ✕✖ ✒

(x + c)2 + y2 = 4a2 – 4a 2222 )()( ycxycx ✶✷✶✶✷
✙✧ ❧☞ ☞ ❧✏✑ ✣ ✏✚ ☞ ✎✏ ✙❡✑r✍ ✕✖

x
a

c
aycx ✹✺✻✹ 22)(

✎✮✚ ✼ ♦✲✜ ✣ ✏✚ ☞ ♦ ❧✏✑ ✣ ✏✚ ☞ ✎✏ ✕❡☞✒ ✎✐✍ ✸r ✕✍ ☞ r✍ ✕✖

22

2

2

2

ca

y

a

x

✽
✾   = 1

✈✤✍✍✜ r❣
2

2

2

2

b

y

a

x
✾  = 1 (❉✰ ✍ ☞✒ ✙✣ c2 = a2 – b2)

✈r✼ ✛✦ ✩✍ ✜ ♦✥ ✪✍ ✎✏ ✣✍ ☞✫✜ ✙✓✒✛ ✮

2

2

2

2

b

y

a

x
✾   = 1 ... (2)

✣✍ ☞ ❧✒ r ✮❞✿ ✣ ✏r✍ ✕✖✗

✙♦✑✍ ☞ ❡r✼ ❡✍ ✚ ✍ P (x, y) ❧❡✦✣ ✏❀✍ ✭❁ ❂ ✣✍ ☞ ❧✒ r✮❞✿ ✣ ✏r✍ ✕✖✳ 0 < c < a. r ✓

y2  = b2  ❃❃
❄

❅
❆❆
❇

❈
❊

2

2

1
a

x

❋● ❍■❏ ❑▲ 11.27
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❜☎✆✝✞  PF
1

= 2 2( )x c y✟ ✟

= ✠✠
✡

☛
☞☞
✌

✍ ✎
✏✏

2

22
22)(

a

xa
bcx

= 

2 2
2 2 2

2
( ) ( )

a x
x c a c

a

✑ ✒✓
✔ ✔ ✓ ✕ ✖

✗ ✘
 (❉✙✚✛✜✆✢ b2 = a2 – c2)

= 

2
cx c

a a x
a a

✣ ✤
✥ ✦ ✥✧ ★

✩ ✪

❜☎✫ ✬✭✢✚✮ PF
2 = 

c
a x

a
✯

✈✰✱ PF
1
 + PF

2
  =  2

c c
a x a – x a

a a
✲ ✲ ✳ ... (3)

❜☎✆✝✞✴ ✢✚✛❜✵ ✆✶✜✷✸ ✹✚✛  2

2

2

2

b

y

a

x
✺ = 1, ✢✚✛ ☎✜✰✸❞✻ ✢✮✰✚ ✼✽✴ ✾✼ ✿✙✚✆❀✰✫✙ ✈❁✸✶✜❂✚✛✜ ✢✚✛ ❃✚✫ ☎✜✰✸❞✻

✢✮✰✚ ✼✽ ✈✚✽✮ ❜☎✆✝✞ P(x, y) ✷✫♥✚✵✾❄❅✚ ✬✮ ✆❆❇✚✰ ✼✽❈

❜☎ ✬✭✢✚✮ ❊❋● ✈✚✛✮ ❊❍● ☎✛ ✼❀❁✛ ✆☎■ ✆✢✙✚ ✆✢ ✞✢ ✷✫♥✚✵✾❄❅✚✴ ✆✹☎✢✚ ✾✛✜❏✷✭ ❀❑✝ ✆✶✜✷✸ ✈✚✽✮

✷✫♥✚✵ ✈▲✚ x-✈▲✚ ✾✛❏ ✈❁✸✆✷▼✚ ✼✽✴ ✢✚ ☎❀✫✢✮◆✚
2

2

2

2

b

y

a

x
✺  = 1 ✼✽❈

❢❖❖P◗❘❙ ✷✫♥✚✵✾❄❅✚ ✾✛❏ ☎❀✫✢✮◆✚ ☎✛ ✼❀ ✙✼ ✆❁❞✢❞✚✵ ✬✚✰✛ ✼✽✜ ✆✢ ✷✫♥✚✵✾❄❅✚ ✬✮ ✬✭❚✙✛✢ ✆✶✜✷✸ P (x, y) ✾✛❏

✆✝✞

2

2

2

2

1
b

y

a

x
❯❱   ❲  1,  ✈❇✚✚✵✰❳  x2 ❲  a2, ❜☎✆✝✞ – a ❲  x ❲  a.

✈✰✱ ✷✫♥✚✵✾❄❅✚ ✮✛❨✚✚✈✚✛✜ x = – a ✈✚✽✮ x = a ✾✛❏ ✶✫♦ ❀✛✜ ✆❆❇✚✰ ✼✽ ✈✚✽✮ ❜❁ ✮✛❨✚✚✈✚✛✜ ✢✚✛ ❆✬▼✚✵ ❃✚✫ ✢✮✰✚
✼✽❈ ❜☎✫ ✬✭✢✚✮✴ ✷✫♥✚✵✾❄❅✚✴ ✮✛❨✚✚✈✚✛✜ y = – b ✈✚✽✮ y = b ✾✛❏ ✶✫♦ ❀✛✜ ❜❁ ✮✛❨✚✚✈✚✛✜ ✢✚✛ ❆✬▼✚✵ ✢✮✰✚ ✼✸✈✚

✆❆❇✚✰ ✼✽❈

❜☎✫ ✬✭✢✚✮✴ ✼❀ ✈✚✾❄❏✆✰ 11.26 (b) ❀✛✜✴ ✷▼✚✚✵✞ ❡✞ ✷✫♥✚✵✾❄❅✚ ✾✛❏ ☎❀✫✢✮◆✚
2 2

2 2
1

x y

b a
❩ ❬ ✢✚✛

❭✙✸❚✬❪❁ ✢✮ ☎✢✰✛ ✼✽✜❈
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❜☞ ✌✍✎ ✏✑✒✓✔✕✍✍✎✖ ✓✍✎ ✌✒✗✍✘✙✚✛✍ ✙✎✜ ❡✢✣✤ ✥❡✦✤✧★✢ ✓✩✪✎ ✩✫✖✭

✮❢✯✰✱★✢✦ ✌✒✗✍✘✙✚✛✍ ✙✎✜ ✑✍☞✓ ✏✑✒✓✔✕✍ ✑✎✖✲ ✌✒✗✍✘✙✚✛✍ ✓✍ ✙✎✖✜✌✳✲ ✑✴✵ ✶✷✖✌✸ ✹✔ ✺✍✫✔ ✌✒✗✍✘ ✺✻✍

✙ ✵✗✍✸ ✺✻✍ ✶☞✌✎ ✘♦✍✍✖✻✍✍✎✖ ✹✔ ✶✼✽✍✪ ✩✫✭ ✾✩✍✿ ❀✎✏✎ ✌✒✗✍✘✙✚✛✍✍✎ ✖ ✓✍ ✺❁✾✾☞✲ ✶❂☞✓✍ ✙✎✖✜✌✳ ✓✍✎❜✘ ✺❃✾ ✶✷✖✌✸

✩✍✎ ✏✓✪✍ ✩✫ ✺✍✫✔ ✙✎✖✜✌✳ ✏✎ ❣✸❄✍✔☞✎ ✙✍✵✒ ✔✎❅✍✍✲ ✌✒✗✍✘ ✺✻✍ ✙ ✵✗✍✸ ✺✻✍ ✩✍✎ ✏✓✪✎ ✩✫✖✲ ❜✏ ✹✸✼✪✓ ✓✒

✶✙❆✍✾ ✙✼✪✸ ✏✎ ✷✍✩✔ ✩✫✖✭

✺✍✙✚✜✶✪ 11.26  ✏✎ ✹✳✍❧✪ ✌✒✗✍✘✙✚✛✍ ✙✎✜ ✑✍☞✓ ✏✑✒✓✔✕✍ ✙✎✜ ✶☞✔✒✻✍✕✍ ✏✎ ✩✑✎✖ ✶☞❇☞✖✍✶✓✪ ✶☞❆✓❆✍✘

✹✳✍❧✪ ✩✍✎✪✎ ✩✫✖✭

1. ✌✒✗✍✘✙✚✛✍ ✌✍✎☞✍✎✖ ✶☞✌✎✘♦✍✍✖✻✍✍✎✖ ✙✎✜ ✏✍✹✎✻✍ ✏✑✶✑✪ ✩✫ ♥✾✍✎✖✶✓ ✾✶✌ ✌✒✗✍✘✙✚✛✍ ✹✔ ❀✓ ✶✷✖✌✸ (x, y) ✩✫ ✪✍✎

✶✷✖✌✸ (– x, y), (x, –y) ✺✍✫✔ (– x, –y) ❍✍✒ ✌✒✗✍✘✙✚✛✍ ✹✔ ✶✼✽✍✪ ✩✫✖✭

2. ✌✒✗✍✘✙✚✛✍ ✓✒ ☞✍✶❍✍✾✍✿ ✏✌✫✙ ✌✒✗✍✘ ✺✻✍ ✹✔ ✶✼✽✍✪ ✩✍✎✪✒ ✩✫✖✭ ✌✒✗✍✘ ✺✻✍ ✓✍✎ ✏✑✶✑✪ ✔✎❅✍✍ ✹✔ ✺❃✪❈

❅✍✖❬ ✶☞✓✍✵✓✔ ✹✳✍❧✪ ✶✓✾✍ ❂✍ ✏✓✪✍ ✩✫✭ ❂✫✏✎ ✶✓ ✾✶✌ x2 ✓✍ ✩✔ ✷❬❞✍ ✩✫ ✪✍✎ ✌✒❉✘ ✺✻✍ x-✺✻✍ ✙✎✜

✺☞✸✶✌♦✍ ✩✫ ✺✍✫✔ ✾✶✌ y2 ✓✍ ✩✔ ✷❬❞✍ ✩✫ ✪✍✎ ✌✒✗✍✘ ✺✻✍ y-✺✻✍ ✙✎✜ ✺☞✸✶✌♦✍ ✩✍✎✪✍ ✩✫✭

11.5.5 ✉❊❋●❊■❏❑ ▲▼◆❊ (Latus rectum)

✱❢✧✐✢✢❖✢✢ P ✌✒✗✍✘✙✚✛✍ ✓✒ ☞✍✶❍✍✾✍✎ ✖ ✏✎ ❂✍☞✎ ✙✍✵✒ ✺✍✫✔ ✌✒✗✍✘ ✺✻✍ ✹✔ ✵✖✷✙✪ ✔✎❅✍✍❅✍✖❬ ✶❂✏✙✎✜ ✺✖◗✾ ✶✷✖✌✸

✌✒✗✍✘✙✚✛✍ ✹✔ ✩✍✎✖✲ ✓✍✎ ✌✒✗✍✘✙✚✛✍ ✓✒ ☞✍✶❍✍✵✖✷ ❂✒✙✍ ✓✩✪✎ ✩✫✖ ❘✺✍✙✚✜✶✪ 11.28❙✭

❚✦❯✢❱❲❳❨✢  
x y

a b

2 2

2 2
+ =1 ✤✦ ✣✢❢✐✢❩❭❪ ❫✦❲✢ ✤✦ ❩❭❪✢❴❱ ❵✢❛ ✤✧✣✢

✑✍☞✍ AF
2
 ✓✒ ✵✖✷✍❜✘ l  ✩✫ ✪✷ A ✙✎✜ ✶☞✌✎ ✘♦✍✍✖✓ (c, l),✺✽✍✍✘✪✈ (ae, l) ✩✫✭

♥✾✍✎ ✖✶✓ A, ✌✒✗✍✘✙✚✛✍
2 2

2 2
1

x y

a b
❝ ❤ , ✹✔ ✶✼✽✍✪ ✩✫✭ ❜✏✏✎ ✩✑✎✖ ✹✳✍❧✪ ✩✍✎✪✍ ✩✫❈

2 2

2 2

( )
1

ae l

a b

❥ l2 = b2 (1 – e2)

✹✔✖✪✸

2 2 2 2
2

2 2 2
1

c a – b b
e –

a a a
❦ ❦ ❦

❜✏✶✵❀ l2 = 

4

2

b

a
, ✺✽✍✍✘✪✈

2b
l

a
♠

♥✾✍✎ ✖✶✓ ✌✒✗✍✘✙✚✛✍ y-✺✻✍ ✙✎✜ ✏✍✹✎✻✍ ✏✑✶✑✪ ✩✍✎✪✍ ✩✫✲ ♣qrst✇① 11.28
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✭☎✆✝✞✟✠✡☛ ☞☛ ✠✌✡✆✌✡✟ ✍✎✌✌✡✟ ✏✡✑ ✞✌✒✡✎✌ ✞✓☎✓✔ ☛✕✟✖ ✗✞☎✘✙ AF
2
 = F

2
B. ✍✔✝ ✆✌☎✈✌✘✟✚ ✛✜✏✌ ✢✜ ✘✟✚✌✗✣

22b

a
 ☛✕❣

♠✤✥✦✧★✥ 9 ✠✜♥✌✣✏✩✪✌  
2 2

1
25 9

x y
✫ ✬  ✏✡✑ ✆✌☎✈✌☞✌✡✟ ✍✌✕♦ ✮✌✜✯✌✌✡✰ ✏✡✑ ☎✆✠✡✣✮✌✌✟✢✱ ✠✜♥✌✣ ✙✏ ✘♥✌✲ ✍✎✌ ✢✜

✘✟✚✌✗☞✌②✱ ✳✴✏✡✟✑✠✵✔✌ ✍✌✕♦ ✆✌☎✈✌✘✟✚ ✛✜✏✌ ✢✜ ✘✟✚✌✗✣ ✶✌✔ ✢✜☎✛✙❣

✦✷ ❉☞✌✡✟☎✢
2

25

x
 ✢✌ ☛♦✱

2

9

y
 ✏✡✑ ☛♦ ✞✡ ✚✸✹✌ ☛✕✱ ✗✞☎✘✙ ✠✜♥✌✣ ✍✎✌ x-✍✎✌ ✏✡✑ ✍✆✲☎✠✮✌ ☛✕✟❣ ☎✠✙ ✺✙

✞✓✜✢♦❧✌ ✢✜
2 2

2 2
1

x y

a b
✻ ✼ , ✞✡ ✔✲✘✆✌ ✢♦✆✡ ✒♦

a = 5 ✍✌✕♦ b = 3

✞✌✽✌ ☛✜ 2 2 25 9 4c a – b –✾ ✾ ✾

✍✔✝ ✆✌☎✈✌☞✌✡ ✟ ✏✡✑ ☎✆✠✡ ✣✮✌✌ ✟✢  (– 4,0) ✍✌✕♦ (4,0) ☛✕✱ ✮✌✜✯✌✌✡ ✰ ✏✡✑ ☎✆✠✡ ✣✮✌✌✟✢ (– 5, 0) ✍✌✕♦

(5, 0) ☛✕✟❣ ✠✜♥✌✣ ✍✎✌ ✢✜ ✘✟✚✌✗✣ ✿a = ❀❁ ✗✢✌✗☞✌②✱ ✘♥✌✲ ✍✎✌ ✢✜ ✘✟✚✌✗✣ ✿b = ❂ ✗✢✌✗☞✌② ✍✌✕♦ ✳✴✏✡✟✑✠✵✔✌

4

5
 ✍✌✕♦ ✆✌☎✈✌✘✟✚

22 18

5

b

a
❃ ☛✕❣

♠✤✥✦✧★✥ 10 ✠✜♥✌✣✏✩✪✌ 9x2 + 4y2 = 36 ✏✡✑ ✆✌☎✈✌☞✌✡✟ ✍✌✕♦ ✮✌✜✯✌✌✡✰ ✏✡✑ ☎✆✠✡ ✣✮✌✌✟✢✱ ✠✜♥✌✣ ✍✌✕♦ ✘♥✌✲ ✍✎✌ ✢✜
✘✟✚✌✗☞✌②✱ ✍✌✕♦ ✳✴✏✡✟✑✠✵✔✌ ✶✌✔ ✢✜☎✛✙❣

✦✷ ☎✠✙ ✺✙ ✠✜♥✌✣✏✩✪✌ ✢✜ ✞✓✜✢♦❧✌ ✢✜ ✒✵✓✌☎❧✌✢ ✞✓✜✢♦❧✌ ✏✡✑ ❢✒ ✓✡✟ ☎✘❄✌✆✡ ✒♦

2 2

1
4 9

x y
✫ ✬

❉☞✌✡✟☎✢
2

9

y
 ✢✌ ☛♦✱

2

4

x
 ✏✡✑ ☛♦ ✞✡ ✚✸✹✌✱ ✗✞☎✘✙ ✠✜♥✌✣ ✍✎✌✱ y-✍✎✌ ✏✡✑ ✍✆✲☎✠✮✌ ☛✕ ❣ ☎✠✙ ✺✙

✞✓✜✢♦❧✌ ✢✜ ✓✌✆✢ ✞✓✜✢♦❧✌
2 2

2 2
1

x y

b a
✻ ✼ , ✞✡ ✔✲✘✆✌ ✢♦✆✡ ✒♦ ☛✓✡✟ ✒✵✌❅✔ ☛✌✡✔✌ ☛✕ b = 2 ✍✌✕♦ a = 3

✍✌✕♦ c = 2 2
a – b    =  9 4 5– ❆

✙✏✟
5

3

c
e

a
✬ ✬
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✈☞✌ ✍✎✏✑✎✒✎✓✔ ✕✓✖ ✏✍✗✓✘✙✎✎✔✚  (0, 5 )  ✕  (0, – 5 ), ❣✛✔✜ ✙✎✢✣✎✎✓✤ ✕✓✖ ✏✍✗✓✘✙✎✎✔✚ (0,3) ✕ (0, –3) ❣✛✔ ✜

✗✢♥✎✘ ✈✥✎ ✚✢ ✦✔✧✎★✘ ✩a = ✪ ★✚✎★✒✎✫ ✦♥✎✭ ✈✥✎ ✚✢ ✦✔✧✎★✘ ✮ ★✚✎★✒✎✫ ✈✎✛✯ ✗✢♥✎✘✕✰✱✎ ✚✢ ✲✳✕✓✔✖✗✴☞✎
5

3

❣✛✜

♠✵✶✷✸✹✶ 11 ✲✺ ✗✢♥✎✘✕✰✱✎ ✚✎ ✺✻✢✚✯✼✎ ✽✎☞ ✚✢✏✾✿❀ ✏✾✺✚✢ ✍✎✏✑✎✒✎✓✔ ✕✓✖ ✏✍✗✓✘✙✎✎✔✚  (➧ 5, 0) ☞r✎✎

✙✎✢✣✎✎✓✤ ✕✓✖ ✏✍✗✓✘✙✎✎✔✚ (➧ 13, 0) ❣✔✛✜

✷❁ ❉✒✎✓✔✏✚ ✗✢♥✎✘✕✰✱✎ ✚✎ ✙✎✢✣✎✘ x-✈✥✎ ❂✯ ✏❃r✎☞ ❣✛ ✈☞✌ ★✺✚✎ ✺✻✢✚✯✼✎
2 2

2 2
1

x y

a b
❄ ❅  ✕✓✖ ✈✍✭♦❂

❣✎✓❆✎❀ ✾❣✎✫ ✈❇✘❈✗✢♥✎✘ ✈✥✎ ✚✢ ✦✔✧✎★✘ a ❣✛✜ ❣✻✓✔ ✽✎☞ ❣✛❀ ✏✚❀  a = 13, c = ➧ 5.

✈☞✌  c2 = a2 – b2, ✕✓✖ ✺❊❋✎ ✺✓ ❣✻✓✔ ❂✴✎●☞ ❣✎✓☞✎ ❣✛❀  25 = 169 – b2  ✒✎  b = 12

✈☞✌ ✗✢♥✎✘✕✰✱✎ ✚✎ ✺✻✢✚✯✼✎
2 2

1
169 144

x y
❍ ■  ❣✛✜

♠✵✶✷✸✹✶ 12 ✲✺ ✗✢♥✎✘✕✰✱✎ ✚✎ ✺✻✢✚✯✼✎ ✽✎☞ ✚✢✏✾✿❀ ✏✾✺✕✓✖ ✗✢♥✎✘ ✈✥✎ ✚✢ ✦✔✧✎★✘ ✩❏ ❣✛ ☞r✎✎ ✍✎✏✑✎✒✎✫

(0, ➧ 5) ❣✛✔✜

✷❁  ❉✒✎✓✔✏✚ ✍✎✏✑✎✒✎✫ y-✈✥✎ ❂✯ ✏❃r✎☞ ❣✛✔❀ ★✺✏✦✿ ✗✢♥✎✘✕✰✱✎ ✚✎ ✺✻✢✚✯✼✎
2 2

2 2
1

x y

b a
❑ ▲  ✕✓✖

✈✍✭♦❂ ❣✛✜

✏✗✒✎ ❣✛ a = ✈❇✘ ✗✢♥✎✘ ✈✥✎ 
20

10
2

▼ ▼

✈✎✛✯ ✺❊❋✎ c2 = a2 – b2 ✺✓ ❂✴✎●☞ ❣✎✓☞✎ ❣✛❀

52 = 102 – b2  ✒✎  b2 = 75

✈☞✌
 

2 2

1
75 100

x y
◆ ❖

♠✵✶✷✸✹✶ 13 ✲✺ ✗✢♥✎✘✕✰✱✎ ✚✎ ✺✻✢✚✯✼✎ ✽✎☞ ✚✢✏✾✿❀ ✏✾✺✚✢ ✗✢♥✎✘ ✈✥✎❀ x-✈✥✎ ✕✓✖ ✈✍✭✏✗✙✎ ❣✛ ✈✎✛✯

(4, 3) ☞r✎✎ (– 1,4) ✗✢♥✎✘✕✰✱✎ ❂✯ ✏❃r✎☞ ❣✛✔✜

✷❁ ✗✢♥✎✘✕✰✱✎ ✕✓✖ ✺✻✢✚✯✼✎ ✚✎ ✻✎✍✚ ♦❂
2

2

2

2

b

y

a

x
P  = 1 ❣✛✜ ♣❊✫✏✚ ✏✧✔✗✭ (4, 3) ☞r✎✎ (–1, 4)

✗✢♥✎✘✕✰✱✎ ❂✯ ✏❃r✎☞ ❣✛✔✜ ✈☞✌ ❣✻✓✔ ❂✴✎●☞ ❣✎✓☞✎ ❣✛❀

2 2

16 9
+ 1

a b
◗ ... (1)
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✈☎✆✝ 22

161

ba
✞   = 1 … (2)

❧✟✠✡✝☛☎ (1) ✈☎✆✝ (2) ✡☎❞ ☞✌ ✡✝✍❞ ✎✝
2 247

7
a ✏  ♦ 

2 247

15
b ✏  ✎✐☎✑✒ ☞☎❞✒☎ ☞✆✓

✈✒✔ ✈✕☎✠✖✗ ❧✟✠✡✝☛☎✔

2 2

1
247247

157

x y
✘ ✙

✚ ✛
✜ ✢
✣ ✤

 ❀☎ 7x2 + 15y2 = 247 ☞✆✓

✥✦✧★✩✪✫✬ 11.3

❢✍✭✍❢✌❢✮☎✒ ✎✐✯✍☎❞✰ ✱ ❧❞ ✲ ✒✡ ✎✐✳❀❞✡ ✴✠✵☎✶♦✷✸☎ ✟❞✰ ✍☎❢✕☎❀☎❞ ✰ ✈☎✆✝ ✯☎✠✖☎☎❞✹ ♦❞✺ ❢✍✴❞ ✶✯☎☎✰✡✻ ✴✠✵☎✶ ✈☎✆✝ ✌✵☎✼ ✈✽☎

✡✠ ✌✰✾☎✿❀☎❁✻ ❂✳♦❞✰✺✴✐✒☎ ✒❃☎☎ ✍☎❢✕☎✌✰✾ ❄✠♦☎ ✡✠ ✌✰✾☎✿✶ ❅☎✒ ✡✠❢❄❆✔

1.
2 2

1
36 16

x y
❇ ❈ 2.

2 2

1
4 25

x y
❇ ❈ 3.

2 2

1
16 9

x y
❇ ❈

4.
2 2

1
25 100

x y
❉ ❊ 5.

2 2

1
49 36

x y
❉ ❊ 6.

400100

22
yx

❋ = 1

7. 36x2 + 4y2 = 144 8. 16x2 + y2 = 16 9. 4x2 + 9y2 = 36

❢✍✭✍❢✌❢✮☎✒ ✎✐✯✍☎❞✰ ✱● ❧❞ ❍● ✒✡ ✎✐✳❀❞✡ ✟❞✰✻ ❢✴❆ ✎✐❢✒✾✰■☎❞ ✰ ✡☎❞ ❧✰✒✼✖✗ ✡✝✒❞ ☞✼❆ ✴✠✵☎✶♦✷✸☎ ✡☎ ❧✟✠✡✝☛☎

❅☎✒ ✡✠❢❄❆✔

10. ✯☎✠✖☎☎❞✹ (➧ 5, 0), ✍☎❢✕☎❀☎❁  (➧ 4, 0)

11. ✯☎✠✖☎☎❞✹ (0, ➧ 13), ✍☎❢✕☎❀☎❁(0, ➧ 5)

12. ✯☎✠✖☎☎❞✹ (➧ 6, 0), ✍☎❢✕☎❀☎❁ (➧ 4, 0)

13. ✴✠✵☎✶ ✈✽☎ ♦❞✺ ✈✰✳❀ ❢✾✰✴✼ (➧ 3, 0), ✌✵☎✼ ✈✽☎ ♦❞✺ ✈✰✳❀ ❢✾✰✴✼ (0, ➧ 2)

14. ✴✠✵☎✶ ✈✽☎ ♦❞✺ ✈✰✳❀ ❢✾✰✴✼  (0, ➧ 5 ),  ✌✵☎✼ ✈✽☎ ♦❞✺ ✈✰✳❀ ❢✾✰✴✼ (➧ 1, 0)

15. ✴✠✵☎✶ ✈✽☎ ✡✠ ✌✰✾☎✿✶ 26,  ✍☎❢✕☎❀☎❁  (➧ 5, 0)

16. ✴✠✵☎✶ ✈✽☎ ✡✠ ✌✰✾☎✿✶  16, ✍☎❢✕☎❀☎❁ (0, ➧ 6).

17. ✍☎❢✕☎❀☎❁ (➧ 3, 0), a = 4

18. b = 3,  c = 4, ♦❞✰✺✴✐ ✟❏✌ ❢✾✰✴✼ ✎✝✻ ✍☎❢✕☎❀☎❁ x ✈✽☎ ✎✝

19. ♦❞✰✺✴✐✐ (0,0) ✎✝✻ ✴✠✵☎✶❑✈✽☎✻ y-✈✽☎ ✎✝ ✈☎✆✝ ❢✾✰✴✼✈☎❞✰ (3, 2) ✈☎✆✝ (1,6) ❧❞ ❄☎✒☎ ☞✆✓

20. ✴✠✵☎✶ ✈✽☎✻ x-✈✽☎ ✎✝ ✈☎✆✝ ❢✾✰✴✼✈☎❞ ✰ (4,3) ✈☎✆✝ (6,2) ❧❞ ❄☎✒☎ ☞✆✓
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11.6  ✈☞✌✍✎✏✑✒ (Hyperbola)

✐✓✔✕✖✖✗✖✖ 7 ✥✘ ✙✚✛✜✢✣✤✦✧ ✛✤ ✣★✩ ✪✫ ✭✮✯✰ ✚✱✲✳✴✙✯★✲ ✘✯ ✭✵✴✶✷✦ ✸✹ ✚✺✫✘✰ ✛✤ ✵★✲ ✳✯★ ✚✻✼✯✢

✚✱✲✳✴✙✯★✲ ✭★ ✳❢✢✰ ✘✯ ✙✲✛✢ ✙✷✢ ✸✯★✛✯ ✸✹✽

✜✚✢✮✯✯✾✯✯ ✵★✲ ✿✙✲✛✢❀ ❁✯❂✳ ✘✯ ✜❃✦✯★❄ ✚✘✦✯ ❄✦✯ ✸✹ ✚✺✭✘✯ ✙✼✯❅ ✸✹ ✳❢✢ ✚✻✼✯✛ ✚✱✲✳✴ ✭★ ✳❢✢✰ ❆❇✯

✚✫✘❈ ✚✻✼✯✛ ✚✱✲✳✴ ✭★ ✳❢✢✰✽ ✳✯★ ✚✻✼✯✢ ✚✱✲✳✴✙✯★✲ ✘✯★ ✳✰❉✯❅✣❊❋✯ ✘✰ ✉✖✓✕✖●✖❍ ✘✸✛★ ✸✹✲✽ ✫✯✚✮✯✦✯★✲ ✘✯★ ✚✵✤✯✫★

✣✯✤★ ✢★♦✯✯♦✯✲■ ✣★✩ ✵❏✦ ✚✱✲✳✴ ✘✯★ ❑✓▲✐✔▼◆● ❖✖ ▼P◗❘❙❚ ✘✸✛★ ✸✹✲✽ ✫✯✚✮✯✦✯★✲ ✭★ ❄✴❞✯✢✫★ ✣✯✤✰ ✢★♦✯✯ ✘✯★

❑✉❯✐❚❱❲✖ ❑❳✖ ❨transverse axis❩ ✛✼✯✯ ✣★✲✩✳❃ ✭★ ❄✴❞✯✢✫★ ✣✯✤✰ ✢★♦✯✯ ✙✯✹✢ ✙✫✴✜❃✻✼✯ ✙❬✯ ✜✢ ✤✲✱✣✛❭

✢★♦✯✯ ✘✯★ ✭✲✦✴❥✵✰ ✙❬✯ ❨conjugate axis❩ ✘✸✛★ ✸✹✲✽ ✙✚✛✜✢✣✤✦✧ ✙✫✴✜❃✻✼✯ ✙❬✯ ✘✯★ ✚✺✫ ✚✱✲✳✴✙✯★✲ ✜✢

✘✯❈✛✯ ✸✹✧ ✪❪✸★✲ ✙✚✛✜✢✣✤✦ ✣★✩ ❁✯✰✾✯❅ ❨vertices❩ ✘✸✛★ ✸✹✲ (✙✯✣❊✩✚✛ 11.29)✽

✳✯★✫✯★✲ ✫✯✚✮✯✦✯★✲ ✣★✩ ✱✰✷ ✘✰ ✳❢✢✰ ✘✯★ ✸✵ ♥c ✭★ ✜❃✳✚❁✯❅✛ ✘✢✛★ ✸✹✲✧ ✳✯★✫✯★✲ ❁✯✰✾✯✯★❧ ✣★✩ ✱✰✷ ✘✰ ✳❢✢✰

❨✙✫✴✜❃✻✼✯ ✙❬✯ ✘✰ ✤✲✱✯❫❅❩ ✘✯★ ♥a ✭★ ✜❃✳✚❁✯❅✛

✘✢✛★ ✸✹✲ ✙✯✹✢ ✸✵ ✢✯✚❁✯ b ✘✯★ ❫✭ ✜❃✘✯✢ ✜✚✢✮✯✯✚✾✯✛

✘✢✛★ ✸✹✲ ✚✘ b  = 2 2
c – a 2b ✘✯★ ❴◗●❯❵❛❜ ❑❳✖

❖❜ ◆◗❝✖❡❣ ✮✯✰ ✘✸✛★ ✸✹ (✙✯✣❊✩✚✛11.30)✽

❴❛❜❖✔❤✖ ❦♠♣ ❖❜ ❑q✔ ✔✖✓r✖ P
1
F

2
 – P

1
F

1

s✖▲ ❖✔✉✖

✙✯✣❊✩✚✛ tt✇①② ✵★✲  A ✛✼✯✯ B ✜✢ ✚✱✲✳✴ P ✘✯★ ✢♦✯✫★

✜✢ ✸✵★✲ ✜❃✯③✛ ✸✯★✛✯ ✸✹✧

BF
1
 – BF

2 
=  AF

2
 – AF

1
 (✙✚✛✜✢✣✤✦ ✘✰

✜✚✢✮✯✯✾✯✯ ✣★✩ ✙✫✴✭✯✢)

BA +AF
1
– BF

2 
= AB + BF

2
– AF

1

④⑤⑥⑦⑧⑨⑩ 11.30

④⑤⑥⑦⑧⑨⑩ 11.29
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✈☎✆✆✝✞✟  AF
1 
=  BF

2

❜✠✡☛☞✌
  
BF

1
 – BF

2 
=  BA + AF

1
– BF

2
 = BA = 2a

11.6.1  ♠✍✎✏✑✒✓✔✕✖ (Eccentricity)

✐✗✘✙✚✚✛✚✚ 8 ✥✜✢✆✝✣✤✦✆ ✧✜ ✞★✩ ✩✜ ✈✪✫✬✆✞ e = 
c

a
 ✧✆❞ ✈✡✞✬★✣☛✭ ✧✜ ✮✯✣❞✰✱✥✲✞✆ ✧✩✞❞ ✩✳✰✴ ✵✶✷✡✧

c ✸ a, ❜✠✡☛☞ ✮✯✣❞✰✱✥✲✞✆ ✧✹✆✜ ✹✆✜ ☞✧ ✠❞ ✧✺ ✪✩✜✰ ✩✆❞✞✜ ✩✳✴ ✮✯✣❞✰✱✥✲✞✆ ✣❞✱ ✠✰✻✰✼ ✺❞✰✌ ✪✆✡✹✆✭✆✷ ✣❞✰✱✥✲

✠❞ ae ✧✜ ✥✶★✜ ✬★ ✩✆❞✞✜ ✩✳✴

11.6.2  ✽✾✕✿❀✎❁❂ ❃✖ ❄✖❅❃ ❆❄❇❃❀❈✖ (Standard equation of  Hyperbola)  ✭✡✥

✈✡✞✬★✣☛✭ ✧✆ ✣❞✰✱✥✲ ✺✶☛ ✡✻✰✥✫ ✬★ ✈✆✳★ ✪✆✡✹✆✭✆✷ x-✈❉✆ ✈✆✳★ y-✈❉✆ ✬★ ✡❊☎✆✞ ✩✆❞✰ ✞✆❞ ✈✡✞✬★✣☛✭ ✧✆

✠✺✜✧★❧✆ ✠★☛✞✺ ✩✆❞✞✆ ✩✳ ☞❞✠❞ ✥✆❞ ✠✰✹✆✣ ✡✥✧✟✡✣❋✭✆✠ ✈✆✣✤✱✡✞ ●●❍■● ✺❞✰ ✥❏✆✆✝☞ ❑☞ ✩✳✰✴

✈✻ ✩✺ ✈✆✣✤✱✡✞ 11.31(a) ✺❞✰ ✥❏✆✆✝☞ ❑☞ ✈✡✞✬✡★✣☛✭✌ ✡❡✠✧✜ ✪✆✡✹✆✭✆✷ x-✈❉✆ ✬★ ✡❊☎✆✞ ✩✳✰ ✧✆

✠✺✜✧★❧✆ ▲✭✫✯✬❋✪ ✧★❞✰❑❞✴

▼◆❖P◗❘❙ 11.31

✺✆✪ ☛✜✡❡☞ F
1
 ✈✆✳★ F

2
 ✪✆✡✹✆✭✆✷ ✩✳✰ ✈✆✳★ ★❞✉✆✆✉✆✰❚ F

1
F

2 
✧✆ ✺❯✭ ✡✻✰✥✫ O ✩✳✴ ✺✆✪ ☛✜✡❡☞ O ✺✶☛

✡✻✰✥✫ ✩✳ ✈✆✳★ O ✠❞  F
2
 ✧✜ ✈✆❞★ ✼✪✆✯✺✧ x-✈❉✆ ✣ O ✠❞ F

1
 ✧✜ ✈✆❞★ ❱❧✆✆✯✺✧ x-✈❉✆ ✩✳✴ ✺✆✪✆ O

✠❞ x-✈❉✆ ✬★ ☛✰✻ y-✈❉✆ ✩✳✴ F
1
 ✣❞✱ ✡✪✥❞✝❏✆✆✰✧ (– c,0) ✈✆✳★ F

2
 ✣❞✱ ✡✪✥❞✝❏✆✆✰✧ (c,0) ✺✆✪ ☛❞✞❞ ✩✳✰ ❲✈✆✣✤✱✡✞

●●❍■❳❨✴
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❡☞ ✌ ✍ ✎✏✑✒ ✓ ✏✔✕✖✗✍ ✘ ✕✖ ✙☞ ✚✛ ✜ ✏✢ ✣✤ ✥ P(x, y) ✛ ❜ ✕✦✙☞ ✖ ✧★ ✏✙ P ✙ ✎ ✤✩✖ ✪✫☞ ✏✢ ✣✤ ✥ ❜✚ ✗

✏✌✙❢ ✪✫☞ ✏✢ ✣ ✤✥ ❜✚ ✤✩✖ ✎✘☞ ✚ ✣ ✙☞ ✓✣✔✖ 2a ✧★ ✛ ❜✏✍ ✒✭ PF
1
 – PF

2
 = 2a

✤✩ ✖✎ ❜✩ ♥☞ ❜✚ ✧❡ ✕☞ ✔✚ ✧★ ✣

2 2 2 2( ) ( ) 2x c y – x – c y a✮ ✮ ✮ ✯

✘☞ 2 2 2 2( ) 2 ( )x c y a x – c y✮ ✮ ✯ ✮ ✮

✤☞ ✚✌☞ ✚✣ ✕ ✰☞☞ ✚✣ ✙☞ ✗ ✱✜ ✙✖ ✌ ✚ ✕✖✭ ✧❡ ✕✦☞ ✲ ✔ ✙✖ ✔✚ ✧★ ✣✭

(x + c)2 + y2 = 4a2 + 4a  2 2( )x – c y✮  + (x – c)2 + y2

✏✑ ❜✚ ❜✖✍ ✙✖ ✌ ✚ ✕✖ ✏❡✍ ✔☞ ✧★✭

a

cx
 – a = 2 2( )x – c y✮

✕✥ ✌✐ ✗ ✱✜ ✙✖ ✌ ✚ ✗ ❜✖✍ ✙✖ ✌ ✚ ✕✖ ✧❡ ✚✣ ✕✦ ☞✲ ✔ ✧☞ ✚✔☞ ✧★✭

2 2

2 2 2
1

x y
–

a c – a
✳

✘☞
2 2

2 2
1

x y
–

a b
✴ (❉ ✘☞ ✚✣✏✙ c2 – a2 = b2)

✓✔✐ ✓✕✦ ✏✔✕✖✗✍ ✘ ✕✖ ✏✪✫☞ ✔ ✙☞ ✚✛ ✜ ✏✢ ✣✤ ✥

2 2

2 2
1

x y
–

a b
✴  

✙☞ ✚ ❜✣✔ ✥❞❢ ✙✖ ✔☞ ✧★ ✵

✈✶✷ ✸✹✺ ✻ 11.32
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❢☎✆✝✞✟✠✡ ✟✝☛✝ P(x, y), ❧✟☞✌✍✎✝ ✏✑✒ ✌✝✞ ❧✓✠✔✕✖ ✌✍✠✝ ✗✘✙ 0 < a < c. ✠r✙

y2

 

 = b2  

2 2

2

x – a

a

✚ ✛
✜ ✢
✣ ✤

❜❧ ✥✦✌✝✍ PF
1
 = + 2 2( )x c y✧ ✧

= + 

2 2
2 2

2
( )

x – a
x c b

a

✚ ✛
✧ ✧ ✜ ✢

✣ ✤
 =  a + x

a

c

❜❧☞ ✥✦✌✝✍ PF
2
 = a – 

a

c
x

✈❢✠✥✍☎✆★ ✟✞✓ c > a ✈✝✘✍ ✩✪✫❢✌ P ✍✞❥✝✝ x = a, ☎✞♦ ✬✝❢✗☛☞ ✈✝✞✍ ✗✘✙ x > a, ✈✝✘✍ ❜❧❢✆✭
c

a
x > a.

★✝ a – 
c

a
 x  ➼✎✝✝✮✟✌ ✗✝✞ ✯✝✠✝ ✗✘✰ ✈✠✡ PF

2
 =  

c

a
x  – a.

❜❧❢✆✭  PF
1
 –  PF

2
  = a  + 

c

a
x  – 

cx

a
  +  a = 2a

è★✝☛ ✬☞❢✯✭✙ ★❢✬  P ✍✞❥✝✝ x = – a, ☎✞♦ r✝❜✱ ✈✝✞✍ ✗✝✞✠✝ ✠r  PF
1
 

c
– a x

a

✲ ✳
✴ ✵✶ ✷

✸ ✹
,  PF

2
 = a – 

c
x

a
.

♠❧ ❢✺✻✝❢✠ ✟✞✓ PF
2 
– PF

1
 = 2a. ❜❧❢✆✭ ✌✝✞❜✼ ❢r✓✬✔ ✯✝✞

2 2

2 2
1

x y
–

a b
✽ , ✌✝✞ ❧✓✠✔✕✖ ✌✍✠✝ ✗✘ ✠✝✞

✈❢✠✥✍☎✆★ ✥✍ ❢✺✻✝✠ ✗✝✞✠✝ ✗✘✰

❜❧ ✥✦✌✝✍ ✗✟☛✞ ❢❧✾ ❢✌★✝ ❢✌ ✭✌ ✈❢✠✥✍☎✆★✙ ❢✯❧✌✝ ☎✞✓♦✬✦  (0,0) ☎ ✈☛✔✥✦✺✻✝ ✈✿✝✙ x-✈✿✝ ☎✞♦

✈☛✔❢✬❀✝ ✗✘✙ ✌✝ ❧✟☞✌✍✎✝ ✗✘ 
2 2

2 2
1

x y
–

a b
✴ .

❁❂❃❄❅❆❇❈ ✭✌ ✈❢✠✥✍☎✆★ ❢✯❧✟✞✓  a = b ✗✝✞✙ ❉❊❋❇●❆❇❈❍ ■❂❏❅❑▲▼❍ ✏rectangular

hyperbola✒ ✌✗✆✝✠✝ ✗✘✰

❂▲▲●◆❖❇  ✈❢✠✥✍☎✆★ ☎✞♦ ❧✟☞✌✍✎✝ ❧✞ ✗✟ ★✗ ❢☛✕✌✕✝✼ ✥✝✠✞ ✗✘✓ ❢✌ ✈❢✠✥✍☎✆★ ✥✍ ✥✦✮★✞✌ ❢r✓✬✔

(x, y) ☎✞♦ ❢✆✭✙
2 2

2 2
1

x y

a b
✴ ✵  P 1.
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✈☞✌ ✌ ✍✎ ✏  
a

x
 ✑ 1, ✈☞✌ ✌ ✍✎ ✏ x ✒ – a  ❀✌ x ✑ a.   ❜✓✔✕ ✖✗ ✘✙ ✚✌ ✛✌✌ ✜ ✢✣ ✤✌ ✌✈ ✌✣ ✥ x = + a ✈✌ ✦✢ x = – a,✘✣ ♦

❝✧★ ✩✣ ✥ ✔✪☞✌ ✎ ✫ ✭✧✥ ✭✦ (✈☞✌ ✘✌ ✓✥ ❀✮ ✯✩✧ ✈ ✰✌ ✱✢ ✘✌ ✪✎✔ ✘✚ ✈ ✥✎ ✲ ✤✌ ✥✳ ✫ ✭✧✥ ✭✌ ✣✎ ✣ ✭✦✥)❆

❜✓✧ ✱✴✚✌✢ ✗ ✈✌ ✘✵♦✔✎ 11.31 (b) ✩✣ ✥ ✗ ✭✩ ✈✔✎ ✱✢✘✕ ❀ ✚✌ ✓ ✩✧✚✢ ❡✌
2 2

2 2

y x

a b
✶ = 1 ❖ ❀✮ ✷✱✸✫ ✚✢

✓✚✎ ✣ ✭✦✥ ❆

❜✫ ✹ ✌✣ ✓ ✩✧✚✢ ❡✌ ✌ ✣✥ ✚✌ ✣ ✺✻ ✼✽✾✿ ❁❂ ❃❄ ❅❄ ❇ ❃ ❈❅❉ ❃✾❊❄ ✚✭✎✣ ✭✦✥ ❆

❋✻ ❢● ✽❊❄ ❉ ✈✔✎✱✢ ✘✕ ❀ ✘✣ ♦ ✩✌ ✫✚ ✓ ✩✧✚✢ ❡✌ ✩✣✥ ✗ ✈✔✎ ✱✢✘✕ ❀ ✚✌ ✘✣ ✥♦✹✴ ✗ ✩❍✕ ✔❝✥ ✹✮ ✱✢ ✈✌ ✦✢

✈✫✮✱✴ ✪☞✌ ✈ ✰✌ ✘ ✓✥ ❀✮ ✯✩✧ ✈ ✰✌ ✔✫ ✹✣ ✍■✌✌ ✥ ✰✌✌✣ ✱✢ ✔ ✪☞✌✎ ✭✦✥ ❆ ✎☞✌ ✌✔✱ ❀✭✌ ❏ ✖✣✓✣ ✛✌ ✧ ✈✔✎✱✢✘✕ ❀ ✭✌✣✎ ✣ ✭✦✥ ✔❑✫ ✩✣✥

✚✌ ✣ ❜✍ ✹ ✌ ✣ ✕ ✥❝ ✘✎ ✏ ✢✣ ✤✌ ✌ ✖❏ ✈ ✫✮ ✱✴ ✪☞✌ ✈ ✰✌ ✘ ✓✥ ❀✮ ✯✩✧ ✈ ✰✌ ✭✌ ✣✎ ✣ ✭✦✥ ✱✢✥✎✮ ✖✣✓✧ ✔ ✪☞✌ ✔✎ ❀✌ ✣✥ ✚✌ ✈ ▲ ❀ ❀✫ ▼◆★

✚ ✰✌ ✌ ✈✌ ✣✥ ✩✣✥ ✭✦✥ ❆

✈ ✌ ✘✵♦✔✎ 11.29, ✓✣ ✱✴ ✌ ❧✎ ✈✔✎✱✢ ✘✕ ❀✌ ✣✥ ✘✣♦ ✩✌ ✫✚ ✓ ✩✧✚✢ ❡✌ ✘✣♦ ✔✫ ✢✧ ✰✌ ❡✌ ✓✣ ✭✩✣✥ ✔✫ P✫✔✕ ✔ ✤✌ ✎ ✔✫ ◗✚◗✌ ✍

✱✴ ✌ ❧✎ ✭✌✣ ✎✣ ✭✦ ✥✲

1. ✈✔✎✱✢ ✘✕ ❀✗ ✹✌ ✣✫ ✌ ✣✥ ✔✫✹ ✣ ✍■ ✌✌ ✥ ✰✌✌ ✣✥ ✘✣♦ ✓✌ ✱✣ ✰✌ ✓ ✩✔ ✩✎ ✭✦✥ ❘ ❀✌ ✣✥✔✚ ❀✔✹ ✈✔✎ ✱✢✘✕ ❀ ✱✢ ✖✚ ✔❝✥✹ ✮

(x, y) ✭✦ ✎ ✌✣ ✔❝ ✥✹ ✮ (– x, y), (x, – y) ✈✌ ✦✢ (– x, – y) ✛✌ ✧ ✈✔✎✱✢ ✘✕ ❀ ✱✢ ✔ ✪☞✌ ✎ ✭✦✥ ❆

2. ✈✔✎✱✢ ✘✕ ❀ ✚✧ ✫✌ ✔ ✛✌ ❀✌ ❏ ✓✹ ✦ ✘ ✈✫ ✮✱✴ ✪☞✌ ✈ ✰✌ ✱✢ ✔✪☞✌✎ ✭✌ ✣✎ ✧ ✭✦✥ ❆ ❀✭ ✓✹✦ ✘ ✖✚ ❙✫✌ ✷ ✩✚

✱✹ ✭✦ ✔❑✓✚✌ ✭✢ ✈✫ ✮✱✴ ✪☞✌ ✈ ✰✌ ✹ ✣✎ ✌ ✭✦ ❆ ▼✹ ✌ ✭✢ ❡✌ ✎ ✲  
2 2

1
9 16

x y
– ❚ ✚✌ ✈✫ ✮✱✴ ✪☞ ✌ ✈ ✰✌ ✗

x❯✈ ✰✌ ✘✣♦ ✈✫ ✮✔✹ ■✌ ✭✦ ✈✌ ✦✢ ❜✓✚✧ ✕ ✥❝ ✌ ❜ ✍ ❱ ✭✦ ❑❝✔✚  
2 2

1
25 16

y x
– ❚   ✚✌ ✈ ✫✮ ✱✴ ✪☞✌ ✈ ✰✌ ✗

y❯✈ ✰✌ ✘✣ ♦ ✈✫ ✮✔✹ ■✌ ✭✦ ✈✌ ✦✢ ❜✓✚✧ ✕ ✥❝✌ ❜ ✍ ❲ ❳ ✭✦ ❆

11.6.3 ✉❨❩ ❬ ❨❭❪ ❫ ❴❵ ❛ ❨ (Latus rectum)

✽✻ ✾✐❄ ❄ ❞❄ ❄ 9 ✈✔✎ ✱✢ ✘✕ ❀ ✚✧ ✫✌ ✔ ✛✌ ❀✌✣ ✥ ✓✣ ❑✌ ✫✣ ✘✌ ✕✧ ✈✌ ✦✢ ✈✫ ✮✱✴ ✪☞✌ ✈ ✰✌ ✱✢ ✕ ✥❝ ✘✎ ✏ ✢✣ ✤✌ ✌ ✤✌ ✥✳ ✔❑✓ ✘✣♦

✈✥✷ ❀ ✔❝✥✹ ✮ ✈ ✔✎ ✱✢ ✘✕ ❀ ✱✢ ✭✌✣ ✥ ✗ ✚✌ ✣ ✈✔✎ ✱✢ ✘✕ ❀ ✚✧ ❇ ❄✻ ✐❄ ❁❣❤ ❥ ❉✿❄ ✚ ✭✎ ✣ ✭✦ ✥ ❆

✹✧ ♥✌ ✍✘✵❦✌ ✌ ✣✥ ✚✧ ✛✌✌ ❏✔✎ ✗ ❀ ✭ ✹ ■✌ ✌ ✍✫✌ ✓✢✕ ✭✦ ✔✚ ✈✔✎✱✢ ✘✕ ❀ ✚✧ ✫ ✌ ✔ ✛✌ ✕✥ ❝ ❑✧ ✘✌ ✚✧ ✕✥❝ ✌ ❜✍
22b

a
✭✦ ❆

♠ ♣❄ q✾❊❄ 14 ✔✫ P✫ ✔✕ ✔ ✤✌✎ ✈ ✔✎✱✢ ✘✕ ❀✌ ✣✥ ✘✣♦ ■✌ ✧◗✌ ✌ ✣r ✈✌ ✦✢ ✫ ✌ ✔ ✛✌ ❀✌ ✣✥ ✘✣♦ ✔✫ ✹ ✣ ✍■✌ ✌ ✥✚✌ ✣✥ ✗ ▼✷ ✘✣✥♦✹ ✴✎ ✌ ✈✌ ✦✢ ✫✌ ✔ ✛✌ ✕ ✥❝

❑✧✘✌ ✚✧ ✕✥❝ ✌ ❜✍ t✌ ✎ ✚✧✔❑ ✖❆
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(i)
2 2

1
9 16

x y
– ☎ (ii) y2 – 16x2 = 16

❣✆  (i) ❢✝✞ ✟✞ ✠✡☛☞✌✍✎
2 2

1
9 16

x y
– ☎  ☞✎ ✡✎ ❞ ☞ ✠✡☛☞✌✍✎

2 2

2 2
1

x y
–

a b
✏ ✠❧ ✑ ✒✓❞ ✎ ☞✌❞ ❧ ✔✌✕ ✖ ✡ ✔✎ ✑❧ ✖ ✗✘ ❢☞

a = 3, b = 4 ✈✎✗ ✌ c = 
2 2 9 16 5a b✙ ✚ ✙ ✚

✈✑ ✛ ❞ ✎ ❢✜✎ ✢✎ ❧✘ ✣❧✤ ❢❞ ✝❧ ✥✦✎ ✎✘ ☞ (➧ 5, 0) ✖✗✘ ✈✎ ✗✌ ✦ ✎ ☛✧✎ ✎ ❧★ ✣❧ ✤ ❢❞ ✝❧ ✥✦ ✎✎ ✘ ☞ (➧ 3, 0) ✖✘✗ ✩

♠ ✪✣❧✘ ✤ ✝✫✑ ✎  e = 
5

3

c

a
✬ ✬

❞✎ ❢✜✎ ✓✘✉ ✭ ☛✣✎ ☞☛ ✓✘✉✎ ✮ ✥ 
22 32

3

b

a
☎ ☎

(ii) ❢✝✢ ❧ ✟✞ ✠✡☛☞✌✍✎ ✣❧✤ ✝✎ ❧❞ ✎ ❧✘ ✔✯✎ ✎ ❧✘ ☞✎❧ ✰✱ ✠❧ ✜ ✎✎ ✟ ☞✌❞ ❧ ✔✌
2 2

1
16 1

y x
– ☎ ✖ ✡❧✘ ✔ ✫✎ ✲✑ ✖ ✎ ❧✑ ✎ ✖✗ ✕

✡✎❞ ☞ ✠✡☛☞✌✍✎  

2 2

2 2
1

y x
–

a b
✏ , ✠❧ ✑ ✒✓❞ ✎ ☞✌❞ ❧ ✔✌ ✖ ✡ ✔✎ ✑ ❧ ✖ ✗✘ ❢☞

a = 4,  b = 1✈✎ ✗✌  2 2 16 1 17c a b✚ ✙ ✚ ✙ ✚

✈✑ ✛ ❞✎ ❢✜✎ ✢ ✎❧ ✘ ✣❧✤ ❢❞ ✝❧ ✥✦✎✎ ✘ ☞ (0,  ➧ 17 ) ✖✗ ✘ ✈✎✗ ✌ ✦✎ ☛✧✎ ✎❧ ★ ✣❧ ✤ ❢❞ ✝❧ ✥✦✎ ✎ ✘ ☞ (0, ➧ 4) ✖✘✗✩

♠ ✪✣❧ ✘✤ ✝✫✑ ✎  
17

4

c
e

a
☎ ☎

❞✎ ❢✜✎ ✓✘✉ ✭ ☛✣✎ ☞☛ ✓✘✉ ✎ ✮✥ 
22 1

2

b

a
.

✳ ✴ ✵❣✶✷ ✵ 15   ❞ ✎ ❢✜ ✎✢ ✎ ✸ (0, ➧ 3) ✈✎ ✗✌ ✦✎ ☛✧✎✎ ❧ ★ (0, ➧
 

11

2
) ✣✎ ✓❧ ✈❢✑ ✔✌✣✓✢ ☞✎ ✠✡☛☞✌✍✎ ♦✎ ✑

☞☛❢✭✞✩

❣✆ ✹✢ ✎ ✘❧ ❢☞ ❞ ✎ ❢✜ ✎✢ ✎ ✸ y-✈✯✎ ✔✌ ✖✗ ✘, ✮✠❢✓✞ ✈❢✑✔✌✣ ✓✢ ☞✎ ✠✡☛☞✌✍✎  

2 2

2 2
1

y x
–

a b
✏ ✣❧✤ ✺✔ ✡❧✘ ✖✗✩
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❉☞✌✍✎✏✑ ✒✌✓✔✌✕  (0,   ➧ 
11

2
 ), ❜✖✏✗✘   a =  

11

2

✈✌✙✚ ✛✌✏✜✌☞✌✢  (0, ➧ 3); c = 3  ✈✌✙✚ b2 = c2 – a2 =  
25

4
.

❜✖✏✗✘✣ ✈✏✤✥✚✦✗☞ ✑✌ ✖✧✓✑✚★✌ ✩✙

2 2

11 25

4 4

y x
–

✪ ✫ ✪ ✫
✭ ✮ ✭ ✮
✯ ✰ ✯ ✰

  = 1, ✈✱✌✌✕✤✲ 100 y2

 

 –  44 x2 = 275.

♠✳✴✵✶✷✴ 16 ✸✖ ✈✏✤✥✚✦✗☞ ✑✌ ✖✧✓✑✚★✌ ✹✌✤ ✑✓✏✺✘ ✏✺✖✑✓ ✛✌✏✜✌☞✌✢  (0, ➧12) ✈✌✙✚ ✛✌✏✜✌✗✍✻

✺✓✦✌ ✑✓ ✗✍✻✌❜✕ t✼ ✩✙✽

✵❣  ❉☞✌✍✎✏✑ ✛✌✏✜✌☞✌✢ (0, ➧ 12), ✩✙ ❜✖✏✗✘ c = 12.

✛✌✏✜✌✗✍✻ ✺✓✦✌ ✑✓ ✗✍✻✌❜✕ = 
22

36
b

a
, b2 = 18a

❜✖✏✗✘ c2 = a2 + b2;  ✖✎
144 = a2 + 18a

✈✱✌✌✕✤✲ a2 + 18a – 144 = 0,

a = – 24, 6.

❉☞✌✎ ✍✏✑ a ➼★✌✌✾✧✑ ✛✩✓✍ ✩✌✎ ✖✑✤✌ ✩✙✣ ❜✖✏✗✘ ✩✧  a = 6 ✗✎✤✎ ✩✙✍ ✈✌✙✚ b2 = 108.

✈✤✿ ✈✜✌✓✔❀ ✈✏✤✥✚✦✗☞ ✑✌ ✖✧✓✑✚★✌

2 2

1
36 108

y x
– ❁ ✩✙, ✈✱✌✌✕✤✲ 3y2 – x2 = 108

                                              ✐❂❃❄❅❆❇❈ 11.4

✏✛❢✛✏✗✏❊✌✤ ✥❋✒✛ ● ✖✎ ✼ ✤✑ ✥❋✾☞✎✑ ✧✎✍✣ ✈✏✤✥✚✦✗☞✌✎ ✍ ✦✎❍ ✒✌✓✔✌✌✎■✣ ✛✌✏✜✌☞✌✎✍ ✦✎❍ ✏✛❏✎✕✒✌✌✍✑✣ ✸✾✦✎✍❍❏❋✤✌ ✈✌✙✚

✛✌✏✜✌✗✍✻ ✺✓✦✌ ✑✓ ✗✍✻✌❜✕ ✹✌✤ ✑✓✏✺✘✿

1.
2 2

1
16 9

x y
– ❑ 2.

2 2

1
9 27

y x
– ❑ 3. 9y2 – 4x2 = 36

4. 16x2 – 9y2 = 576 5. 5y2 – 9x2 = 36 6. 49y2 – 16x2 = 784.

✏✛❢✛✏✗✏❊✌✤ ✥❋✒✛ ▲ ✖✎ ●▼ ✤✑ ✥❋✾☞✎✑ ✧✎✍✣ ✏❏✘ ◆✘ ✥❋✏✤✻✍❖✌✎✍ ✑✌✎ ✖✍✤P✔❀ ✑✚✤✎ ✩P✘ ✈✏✤✥✚✦✗☞ ✑✌

✖✧✓✑✚★✌ ✹✌✤ ✑✓✏✺✘✿

7. ✒✌✓✔✌✕ (➧ 2, 0),  ✛✌✏✜✌☞✌✢ (➧ 3, 0) 8. ✒✌✓✔✌✕  (0,  ➧ 5),   ✛✌✏✜✌☞✌✢  (0, ➧ 8)
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9. ✬☎✆✝☎✞  (0,  ➧ 3),  ✉☎✟✠☎✡☎☛  (0, ➧ 5)

10. ✉☎✟✠☎✡☎☛ (➧ 5, 0), ✈✉☞✌✍✎✏☎ ✈✑☎ ✒✆ ✓✔✕☎✖✞ ✗ ✘✙✚

11. ✉☎✟✠☎✡☎☛  (0, ➧13), ❧✔✡☞✛✜✆ ✈✑☎ ✒✆ ✓✔✕☎✖✞ ✢✣ ✘✙✚

12. ✉☎✟✠☎✡☎☛  (➧ 3 5 , 0), ✉☎✟✠☎✓✔✕ ✤✆✥☎ ✒✆ ✓✔✕☎✖✞ ✗ ✘✙✚

13. ✉☎✟✠☎✡☎☛ (➧ 4, 0), ✉☎✟✠☎✓✔✕ ✤✆✥☎ ✒✆ ✓✔✕☎✖✞ ✦✢ ✘✙✚

14. ✬☎✆✝☎✞  (➧ 7,0),  e =  
3

4
.

15. ✉☎✟✠☎✡☎☛  (0, ➧ 10 ), ✘✙✔ ❣✏☎☎ (2,3) ❧✧ ✘☎✧✒★ ✤☎❣☎ ✘✙✚

❢✩❢✩✪ ✫✭✮✯✰✱✮

♠✲✳✴✵✶✳ 17  ✷✒ ✌★✥✓✡☎✒☎★ ✌★☎✥❣✞✒ ✒✆ ✉☎✟✠☎✸ ✖❧✥✧✹ ✬☎✆✝☎✞ ✥✧✔✹✺✍ ❧✧ ✻ ❧✧✜✆ ✒✆ ✺✼★✆ ✌★ ✘✙ ✤✙❧☎

✟✒ ✈☎✥✽✹✟❣ ✦✦✾✿✿ ✜✧✔ ✺✬☎☎✞✡☎ ❀✡☎ ✘✙✚ ✡✟✺ ✌★☎✥❣✞✒ ✣✻ ❧✧✜✆

❀✘★☎ ✘✙✸ ❣☎✧ ✈☎✥✽✹✟❣ ✦✦✾✿✿ ✜✧✔ ✺✼★✆ AB ❑☎❣ ✒✆✟✤✷

(✈☎✥✽✹✟❣ 11.33)✚

✴❁   ❉✡☎✧✔✟✒ ✉☎✟✠☎ ✒✆ ✥✧✔✹✺✍ ✬☎✆✝☎✞ ❧✧ ✺✼★✆ ✻ ❧✧✜✆ ✘✙✸ ✘✜ a

= 5 ❧✧✜✆ ✌☎❣✧ ✘✙✔✚ ✡✟✺ ✬☎✆✝☎✞ ✜✼✓ ✟✕✔✺☞ ✈☎✙★ ✺✌✞❂☎ ✒✆ ✈✑☎✸

x❃✈✑☎ ✥✧✹ ❄✉ ✠☎☎❀ ✥✧✹ ✈✉☞✟✺✬☎ ✘☎✧ ❣☎✧ ✌★✥✓✡☎✒☎★ ✌✟★❅❆✧✺

✒☎ ❧✜✆✒★❂☎

y2 = 4 (5) x = 20 x ✘✙✚

✡✟✺ x = 45 ❣☎✧ ✘✜ ✌☎❣✧ ✘✙✔

y2 = 900

✖❧✟✓✷ y = ❇ 30

✈❣❈ AB = 2y = 2 × 30 = 60 ❧✧✜✆

♠✲✳✴✵✶✳ 18 ✷✒ ✺✔❊ ✥✧✹ ✟❧★✧✸ ✦✢ ✜✆❋★ ✺✼★ ★●☎✧ ✈☎❄☎★☎✧✔ ✌★ ✟❋✥✧✹ ✘✙✔✚ ❍✼☛✟✒ ✺✔❊ ✒☎ ✠☎☎★ ✥✧✔✹✺✍ ✌★

✥✧✔✹✟✺✍❣ ✘☎✧✉✧ ❧✧ ✺✔❊ ✜✧✔ ✥✧✔✹✺✍ ✌★ ✿ ❧✧✜✆ ✒☎ ♦☞✒☎✥ ✈☎ ✤☎❣☎ ✘✙ ✈☎✙★ ♦☞✒☎ ✘☞✈☎ ✺✔❊ ✷✒ ✌★✥✓✡☎✒☎★

✘✙✚ ✥✧✔✹✺✍ ❧✧ ✟✒❣✉✆ ✺✼★✆ ✌★ ♦☞✒☎✥ ✦ ❧✧✜✆ ✘✙■

✴❁  ✜☎✉ ✓✆✟✤✷ ✬☎✆✝☎✞ ✟✉❡✉❣✜ ✟✕✔✺☞ ✌★ ✈☎✙★ ✈✑☎ ❏▲✥☎✞❄★ ✘✙✚ ✜☎✉☎ ✟✉✺✧✞✬☎☎✔✑☎✸ ✈☎✥✽✹✟❣ 11.34 ✥✧✹

✈✉☞❧☎★ ✺✬☎☎✞✷ ❀✷ ✘✙✔✚

✌★✥✓✡ ✒☎ ❧✜✆✒★❂☎ x2 = 4ay ✤✙❧☎ ✘✙✚ ❍✼☛✟✒ ✡✘ 
3

6
100
,

▼ ◆
❖ P
◗ ❘

, ❧✧ ❀☞❙☎★❣☎ ✘✙ ✖❧✟✓✷ ✘✜✧✔

❚❯❱❲❳❨❩ 11.33
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(6)2 = 4a 
3

100

☞ ✌
✍ ✎
✏ ✑

, ✈✒✓✓✔✕✖  a = 
36 100

12

✗
 = 300 ❡✘ ✙✚✓✛✕ ✜✢✣

✈✤ ✥✦✧ ❡★✦ ✩✪✫✓✭ AB, 
1

100
❡✘ ✜✢✣ B ✭★♦ ✮✯✥★✔✰✓✓✦✫ (x, 

2

100
) ✜✢✦✣

❜✱✮✲✳ x2 = 4 × 300 × 
2

100
 = 24

x = 24 = 2 6  ❡✘

♠✴✵✶✷✸✵ 19 ✹✺ ✱★❡✘ ✲✦✤✘ ✳✫ ✻✧✼ AB ✥✓★✯✓★✦ ✮✯✥★✔✰✓✓✦♥✓✓★✦ ✭★♦ ✤✘✽ ❡★✦ ❜✱ ✙✚✫✓✾ ✾✿✓✘ ❀❜✔ ✜✢ ✮✫ ❁✱✫✓

✳✫ ✮✱✾✓ A, x-✈♥✓ ✙✾ ✈✓✢✾ ✥❂✱✾✓ ✮✱✾✓ B, y-✈♥✓ ✙✾ ✾✜✕✓ ✜✢ ✻✧✼ ✙✾ ✳✫ ✮✤✦✥✪ P(x, y) ❜✱ ✙✚✫✓✾

✮✲❢✓ ❀❢✓ ✜✢ ✮✫ AP = 6 ✱★❡✘ ✜ ✢ ✦ ✮✥✿✓✓❜✳ ✮✫ P ✫✓ ✮✤✦✥ ✪✙✒✓ ✳✫ ✥✘❞✓ ✔✭❃❄✓ ✜ ✢✣

✶❣ ❡✓✯ ✲✘✮❅✳  ✻✧✼ AB, OX ✭★♦ ✱✓✒✓ ❆ ✫✓★❇✓ ✤✯✓✕✘ ✜✢ ❅✢✱✓ ✮✫ ✈✓✭❃♦✮✕ ✹✹❈❉✺ ❡★✦ ✮✥✿✓✓❢✓

❀❢✓ ✜✢✣ AB ✙✾ ✮✤✦✥✪ P(x, y) ❜✱ ✙✚✫✓✾ ✜✢ ✮✫ AP = 6 ✱★❡✘ ✜✢✣

❊❢✓★✦✮✫ AB = 15 ✱★❡✘, ❜✱✮✲✳

PB = 9 ✱★❡✘

P ✱★ PQ ✈✓✢✾ PR ❋❡✰✓● y-✈♥✓ ✈✓✢✾ x-✈♥✓ ✙✾ ✲✦✤

✧✓✮✲✳✣

 ❍ PBR ✱★, cos ❆ = 
9

x

❍ PRA ✱★, sin ❆ = 
6

y

❊❢✓★✦✮✫ cos2 ❆ + sin2 ❆ = 1

■❏❑▲▼◆❖  11.34

■❏❑▲▼◆❖  11.35
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✈☎✆

2 2

1
9 6

x y✝ ✞ ✝ ✞
✟ ✠✡ ☛ ✡ ☛

☞ ✌ ☞ ✌

❀✍
2 2

1
81 36

x y
✎ ✏

✈☎✆ P ❞ ✍ ✑✒ ✓✔ ✕✖✗✍ ✘❞ ✔✙✚✍ ✛✜✢✣✍ ✤ ✥✦

✧★ ✩✪ ✩ ✫ ✫ ✬✭ ✧✪ ✮✪ ✯ ✭✰ ✯✱✯ ✱✮ ✬✲ ✳✴✪ ✱✵✶

1. ❀✑ ✔ ✘❞ ✖✷ ✜✸❀ ✍❞✍✷ ✖✷ ✍✜☎ ✛❞ ❞ ✍ ✹❀ ✍✺ ✻ ✼ ✺✽ ✾✙ ✈ ✍ ✥✷ ✿✤ ✷✍ ❁ ✛ ❂ ✺✽ ✾✙ ✤ ✥✦ ❃ ✍✑❄ ✍ ❅ ✍☎ ❞✙✑ ❆✘ ✦

2. ✘❞ ✾✽✤ ✷✍✒ ✖✷ ✜✸ ❀ ✜✽❇ ✈ ✍❞ ✍✷ ❞✍ ✤ ✥ ✈ ✍ ✥✷ ❁✺❞✍ ✈ ❈✍ ❉ ❊ ✜✍✛❋✷ ✤ ✥ ✦ ✾✽✤✷ ✍ ✜ ●✼ ✾✙❍✷ ❉ ■❏ ✍

✤ ✥ ✈ ✍ ✥✷ ✈ ✍❋ ✍✷ ✾✽ ✓ ❂ ✾✙❍✷ ❏ ✍ ✥❣ ❑ ✍ ✤ ✥ ❀ ✤ ▲ ✖✷ ✜✸ ❀ ✜✽❇ ✔ ✍✽ ✾✙❍✷ ❞✙ ✔▼✷✙ ✖✷ ◆ ✍✙ ❖✍ ✛ ✺✽ ✑❞☎ ❃ ✍ ❏ ✍ ✥❣❑ ✍

✤✍✽✿✍P

3. ✘❞ ✺ ✜✛✺ ✾ ❄ ✍ ✍✷✙ ◗▼✸ ☎✽ ✖✕✸ ❞✙ ✜✽ ❇✑✒✸ ❘cable❙ ✖✷ ✜✸❀ ✜✽❇ ❚ ✖ ✾✽ ✓ ✸ ❍❞✙ ✤ ✕❁ ✛ ✤ ✥✦ ✺❣❑ ❞

✖✗✍ ❆✍✽ ❈✍✥✑☎ ❆ ✤ ✥ ●✼✼ ✾✙❍✷ ✸ ✓✒ ✍ ✤ ✥ ☎ ✗✍✍ ✜✽❇✑✒✸ ✺✽ ❆✕❣ ❑✽ ❉ ❊✜✍✛❋✷ ☎ ✍✷✍✽✓ ✖✷ ✑❍❞✍ ✤ ✕✈ ✍ ✤ ✥▲ ✑ ❆✺✾✽ ✓

✺ ✒✺✽ ✸ ✓✒ ✍ ☎ ✍✷ ❧✼ ✾✙ ❍✷ ✈ ✍✥✷ ✺✒✺✽ ❯ ✍✽ ❍✍ ☎ ✍✷ ❱ ✾✙ ❍✷ ✤ ✥✦ ✾❊❀ ✺✽ ● ❲ ✾✙ ❍✷ ✔▼✷ ✺ ❣❑❞ ✖✗✍

✺✽ ❆✕❣ ❑✽ ✺ ✾✗✍ ✛❞ ❘supporting❙ ☎ ✍✷ ❞✙ ✸ ✓✒ ✍ ❁ ✛ ❅ ✍☎ ❞✙✑ ❆✘ ✦

4. ✘❞ ✾✽✤ ✷✍ ✜ ✈❋ ✛❳✔✙ ✚✍ ✛✜✢✣✍ ✍❞✍✷ ❚ ✖ ❞ ✍ ✤ ✥✦ ❀✤ ❲ ✾✙ ❍✷ ❏ ✍ ✥❣ ❑ ✍ ✈ ✍ ✥✷ ✜✽ ✓❇ ✔❨ ✺ ✽ ✻ ✾✙ ❍✷ ❉ ■❏ ✍ ✤ ✥✦

✘❞ ✑✺✷✽ ✺✽ ●❩❂ ✾✙ ❍✷ ✔▼ ✷ ✑✒ ✓ ✔✕ ✖✷ ✾✽✤ ✷ ✍ ✜ ❞✙ ❉■❏ ✍ ❁ ✛ ❅ ✍☎ ❞✙✑ ❆✘ ✦

5. ✘❞ ●✻ ✺✽ ✾✙ ✸ ✓✒✙ ❯❣ ❑ ❁✺ ✖❨❞ ✍✷ ❏✸☎ ✙ ✤ ✥ ✑❞ ❁✺ ✜✽ ❇ ✑✺✷✽ ✑❃ ✔✽ ✛◆ ✍ ✍ ✓❈✍ ✍✽ ❞ ✍✽ ❬✖◆ ✍ ✛ ❞✷☎ ✽ ✤ ✥✓ ✦ ❯ ❣❑

✜✽ ❇ ✑✒ ✓ ✔✕ P ❞ ✍ ✑✒ ✓ ✔✕ ✖✗✍ ❅ ✍☎ ❞✙✑ ❆✘ ❆✍✽ x-✈ ❈ ✍ ✜✽❇ ✺ ✓✖✜✛❇ ✜✍✸ ✽ ✑✺✷✽ ✺✽ ❧ ✺✽ ✾✙ ✔▼✷ ✤ ✥ ✦

6. ✑❢✍❄ ✍ ✕❆ ❞ ✍ ❈✍✽ ❢✍ ✖❇✸ ❅ ✍☎ ❞✙✑ ❆✘ ❆✍✽ ✖✷ ✜✸ ❀ x2 = 12y ✜✽❇ ◆ ✍✙ ❖✍ ✛ ❞ ✍✽ ❁✺❞✙ ❃ ✍✑❄ ✍✸ ✓✒ ❆✙ ✜✍ ✜✽ ❇

✑✺✷ ✍✽ ✓ ❞ ✍✽ ✑ ✾✸ ✍❃ ✽ ✜✍✸ ✙ ✷✽ ❭ ✍ ✍✈ ✍✽ ✓ ✺✽ ✒❃ ✍ ✤ ✥✦

7. ✘❞ ✹❀ ✑❪☎ ✔✍ ✥❣ ❑ ✖✗✍ ✖✷ ✔ ✍ ✥❣ ❑☎✽ ✤ ✕✘✽ ✈ ✓✑❞☎ ❞✷☎ ✍ ✤ ✥ ✑❞ ❫✺✺✽ ✔✍✽ ◗✓❣ ✍ ❏ ✍✥✑❞❀ ✍✽ ✓ ❞✙ ✔▼ ✑✷❀ ✍✽ ✓ ❞ ✍

❀ ✍✽ ✿ ✺ ✔✥✜ ●✼ ✾✙ ❍✷ ✷✤☎ ✍ ✤ ✥✦ ✈ ✍✥✷ ◗✓❣ ✍ ❏ ✍ ✥✑❞❀ ✍✽ ✓ ✜✽❇ ✒✙❏ ❞✙ ✔▼✷✙ ❲ ✾✙ ❍✷ ✤ ✥✦ ✹❀✑ ❪☎ ❴ ✍✷✍ ✒ ❃ ✍✘

✖✗ ✍ ❞ ✍ ✺ ✾✙❞✷✐ ✍ ❅ ✍☎ ❞✙✑ ❆✘✦

8. ✖✷ ✜✸ ❀ y2 = 4 ax, ✜✽❇ ✈ ✓☎ ✿✛☎ ✘❞ ✺ ✾✒ ✍✤ ✕ ✑ ❢✍❄ ✍ ✕❆ ✤ ✥ ✑ ❆✺❞ ✍ ✘❞ ◆ ✍✙❖✍ ✛ ✖✷ ✜✸ ❀ ❞ ✍ ◆ ✍✙ ❖✍ ✛ ✤ ✥✦

✑❢✍❄ ✍ ✕❆ ❞✙ ❄ ✍ ✕❆✍ ❞✙ ✸ ✓✒ ✍ ❁ ✛ ❅ ✍☎ ❞✙✑ ❆✘ ✦

❵✪ ✭✪ ❛ ✳✪

❁✺ ✈ ❊❀ ✍❀ ✾✽ ✓ ✑❃ ❜❃✑✸ ✑❭ ✍☎ ✺ ✓❞❝✖❃ ✍✈ ✍✽ ✓ ✘ ✜✓ ✹❀ ✍ ✖❞☎ ✍✈ ✍✽ ✓ ❞ ✍ ✈ ❊❀❀ ❃ ✑❞❀ ✍ ✤ ✥✦

❡ ✘❞ ✜✢✣ ✍▲ ☎ ✸ ✜✽❇ ❫❃ ✑✒ ✓✔ ✕✈ ✍✽ ✓ ❞✍ ✺ ✾✕❤❏❀ ✤ ✥ ❆✍✽ ☎✸ ✜✽ ❇ ✘❞ ✑❬ ✗✍✷ ✑✒ ✓ ✔✕ ✺✽ ✺ ✾✍❃ ✔▼ ✷✙

✖✷ ✤ ✍✽☎ ✽ ✤ ✥✓✦

❡ ✜✽ ✓❇ ✔❨ (h, k) ☎ ✗✍ ✍ ✑ ❢✍r❀ ✍ r ✜✽ ❇ ✜✢✣✍ ❞ ✍ ✺ ✾✙❞✷✐ ✍ (x – h)2 + (y – k)2 = r2 ✤ ✥✦
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☞ ✱✌ ✍✎✏✑ ✒ ✓ ✑ ✏✔✕ ✖ ✗ ✘✙✚ ✛ ✜✢ ✣✤ ✥✦ ✚✔ ✣ ✌ ✚ ✘✧ ✥★ ✩✒ ✪ ✫ ✭✚✔ ✱✌ ✜✗ ✜✮✩ ✓ ✘✎ ✑ ✎✔ ✯ ✚ ✚ ✦ ✚✫✎

✓ ✑ ✏✔✕ ✱✌ ✜✗✜✮✩ ✓ ✜✢ ✣ ✤✥ ✘✔ ✘✧ ✚ ✗ ✤ r✎ ✛ ✍✎ ✪ ✫✣✰

☞ ✗ ✚✜✙ ✚ (a, 0), a > 0 ✦✚ ✫✎ ✜✗✒ ✓✚ x = – a ✏ ✚✑✔ ✍✎✏ ✑✒ ✌ ✚ ✘✧ ✛✌✎ ♦✚ y2 = 4ax ✪ ✫✰

☞ ✍✎✏ ✑✒ ✌✛ ✗ ✚✜✙ ✚ ✘✔ ✭✚ ✗✔ ✏ ✚✑ ✛ ✦✚ ✫✎ ✍✎✏ ✑ ✒ ✏✔✕ ✦✐ ✚ ✏✔✕ ✑ ✣✢ ✏✓ ✎✔ ✯ ✚✚ ✯ ✚ ✣✲ ✜✭✘✏✔✕ ✦✣✳ ✒

✜✢ ✣✤ ✥ ✍✎✏✑ ✒ ✍✎ ✪ ✚✔ ✣❢ ✌ ✚✔ ✴✵✶ ✷✸ ✹✺ ✻ ✼✽ ✾✼ ✷✿❀ ✭✛✏✚ ✌✪ ✓✔ ✪ ✫ ✣✰

☞ ✍✎✏ ✑✒ y2 = 4ax ✏✔✕ ✗ ✚✜✙ ✚✑ ✣✢ ✭✛✏ ✚ ✌ ✛ ✑ ✣✢ ✚ ❁❂ 4a ✪ ✫✰

☞ ✱✌ ✤ ✛❃ ✚❂ ✏❄❅ ✚ ✓ ✑ ✏✔✕ ✖ ✗ ✜✢ ✣✤ ✥✦ ✚✔ ✣ ✌✚ ✘✧ ✥★ ✩✒ ✪ ✫ ✜✭✗✌ ✛ ✓ ✑ ✧✔ ✣ ✤ ✚✔ ✜❆❇ ✚✎ ✜✢ ✣✤ ✥✦✚✔ ✣ ✘✔ ✤r✎ ✛

✌ ✚ ✒ ✚✔❞ ✦✩✎ ✪ ✚✔ ✓ ✚ ✪ ✫✰

☞ x-✦✐ ✚ ✍✎ ✗ ✚ ✜✙✚ ✏ ✚✑✔ ✤ ✛❃ ✚❂ ✏❄❅ ✚ ✌✚ ✘✧ ✛✌✎ ♦✚
2 2

2 2
1

x y
+ =

a b
  ✪ ✫✰

☞ ✤ ✛❃✚❂✏ ❄❅ ✚ ✌ ✛ ✜✌ ✘✛ ✙✚ ✛ ✗ ✚ ✜✙✚ ✘✔ ✭ ✚✗✔ ✏ ✚ ✑✛ ✦✚ ✫✎ ✤✛❃ ✚❂ ✦✐ ✚ ✍✎ ✑ ✣✢ ✏✓ ✎✔ ✯ ✚✚ ✯ ✚ ✣✲❢ ✜✭ ✘✏✔ ✕

✦✣✳ ✒ ✜✢ ✣✤ ✥ ✤✛❃ ✚❂✏ ❄❅ ✚ ✍✎ ✪ ✚✔ ✣❢ ✌ ✚✔ ♥✺ ❈ ✼❉✶ ❊❋ ✼ ✹✺ ✻ ✼✽ ✾✼ ✷ ✿❀ ●✺ ✶ ✼ ✌✪ ✓✔ ✪ ✫✣✰

☞ ✤ ✛❃✚❂✏ ❄❅ ✚  

2 2

2 2
+ =1

x y

a b
 ✏✔✕ ✗ ✚ ✜✙ ✚ ✑✣✢ ✭✛✏ ✚ ✌ ✛ ✑ ✣✢ ✚ ❁❂

22b

a
 ✪ ✫✰

☞ ✤ ✛❃✚❂✏ ❄❅ ✚ ✌ ✛ ✖ ✳✏✔ ✣✕ ✤❍ ✓ ✚❢ ✤ ✛❃ ✚✏❂ ❄❅ ✚ ✏✔✕ ✏✔ ✣✕ ✤❍ ✘✔ ✗ ✚ ✜✙ ✚ ✦ ✚✫✎ ✏✔ ✣✕ ✤❍ ❍ ✘✔ ✮✚ ✛■ ✚❂ ✌ ✛ ✤ r✜✎ ✒ ✚✔ ✣ ✌ ✚

✦✗ ✥✍✚ ✓ ✪ ✫✰

☞ ✱✌ ✦✜✓✍✎✏ ✑✒ ✓ ✑ ✏✔ ✕ ✖ ✗ ✘✙✚✛ ✜✢ ✣✤✥ ✦✚✔ ✣ ✌ ✚ ✘✧ ✥★ ✩✒ ✪ ✫ ✜✭✗✌ ✛ ✓ ✑ ✧✔ ✣ ✤✚✔ ✜❆❇ ✚✎ ✜✢ ✣ ✤✥✦✚✔ ✣

✘✔ ✤ r✎ ✛ ✌ ✚ ✦✣✓✎ ✦✩✎ ✪ ✚✔ ✓ ✚ ✪ ✫✰

☞ x-✦✐ ✚ ✍✎ ✗ ✚ ✜✙✚ ✏ ✚ ✑✔ ✦✜✓✍✎✏ ✑ ✒ ✌✚ ✘✧ ✛✌✎ ♦✚

2 2

2 2
1

x y

a b
❏ ❑ ✪ ✫✰

☞ ✦✜✓✍ ✜✎✏ ✑ ✒ ✌ ✛ ✜✌ ✘✛ ✙✚ ✛ ✗✚ ✜✙✚ ✘✔ ✭✚ ✗✔ ✏✚ ✑ ✛ ✦✚ ✫✎ ✦ ✗ ✥✍❍❆❇ ✚ ✍✎ ✑ ✣✢ ✏ ✓ ✎✔ ✯ ✚ ✚✯ ✚ ✣✲ ✜✭✘✏✔✕

✦✣✳ ✒ ✜✢ ✣✤ ✥ ✦ ✜✓✍✎✏ ✑✒ ✍✎ ✪ ✚✔ ✣❢ ✌ ✚✔ ✈✽ ▲✴ ✵✶ ✷✸ ✹✺ ✻ ✼✽ ✾✼ ✷✿❀ ✭✛✏ ✚ ✌✪ ✓✔ ✪ ✫✣✰

☞ ✦✜✓✍✎✏ ✑ ✒
2 2

2 2
1

x y

a b
▼ ◆  ✏✔✕ ✗ ✚ ✜✙✚ ✑✣✢ ✭ ✛✏ ✚ ✌ ✛ ✑ ✣✢ ✚❁❂ 

22b

a
✪ ✫✰

☞ ✦✜✓✍✎✏✑ ✒ ✌✛ ✖ ✳✏✔ ✣✕ ✤❍ ✓ ✚❢ ✦✜✓✍✎✏✑ ✒ ✏✔ ✕ ✏✔ ✣✕ ✤❍ ✘✔ ✗ ✚ ✜✙ ✚ ✦✚ ✫✎ ✏✔ ✣✕ ✤❍❍ ✘✔ ✮✚ ✛■ ✚❂ ✌ ✛ ✤ r✜✎ ✒✚✔ ✣ ✌ ✚

✦✗ ✥✍✚ ✓ ✪ ✫✰
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✱☎✆✝✞✟✆✠✡ ☛☞✌✍✎✟✏✆✑

❚✒✓✔✕✔✖ ✗✔✘✓✖ ✙✚ ✛✜✛✢ ✣✤✓✥✚✦ ✧✓✓★✓✓✩✢✪ ✕✢ ✪ ✛✢ ✫✙ ✬✭✮ ✒✯✦✓✦ ✰✢✲ ❚✒✓✔✕✔✖✔✰✳✓✢✪ ✦✢ ✩✦✢✙ ✰✴✓✢✪

✰✢✲ ✗♦✘✓✵✕✓✢✶ ✙✓ ✩✷✰✢✸✓✘✓ ✔✙✒✓ ✔✹✦✙✚ ✛✭✺✪✓✔✖✙ ✩✓✭✻ ✼✒✓✰✬✓✔✻✙ ✕✬✽✓✓ ✬✭✮ Euclid ✦✢ ✾✗✿✓✗

❀❁❁ ❂❃❄✣✯❄ ❚✒✓✔✕✔✖ ✣✻ ✩✣✦✓ ✿✓✓✸✒ ✔✾★✓✓✮ ✰✬ ✛✰❃✣✤❅✓✕ ✼✒✔❆✖ ❅✓✢ ✔✹✷✬✓✢✦✢ ✪ ✿✓✓✭✔✖✙ ✔✥✪✖✦ ❇✓✻✓

✛♦❧✓✫ ✗✫ ✔✦✔✧✥✖ ✩✔✿✓✗✤✬✚✔✖✒✓✢✪ ✰✢✲ ✩✓✵✓✻ ✣✻ ❚✒✓✔✕✖✚✒ ✔✥❈✓✓✢✪ ✙✓✢ ✛✪✗✔❉✖ ✔✙✒✓✮ ❚✒✓✔✕✔✖❊

✔✹✛✙✓ ✣✤✓✻✪✿✓ ✿✓✓✻✔✖✒✓✢ ✪ ✩✓✭✻ ✒✯✦✓✔✦✒✓✢✪ ✦✢ ✔✙✒✓❊ ❢✛✰✢✲ ✩❋✒✒✦ ✕✢✪ ❢✷✬✓✢ ✪✦✢ ✜✚✹✗✔✘✓✖ ✙✚

✔✰✔✵✒✓✢✪ ✰✢✲ ✩✦♦✣✤✒✓✢✗ ✙✓✢ ✩✓✰✧✒✙ ✦✬✚✪ ✜✖✓✒✓✮ ❚✒✓✔✕✔✖ ✔✰✸✓✒ ✙✚ ✫✙✚✙✻✘✓ ✣✬♦●✥ ✹✓✢

Euclid❊ ✦✢ ✔✳✒✓ ✖❅✓✓ ✹✓✢ ✛♦❪✰✛✯❈✓✓✢✪ ✛✢ ✣✤✓❍✖ ❅✓✚ ❂■✒✓✔✳ ✦✢ ✳✚❊ ✾✗✿✓✗ ❏❀❁❁ ✰✸✓✓✢✶ ✖✙ ✥✾✖✚

✻✬✚✪ ❥❁❁ ❂❃❄ ✣✯❄ ✕✢✪ Apollonius ✦✢ ✫✙ ✣♦✉✖✙❊ ‘The Conic’ ✔✾★✓✚ ✹✓✢ ✩✦✢✙ ✕✬■✰✣✯✘✓❃

✩✷✰✢✸✓✘✓✓✢ ✪ ✰✢✲ ✛✓❅✓ ✧✓✪✰♦✲ ✣✔✻✈❑✢✳✓✢✪ ✰✢✲ ✜✓✻✢ ✕✢✪ ❅✓✚ ✩✓✭✻ ❏▲ ✧✓✖✓✔▼✳✒✓✢ ✪ ✖✙ ✜✢✹✓✢◆❖ ✻✬✚✮

Rene Descartes (1596-1650 A.D.) ✰✢✲ ✦✓✕ ✣✻ ✩✓✵♦✔✦✙ ✰✢✧✾✢✔✸✓✙ ❚✒✓✔✕✔✖ ✙✓✢

✙✓✖✚❃✒ (Cartesian) ✙✬✓ ✹✓✖✓ ✬✭ ✔✹✛✙✚ ✛✓❅✓❃✙✖✓ La Geometry ✦✓✕ ✛✢ ❏P❀◗ ❂❃❄ ✕✢✪

✣✤✙✓✔✧✓✖ ✬♦❂❃✮ ✣✻✪✖♦ ✰✭✧✾✢✔✸✓✙ ❚✒✓✔✕✔✖ ✰✢✲ ✕✯✾✿✓✯✖ ✔✛✺✓✪✖ ✩✓✭✻ ✔✰✔✵✒✓✢✪ ✙✓✢ ✣✬✾✢ ✬✚ Peirre

de Farmat (1601-1665 ❂❃❄) ✦✢ ✩✷✰✢✔✸✓✖ ✙✻ ✔✾✒✓ ❅✓✓✮ ✳♦✿✓✓❃❘✒✰✧✓❊ Fermates ✙✓ ✔✰✸✓✒ ✣✻

✿✓✓✸✒❊ Ad Locus Planos et So LIDOS Isagoge ❙ ‘Introduction to Plane and Solid

Loci’  ✰✢✲✰✾ ❢✦✙✚ ✕❯■✒♦ ✰✢✲ ✜✓✳ ❏P◗❱ ❂❃❄ ✕✢✪ ✣✤✙✓✔✧✓✖ ✬♦✩✓ ❅✓✓✮ ❂✛✔✾✫ Descartes ✙✚

✰✭✧✾✢✔✸✓✙ ❚✒✓✔✕✔✖ ✙✓✢ ✩✔❇✖✚✒ ✩✷✰✢✸✓✙ ✙✓ ❲✢✒ ✔✕✾✓✮

Isaac Barrow  ✦✢ ✙✓✖✚❃✒ ✔✰✔✵✒✓✢✪ ✰✢✲ ✣✤✒✓✢✗ ✙✓✢ ✔✖✻✉✰❯✲✖ ✔✙✒✓✮ ✷✒✯❳✦ ✦✢ ✰✴✓✢✪ ✰✢✲

✛✕✚✙✻✘✓ ❨✓✖ ✙✻✦✢ ✰✢✲ ✔✾✫ ✩❨✓✖ ✗♦✘✓✓✪✙✓✢ ✙✚ ✔✰✔✵ ✙✓ ✣✤✒✓✢✗ ✔✙✒✓✮ ❢✷✬✓✢ ✪✦✢ ✩✦✢✙ ✣✤✙✓✻

✰✢✲ ✔✦✳✢❃✧✓✓✪✙✓✢✪❊ ✵✤♦✰✚✒ ❩Polar❬ ✩✓✭✻ ✔❇✵✤♦✰✚✒ ❩bipolar❬ ✙✓ ✣✤✒✓✢✗ ✔✙✒✓✮

Leibnitz ✦✢ ❭✿✓♦✹❫ ❩abcissa❬❊ ❭✙✓✢✔❳❫ ❩ordinate❬ ✩✓✭✻ ✔✦✳✢❃✧✓✓✪✙ ✣✳✓✢✪ ❩Coordinate❬❊

✙✓ ✣✤✒✓✢✗ ✔✙✒✓✮ L.Hospital ❩✾✗✿✓✗ ❏◗❁❁ ❂❃❄❬ ✦✢ ✰✭✧✾✢✔✸✓✙ ❚✒✓✔✕✔✖ ✣✻ ✫✙ ✕✬■✰✣✯✘✓❃

✣✓❉✐✒ ✣♦✉✖✙ ✔✾★✓✚✮

Clairaut ❩❏◗❥❱ ❂❃❄❬ ✦✢ ✛✰❃✣✤❅✓✕ ✳✯✻✚ ✛✯❈✓ ✙✓✢ ✔✳✒✓✮ ✒❴✔✣ ✒✬ ✧✓♦✺ ❵✣ ✕✢✪✢ ❅✓✓ ❢✷✬✓✢✪✦✢

✻✭✔★✓✙ ✛✕✚✙✻✘✓ ✙✓ ✩✪✖❛★✓✪◆ ❵✣ ✿✓✚ ✔✳✒✓✮ Cramer ❩❏◗❜❁ ❂❃❄❬ ✦✢ ✩✓✭✣✥✓✔✻✙ ❵✣ ✛✢

✳✓✢ ✔✦✳✢❃✧✓✓♥✓✓✢ ✪ ✙✓✢ ✣✤✒✓✢✗ ✙✻✰✢✲ ✰❯✽✓ ✙✓ ✛✕✚✙✻✘✓ (y – a)2 + (b – x)2 = r ✔✳✒✓✮ ❢✷✬✓✢ ✪✦✢ ❢✛

✛✕✒ ✕✢✪ ✰✭✧✾✢✔✸✓✙ ❚✒✓✔✕✔✖ ✙✓ ✛✰✓✢❃✽✓✕ ✣✤✉✖♦✖✚✙✻✘✓ ✔✳✒✓✮ Monge (1781❂❃❄) ✦✢ ✩✓✵♦✔✦✙

✔✜✪✳♦ ✣✤✰✘✓✖✓ ✰✢✲ ❵✣ ✕✢✪ ✻✢★✓✓ ✙✓ ✛✕✚✙✻✘✓ ✔✦❝✦ ✣✤✙✓✻ ✛✢ ✔✳✒✓✮

y – y❞ = a (x – x❞)

✖❅✓✓ ✳✓✢ ✻✢★✓✓✩✓✢✪ ✰✢✲ ✾✪✜✰✖ ✬✓✢✦✢ ✙✓ ✣✤✔✖✜✪✵  aa❞ + 1 = 0 ✔✳✒✓✮

S.F. Lacroix  (1765-1843 ❂❃❄) ✣✤✔✛✺ ✣✓❉✐✒ ✣♦✉✖✙ ✾✢★✓✙ ❅✓✢❊ ✾✢✔✙✦ ❢✦✙✓ ✰✭✧✾✢✔✸✓✙

❚✒✓✔✕✔✖ ✕✢✪ ✒✓✢✗✳✓✦ ✙✬✚✪ ✙✬✚✪ ✔✕✾✖✓ ✬✭✮ ❢✷✬✓✢✪✦✢ ✻✢★✓✓ ✰✢✲ ✛✕✚✙✻✘✓ ✙✓ ✳✓✢ ✔✜✪✳♦ ❵✣
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☞ ☞
☞ = ( ✌) 

✌ ✌

–
y – x –

–

✍

✍

✈✎✏✑ (✒, ✓) ❧✔ y = ax + b ✐✑ ✕✖✗ ✘✙ ✕✖✗✎✚✛ 2

( )

1

– a – b

a
✗✥✎✜✎✢ ✣✤✦✎✔✧✔✖ ★✎✔ ✑✔✩✎✎✈✎✔✖ ✪✔✫

❡✭✜✮✯✎ ✘✎✔✰✎ ✘✎ ❧✱✲✎ tan ✳  
1

a – a

aa

✴✵ ✶
✷ ✸ ✹✴✺✻ ✼

✽✎✙ ✾★✜✎✢ ✜✦ ✪✎✮✥✪ ❡✔✖ ✈✎✿❀✜✛❁✧✘ ✦✏ ✾✘

✪✏✿✕✔✾♦✎✘ ❂✜✎✾❡✾✥ ✪✔✫ ✈✤✪✔♦✎✰✎ ✪✔✫ ✗✎★ ✚✧ ❡✱✕✽✎✱✥ ✈✎✪✿✜✘ ❧✱✲✎✎✔✖ ✘✎✔ ❃✎✥ ✘✑✧✔ ✪✔✫ ✾✕❄ ❅❆❇

✪♦✎✎✔❈ ❧✔ ✈✾❉✘ ✚✖✥❊✎✎✑ ✘✑✧✎ ✐❋●✎✢ ❅❍❅❍ ✚✛■ ❡✔✖ C. Lame❪ ❄✘ ✾❧✾✪✕ ✚✖❁✙✾✧✜✑❏ ✧✔ ★✎✔

✾✗✖★❢✐✯✎✎✔✖ E = 0 ✈✎✏✑ E❑ = 0 ✪✔✫ ✐▲✾✥▼◆✔★ ✾✗✖★❢ ❧✔ ❁✎✧✔ ✪✎✕✔ ✪❖ mE + m❑E❑ = 0 ✘✎✔ ✗✥✎✜✎✢

✾✪❃✎✧ ❄✪✖ P✾✰✎✥ ★✎✔✧✎✔✖ ❡✔✖ ✈✧✔✘ ❡✦◗✪✐✱✰✎✛ ✈✤✪✔♦✎✰✎ ✿✎✖✪❢✫ ✐✾✑▼◆✔★✎✔✖ ❧✔ ❧✖✗✖✾❉✥ ✦✏✖✢

✜✱✧✎✾✧✜✎✔✖ ✾✪✿✎✔♦✎✘✑ Archimedes (287–212 ✚✛■✐✱■) ✈✎✏✑ Apollonius (200 ✚✛■✐✱■) ✧✔ ✿✎✖✪❢✫

✐✾✑▼◆✔★✎✔✖ ✘✎ ✈✭✜✜✧ ✾✘✜✎✢ ✈✎❁✘✕ ✜✔ ✪❖ ❡✦◗✪✐✱✰✎✛ ✣✐❖❡ ✦✏✖❏ ✾❁❧❧✔ ✗✎❘ ✈✖✥✾✑❙✎ ✈✎✏✑

✐✑❡✎✰✎❢ ✘✰✎✎✔✖ ✪✔✫ ❚✜✪✦✎✑ ❧✔ ❧✖✗✖✾❉✥ ✈✤✪✔♦✎✰✎✎✔✖ ✪✔✫ ❯✎✑✎ ✈✧✔✘ ✑✦✮✜✎✔✖ ✘✎ ✣★❱❲✎✎❳✧ ✦❢✈✎ ✦✏✢

— ❨ —



�Mathematics is both the queen and the hand-maiden of

all sciences – E.T. BELL�

12✲1 ❍✁✂✄☎✆✁ (Introduction)

❣✝ ✞✟✠✡☛ ❣☞✌✍ ✎✏ ✎✏✑✒ ✡✓ ✝☛✌ ✎✔✕✟✡ ✖✏ ✎✗✌✘✙ ✏✒ ✎✔✕✟✎✡ ✎✠✚✟✟✛✜✢✟
♦☛✣ ✎✓✖ ❣✝☛✌ ✤✑ ✡✓ ✝☛✌ ✘✟☛ ✥✜✔✥✜ ✓✌✗ ✖♦✌ ✥✦✎✡✧★☛✎✘✡ ✜☛✩✟✟✪✟☛✌ ✑☛
✓✟✌✎✗✏ ✘②✎✜✫✟☛✌ ✏✒ ✪✟♦✬✫✏✡✟ ❣✟☛✡✒ ❣☞✭ ✮✠ ✜☛✩✟✟✪✟☛✌ ✏✟☛ ✎✠✘☛✛✬✟✟✌✯✟ ✪✟☞✜
✤✠ ✘✟☛ ✓✟✌✎✗✏ ✘②✎✜✫✟☛✌ ✏✟☛ ✪✯✟✟☛✌☛ ♦☛✣ ✑✟✥☛✯✟ ✤✑ ✎✗✌✘✙ ♦☛✣ ✎✠✘☛✛✬✟✟✌✏
(coordinate) ✏❣✡☛ ❣☞✌✭ ♦✟✔✡✎♦✏ ✞✒♦✠ ✝☛✌ ❣✝✟✜✟ ♦☛✣♦✓ ✖✏ ✡✓
✝☛✌ ✎✔✕✟✡ ✎✗✌✘✙✪✟☛✌ ✑☛ ❣✒ ✑✌✗✌✚✟ ✠❣✒✌ ✜❣ ✞✟✡✟ ❣☞✭ ✤✘✟❣✜✢✟✡❡ ✪✌✡✎✜✯✟
✝☛✌ ✥✣☛✌♦☛✣ ✰✖ ✖✏ ✰☛✌✘ ✏✒ ✎♦✎✱✟✳✠ ✑✝✫ ✝☛✌ ✎✔✕✟✎✡ ✪✕✟♦✟ ✖✏ ✔✕✟✟✠
✑☛ ✘②✑✜☛ ✔✕✟✟✠ ✡✏ ✞✟✠☛ ♦ ☛ ✣ ✘✟☞ ✜✟✠ ♦✟✫ ✙✫✟✠ ✏✒ ✖✏
✎♦✎✬✟❢✴ ✑✝✫ ✝☛✌ ✎✔✕✟✎✡ ✪✟✎✘✍ ✏✟☛ ✱✟✒ ✞✟✠✠☛ ✏✒ ✪✟♦✬✫✏✡✟ ✥❞✵✡✒ ❣☞✭

✮✑✒ ✥✦✏✟✜ ✖✏ ✏✝✜☛ ✏✒ ★✡ ✑☛ ✓✴✏✡☛ ❣✙✖ ✖✏ ✎♦❜✙✡ ✗✶✗
✏✒ ✎✠✷✓✒ ✠✟☛✏ ✪✕✟♦✟ ★✡ ♦☛✣ ✥✌✩✟☛ ✏✒ ✠✟☛✏ ✏✒ ✎✔✕✟✎✡ ✏✟ ✎✠✚✟✟✛✜✢✟ ✏✜✠☛ ♦☛✣ ✎✓✖ ❣✝☛✌ ✤✠ ✎✗✌✘✙✪✟☛✌
✏✒ ✘✟☛ ✥✜✔✥✜ ✓✌✗ ✘✒♦✟✜✟☛✌ ✑☛ ✘②✎✜✫✟✸ ✝✟✹✟ ❣✒ ✥✫✟✛✺✡ ✠❣✒✌ ❣☞ ✗✎✶✏ ✤✑ ✎✗✌✘✙ ✏✒✍ ✏✝✜☛ ♦☛✣ ✥✣✬✟✛ ✑☛
➴✸✷✟✮✛✍ ✏✒ ✱✟✒ ✪✟♦✬✫✏✡✟ ✥❞✵✡✒ ❣☞✭ ✪✡❡ ❣✝☛✌ ♦☛✣♦✓ ✘✟☛ ✠❣✒✌ ✗✎✶✏ ✡✒✠ ✥✜✔✥✜ ✓✟✌✎✗✏ ✡✓✟☛✌ ✑☛
✓✌✗♦✡✻ ✘②✎✜✫✟☛✌ ✏✟☛ ✎✠✼✎✥✡ ✏✜✠☛ ♦☛✣ ✎✓✖ ✡✒✠ ✑✌✩✫✟✪✟☛✌ ✏✒ ✪✟♦✬✫✏✡✟ ❣✟☛✡✒ ❣☞✍ ✞✟☛ ✎✗✌✘✙ ✏✒ ✘✟☛
✥✜✔✥✜ ✓✌✗ ✘✒♦✟✜✟☛✌ ✑☛ ✘②✎✜✫✟✸✍ ✡✕✟✟ ✤✑ ✏✝✜☛ ♦☛✣ ✥✣✬✟✛ ✑☛ ➴✸✷✟✮✛ ✏✟☛ ✐✫✽✡ ✏✜✡✒ ❣☞✌✭ ✏✝✜☛ ✏✒ ✥✜✔✥✜
✓✌✗ ✘✒♦✟✜✟☛✌ ✡✕✟✟ ✤✑ ✯✟☞✎✡✞ ✏✟ ✥✣✬✟✛ ✡✒✠ ✥✜✔✥✜ ✥✦✎✡✧★☛✎✘✡ ✏✜✠☛ ♦✟✓☛ ✡✓ ❣☞✌✭ ✮✠ ✥✜✔✥✜ ✥✦✎✡✧★☛✎✘✡
✏✜✠☛ ♦✟✓☛ ✡✓✟☛✌ ✑☛ ✓✌✗ ✘②✎✜✫✟☛✌ ✏✟☛ ✐✫✽✡ ✏✜✠☛ ♦✟✓✒ ✡✒✠ ✑✌✩✫✟✖✸ ✤✑ ✎✗✌✘✙ ♦☛✣ ✡✒✠ ✎✠✘☛✛✬✟✟✌✏ ✡✓✟☛✌
♦☛✣ ✑✟✥☛✯✟ ✾✿❀❁❂❃❄❄❅❆ ✏❣✓✟✡☛ ❣☞✌✭ ✮✑ ✥✦✏✟✜ ✪✌✡✎✜✯✟ (space) ✝☛✌ ✎✔✕✟✡ ✖✏ ✎✗✌✘✙ ♦☛✣ ✡✒✠ ✎✠✘☛✛✬✟✟✌✏
❣✟☛✡☛ ❣☞✌✭ ✮✑ ✪✚✫✟✫ ✝☛✌ ❣✝ ✎✹✟✎♦✝✒✫ ✪✌✡✎✜✯✟ ✝☛✌ ❇✫✟✎✝✎✡ ✏✒ ✝②✓✱✟②✡ ✑✌✏✶✥✠✟✪✟☛✌ ✏✟ ✪✚✫✫✠ ✏✜☛✌✰☛✭

Leonhard Euler

 (1707-1783 A.D.)

❈❉❊❈❋●■❏ ❑❏❊❈●❈▲ ▼❊ ◆❈❖P❏
(Introduction to Three Dimensional Geometry)

12✈◗❘❙❘
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12✲2 ☞✌✍☞✎✏✑✒ ✓✔✕☞✖✗✍ ✏✘✔ ☞✙✚✘✛✜✍✍✔✗✍ ✓✍✢✖ ☞✙✚✘✛✜✍✍✔✣✤✕✥ (Coordinate Axes and

Coordinate Planes in Three Dimensional Space)
✦✧★✩✪ O ✫✬ ✫✭✦✮✯✰✱✦✩✮ ✳✬✴✱ ✵✶✷✱ ✮✸✴ ✫✬✹✫✬ ✷★✧ ✮✷✶✱★
✳✸ ✳❞✫✴✶ ✳✸✦✺✻ ✼✽✶✵✾✿✦✮ 12❀1❁❂ ❃✱ ✮✸✴✶✱★ ✮✷
✬✱❥✶✶✽✶✱★ X'OX, Y'OY ✽✶✈✬ Z'OZ ✫✬ ✫✭✦✮✯✰✱✦✩✮ ✳✬✮✱
❣✈★ ✦✺❄❣✱★ ❅❆❇✶❈ x❉✽❊✶❋ y❉✽❊✶ ✽✶✈✬ z❉✽❊✶ ✳❣✮✱ ❣✈★❂
❣❆ ✹✫●❍✮❈ ✩✱❥✶✮✱ ❣✈★ ✦✳ ❃✱ ✮✸✴✶✱★ ✬✱❥✶✶✻■ ✫✬✹✫✬ ✷★✧ ❣✈★❂
❜❄❣✱★ ❣❆ ❧❏❑▲▼◆❖▲❑ ◆P◗▼❘❙▲▲❚❑ ✦✴✳✶❃ ✳❣✮✱ ❣✈★❂ XOY,

YOZ ✽✶✈✬ ZOX, ✮✷✶✱★ ✳✶✱ ❅❆❇✶❈ XY❉✮✷❋ YZ❉✮✷❋
✮r✶✶ ZX❉✮✷❋ ✳❣✮✱ ❣✈★❂ ❃✱ ✮✸✴✶✱★ ✮✷ ✦✴✩✱❯❇✶✶★✳ ✮✷
✳❣✷✶✮✱ ❣✈★❂

❣❆ ✳✶❱✺ ✵✱✿ ✮✷ ✳✶✱ XOY ✮✷ ✷✱✮✱ ❣✈★❂ ✽✶✈✬
Z'OZ ✬✱❥✶✶ ✳✶✱ ✮✷ XOY ✫✬ ✷★✧✵✮ ✷✱✮✱ ❣✈★❂ ❃✦✩
✳✶❱✺ ✵✱✿ ✮✷ ✳✶✱ ❊✶✈✦✮✺✮❈ ✬❥✶✱★ ✮✶✱ Z'OZ ✬✱❥✶✶ ❲❳✵✶❯✬✮❈
❣✶✱✮✸ ❣✈❂ XY-✮✷ ❨✱ OZ ✳✸ ✦✩❇✶✶ ❆✱★ ❲✫✬ ✳✸ ✽✶✱✬ ✴✶✫✸
❱❜❯ ✩①✦✬❃✶■ ❳✶✴✶❩❆✳ ✽✶✈✬ OZ' ✳✸ ✦✩❇✶✶ ❆✱★ ✴✸❬✱ ✳✸ ✽✶✱✬ ✴✶✫✸ ❱❜❯ ✩①✦✬❃✶■ ❭❪✶✶❩❆✳ ❣✶✱✮✸ ❣✈★❂ ❫✸✳
♠❨✸ ✫✭✳✶✬ ZX-✮✷ ✵✱✿ ✩✶✦❣✴✱ OY ✦✩❇✶✶ ❆✱★ ✴✶✫✸ ❱❜❯ ✩①✦✬❃✶■ ❳✶✴✶❩❆✳ ✽✶✈✬ ZX ✮✷ ✵✱✿ ✧✶✻■ OY'

✳✸ ✦✩❇✶✶ ❆✱★ ✴✶✫✸ ❱❜❯ ✩①✦✬❃✶■ ❭❪✶✶❩❆✳ ❣✶✱✮✸ ❣✈★❂ YZ-✮✷ ✵✱✿ ❨❴❆✪❥✶ OX ✦✩❇✶✶ ❆✱★ ✴✶✫✸ ❱❜❯ ✩①✦✬❃✶■
❳✶✴✶❩❆✳ ✮r✶✶ ❜❨✵✱✿ ✫✸✰✱ OX' ✳✸ ✦✩❇✶✶ ❆✱★ ✴✶✫✸ ❱❜❯ ✩①✦✬❃✶■ ❭❪✶✶❩❆✳ ❣✶✱✮✸ ❣✈★❂ ✦✧★✩✪ O ✳✶✱ ✦✴✩✱❯❇✶✶★✳
✦✴✳✶❃ ✳✶ ❏❡❵ ◆❛❚◗❝ ✳❣✮✱ ❣✈★❂ ✮✸✴ ✦✴✩✱❯❇✶✶★✳ ✮✷ ✽★✮✦✬❊✶ ✳✶✱ ✽✶❫ ❤✶✶❱✶✱★ ❆✱★ ✧✶★❍✮✱ ❣✈★❋ ❜✴ ✽●❍✶❇✶✶✱★
✵✱✿ ✴✶❆ XOYZ, X'OYZ, X'OY'Z, XOY'Z, XOYZ', X'OY'Z', X'OY'Z' ✽✶✈✬ XOY'Z' ❣✈★❂
✽✶✈✬ ✦✺❄❣✱★ ❅❆❇✶❈ I, II, III, ...., VIII ⑥✶✬✶ ✫✭✩✦❇✶❯✮ ✳✬✮✱ ❣✈★❂

12✲3 ✓✔✕☞✖✗✍ ✏✘✔ ✐✣ ☞❦✔✚♥ ✎✘♦ ☞✙✚✘✛✜✍✍✔✣ (Coordinates of a Point in Space)

✽★✮✦✬❊✶ ❆✱★ ✦✴✦❇❬✮ ✦✴✩✱❯❇✶✶★❊✶✶✱★❋ ✦✴✩✱❯❇✶✶★✳ ✮✷✶✱★ ✽✶✈✬ ❆①✷ ✦✧★✩✪ ❨✦❣✮ ✦✴✩✱❯❇✶✶★❊✶ ✦✴✳✶❃ ✵✱✿ ❬❃✴ ✵✱✿ ✫❇❬✶✮♣♣
✦✩✻ ✦✧★✩✪ ✵✱✿ ✮✸✴ ✦✴✩✱❯❇✶✶★✳ (x , y, z) ✳✶✱ q✶✮ ✳✬✴✱ ✳✸ ✦✵✦❳✶ ✮r✶✶ ✦✵✷✶✱❆✮❈ ✮✸✴ ❨★❥❃✶✽✶✱★ ✵✱✿ ✦s✶✦✩✳
(Triplet) ✦✩✻ ✺✶✴✱ ✫✬ ✽★✮✦✬❊✶ ❆✱★ ❨★❱✮ ✦✧★✩✪ (x, y, z) ✵✱✿ ✦✴❳✶✶❯✬❪✶ ✳✬✴✱ ✳✸ ✦✵✦❳✶ ✳✸ ✽✧ ❣❆
✦✵✹✮✶✬ ❨✱ t❃✶❥❃✶ ✳✬✮✱ ❣✈★❂

✽★✮✦✬❊✶ ❆✱★ ✦✩✻ ❱✻ ✦✧★✩✪ P ❨✱ XY❉✮✷ ✫✬ PM ✷★✧

❥✶✸★❬✮✱ ❣✈★ ✦✺❨✳✶ ✫✶✩ M ❣✈ ✼✽✶✵✾✿✦✮ 12❀2❁❂ ✮✧ M ❨✱

x–✽❊✶ ✫✬ ML ✷★✧ ❥✶✸★✦❬✻❋ ✺✶✱ ♠❨❨✱ L ✫✬ ✦❆✷✮✶ ❣✈❂ ❆✶✴

✷✸✦✺✻ OL=x, LM = y ✽✶✈✬ PM = z ✮✧ (x, y, z) ✦✧★✩✪

P ✵✱✿ ✦✴✩✱❯❇✶✶★✳ ✳❣✷✶✮✱ ❣✈★❂ ❜❨❆✱★ x,y, z ✳✶✱ ❅❆❇✶❈ ✦✧★✩✪ P

✵✱✿ x❉✦✴✩ ✱ ❯ ❇✶ ✶ ★✳❋ y❉✦✴✩ ✱ ❯❇✶✶ ★✳❋ ✮r✶ ✶ z❉✦✴✩ ✱ ❯ ❇✶ ✶ ★✳
✳❣✮ ✱ ❣ ✈ ★ ❂ ✽✶✵ ✾ ✿ ✦✮ 12 ❀2 ❆ ✱ ★ ❣❆ ✩ ✱❥ ✶ ✮ ✱ ❣ ✈ ★ ✦✳ ✦✧ ★ ✩ ✪

P(x, y, z) ✽●❍✶★❇✶ XOYZ ❆✱★ ✦✹r✶✮ ❣✈❋ ✽✮❈ x, y ✽✶✈✬ z

❨❤✶✸ ❳✶✴✶❩❆✳ ❣✈★❂

✉▲✇②③◆④  12.1

✉▲✇②③◆④ 12.2
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❀☎✆ P ☎❢✝✞ ✟✠❀ ✟✡☛☞✌✍☞ ✎✏✌ ✑☞✏ ✒☞✏ x, y ✟☞✈✓ z ♦✏✔ ☎✕✖ ✒✆✗✘✝☞✓ ✙☎✓♦✚✒✒ ✑☞✏ ✛☞✒✏ ✑✈✌✜ ✢✝ ✙✣❢☞✓

✟✌✒☎✓✤☞ ✎✏✌ ☎✥✦☞✒ ☎❢✝✞ ☎✧✌✆✘ P ❢✞ ✝✌★✒✒☞ ♦☞✥✒☎♦❢ ✝✌✩❀☞✟☞✏✌ ♦✏✔ ✪☎✎✒ ☎✫☞☎✆❢ (x, y, z) ✝✏ ☎❢❀☞

✛☞✒☞ ✑✈✜

☎♦✬☞✏✎✒✭✮ ☎❢✝✞ ☎✫☞☎✆❢ (x, y, z) ♦✏✔ ☎✆✯

✛☞✗✏ ✙✓ ✑✎ x ♦✏✔ ✝✌★✒ x✰✟✤☞ ✙✓ ☎✧✌✆✘ L ☎✗✱☞☞✲☎✓✒

❢✓✒✏ ✑✈✌✜ ✙✘✗✭ XY✰✒✬ ✎✏✌ ☎✧✌✆✘ M ☎✗✱☞☞✲☎✓✒ ❢✓✒✏ ✑✈✌✮

✛✑☞t ✢✝♦✏✔ ☎✗✆✏✲✍☞☞✌❢ (x, y) ✑✈✌✜ ✱❀☞✗ ✆✞☎✛✯ ☎❢ LM

❀☞ ✒☞✏ x✰✟✤☞ ✙✓ ✬✌✧ ✑✈ ✟✦☞♦☞ y✰✟✤☞ ♦✏✔ ✝✎☞✌✒✓

✑✈✜ ☎✧✌✆✘ M ✙✓ ✙✑✘t✕✗✏ ♦✏✔ ✙✍✕☞✒✐✐ ✑✎ XY✰✒✬ ✙✓

MP ✬✌✧ ✩☞✞✌✕✒✏ ✑✈✌✮ ✢✝✙✓ ☎✧✌✆✘ P ❢☞✏ z ♦✏✔ ✝✌★✒

☎✗✱☞☞✲✓✳☞ ❢✓✒✏ ✑✈✌✜ ✢✝ ✙✣❢☞✓ ☎✗✱☞☞✲☎✓✒ ☎✧✌✆✘ P ♦✏✔

☎✗✆✏✲✍☞☞✌❢ (x, y, z) ✑✈✌✜ ✟✒✭ ✟✌✒☎✓✤☞ ✎✏✌ ☎✥✦☞✒ ☎✧✌✆✘✟☞✏✌ ❢✞ ♦☞✥✒☎♦❢ ✝✌✩❀☞✟☞✏✌ ♦✏✔ ✪☎✎✒ ☎✫☞☎✆❢

(x, y, z) ✝✏ ✝✆✈♦ ✯♦✏✔❢✰✝✌★✒✒☞ ✓✩☞✒✏ ✑✈✌✜

☎♦❢✴✙✒✭✮ ✟✌✒☎✓✤☞ ✎✏✌ ☎✥✦☞✒ ☎✧✌✆✘ P ✝✏ ✑✎ ☎✗✆✏✲✍☞☞✌❢ ✒✬☞✏✌ ♦✏✔ ✝✎☞✌✒✓ ✒✞✗ ✒✬ ✩☞✞✌✕✒✏ ✑✈✌✮ ✛☞✏

x✰✟✤☞✮ y✰✟✤☞ ✟☞✈✓ z✰✟✤☞ ❢☞✏ ✪✎✍☞✭ A, B ✒✦☞☞ C ☎✧✌✆✘✟☞✏✌ ✙✓ ✙✣☎✒✵✶✏☎✆✒ ❢✓✒✏ ✑✈✌

✷✟☞♦✸✔☎✒ 12✹3✺✜ ❀☎✆ OA=x, OB=y ✒✦☞☞ OC=z ✑☞✏ ✒☞✏ ☎✧✌✆✘ P ♦✏✔ ☎✗✆✏✲✍☞☞✌❢ x, y ✟☞✈✓ z ✑☞✏✒✏

✑✈✌ ✟☞✈✓ ✢✝✏ ✑✎ P(x, y, z,) ♦✏✔ ✻✙ ✎✏✌ ☎✬✩☞✒✏ ✑✈✌✜ ☎♦✬☞✏✎✒✭ x, y ✟☞✈✓ z ♦✏✔ ☎✆✯ ✛☞✗✏ ✙✓ ✑✎ ☎✗✆✏✲✍☞☞✌✤☞☞✏✌

✙✓ ☎✧✌✆✘ A, B ✒✦☞☞ C ☎✗✱☞☞✲☎✓✒ ❢✓✒✏ ✑✈✌✜ ☎✧✌✆✘ A, B ✒✦☞☞ C ✝✏ ✑✎ ✪✎✍☞✭ YZ✰✒✬✮ ZX✰✒✬ ✒✦☞☞

XY✰✒✬ ♦✏✔ ✝✎☞✌✒✓ ✒✞✗ ✒✬ ✩☞✞✌✕✒✏ ✑✈✌✜ ✢✗ ✒✞✗☞✏✌ ✒✬☞✏✌ ❢☞✏ ADPF, BDPE ✒✦☞☞ CEPF ❢☞

✙✣☎✒✵✶✏✆✗ ☎✧✌✆✘ ✥✙✡☛✒✭ P ✑✈✮ ✛☞✏ ✪☎✎✒✰☎✫☞☎✆❢ ( x, y z) ♦✏✔ ✝✌★✒ ✑✈✜

✑✎ ✆✏✩☞✒✏ ✑✈✌ ☎❢ ❀☎✆ ✟✌✒☎✓✤☞ ✎✏✌ ❢☞✏✢✲ ☎✧✌✆✘ P (x, y, z) ✑✈✮ ✒☞✏ YZ, ZX ✒✦☞☞ XY ✒✬☞✏✌ ✝✏ ✬✌✧♦✒✐ ✆r☎✓❀☞t

✪✎✍☞✭ x, y ✒✦☞☞ z ✑✈✌✜

✼✽✾✿❁❂❃❄ ☎✧✌✆✘ O ♦✏✔ ☎✗✆✏✲✍☞☞✌❢ (0, 0, 0) ✑✈✌✜ x✰✟✤☞ ✙✓ ☎✥✦☞✒ ☎❢✝✞ ☎✧✌✆✘ ♦✏✔ ☎✗✆✏✲✍☞☞✌❢

(x, 0, 0) ✟☞✈✓ YZ ✒✬ ✎✏✌ ☎✥✦☞✒ ☎❢✝✞ ☎✧✌✆✘ ♦✏✔ ☎✗✆✏✲✍☞☞✌❢ (0, y, z) ✑☞✏✒✏ ✑✈✌✜

❅❆❇❈❉❊❋ ✯❢ ☎✧✌✆✘ ♦✏✔ ☎✗✆✏✲✍☞☞✌❢☞✏✌ ♦✏✔ ☎✕✖ ●✝ ✟✡☛☞✌✍☞ ❢☞✏ ☎✗✱☞☞✲☎✓✒ ❢✓✒✏ ✑✈✌ ☎✛✝✎✏✌ ☎✧✌✆✘ ☎✥✦☞✒ ✑☞✏✒☞

✑✈✜ ☎✗❣✗☎✬☎✩☞✒ ✝☞✓✳☞✞ ✟☞❍☞✏✌ ✟✡☛☞✌✍☞☞✏✌ ✎✏✌ ☎✗✆✏✲✍☞☞✌❢☞✏✌ ♦✏✔ ☎✕✖ ✆✍☞☞✲✒✞ ✑✈✜

■❃❏❑▲✽▼ 12.3
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❧☞✌✍☞✎ 12.1

♠✏☞✑✌✍☞ 1 ✈✒✓✔✕✖✗ 12✲3 ✥✘✙✚ ✛✖✜ P ✓✘✕ ✖♦✜✘✢✣✒✒✙✤ ✦2✚ 4✚ 5✮ ✧★✙ ✗✒✘ F ✓✘✕ ✖♦✜✘✢✣✒✒✙✤ ✩✒✗ ✤✪✖✫✬✭

✑❣ ✖✯✙✜✰ F ✓✘✕ ✖✱✬ OY ✓✘✕ ✈♦✰✖✜✣✒ ♦✒✳✪ ✴✛✪ ✜✵✶✪ ✣✒✵✷✛ ✧★✭ ✈✗✸ F ✓✘✕ ✖♦✜✘✢✣✒✒✙✤ ✦2✚ 0✚ 5✮ ✧★✙✭

♠✏☞✑✌✍☞ 2 ✓✘ ✈✹✺✒✙✣✒ ✩✒✗ ✤✪✖✫✬ ✖✫❞✥✘✙ ✖✯✙✜✰ ✦✻3✚ 1✚ 2✮ ✈✒★✶ ✦✻3✚ 1✚ ✻2✮ ✖✼✽✒✗ ✧★✙✭

✑❣ ❞✒✶✾✒✪ 12✲1 ❞✘✚ ✖✯✙✜✰ ✦✻3✚ 1✚ 2✮ ✜✵❞✶✘ ✈✹✺✒✙✣✒ ✥✘ ✙ ✗✽✒✒ ✖✯✙✜✰ ✦✻3✚ 1✚ ✻2✮ ✿❀✘ ✈✹✺✒✙✣✒ ✥✘✙

✖✼✽✒✗ ✧★✙✭

✐❁❂❃❄❅❆❇ 12.1

1. ✬✤ ✖✯✙✜✰ x–✈❈✒ ✳✶ ✖✼✽✒✗ ✧★✭ ❉❞✓✘✕ y✻✖♦✜✘✢✣✒✒✙✤ ✗✽✒✒ z✻✖♦✜✘✢✣✒✒✙✤ ❊✛✒ ✧★✙❋

2. ✬✤ ✖✯✙✜✰ XZ–✗✱ ✥✘✙ ✧★✭ ❉❞✓✘✕ y✻✖♦✜✘✢✣✒✒✙✤ ✓✘✕ ✯✒✶✘ ✥✘✙ ✈✒✳ ❊✛✒ ✤✧ ❞✤✗✘ ✧★ ✙❋

3. ●♦ ✈✹✺✒✙✣✒✒✘✙ ✓✘✕ ♦✒✥ ✯✗✒❉✬✚ ✖✫♦✥✘✙ ✖♦❍♦✖✱✖■✒✗ ✖✯✙✜✰ ✖✼✽✒✗ ✧★✙✭

(1, 2, 3), (4, –2, 3), (4, –2, –5), (4, 2, –5), (– 4, 2, –5), (– 4, 2, 5), (–3, –1, 6) (2, – 4, –7)

4. ✖✶❊✗ ✼✽✒✒♦ ✤✪ ✳✵❏✗ ✤✪✖✫✬✸

(i) x-✈❈✒ ✈✒★✶ y-✈❈✒ ✜✒✘♦✒✘✙ ✬✤ ❞✒✽✒ ✖✥✱ ✤✶ ✬✤ ✗✱ ✯♦✒✗✘ ✧★✙✚ ●❞ ✗✱ ✤✒✘

_______ ✤✧✗✘ ✧★✙✭

(ii) XY✻✗✱ ✥✘✙ ✬✤ ✖✯✙✜✰ ✓✘✕ ✖♦✜✘✢✣✒✒✙✤ _______ ❑✳ ✓✘✕ ✧✒✘✗✘ ✧★✙✭

(iii) ✖♦✜✘✢✣✒✒✙✤ ✗✱ ✈✙✗✖✶❈✒ ✤✒✘ _______ ✈✹✺✒✙✣✒ ✥✘ ✙ ✖✓▲✒✒✖✫✗ ✤✶✗✘ ✧★✙✭

12▼4 ◆❄❖ P◗❘◆❙❚❄❖ ❘ ❅❖❯ ◗❇❱ ❲❇ ◆❳❨❇ (Distance between Two Points)

✖❩✖✓✥✪✛ ✖♦✜✘✢✣✒✒✙✤ ✖♦✤✒✛ ✥✘✙ ✧✥♦✘ ✜✒✘ ✖✯✙✜✰✈✒✘✙ ✓✘✕ ✯✪❬ ✤✪ ✜✵✶✪ ✤✒ ✈❭✛✛♦ ✤✶ ❬✰✓✘✕ ✧★✙✭ ✈✒❉✬ ✈✯

✧✥ ✈✳♦✘ ✈❭✛✛♦ ✤✒ ✖✓✼✗✒✶ ✖❪✒✖✓✥✪✛ ✖♦✤✒✛ ✓✘✕ ✖✱✬ ✤✶✗✘ ✧★✙✭

✥✒♦ ✱✪✖✫✬✚ ❞✥✤✒✘✖✾✒✤ ✈❈✒ OX, OY ✗✽✒✒ OZ ✓✘✕ ❞✒✳✘❈✒ ✜✒✘ ✖✯✙✜✰ P(x
1
, y

1
, z

1
) ✗✽✒✒

Q (x
2
, y

2
, z

2
) ✧★✙✭

I II III IV V VI VII VIII

x + – – + + – – +

y + + – – + + – –

z + + + + – – – –

❫❴❵
❛❜❝❛

❡❤❥
❦♥❝❛❛❜♣
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P r☎✆✆ Q ❢✝✞✟✠✡✆☛✞ ☞☛ ❢✌✟☛✍✎✆✆✞✏ r✑✆☛✞ ✒☛✓

☞❧✆✞r✔ r✑ ✕✆✖✞❢✗✘✙ ❢✚☞☞☛ ✛❧☛✞ ✘☛☞✆ ✜✆✌✆✢✆

❢❧✑r✆ ✛✣ ❢✚☞✏✆ ❢✒✏✤✆✍ PQ ✛✣ ❣✟☛❢✕✆✘

✡✆✒✈✓❢r 12✲4✮

❉✥✆ ☛ ✞ ❢✏ ✦PAQ ✘✏ ☞❧✏✆ ☛✤✆ ✛ ✣

✡r✧★ PAQ ❧☛✞✙

PQ2 = PA2 + AQ2 ... (1)

✐✠✌✧ ❉✥✆☛✞❢✏ ✦ANQ = ✘✏ ☞❧✏✆☛✤✆✙

❜☞❢✑✘✩ ANQ ❧☛✞✙

AQ2 = AN2 + NQ2 ... (2)

(1) ✡✆✣✔ (2) ☞☛ ✛❧☛✞ ✐✪✆✫r ✛✆☛r✆ ✛✣✙ ❢✏
PQ2 = PA2 + AN2 + NQ2

✡✝✙   PA = y
2
 – y

1
, AN = x

2
 – x

1
 ✡✆✣✔ NQ = z

2 
– z

1

❜☞ ✐✪✏✆✔✙ PQ2 = (x
2
 – x

1
)2 + (y

2
 – y

1
)

2

 + (z
2
 – z

1
)2

✡r✧ PQ = 2
12

2
12

2
12 )()()( zzyyxx ✬✭✬✭✬

✥✛ ✟✆☛ ❢✝✞✟✠✡✆☛✞ P(x
1
, y

1
, z

1
) ✡✆✣✔ Q(x

2
, y

2
, z

2
) ✒☛✓ ✝✖✗ ✏✖ ✟♦✔✖ PQ ✒☛✓ ❢✑✘ ☞♦✯✆ ✛✣✰

❢✒✎✆☛✱✆r✧ ✥❢✟ x
1
 = y

1
 = z

1
 = 0, ✡☎✆✆✍r✳ ❢✝✞✟✠ P, ❧♦✑ ❢✝✞✟✠ O ✛✆☛ r✆☛

OQ = 2

2

2

2

2

2 zyx ✴✴ ,

❢✚☞☞☛ ✛❧☛✞ ❧♦✑ ❢✝✞✟✠ O ✡✆✣✔ ❢✏☞✖ ❢✝✞✟✠ Q (x
2
, y

2
, z

2
) ✒☛✓ ✝✖✗ ✏✖ ✟♦✔✖ ✐✪✆✫r ✛✆☛r✖ ✛✣✰

♠✵✶✷✸✹✶ 3 ❢✝✞✟✠✡✆☛✞ P ❣1✙ ❪3✙ 4✮ ✡✆✣✔ Q ❣❪4✙ 1✙ 2✮ ✒☛✓ ✝✖✗ ✏✖ ✟♦✔✖ ✺✆r ✏✖❢✚✘✰

✷✻ PQ ❢✝✞✟✠✡✆☛✞ P (1,–3, 4) ✡✆✣✔ Q (– 4, 1, 2) ✒☛✓ ✝✖✗ ✏✖ ✟♦✔✖ ✛✣✰

PQ = 222 )42()31()14( ✬✭✭✭✬✬

= 41625 ✼✼

= 45  = 3 5 ❜✏✆❜✍

♠✵✶✷✸✹✶ 4 ✟✎✆✆✍❜✘ ❢✏ P (–2, 3, 5), Q (1, 2, 3) ✡✆✣✔ R (7, 0, –1) ☞✞✔☛✕✆ ✛✣✞✰

✷✻ ✛❧ ✚✆✌r☛ ✛✣✞ ❢✏ ☞✞✔☛✕✆ ✽✝✟✠✙ ✘✏ ✛✖ ✔☛✕✆✆ ✐✔ ❢✾☎✆r ✛✆☛r☛ ✛✣✞✰

✥✛✆❀ PQ = 14419)53()32()21( 222 ✿✭✭✿✬✭✬✭✭

QR = 1425616436)31()20()17( 222 ✿✿✭✭✿✬✬✭✬✭✬

❁✶❂❃❄❅❆ 12.4

0

0



❢�✁❢✂✄☎✆ ✝✆✁❢✄❢✞ ✟✁ ✠❢✡☛✆       289

✈☞✌✍ PR = 14312636981)51()30()27( 222 ✎✎✏✏✎✑✑✏✑✏✏

❜❧ ✥✒✓☞✍ PQ + QR = PR

✈✔✕ ✖✗✘✙✚ P, Q ✈☞✌✍ R ❧✘✍✛✜☞ ✢✌✘✣

♠✤✦✧★✩✦ 5 ✪✫☞ ✖✗✘✙✚ A (3, 6, 9), B (10, 20, 30) ✈☞✌✍ C (25, – 41, 5) ✬✓ ❧✭✓☞✛✮☞ ✖✯☞✰☞✚✱ ✲✛✳

✴☞✵✶☞✷ ✢✌✘✸

✧❣ ✙✹✍✵✺❧✹✯☞ ❧✛ ✢✭✛✘ ✥✒☞✻✔ ✢☞✛✔☞ ✢✌ ✖✓

AB2 = (10 – 3)2 + (20 – 6)2 + (30 – 9)2

= 49 + 196 + 441 = 686

BC2 = (25 – 10)2 + (– 41 – 20)2 + (5 – 30)2

= 225 + 3721 + 625 = 4571

CA2 = (3 – 25)2 + (6 + 41)2 + (9 – 5)2

= 484 + 2209 + 16 = 2709

✢✭ ✥☞✔✛ ✢✌✘ ✖✓ CA2 + AB2 ✼ BC2

✈✔✕ ✽ABC ✬✓ ❧✭✓☞✛✮☞ ✖✯☞✰☞✚✱ ✾✢✵✘ ✢✌✣

♠✤✦✧★✩✦ 6 ✙☞✛ ✖✗✘✙✚✈☞✛✘ A ✔r☞☞ B ✲✛✳ ✖✾✙✛✷✴☞☞✘✓ ♦✭✴☞✕ ✿3❪ 4❪ 5❀ ✈☞✌✍ ✿✺1❪ 3❪ ✺7❀ ✢✌✘✣ ❁✖✔✴☞✵❂

➥✗✙✚ P ✲✛✳ ✥r☞ ✓☞ ❧✭✵✓✍✮☞ ❃☞✔ ✓✵✖✱✬❪ ✱✗✖✓ PA2 + PB2 = 2k2.

✧❣ ✭☞✾☞ ❁✖✔✴☞✵❂ ✖✗✘✙✚ P ✲✛✳ ✖✾✙✛✷✴☞☞✘✓ (x, y, z) ✢✌✘✣

✈✗ PA2  = (x – 3)2 + (y – 4)2 + ( z – 5)2

PB2  = (x + 1)2 + (y – 3)2 + (z + 7)2

✖✙✬ ❁✬ ✥✒✖✔✗❄❅☞ ✲✛✳ ✈✾✚❧☞✍❪ PA2 + PB2 = 2k2❪ ✢✭✛✘ ✥✒☞✻✔ ✢☞✛✔☞ ✢✌✕

(x – 3)2 + (y – 4)2 + (z – 5)2 + (x + 1)2 + (y
 
– 3)2 + (z + 7)2 = 2k2

✫☞ 2x2 + 2y2 + 2z2 – 4x – 14y + 4z = 2k2 – 109.

✐❆❇❈❉❊❋● 12❍2

1■ ✖✾❏✾✖❂✖✜☞✔ ✖✗✘✙✚✺✫✚❑✭☞✛✘ ✲✛✳ ✗✵▲ ✓✵ ✙✹✍✵ ❃☞✔ ✓✵✖✱✬✕

(i) (2, 3, 5) ✈☞✌✍ (4, 3, 1) (ii) (–3, 7, 2) ✈☞✌✍ (2, 4, –1)

(iii) (–1, 3, – 4) ✈☞✌✍ (1, –3, 4) (iv) (2, –1, 3) ✈☞✌✍ (–2, 1, 3)

2■ ✙✴☞☞✷❜✬ ✖✓ ✖✗✘✙✚ ✿✺2❪ 3❪ 5❀ ✿1❪ 2❪ 3❀ ✈☞✌✍ ✿7❪ 0❪ ✺1❀ ❧✘✍✛✜☞ ✢✌✘✣
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3✲ ❢☎ ✆☎❢✝❢✞ ✟ ✠ ✡✟ ☛ ☞✌ ✍✟❢ ✎✠ ✡✏❢ ✑✒✓

(i) (0, 7, –10), (1, 6, – 6) ✈✟ ✔✕ (4, 9, – 6) ✒✡ ☞ ✱❢ ✖ ✗✟ ✘✙ ❢ ✚✟ ✛✟ ✙ ✑ ✜☛ ✢ ✣✟ ✏✤✟ ✥ ✘✔ ✦✧

(ii) (0, 7, 10), (–1, 6, 6) ✈✟ ✔✕ (– 4, 9, 6) ✒✡ ☞ ✱✡✟ ☛ ★✟ ❢ ✚✟✛ ✟ ✙ ✑ ✜☛ ✢ ✣✟ ✏✤✟ ✥ ✘✔ ✦✧

(iii) (–1, 2, 1), (1, –2, 5), (4, –7, 8) ✈✟ ✔✕ (2, –3, 4) ✒✡ ☞ ✱✟ ✦✠✕ ✩✠✙ ✛✟ ✙ ✥✑ ✜☛ ✢ ✣✟ ✏✤✟ ✥ ✘✔ ✦✧

4✲ ✒☛ ☞ ☛ ❢ ✗ ✦✪ ✙ ✈ ✟ ☛ ✦ ✜☛ ✢ ☞ ✱✙ ✫ ✩ ✍ ✡✟ ☞ ✱ ✏ ✡✕ ★✟ ✬ ✟ ✠ ✡ ✏❢ ✑ ✒ ✑✟ ☛ ❢ ✗ ✦✪ ✙ ✭1❪ 2❪ 3✮ ✈✟ ✔ ✕

✭3❪ 2❪ ✯1✮ ☞☛ ☞ ✱✪ ✰✕✳✴✟ ✘✔ ✦✧

5✲ ❢✗ ✦✪ ✙ ✈✟ ☛ ✦ P ☞☛ ✗☎☛ ☞ ✱✙ ✫✩ ✍ ✡✟ ☞ ✱✏✡✕ ★✟ ✬✟ ✠ ✡✏❢✑ ✒ ❢ ✑☎ ✡✏ ❢ ✗✦✪ ✙ ✈✟☛ ✦ A ✭4❪ 0❪ 0✮ ✈✟ ✔✕ B

✭✯4❪ 0❪ 0✮ ☞☛ ✪ ✰❢✕ ✍✟ ☛ ✦ ✡✟ ✍✟ ☛✵ ✎✢✝ 10 ✘✔ ✧

12✶5 ✷✸✹ ✺ ✺✻✼ ✽ ✾✿ ✺ (Section Formula)

✳✱✕ ★✟ ✡✏❢ ✑✒ ❢✖❢ ✜✱✏✍ ▲ ✍✟ ❢ ✱❢✠ ✱☛ ✦ ✘✱☎☛ ☞ ✏✞ ✟ ✟ ✘✔ ❢ ✡

❢✡☞ ✎❀ ✡✟ ✕ ☞ ✱✡✟ ☛❢ ★✟ ✡ ✡✟ ✠ ✏✥✍ ❢ ☎ ✡✟ ✍ ✱☛ ✦ ✒✡ ✕☛✞ ✟ ✟

✞✟ ✦❬ ✡✟ ☛ ❢✪ ✒ ✈☎✙ ✎✟ ✠ ✱☛ ✦ ✈✦✠ ✓ ❢ ✜✛✟ ✟❢ ✑✠ ✡✕ ☎☛ ✜✟ ✝☛ ❢ ✗✦✪✙

✜☛ ✢ ❢ ☎✪☛ ✥✣✟ ✟ ✦ ✡ ✬✟ ✠ ✡✕✠ ☛ ✘✔ ✦✧ ✈ ✗ ✘✱ ♦☞ ☞ ✦✡❁ ✎☎✟ ✡✟

❢✜✳✠ ✟ ✕ ❢ ✚✟ ❢✜✱✏✍ ▲ ✍✟ ❢ ✱❢✠ ✜☛ ✢ ❢✝ ✒ ✡✕✠ ☛ ✘✔ ✦✧

✱✟ ☎ ✝ ✏❢ ✑✒ ✈✦✠❢✕❡✟ ✱☛ ✦ ✪✟ ☛ ❢ ✗✦✪✙ P(x
1
, y

1
, z

1
) ✜

Q (x
2
, y

2
, z

2
) ✘✔ ✦✧ ✱✟ ☎✟ R (x, y, z) ✕☛✞ ✟ ✟ ✞ ✟ ✦❬ PQ ✡✟☛

m : n ✈☎✙ ✎✟ ✠ ✱☛ ✦ ✈✦✠✓ ❢ ✜✛✟ ✟❢ ✑✠ ✡✕✠✟ ✘✔✧ XY✯✠ ✝ ✎✕

PL, QM ✈✟ ✔✕ RN ✝ ✦✗ ✞✟ ✏✦❢✩ ✒✧ ✳ ✎✤②✠✓ PL 11 QM

11 RN ✘✔ ✦ ✠ ✴✟ ✟ ♦ ☎ ✠ ✏☎ ✝ ✦✗✟☛ ✦ ✜☛ ✢ ✎✟ ✪ XY–✠ ✝ ✱☛ ✦ ❢ ✳✴✟ ✠

✘✔ ✦ ❢ ✗✦✪ ✙ L, M ✈✟ ✔✕ N  ♠☞ ✕☛ ✞✟ ✟ ✎✕ ❢✳✴✟ ✠ ✘✔ ✦ ✑✟ ☛ ♠☞ ✠✝

✈✟✔ ✕ XY✯✠ ✝ ✜☛ ✢ ✎❀❢✠ ✫❂☛ ✪ ☎ ☞☛ ✗☎✠ ✏ ✘✔✧ ❢ ✗✦✪ ✙ R ☞☛ ✕☛ ✞✟ ✟ LM ✜☛ ✢ ☞ ✱✟ ✦✠✕ ✕☛✞✟ ✟ ST ✞ ✟ ✏✦❢✩ ✒✧ ST

✕☛ ✞✟ ✟ ✞ ✟ ✏✦✩☛ ✵ ✒ ✝ ✦✗ ✜☛ ✢ ✠ ✝ ✱☛ ✦ ❢ ✳✴✟ ✠ ✘✔ ✠✴✟ ✟ ✕☛✞ ✟ ✟ LP ✭❢ ✜✳✠✟ ❢✕✠✮ ✡✟☛ S ✈✟ ✔✕ MQ ✡✟☛ T ✎✕

✎❀ ❢✠ ✫❂ ☛❢✪✠ ✡✕✠ ✏ ✘✔✧ ✑✔☞✟ ✈✟ ✜✐ ✢❢✠ 12❃5 ✱☛ ✦ ✎❀✪ ❄ ✣✟ ✠ ✘✔✧

✳✎✤②✠✓ ✩✠✙ ✥✛✟ ✙ ✑ LNRS ✈✟ ✔✕ NMTR ☞ ✱✟ ✦✠✕ ✩✠✙ ✥✛✟ ✙ ✑ ✘✔ ✦✧ ❢ ✚✟ ✛✟ ✙ ✑✟ ☛ ✦ PSR ✈✟ ✔✕ QTR ✳ ✎✤②✠ ✓ ☞ ✱❅✎

✘✔ ✦✧ ♦ ☞❢✝ ✒

m

n
 =

1

2

PR SP SL PL NR–PL

QR QT QM TM QM–NR

z z

z z

❆❆
❇ ❇ ❇ ❇

❆ ❆

♦☞ ✎❀ ✡✟✕ z =
2 1mz nz

m n

❈

❈

❉❊ ❋● ❍■❏ 12.5
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❇☞✌ ✍✎☞ ✏✑✌✒✓ XZ✫✔✕ ✖✒✗✓ YZ✫✔✕ ✏✓ ✕✘✙ ✚✒☞✘✛✜✢ ✏✓ ✣✤✢✘ ✏✑✒✥✔ ✣✒✢✔✒ ✣✗✦

nm

nymy
y

✧

✧
★ 12

 ✖✒✗✓
nm

nxmx
x

✧

✧
★ 12

✖✔✈ ✩✙✘✪✬ R ✭✒✢ ✩✙✘✪✬ P (x
1
, y

1
, z

1
) ✖✒✗✓ Q (x

2
, y

2
, z

2
) ✌✒✢ ✩✤✕✒✜✢ ❞✒✕✢ ✓✢✚✒✒ ✚✒✘✮ ✌✒✢

m : n ❞✢♦ ✖✜✬✏✒✔ ✤✢✘ ✖✘✔✈ ✩❞✉✒✒✩✭✔ ✌✓✔✒ ✣✗✦ ❞✢♦ ✩✜✪✢✯✰✒✒✘✌ ✣✗✘✦

✱✱
✲

✳
✴✴
✵

✶

✷

✷

✷

✷

✷

✷

nm

nzmz

nm

nymy

nm

nxmx 121212 ,,

❀✩✪ ✩✙✘✪✬ R, ✓✢✚✒✒ ✚✒✘✮ PQ ✌✒✢ m : n ✖✜✬✏✒✔ ✤✢✘ ✙✒✸ ✩❞✉✒✒✩✭✔ ✌✓✔✒ ✣✒✢ ✔✒✢ ✍✎❞✢♦ ✩✜✪✢✯✰✒✒✘✌

♠✏❀✬✯✹✔ ✎✺✻✒ ✤✢✘ n ✌✒✢ ✫n ✎✢ ✩❞❧✼✒✒✩✏✔ ✌✓❞✢♦ ✏✑✒✥✔ ✩✌✽ ✭✒✔✢ ✣✗✘✾ ✍✎ ✏✑✌✒✓ R ❞✢♦ ✩✜✪✢✯✰✒✒✘✌ ✣✒✢✘✿✢✘✦

❁
❂

❃
❄
❅

❆

❈

❈

❈

❈

❈

❈

nm

nzmz

nm

nymy

nm

nxmx 121212 ,,

❉❊❋●❉❍ 1 ✤❡❀✫✩✙✘✪✬ ❞✢♦ ✩✜✪✢✯✰✒✒✘✌ ❀✩✪ R, ✓✢✚✒✒✚✒✘✮ PQ ✌✒ ✤❡❀✫✩✙✘✪✬ ✣✗ ✔✒✢ m : n = 1:1 ✓✚✒✜✢ ✏✓

x = ,
2

21 y
xx ■

= 
2

21 yy ■
✖✒✗✓ z =

2

21 zz ■
❏

❀✢ P (x
1
, y

1
, z

1
) ✖✒✗✓ Q (x

2
, y

2
, z

2
) ✌✒✢ ✩✤✕✒✜✢ ❞✒✕☞ ✓✢✚✒✒ ✚✒✘✮ ❞✢♦ ✤❡❀✫✩✙✘✪✬ ❞✢♦ ✩✜✪✢✯✰✒✒✘✌ ✣✗✘✾

❉❊❋●❉❍ 2 ✓✢✚✒✒ ✚✒✘✮ PQ ✌✒✢ k : 1 ❞✢♦ ✖✜✬✏✒✔ ✤✢✘ ✖✘✔✈ ✩❞✉✒✒✩✭✔ ✌✓✜✢ ❞✒✕✢ ✩✙✘✪✬ R ❞✢♦ ✩✜✪✢✯✰✒✒✘✌

m
k

n
❏ ✓✚✒✜✢ ✏✓ ✏✑✒✥✔ ✩✌✽ ✭✒ ✎✌✔✢ ✣✗✘✈

✱✱
✲

✳
✴✴
✵

✶

✷

✷

✷

✷

✷

✷

k

zkz

k

yky

k

xxk

1
,

1
,

1

121212

❀✣ ✏✩✓❑✒✒✤ ✏✑✒❀✈ ✪✒✢ ✩✙✘✪✬✖✒✢✘ ✌✒✢ ✩✤✕✒✜✢ ❞✒✕☞ ✓✢✚✒✒ ✏✓ ▲❀✒✏✌ ✩✙✘✪✬ ✎✘✙✘❡✒☞ ✏✑✰✜✒✢✘ ❞✢♦ ✣✕ ✌✓✜✢ ✤✢✘

✏✑❀✬✹✔ ✣✒✢✔✒ ✣✗✾

▼◆●❖P◗● 7 ✩✙✘✪✬✖✒✢✘ ❘1✦ ✫2✦ 3❙ ✖✒✗✓ ❘3✦ 4✦ ✫5❙ ✌✒✢ ✩✤✕✒✜✢ ✎✢ ✙✜✢ ✓✢✚✒✒ ✚✒✘✮ ✌✒✢ ✖✜✬✏✒✔ 2✈3

✤✢✘ (i) ✖✘✔✈ (ii) ✙✒✸ ✩❞✉✒✒✩✭✔ ✌✓✜✢ ❞✒✕✢ ✩✙✘✪✬ ❞✢♦ ✩✜✪✢✯✰✒✒✘✌ ❝✒✔ ✌☞✩✭✽✾

❖❣ (i) ✤✒✜ ✕☞✩✭✽ P (x, y, z), A (1, –2, 3) ✖✒✗✓ B(3, 4, –5) ✌✒✢ ✩✤✕✒✜✢ ❞✒✕✢ ✓✢✚✒✒ ✚✒✘✮ ✌✒✢

✖✘✔✈ 2✈3 ✤✢✘ ✩❞✉✒✹✔ ✌✓✔✒ ✣✗✾

✍✎✩✕✽✦
5

9

32

)1(3)3(2
❚

❯

❯
❚x , 

5

2

32

)2(3)4(2
❚

❯

❱❯
❚y , ✖✒✗✓

5

1

32

)3(3)5(2 ❱
❚

❯

❯❱
❚z

✖✔✈ ✖✉✒☞❲❳ ✩✙✘✪✬ ❨
❩

❬
❭
❪

❫ ❴

5

1
,

5

2
,

5

9
✣✗✾



292 ①�✁✂✄

(ii) ✥☎✆ ✝✞✟✠✡ P (x, y, z), A (1, –2, 3) ✈☎☛☞ B(3, 4, –5) ❞☎✌ ✟✥✝☎✆✌ ✍☎✝✌ ☞✌✎☎☎ ✎☎✏✑ ❞☎✌

❝☎✒ ✈✆✓✔☎✕ 2 : 3 ✥✌✏ ❝☎✒ ✟✍✖☎✗✕ ❞☞✕☎ ✘☛✙

❜✚✟✝✡✛ ,3
)3(2

)1)(3()3(2
✜✢

✜✣

✜✣
✢x  14

)3(2

)2)(3()4(2
✜✢

✜✣

✜✜✣
✢y

✈☎☛☞ 19
)3(2

)3)(3()5(2
✢

✜✣

✜✣✜
✢z

✈✕✤ ✈✖☎✞✦✧ ✟❝✏★✓ (–3, –14, 19). ✘☛✙

♠✩✪✫✬✭✪ 8 ✟✍✖☎☎✠✆ ✚✮✯☎ ❞☎ ✔✰✱☎✌✲ ❞☞✍✌✳ ✟✚✴ ❞✞✟✠✡ ✟❞ ✟❝✏★✓ (-4, 6, 10),  (2, 4, 6) ✈☎☛☞

(14, 0, –2) ✚✏☞✌✎☎ ✘☛✏✙

✫❣ ✥☎✆ ✝✞✟✠✡ A (– 4, 6, 10), B (2, 4, 6) ✈☎☛☞ C(14, 0, – 2) ✟★✡ ✲✡ ✟❝✏★✓ ✘☛✏✙ ✥☎✆ ✝✞✟✠✡

✟❝✏★✓ P, AB ❞☎✌ k : 1 ✥✌✏ ✟✍✖☎☎✟✠✕ ❞☞✕☎ ✘☛✙ ✕☎✌ P ✍✌✳ ✟✆★✌♦✵☎☎✏❞ ✘☛✏✤

1

106
,

1

64
,

1

42

k

k

k

k

k

k

✈☎❜✱✌ ✈❝ ✘✥ ✠☎✶✷ ❞☞✌✏ ✟❞ k ✍✌✳ ✟❞✚✞ ✥☎✆ ✍✌✳ ✟✝✡ ✟❝✏★✓ P, ✟❝✏★✓ C ✍✌✳ ✚✏✔☎✕✞ ✘☛✏✙

14
1

42
✸

✹

✺

k

k
☞✎☎✆✌ ✔☞ ✔✰☎✻✕ ✘☎✌✕☎ ✘☛

3

2
k ✸ ✺

✠❝
3

2
k ✼ ✽ ✘☎✌ ✕☎✌

3
4( ) 6

4 6 2 0
31

1
2

k

k

✾ ✿
✿

❀ ❀
✿ ✾ ✿

✈☎☛☞

3
6( ) 10

6 10 2 2
31

1
2

k

k

✾ ✿
✿

❀ ❀ ✾
✿ ✾ ✿

❜✚✟✝✡ C (14, 0, –2) ✍✘ ✟❝✏★✓ ✘☛ ✠☎✌ AB ❞☎✌ 3 : 2 ✈✆✓✔☎✕ ✥✌✏ ❝☎✒ ✟✍✖☎✗✕ ❞☞✕☎ ✘☛ ✈☎☛☞ ✍✘✞ P

✘☛✙ ✈✕✤ A, B ✍ C ✚✏☞✌✎☎ ✘☛✙

♠✩✪✫✬✭✪ 9 ✟✯☎✖☎✓✠ ✟✠✚✍✌✳ ✵☎✞✦☎♦ (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) ✕❁☎☎ (x

3
, y

3
, z

3
) ✘☛✏✙ ❜✚✍✌✳ ✍✌✳✏★✰❞

(Centroid) ✍✌✳ ✟✆★✌ ♦✵☎☎✏❞ ❂☎✕ ❞✞✟✠✡✙

✫❣ ✥☎✆ ✝✞✟✠✡ ABC ✡❞ ✟✯☎✖☎✓✠ ✘☛ ✟✠✚✍✌✳ ✵☎✞✦☎♦ A, B, C ✍✌✳ ✟✆★✌♦✵☎☎✏❞ ❃✥✵☎✤ (x
1
, y

1
, z

1
),

(x
2
, y

2
, z

2
) ✕❁☎☎ (x

3
, y

3
, z

3
), ✘☛✏✙

✥☎✆ ✝✞✟✠✡ BC ❞☎ ✥❄✱❅✟❝✏★✓ D ✘☛✙ ❜✚✟✝✡ D ✍✌✳ ✟✆★✌✵☎☎✏❞ ✘☛✏✤

❆
❇

❈
❉
❊

❋ ✣✣✣

2
,

2
,

2

323232 zzyyxx
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❡☞✌☞ ✍✎☞✏☞✑✒ ✓☞ ✔✕✖✗✘✙✓ G ❣✚ ✒☞✕ ❡✍✛✜✓☞ AD ✓☞✕ ❞✗✢ 2 : 1 ❡✕✗ ✍✔✏☞☞✒✌ ✓✥✢☞ ❣✚✣ ✤✦✍✧★ G  ✔✕✖

✍✌✘✕✩✪☞☞✗✓ ❣✚✗✫

2 3 2 3 2 3
1 1 12 2 2

2 2 2

2 1 2 1 2 1

x x y y z z
x y z

, ,

✬ ✭✮ ✮ ✮✬ ✭ ✬ ✭ ✬ ✭
✮ ✮ ✮✯ ✰ ✯ ✰ ✯ ✰✯ ✰

✱ ✲ ✱ ✲ ✱ ✲✯ ✰
✮ ✮ ✮✯ ✰

✯ ✰
✱ ✲

✜☞
1 2 3 1 2 3 1 2 3

3 3 3

x x x y y y z z z
, ,

✳ ✳ ✳ ✳ ✳ ✳✴ ✵
✶ ✷
✸ ✹

♠✺✻✼✽✾✻ 10 ✍✿✗✘✑❞☞✕✗ ❀4❪ 8❪ 10❁ ❞☞✚✥ ❀6❪ 10❪ ❂8❁ ✓☞✕ ✍❡✧☞✌✕ ✔☞✧✕ ✥✕❃☞☞ ❃☞✗❄❪ YZ❂✢✧ ❅☞✥☞

✍✒✦ ❞✌✑❆☞✢ ❡✕✗ ✍✔✏☞❇✢ ❣☞✕✢☞ ❣✚❪ ❈✦✕ ❉☞✢ ✓❊✍✒★✣

✼❋ ❡☞✌ ✧❊✍✒★ YZ❂✢✧ ✍✿✗✘✑ P(x, y, z) ❆✥, A (4, 8, 10) ❞☞✚✥ B (6, 10, –8)  ✓☞✕ ✍❡✧☞✌✕ ✔☞✧☞

✥✕❃☞☞ ❃☞✗❄ ✓☞✕ k :1 ❡✕✗ ✍✔✏☞❇✢ ✓✥✢☞ ❣✚✣ ✢☞✕ ✍✿✗✘✑ P ✔✕✖ ✍✌✘✕✩✪☞✗☞✓ ❣✚✗♦

●
❍

■
❏
❑

▲

▼

◆

▼

▼

▼

▼

1

810
,

1

108
,

1

64

k

k

k

k

k

k

❇✜☞✕✗✍✓ P, YZ❂✢✧ ❆✥ ✍❖P☞✢ ❣✚ ✤✦✍✧★ ✤✦✓☞ x❂✍✌✘✕✩✪☞☞✗✓ ✪☞◗❘✜ ❣✚✣

❞✢✫ 0
1

64
❙

❚

❚

k

k

✜☞
2

3
k ❯ ❱

✤✦✍✧★  YZ❂✢✧  AB ✓☞✕ 2 : 3 ✔✕✖ ❞✌✑❆☞✢ ❡✕✗ ✿☞❲ ✍✔✏☞☞✍✒✢ ✓✥✢☞ ❣✚✣

✐❳❨❩❬❭❫❴ 12.3

1❵ ✍✿✗✘✑❞☞✕✗ ❀❂2❪ 3❪ 5❁ ❞☞✚✥ ❀1❪ ❂4❪ 6❁ ✓☞✕ ✍❡✧☞✌✕ ✦✕ ✿✌✕ ✥✕❃☞☞ ❃☞✗❄ ✓☞✕ ❞✌✑❆☞✢  (i) 2✫3

❡✕✗ ❞✗✢✫ (ii) 2✫ 3 ❡✕✗ ✿☞❲✢✫ ✍✔✏☞☞✍✒✢ ✓✥✌✕ ✔☞✧✕ ✍✿✗✘✑ ✔✕✖ ✍✌✘✕✩✪☞☞✗✓ ❉☞✢ ✓❊✍✒★✣

2❵ ✍✘✜☞ ❛✜☞ ❣✚ ✍✓ ✍✿✗✘✑ P❀3❪ 2❪ ❂4❁, Q❀5❪ 4❪ ❂6❁ ❞☞✚✥ R❀9❪ 8❪ ❂10❁ ✦✗✥✕❃☞ ❣✚✗✣ ✔❣

❞✌✑❆☞✢ ❉☞✢ ✓❊✍✒★ ✍✒✦❡✕✗ Q, PR ✓☞✕ ✍✔✏☞☞✍✒✢ ✓✥✢☞ ❣✚✣

3❵ ✍✿✗✘✑❞☞✕✗ ❀❂2❪ 4❪ 7❁ ❞☞✚✥ ❀3❪ ❂5❪ 8❁ ✓☞✕ ✍❡✧☞✌✕ ✔☞✧❊ ✥✕❃☞☞ ❃☞✗❄❪ YZ❂✢✧ ❅☞✥☞ ✍✒✦

❞✌✑❆☞✢ ❡✕✗ ✍✔✏☞❇✢ ❣☞✕✢☞ ❣✚❪ ❈✦✕ ❉☞✢ ✓❊✍✒★✣

4❵ ✍✔✏☞☞✒✌ ✦◗✎☞ ✓☞ ❆✙✜☞✕❛ ✓✥✔✕✖ ✍✘❃☞☞✤★ ✍✓ ✍✿✗✘✑ A❀2❪ ❂3❪ 4❁❪ B❀❂1❪ 2❪ 1❁ ✢P☞☞

1
C 0 2

3
, ,

✴ ✵
✶ ✷
✸ ✹

✦✗✥✕❃☞ ❣✚✗✣
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5✲ P✭4❪ 2❪ ☎6✮ ✆✝✞✟ Q✭10❪ ☎16❪ 6✮ ✠✡☛ ☞✌✍✝✎✡ ✠✝✍✏ ✟✡✑✝✝ ✑✝✒✓ PQ ❞✝✡ ✔✌ ☞✕✝☎✖✝✝☞✗✘

❞✟✎✡ ✠✝✍✡ ☞✙✒✚✛✆✝✡✒ ✠✡☛ ☞✎✚✡✜✢✝✝✒❞ ✣✝✘ ❞✏☞✗✤✥

❢✦❢✦✧★ ✩✪★✫✬✯★

♠✰✱✳✴✵✱ 11 ✚✢✝✝✜♥✤ ☞❞ ☞✙✒✚✛ A (1, 2, 3), B (–1, –2, –1), C (2, 3, 2) ✆✝✞✟ D (4, 7, 6) ✤❞

✔✌✝✒✘✟ ❧✘✛✖✝✛✜✗ ✠✡☛ ✢✝✏✶✝✜ ✷✞✒ ✸✟✒✘✛ ✹✷ ✤❞ ✆✝✹✘ ✎✷✏✒ ✷✞✥

✳❣ ✹✷ ✚✢✝✝✜✎✡ ✠✡☛ ☞✍✤ ☞❞ ABCD ✤❞ ✔✌✝✒✘✟ ❧✘✛✖✝✛✜✗ ✷✞❪ ✷✌✡✒ ✔✺✌✛✑✝ ✖✝✛✗✝✆✝✡✒ ❞✝✡ ✔✌✝✎ ☞✚✑✝✝✎✡

❞✏ ✆✝✠✢✹❞✘✝ ✷✞✥

AB = 222 )31()22()11( ✻✻✼✻✻✼✻✻  = 4 16 16✽ ✽ = 6

BC = 222 )12()23()12( ✼✼✼✼✼  = 9259 ✾✾  = 43

CD = 222 )26()37()24( ✻✼✻✼✻  = 616164 ✿❀❀

DA = 222 )63()72()41( ✻✼✻✼✻  = 9 25 9 43❀ ❀ ✿

❉✹✝✡✒☞❞ AB = CD ✆✝✞✟ BC = AD, ♥✔☞✍✤ ABCD ✤❞ ✔✌✝✒✘✟ ❧✘✛✖✝✛✜✗ ✷✞✥

✆✙ ✹✷ ☞✔✈ ❞✟✎✡ ✠✡☛ ☞✍✤ ☞❞ ABCD ✆✝✹✘ ✎✷✏✒ ✷✞❪ ✷✌✡✒ ☞✚✑✝✝✎✝ ✷✞ ☞❞ ♥✔✠✡☛ ☞✠❞❁✝✜ AC

✆✝✞✟ BD ✔✌✝✎ ✎✷✏✒ ✷✞✒❪ ✷✌ ✸✝✘✡ ✷✞✒ ❂

AC = 3111)32()23()12( 222 ❃✼✼❃✻✼✻✼✻

BD = 155498125)16()27()14( 222 ❃✼✼❃✼✼✼✼✼ .

❉✹✝✡✒☞❞ AC ❄ BD ✥ ✆✘❂ ABCD ✤❞ ✆✝✹✘ ✎✷✏✒ ✷✞✥

❅❆❇❈❊✵✱❋ ☞✠❞❁✝✜ AC ✘r✝✝ BD ✸✟✐✸✟ ✔✌☞●✖✝✝☞✗✘ ❞✟✘✡ ✷✞✒❪ ✠✡☛ ❍✛❁✝ ❞✝ ✸■✹✝✡❍ ❞✟✠✡☛ ✖✝✏

ABCD ❞✝✡ ✔✌✝✒✘✟ ❧✘✛✖✝✛✜✗ ☞✔✈ ☞❞✹✝ ✗✝ ✔❞✘✝ ✷✞✥

♠✰✱✳✴✵✱ 12 ☞✙✒✚✛ P ✔✡ ✙✎✡ ✔✌✛❏❧✹ ❞✝ ✔✌✏❞✟❁✝ ✣✝✘ ❞✏☞✗✤ ✗✝✡ ♥✔ ✸■❞✝✟ ❧✍✘✝ ✷✞ ☞❞ ❑✔❞✏

☞✙✒✚✛✆✝✡✒ A✭3❪ 4❪ ☎5✮ ✠ B✭☎2❪ 1❪ 4✮ ✔✡ ✚▲✟✏ ✔✌✝✎ ✷✞✥

✳❣ ❞✝✡♥✜ ☞✙✒✚✛ P (x, y, z) ♥✔ ✸■❞✝✟ ✷✞ ☞❞ PA = PB

✆✘❂ 222222 )4()1()2()5()4()3( ✻✼✻✼✼❃✼✼✻✼✻ zyxzyx

✹✝ 222222 )4()1()2()5()4()3( ▼◆▼◆◆❖◆◆▼◆▼ zyxzyx

✹✝ 10 x+ 6y – 18z – 29 = 0.
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♠☞✌✍✎✏✌ 13 ✱✑ ✒✓✔✕✔✖✗ ABC ✑✔ ❞✘✙✚✛✜✑ ✢1❪ 1❪ 1✮ ✣✤✥ ✦✒✛ A ✈✔✤✧ B ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✪✫✩✔✬

✢3❪ –5❪ 7✮ ❞ ✢–1❪ 7❪ –6✮ ✣✤✚✥ ✒✭✚✛✖ C ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✯✔✰ ✑✲✒✗✱✥

✍❣ ✫✔♦✔ C ❞✘✙ ✒♦✛✘★✩✔✔✚✑ (x, y, z) ✣✤ ✈✔✤✧ ❞✘✙✚✛✜✑ G ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✢1, 1, 1✮ ✒✛✱ ✣✤✚✥

❜✳✒✴✱
3 1

1
3

x ✵ ✶
✷ , ✦✔ x = 1

5 7
1

3

y ✸ ✹
✺ ,  ✦✔ y = 1

7 6
1

3

z ✵ ✶
✷ , ✦✔  z = 2.

✈✰✬ C ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✢1, 1, 2✮ ✣✤✚✥

✻✼✽✾✽ 12 ✿❀ ❁❂❁❂✼✾ ✿❃❄❅✾❂❆❇

1❈ ✳✫✔✚✰✧ ❧✰✖✕✔✖★✗ ❞✘✙ ✰✲♦ ✩✔✲❉✔★ A✢3❪ ❊1❪ 2✮ B✢1❪ 2❪ ❊4✮ ❞ C✢❊1❪ 1❪ 2✮ ✣✤✥ ❧✔✤❋✔✘ ✩✔✲❉✔★

D ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✯✔✰ ✑✲✒✗✱✥

2❈ ✱✑ ✒✓✔✕✔✖✗ ABC ❞✘✙ ✩✔✲❉✔✔✘✚★ ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✪✫✩✔✬ A✢0❪ 0❪ 6✮ B✢0❪ 4❪ 0✮ ✰❋✔✔

C✢6❪ 0❪ 0✮ ✣✤✚✥ ✒✓✔✕✔✖✗ ✑✲ ✫✔✒●✦✑✔✈✔✘✚ ✑✲ ✴✚✭✔❜★ ✯✔✰ ✑✲✒✗✱✥

3❈ ✦✒✛ ✒✓✔✕✔✖✗ PQR ✑✔ ❞✘✙✚✛✜✑ ✫❍✴ ✒✭✚✛✖ ✣✤ ✈✔✤✧ ✩✔✲❉✔★ P✢2a❪ 2❪ 6✮❪ Q✢❊4❪ 3b ❊10✮ ✈✔✤✧

R✢8❪ 14❪ 2c✮ ✣✤✚ ✰✔✘ a, b ✈✔✤✧ c ✑✔ ✫✔♦ ✯✔✰ ✑✲✒✗✱✥

4❈ y❊✈■✔ ❏✧ ❑✳ ✒✭✚✛✖ ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✯✔✰ ✑✲✒✗✱ ✒✗✳✑✲ ✒✭✚✛✖ P✢3❪ ❊2❪ 5✮ ✳✘ ✛❍✧✲

52 2 ✣✤✥

5❈ P✢2❪ ❊3❪ 4✮ ✈✔✤✧ Q✢8❪ 0❪ 10✮ ✑✔✘ ✒✫✴✔♦✘ ❞✔✴✲ ✧✘▲✔✔▲✔✚▼ ❏✧ ✒◆❋✔✰ ✱✑ ✒✭✚✛✖ R ✑✔

x❊✒♦✛✘★✩✔✔✚✑ 4 ✣✤✥ ✒✭✚✛✖ R ❞✘✙ ✒♦✛✘★✩✔✔✚✑ ✯✔✰ ✑✲✒✗✱✥

✢❖P◗❘❙❚ ✫✔♦ ✴✲✒✗✱ R, PQ ✑✔✘ k : 1 ✫✘✚ ✒❞✕✔✔✒✗✰ ✑✧✰✔ ✣✤✥ ✒✭✚✛✖ R ❞✘✙ ✒♦✛✘★✩✔✔ ✚✑

8 2 3 10 4

1 1 1

k k
, ,

k k k

❯ ❱ ❯❲ ❳
❨ ❩

❯ ❯ ❯❬ ❭
✣✤✚✥✮

6❈ ✦✒✛ ✒✭✚✛✖ A ✈✔✤✧ B ✪✫✩✔✬ ✢3❪ 4❪ 5✮ ✰❋✔✔ ✢❊1❪ 3❪ ❊7✮ ✣✤✚✥ ❧✧ ✒✭✚✛✖ P ❫✔✧✔ ✒♦✒✫★✰

✳✫✖❴❧✦ ✳✘ ✳✚✭✒❵✰ ✳✫✲✑✧❛✔ ✯✔✰ ✑✲✒✗✱❪ ✗✣✔❝ PA2 + PB2 = k2 ✗✣✔❝ k ✈❧✧ ✣✤✥
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❧☎✆☎✝✞☎

✟ ❢✠✡❢☛☞✌✍ ✎✍✡❢☞❢✏ ☛✑✒ ✓☞✔✡✑❢✕✡✔ ✔✡✏✌✖✍ ❢✗✘✑✖✙✡✡✚✔ ❢✗✔✡✍ ☞✑✚ ❢✗✘✑✖✙✡✡✚✛✡ ✏✌✗ ✜✢✣✜✢ ✤✚✥☛✏✦

✢✑❥✡✡✧★ ✩✡✑✏✌ ✩✪✚✫

✟ ❢✗✘✑✖✙✡✡✚✛✡✡✑✚ ☛✑✒ ✍✬✭☞✮ ✏✌✗ ✏✤ ❢✗✯✡✡✖❢✢✏ ✔✢✏✑ ✩✪✚ ❢✰✱✩✑✚ ❢✗✘✑✖✙✡✡✚✛✡ ✏✤ XY✲✏✤✮ YZ✲✏✤ ☛

ZX✳✴✵ ✔✩✏✑ ✩✪✚✫

✟ ✏✌✗ ❢✗✘✑✖✙✡✡✚✛✡ ✏✤ r✚✏❢✢✛✡ ✔✡✑ r✡✶ ✷✡✡✸✡✑✚ ☞✑✚ ✥✡★✹✏✑ ✩✪✚ ❢✰✱✩✑✚ ✈✺✻✼✽✾✼ ✔✩✏✑ ✩✪✚✫

✟ ❢✠✡❢☛☞✌✍ ✎✍✡❢☞❢✏ ☞✑✚ ❢✔✓✌ ❢✥✚✘✬ P ☛✑✒ ❢✗✘✑✖✙✡✡✚✔✡✑✚ ✔✡✑ ✓✘✪☛ ✧✔ ❢✠✡❢✘✔ (x, y, z) ☛✑✒ ✿✜

☞✑✚ ❢✤❥✡✡ ✰✡✏✡ ✩✪✫ ✍✩✡★ x, YZ✲✏✤ ✓✑✮ y, ZX ✏✤ ✓✑ ☛ z✮ XY ✏✤ ✓✑ ✘❀✢✌ ✩✪✫

✟ (i) x✲r✛✡ ✜✢ ❢✔✓✌ ❢✥✚✘✬ ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ (x, 0, 0) ✩✪✚✫

(ii) y✲r✛✡ ✜✢ ❢✔✓✌ ❢✥✚✘✬ ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ (0, y, 0) ✩✪✚✫

(iii) z✲r✛✡ ✜✢ ❢✔✓✌ ❢✥✚✘✬ ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ (0, 0, z) ✩✪✚✫

✟ ✘✡✑ ❢✥✚✘✬r✡✑✚ P(x
1
, y

1
, z

1
) ✏❁✡✡ Q (x

2
, y

2
, z

2
) ☛✑✒ ✥✌❂ ✔✡ ✘❀✢✌ ✓❀✠✡ ✩✪❃

2 2 2
2 1 2 1 2 1PQ ( ) ( ) ( )x x y y z z

✟ ✘✡✑ ❢✥✚✘✬r✡✑✚ P (x
1
 y

1
 z

1
) ✏❁✡✡ Q (x

2
, y

2
, z

2
) ✔✡✑ ❢☞✤✡✗✑ ☛✡✤✑ ✢✑❥✡✡ ❥✡✚❄ ✔✡✑ m : n

r✗✬✜✡✏ ☞✑✚ r✚✏❃ r✡✪✢ ✥✡❅❃ ❢☛✷✡✡❢✰✏ ✔✢✗✑ ☛✡✤✑ ❢✥✚✘✬ R ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ ♦☞✙✡❃

2 1 2 1 2 1mx nx my ny mz nz
, ,

m n m n m n

❆ ❇❈ ❈ ❈
❉ ❊

❈ ❈ ❈❋ ●

2 1 2 1 2 1mx – nx my – ny mz – nz
, ,

m – n m – n m – n

❆ ❇
❉ ❊
❋ ●

✩✚✪✫

✟ ✘✡✑ ❢✥✚✘✬r✡✑✚ P(x
1
, y

1
, z

1
) r✡✪✢ Q(x

2
, y

2
, z

2
) ✔✡✑ ❢☞✤✡✗✑ ☛✡✤✑ ✢✑❥✡✡ ❥✡✚❄ PQ ☛✑✒

☞✯✍✲❢✥✚✘✬ ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ ✩✪✚❃

1 2 1 2 1 2

2 2 2

x x y y z z
, ,

❍ ❍ ❍■ ❏
❑ ▲
▼ ◆

✟ ✧✔ ❢✠✡✷✡✬✰ ❢✰✓☛✑✒ ✙✡✌❖✡✡✑✖ ✚ ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ (x
1
, y

1
, z

1
),  (x

2
, y

2
, z

2
) r✡✪✢ (x

3
, y

3
, z

3
) ✩✪✚✮ ☛✑✒

☛✑✒✚✘P✔ ☛✑✒ ❢✗✘✑✖✙✡✡✚✔ ✩✪❃

1 2 3 1 2 3 1 2 3+ + + + + +

3 3 3

x x x y y y z z x
, ,

■ ❏
❑ ▲
▼ ◆

.

◗❘❙❚❯☎❙❧❱ ❲❳❨❩❬☎❭❙❪

1637 ❫✖❴ ☞✑✚ ☛✪✙✤✑❢❖✡✔ ✎✍✡❢☞❢✏ ☛✑✒ ✰✗✔ Rene' Descartes (1596—1650 A.D.) ✗✑ ✏✤✌✍

✎✍✡❢☞❢✏ ☛✑✒ ✛✡✑✠✡ ☞✑✚ ❵❛✤✑❥✡✗✌✍ ✔✡✍✖ ❢✔✍✡✮ ❫✗☛✑✒ ✓✩r✡❢☛❖✔✡✢✔ Piarre Fermat

(1601—1665 A.D.) r✡✪✢ La Hire (1640—1718 A.D.) ✗✑ ✷✡✌ ❫✓ ✛✡✑✠✡ ☞✑✚ ✔✡✍✖ ❢✔✍✡✫
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❀☞✌✍ ✎✏ ✑✒✓✔✒✓✕ ✖✓✗ ✘✒❀✒✓✙ ✚✓✕ ✌✛✒✌✖✚✜❀ ✢❀✒✌✚✌✣ ✖✓✗ ✤✕✥✕✦✒ ✚✓✕ ✤✧★✒✖ ✩✪✫ ✍✬✕✣✧ ✌✖✭✒✮ ✌✖✖✓✯✏

✏✩✜✕ ✩✪✉ Descartes ✘✒✓ ✌✛✒✌✖✚✜❀ ✰✕✣✌✬✱✒ ✚✓✕ ✌✥✕✮✧ ✖✓✗ ✌✏✮✓✲✭✒✒✕✘✒✓ ✖✓✗ ✌✖✳✒❀ ✚✓✕ ✴✒✏✘✒✬✜ ✵✒✜

✍✬✕✣✧ ✐✶✩✒✓✕✏✓ ✎✤✓ ✌✖✘✌✤✣ ✏✩✜✕ ✌✘❀✒✉

1715 ✎✲✷ ✚✓✕ J. Bernoulli (1667—1748 A.D.) ✏✓ Leibnitz ✘✒✓ ✌✑❞✒✓ ✍✛✒ ✚✓✕ ✣✜✏

✌✏✮✓✲✭✒✒✕✘ ✣✑✒✓✕ ✘✒ ✍✌✬✯❀ ✐✸✑✓✌❞✒✣ ✩✪ ✌✴✤✓ ✩✚ ✰✒✴ ✍✹❀✒✓✔ ✘✬ ✬✩✓ ✩✪✕✉

✤✖✲✍✹✵✒✚ ✤✏ 1700 ✎✲✷ ✚✓✕ ✍✹✕ ✓✗✯ ✺✓✖✓✗✻✚✜ ✘✒✓ ✍✹✼✣✧✣ ✌✘✺ ✔✺ Antoinne Parent

(1666—1716 A.D.) ✖✓✗ ✑✓❞✒ ✚✓✕ ✖✪✭✑✓✌✳✒✘ ♦✒✓✤ ✢❀✒✌✚✌✣ ✖✓✗ ✌✖✳✒❀ ✚✓✕ ✌✖✼✣✽✣ ✌✖✖✓✯✏ ✩✪✉

L. Euler, (1707—1783 A.D.) ✏✓ ✤✏✾ 1748 ✚✓✕ ✍✹✘✒✌✭✒✣ ✰✍✏✜ ✍✧✼✣✘ ✿✢❀✒✌✚✌✣ ✘✒

✍✌✬✯❀❁ ✖✓✗ ✮❂✤✬✓ ❞✒✕✻ ✖✓✗ ✍✌✬✌✭✒✳❃ ✖✓✗ 5✖✓✕ ✰✦❀✒❀ ✚✓✕ ✌✛✒✌✖✚✜❀ ✌✏✮✓✲✭✒✒✕✘ ✢❀✒✌✚✌✣ ✘✒

✤✧❧❀✖✌✼✵✒✣ ✺✕✖ ❄✚✥❅ ✖❆✒✲✏ ✍✹✼✣✧✣ ✌✘❀✒✉

✐✶✏✜✤✖✜✕ ✭✒✣✒♠✮✜ ✖✓✗ ✚✦❀ ✖✓✗ ✥✒✮ ✩✜ ✢❀✒✌✚✌✣ ✘✒ ✣✜✏ ✤✓ ✰✌✦✒✘ ✰✒❀✒✚✒✓✕ ✚✓✕ ✌✖✼✣✒✬

✌✘❀✒ ✔❀✒✫ ✌✴✤✘✒ ✤✖✒✓✲❇✒✚ ✍✹❀✒✓✔ Einstein ✖✓✗ ✤✒✍✓✱✒✖✒✮ ✖✓✗ ✌✤❅✒✕✣ ✚✓✕ ✼✵✒✒✏❈✤✚❀

✰✏✧❄✚❆✒ (Space-Time Continuum) ✚✓✕ ✮✹✳❃❧❀ ✩✪✉

— ❉❉ —



�With the Calculus as a key, Mathematics can be successfully applied to the

explanation of the course of Nature – WHITEHEAD �

13.1  ❍✁✂✄☎✆✂ (Introduction)

❀✝ ✞✟❀✠❀ ✡☛☞ ✡✌ ✍✡ ✎✠✏✑✒✡✠ ✝✓✔ ✡☛☞ ✕✑✖✠✗ ✡✌ ✘✝ ✙✠✠✚✠✠
✝✓ ✑❣✛✒✜✢ ✒✣✚❀✗✤ ✥✦✠✢✗ ✒✜✢ ✑✧✢★✣✞✠✜✢ ✘✜✩ ✥✑✪✘✗✫☞ ✛✜ ✥✩☛☞ ✘✜✩ ✒✠☞ ✒✜✢ ✝✠✜☞✜
✘✠☛✜ ✥✑✪✘✗✫☞ ✡✠ ✞✟❀❀☞ ✑✡❀✠ ❣✠✗✠ ✝✓✔ ✥✝☛✜ ✝✒ ✞✘✡☛❣ ✡✠
✭✘✠✬✗✑✘✡ ✮✥ ✛✜ ✥✑✪✎✠✠✑✯✠✗ ✑✡✍ ✑✧☞✠✰ ✛✝❣✠☞✣✎✠✏✗ ✧✠✜✱ ✭Intuitive

idea✰ ✡✪✠✗✜ ✝✓✢✔ ✗★✲✠✜✥✪✠✢✗ ✝✒ ✛✌✒✠ ✡✌ ✛✝❣ ✥✑✪✎✠✠✯✠✠ ★✜✢✕✜ ✞✠✓✪ ✛✌✒✠
✘✜✩ ✧✌❣✕✑✖✠✗ ✡✠ ✘✣✩♦ ✞✟❀❀☞ ✡✪✜✢✕✜✔ ✳✛✘✜✩ ✧✠★ ✝✒ ✞✘✡☛❣ ✡✌
✥✑✪✎✠✠✯✠✠ ✡✪☞✜ ✘✜✩ ✑☛✍ ✘✠✥✛ ✞✠✍✐✕✜ ✞✠✓✪ ✞✘✡☛❣ ✘✜✩ ✧✌❣✕✑✖✠✗ ✡✠
✘✣✩♦ ✞✟❀❀☞ ✡✪✜✢✕✜✔ ✝✒ ✘✣✩♦ ✑✘✙✠✜✯✠ ✒✠☞✡ ✥✩☛☞✠✜✢ ✘✜✩ ✞✘✡☛❣ ✎✠✌
✥✦✠✴✗ ✡✪✜✢✕✜✔
13.2  ✈✵✆✶✷✂✸✹ ✆✂ ✺✻✷✂✼✽❍✂✁✾ ✿✂✸❁
(Intuitive Idea of Derivatives)

✎✠✠✓✑✗✡ ✥✦❀✠✜✕✠✜✢ ☞✜ ✞☞✣✒✠✜✑★✗ ✑✡❀✠ ✝✓ ✑✡ ✑✥✢❙ ✍✡ ✚✠❙❂✌❃❄✐❅✌ ❅❆✲❆✠☞ ✛✜ ✑✕✪✡✪ t ✛✜✘✢✩❙✠✜✢ ✒✜✢  4.9t2

✒✌❆✪ ★✏✪✌ ✗❀ ✡✪✗✠ ✝✓ ✞❡✠✠✫✗✲ ✑✥✢❙ ❇✠✪✠ ✒✌❆✪ ✒✜✢ ✗❀ ✡✌ ✕✳✫ ★✏✪✌ (s)  ✛✜✘✢✩❙✠✜✢ ✒✜✢ ✒✠✥✜ ✕✍ ✛✒❀ (t)

✘✜✩ ✍✡ ✥✩☛☞ ✘✜✩ ✮✥ ✒✜✢ s = 4.9t2 ✛✜ ★✌ ✕✳✫ ✝✓✔
✛✢☛❧☞ ✛✠✪✖✠✌ ❈❉❊❈ ✒✜✢ ✍✡ ✚✠❙❂✌❃❄✐❅✌ ❅❆✲❆✠☞ ✛✜ ✑✕✪✠✍ ✕✍ ✍✡ ✑✥✢❙ ✘✜✩ ✛✜✘✢✩❙✠✜✢ ✒✜✢ ✑✘✑✎✠❋☞

✛✒❀ ✭t✰ ✥✪ ✒✌❆✪ ✒✜✢ ✗❀ ✡✌ ★✏✪✌ ✭s✰ ★✌ ✕✳✫ ✝✓✔
✳☞ ✞✠✐✡❙❂✠✜✢ ✛✜ ✛✒❀ t = 2 ✛✜✘✢✩❙ ✥✪ ✑✥✢❙ ✡✠ ✘✜✕ ●✠✗ ✡✪☞✠ ✝✌ ■❏✜✙❀ ✝✓✔ ✳✛ ✛✒✬❀✠ ✗✡

✥✝✣✐❅☞✜ ✘✜✩ ✑☛✍ t = 2 ✛✜✘✢✩❙ ✥✪ ✛✒✠✴✗ ✝✠✜☞✜ ✧✠☛✜ ✑✘✑✘✱ ✛✒❀✠✢✗✪✠☛✠✜✢ ✥✪ ✒✠✟❀ ✘✜✕ ●✠✗ ✡✪☞✠ ✍✡
❑✢✕ ✝✓ ✞✠✓✪ ✞✠✙✠✠ ✡✪✗✜ ✝✓✢ ✑✡ ✳✛✛✜ t = 2 ✛✜✘✢✩❙ ✥✪ ✘✜✕ ✘✜✩ ✧✠✪✜ ✒✜✢ ✘✣✩♦ ✥✦✡✠✙✠ ✥❙❂✜✕✠✔

13▲▼◆❖◆

P◗❘❚ ❯❚❱❲ ❯❳❨❩❬

(Limits and Derivatives)

Sir Issac Newton

(1642-1727 A.D.)



  ❧�✁✂ ✄✂☎✆ ✄✝✞✟✠           299

t = t
1
 ✈✡☛☞ t = t

2  
♦✌✍ ✎✏✑ ✒✡✓✔ ♦✌✕ t = t

1
 ✈✡☛☞ t = t

2
 ✖✌✗✘✙✡✌✘

♦✌✍ ✎✏✑ ✚✔ ✗✏ ✕✛✜ ✢✣☞✏ ✗✡✌ (t
2
– t

1
) ✖✌ ✥✡✡✕ ✢✌✤✌ ✦☞ ✦✧✡★✚ ✩✡✌✚✡

✩☛❣ ✈✚✪ ✦✧✫✡✒ ✬ ✖✌✗✘✙✡✌✘ ✒✌✘ ✒✡✓✔ ♦✌✕

= 1 2

2 1

0 2

( )

t t

t t

✭ ✭

✮

✯✰✱❥ ✲✳✴ ❝❤✵ r❀ ❞❤ ①✶❩ ♥❥✇ ❤

✷❡❀✰r❛ ❥✰②

=
✸ ✹

✸ ✹

19.6 0
9.8 /

2 0

✮
✭

✮

❡❤
❡❤ ✷✳

✷✳

✛✖✏ ✦✧✗✡☞❜  t = 1 ✈✡☛☞  t = 2 ♦✌✍ ✎✏✑ ✒✡✓✔ ♦✌✕

=
✺ ✻

✺ ✻

19.6 – 4.9
14.7 /

2 1
✭

✮
✼✽

❡❤
❡❤

✷✳

✛✖✏ ✦✧✗✡☞ ✾♦✾♦✿ ♦✌✍ ✾❁❂ t = t
1
 ✈✡☛☞ t = 2 ♦✌✍ ✎✏✑ ✩✒

✒✡✓✔ ♦✌✕ ✗✡ ✦✾☞✗❁✤ ✗☞✚✌ ✩☛✘❣ ✾✤❃✤✾❁✾❄✡✚ ✖✡☞❅✡✏ ❆❇❈✬❜

t = t
1
 ✖✌♦✘✍✙✡✌✘ ✈✡☛☞ t = 2 ✖✌♦✘✍✙✡✌✘ ♦✌✍ ✎✏✑ ✒✏❉☞ ✦✧✾✚ ✖✌♦✘✍✙

✒✌✘ ✒✡✓✔ ♦✌✕ ❊v❋ ✢✌✚✏ ✩☛❣

●❍■❏❍❑ 13.2

t
1

0 1 1.5 1.8 1.9 1.95 1.99

v 9.8 14.7 17.15 18.62 19.11 19.355 19.551

✛✖ ✖✡☞❅✡✏ ✖✌ ✩✒ ✈♦❁✡✌✗✤ ✗☞✚✌ ✩☛✘ ✾✗ ✒✡✓✔ ♦✌✕ ✿✏☞✌▲✿✏☞✌ ✎▼◆ ☞✩✡ ✩☛❣ ❖☛✖✌▲❖☛✖✌ t = 2

✦☞ ✖✒✡★✚ ✩✡✌✤✌ ♦✡❁✌ ✖✒✔✡✘✚☞✡❁✡✌✘✗✡✌ ❁✐✡P◗✡☞ ✎✤✡✚✌ ❖✡✚✌ ✩☛✘ ✩✒ ✢✌❄✡✚✌ ✩☛✘ ✾✗ t = 2 ✦☞ ✩✒ ♦✌✕ ✗✡ ❂✗

✎✩P✚ ✈❘❙✡ ✎✡✌✿ ✗☞ ✦✡✚✌ ✩☛✘❣ ✈✡❚✡✡ ✗☞✚✌ ✩☛✘ ✾✗ ❆❈❯❯ ✖✌♦✘✍✙ ✈✡☛☞ ✬ ✖✌♦✘✍✙ ♦✌✍ ✎✏✑ ♦P✍❙ ✈✦✧❱✔✡✾❚✡✚

✐✡❉✤✡ ✤ ✐✡❉✌ ✚✡✌ ✩✒ ✾✤❲✗❲✡✜ ✾✤✗✡❁✚✌ ✩☛✘ ✾✗ t = 2 ✖✌♦✘✍✙ ✦☞ ✒✡✓✔ ♦✌✕ 19.55 ✒✏❳✖✌ ✖✌ ✫✡✡✌✙◆✡ ✈✾✿

✗ ✩☛❣

✛✖ ✾✤❲✗❲✡✜ ✗✡✌ ✾✤❃✤✾❁✾❄✡✚ ✈✾✥✡✗❁✤✡✌✘ ♦✌✍ ✖✒P❘✑✔ ✖✌ ✾✗✘✾✑✚ ✎❁ ✾✒❁✚✡ ✩☛❣ t = 2 ✖✌♦✘✍✙

✖✌ ✦✧✡☞✘✥✡ ✗☞✚✌ ✩P❂ ✾♦✾♦✿ ✖✒✔✡✘✚☞✡❁✡✌✘ ✦☞ ✒✡✓✔ ♦✌✕ ✗✡ ✦✾☞✗❁✤ ✗✏✾❖❂❣ ✦✣♦✜ ✗✏ ✥✡✡❨✾✚ t = 2 ✖✌♦✘✍✙

✈✡☛☞ t = t
2
 ✖✌♦✘✍✙ ♦✌✍ ✎✏✑ ✒✡✓✔ ♦✌✕ ❊v❋

=
2

2

2  

2

t

t ❬

❭s❪❫❴❵ ❢❦♠♣ ❭❪s ❫❴❵ ❪❴s qt✉ ③④ ⑤t ⑥♣⑦ t

t s

0 0

1 4.9

1.5 11.025

1.8 15.876

1.9 17.689

1.95 18.63225

2 19.6

2.05 20.59225

2.1 21.609

2.2 23.716

2.5 30.625

3 44.1

4 78.4

●❍■❏❍❑ 13.1
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= 2

2

   2 

2

t

t

☎

☎

❧✆s ✝❛ ▼ ❡❛s ✥❀ ✞❤ ✟✇❥❤ ❧✆s ❛✝▼ ❡❛s ✥❀ ✞❤ ✟✇❥❤

= 2

2

  19.6

2

t

t

✠

✠

✡☛☞ ◗✌ ✍❦☞✌ ✎✌☞ ✏✑ ✒✓ ✔✕✖✓

❢✗✘✗❢✙❢✚✛✜ ✢✛✣✤✛✦ 13.3, t = 2 ✢✧★✩✪✫✛✧✩ ✬✛✭✣ t
2
 ✢✧★✩✪✫ ★✧✪ ✮✦✯ ✰✦✱✣ ✲✳❢✜ ✢✧★✩✪✫ ✰✧✩ ✰✛✴✵ ★✧✶

v ✷✧✜✦ ✸✭✹

✺✻✼✽✻✾ 13.3

t
2

4 3 2.5 2.2 2.1 2.05 2.01

v 29.4 24.5 22.05 20.58 20.09 19.845 19.649

✵✸✛✿ ✲❁✗✹ ✸✰ ✴✵✛✗ ✷✧✜✧ ✸✭✩ ❢❂ ✵❢✷ ✸✰ t = 2, ✢✧ ✲✳✛✣✩❃✛ ❂✣✜✧ ✸❁❄ ✙❅✛❁❆✛✣ ✢✰✵✛❇✜✣✛✙✛✧✩ ❂✛✧ ✙✧✜✧

t✛✜✧ ✸✭✩ ✜✛✧ ✸✰✧✩ t = 2 ✲✣ ★✧✶ ❂✛ ✬❢✐❂ ✬❈❉✛ ✮✛✧✐ ✸✛✧✜✛ ✸✭❊

✬❢❃✛❂✙✗✛✧✩ ★✧✪ ✲✳✈✛✰ ✢✰❁❈✯✵ ✰✧✩ ✸✰✗✧  t = 2 ✲✣ ✢✰✛❋✜ ✸✛✧✗✧ ★✛✙✧ ✮●❍✜✧ ✢✰✵✛❇✜✣✛✙✛✧✩ ✰✧✩ ✰✛✴✵

★✧✶ ♦✛✜ ❢❂✵✛ ✸✭ ✬✛✭✣ ✜✮ ✬✛■✛✛ ❂✦ ✸✭ ❢❂ t = 2 ✢✧ ❢❂✩❢✯✜ ✲❏★❑ ❂❁❉ ✬✲✳▲✵✛❢■✛✜ ❅✛✱✗✛ ✗ ❅✛✱✧❊

✬❢❃✛❂✙✗✛✧✩ ★✧✪ ❢◆✜✦✵ ✢✰❁❈✯✵ ✰✧✩ t = 2 ✲✣ ✬✩✜ ✸✛✧✗✧ ★✛✙✧ ❅✛✱✜✧ ✢✰✵✛✩✜✣✛✙✛✧✩✧✩ ✰✧✩ ✰✛✴✵ ★✧✶ ♦✛✜ ❢❂✵✛

✸✭ ✬✛✭✣ ✜✮ ✬✛■✛✛ ❂✦ ✸✭ ❢❂ t = 2 ★✧✪ ❢❂✩❢✯✜ ✮✛✷ ❂❁❉ ✬✲✳▲✵✛❢■✛✜ ❅✛✱✗✛ ✗ ❅✛✱✧❊ ❢★■✛❁❖ P✲ ✢✧

❃✛✛✭❢✜❂✦✵ ✬✛✐✛✣ ✲✣ ✰✛✴✵ ★✧✶ ★✧✪ ✵✧ ✷✛✧✗✛✧✩ ✬✗❁❘✰ ❄❂ ✢✰✛✗ ✢✦✰✛ ✲✣ ✲✸❁✿✯✗✧ ✯✛❢✸❄ ✸✰ ❢✗❢■✯✜

P✲ ✢✧ ❢✗❙❂❙✛❑ ❢✗❂✛✙✜✧ ✸✭✩ ❢❂ t = 2 ✲✣ ❢✲✩✫ ❂✛ ★✧✶ 19.551 ✰✦❚✢✧ ✬✛✭✣ 19.649 ✰✦❚✢✧ ★✧✪ ✮✦✯

✸✭❊ ✜❂✗✦❂✦ P✲ ✢✧ ✸✰ ❂✸ ✢❂✜✧ ✸✭✩

❢❂ t = 2 ✲✣ ✜✛▲❂✛❢✙❂ ★✧✶ 19.551

✰✦❚✢✧❯ ✬✛✭✣ 19.649 ✰✦❚✢✧❯ ★✧✪ ✮✦✯ ✸✭❊

t✭✢✛ ❢❂ ❃✛✙✦ ✲✳❂✛✣ ♦✛✜ ✸✭ ❢❂ ★✧✶ ✷❏✣✦

★✧✪ ✲❢✣★✜❑✗ ❂✦ ✷✣ ✸✭❊ ✬✜✹ ✸✰✗✧ t✛✧

❢✗❙✲✛❢✷✜ ❢❂✵✛❱ ★✸ ❢✗✘✗❢✙❢✚✛✜ ✸✭❊

➯❢★❢★✐ ❲✛✤✛ ✲✣ ✷❏✣✦ ✰✧✩ ✲❢✣★✜❑✗ ❂✦ ✷✣

❂✛ ✬✗❁✰✛✗ ✙✶✛✵✛ ✸✭❊ ✸✰ ❂✸✜✧ ✸✭✩ ❢❂

✷❏✣✦ ✲✪✙✗ s = 4.9t2 ❂✛ t = 2 ✲✣

✬★❂✙t 19.551 ✬✛✭✣ 19.649 ★✧✪ ✮✦✯

✰✧✩ ✸✭❊❳

❜✢ ✢✦✰✛ ❂✦ ✲✳❢❘✵✛ ❂✦ ❄❂

❢★❂❨✲ ❢★❢✐ ✬✛★❩✪❢✜ 13.1 ✰✧✩ ✷■✛✛❑❜❑ ✶❜❑
❬❭❪❫❴❵❝ 13.1
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❣✡☛ ☞❣ ✌✍✎✏ ✑✒☞ ✓t✮ ✔✕✡✖ ✗✘✙✘✕✚ ✛✏✜ ✢✣✕✤✕✖ ✑✏ ✢✥✦✧ ★✍ ✩✪✖✍ ✓s✮ ★✕ ✔✕✫✏✤✕ ❣✡☛ ✬✡✑✏✭✬✡✑✏

✑✒☞✕✦✎✖✕✫✕✏✦ ✛✏✜ ✔✚✯✰✒ h
1
, h

2
, ..., ★✍ ✑✍✒✕ ✣✕✪❞☞ ★✍ ✔✕✏✖ ✔✱✲✑✖ ❣✕✏✎✍ ❣✡ ✛✡✑✏ ❣✍ ✒✕✳☞ ✛✏✱✕✏✦ ✛✏✜

✔✱✲✑✖ ❣✕✏✚✏ ★✍ ✛❣✍ ✑✍✒✕ ❣✕✏✎✍ ❣✡ ✬✕✏

3 31 1 2 2

1 2 3

C BC B C B
, ,

AC AC AC
, ...

✛✏✜ ✔✚✯✥✕✎✕✏✦ ✛✏✜ ✔✚✯✰✒ ★✍ ❣✕✏✎✍ ❣✡♦ ✬❣✕✴  C
1
B

1
 = s

1
 – s

0
 ✛❣ ✩✪✖✍ ❣✡ ✬✕✏ ✢✥✦✧ ✑✒☞✕✦✎✖✕✫✕✏✦

h
1
 = AC

1 
✒✏✦ ✎☞ ★✖✎✕ ❣✡♦ ❡✵☞✕✢✩☛ ✔✕✛✶✜✢✎ 13.1 ✑✏ ☞❣ ✢✚✷★✷✕✸ ✢✚★✫✚✕ ✑✯✢✚✢✣✗✎ ❣✡ ✢★ ☞❣ ✌✕✩

★✍ ✔✚✯✰✒ ✛✰ ✛✏✜ ✢✌✦✩✯ A ✥✖ ✐✥✣✕✸✖✏✤✕✕ ✛✏✜ ✹✕✫ ★✍ ✔✕✏✖ ✔✱✲✑✖ ❣✕✏✎✍ ❣✡☛ ✩✪✑✖✏ ✣✕✺✩✕✏✦ ✒✏✦♦ t = 2

✑✒☞ ✥✖ ✢✥✦✧ ★✕ ✎✕✵★✕✢✫★ ✛✏✱ ✛✰ s = 4.9t2 ✛✏✜ t = 2 ✥✖ ✐✥✣✕✍✸ ✛✏✜ ✹✕✫ ✛✏✜ ✑✒✕✚ ❣✡☛

13.3 ✻✼✽✾✿❀ (Limits)

♠✥☞✯✸❁✎ ✢✛✛✏✗✚ ❡✑ ✎❂☞ ★✍ ✔✕✏✖ ✐✥✷✘✎☞✕ ✢✚✢✩✸✷✘ ★✖✎✕ ❣✡ ✢★ ❣✒✏✦ ✑✍✒✕ ★✍ ✥✲✢✰☞✕ ✔✕✡✖

✔✢✈★ ✐✥✷✘ ❃✥ ✑✏ ✑✒❄✚✏ ★✍ ✔✕✛✣☞★✎✕ ❣✡☛ ❣✒ ✑✍✒✕ ★✍ ✑✦★❅✥✚✕ ✑✏ ✥✢✖✢✗✎ ❣✕✏✚✏ ✛✏✜ ✢✫❆

✛✯✜❇ ✩✶✷✘✕✦✎✕✏✦ ✓illustrations✮ ★✕ ✔✳☞☞✚ ★✖✎✏ ❣✡ ✦☛

✥✜✫✚  f(x) = x2 ✥✖ ✢✛✗✕✖ ★✍✢✬❆☛ ✔✛✫✕✏★✚ ★✍✢✬❆ ✢★ ✬✡✑✏✭✬✡✑✏ x ★✕✏ ✣✕✪❞☞ ✛✏✜

✔✢✈★ ✢✚★✘ ✒✕✚ ✩✏✎✏ ❣✡ ✦♦ f(x) ★✕ ✒✕✚ ❈✕✍ 0 ★✍ ✔✕✏✖ ✔✱✲✑✖ ❣✕✏✎✕ ✬✕✎✕ ❣✡☛ (✩✏✤✕✏✦ ✔✕✛✶✜✢✎ ♥❉❊❋

✔✳☞✕☞ ♥) ❣✒ ★❣✎✏ ❣✡ ● ❍
0

lim 0
x

f x
■

❏

(❡✑✏  f (x) ★✍ ✑✍✒✕ ✣✕✪❞☞ ❣✡♦ ✬✌ x ✣✕✪❞☞ ★✍ ✔✕✏✖ ✔✱✲✑✖ ❣✕✏✎✕ ❣✡♦ ✥✹❑✕ ✬✕✎✕ ❣✡✮ f (x) ★✍ ✑✍✒✕♦

✬✌ x ✣✕✪❞☞ ★✍ ✔✕✏✖ ✔✱✲✑✖ ❣✕✏✎✕ ❣✡♦ ★✕✏ ❆✏✑✏ ✑✒❄✕ ✬✕❆ ✬✡✑✏ x = 0 ✥✖ f (x) ★✕ ✒✕✚ ❣✕✏✚✕ ✗✕✢❣❆☛

❖☞✕✥★ ❃✥ ✑✏ ✬✌  x ▲ a, f (x) ▲ l, ✎✌ l ★✕✏ ✥✜✫✚ f (x) ★✍ ✑✍✒✕ ★❣✕ ✬✕✎✕ ❣✡ ✔✕✡✖

❡✑✏ ❡✑ ✥✲★✕✖ ✢✫✤✕✕ ✬✕✎✕ ❣✡  ▼ ◆lim
x a

f x l
P

◗ .

✥✜✫✚ g(x) = |x|, x ❘ 0 ✥✖ ✢✛✗✕✖ ★✍✢✬❆☛ ✳☞✕✚ ✩✍✢✬❆ ✢★ g(0) ✥✢✖❈✕✕✢✷✕✎ ✚❣✍✦ ❣✡☛ x  ✛✏✜

❋ ✛✏✜ ✔✵☞✢✈★ ✢✚★✘ ✒✕✚✕✏✦ ✛✏✜ ✢✫❆ g(x) ✛✏✜ ✒✕✚ ★✕ ✥✢✖★✫✚ ★✖✚✏ ✛✏✜ ✢✫❆ ❣✒ ✩✏✤✕✎✏ ❣✡ ✦ ✢★

g(x) ★✕ ✒✕✚ ❋ ★✍ ✔✕✏✖ ✔✱✲✑✖ ★✖✎✕ ❣✡☛ ❡✑✢✫❆
0

lim
x❙  g(x) = 0. x ❘ 0 ✛✏✜ ✢✫❆  y = |x| ✛✏✜

✔✕✫✏✤✕ ✑✏ ☞❣ ✑❣✬✎✕ ✑✏ ✐✥✷✘ ❣✕✏✎✕ ❣✡☛  (✩✏✤✕✏ ✦ ✔✕✛✶✜✢✎ ♥❉❊❚ ✔✳☞✕☞ ♥)

✢✚❢✚✢✫✢✤✕✎ ✥✜✫✚ ✥✖ ✢✛✗✕✖ ★✍✢✬❆❯  ❱ ❲
2 4

, 2
2

x
h x x

x

❳
❨ ❩

❳
.

x ✛✏✜ ♥ ✛✏✜ ✔✵☞✢✈★ ✢✚★✘ ✒✕✚✕✏ ✦ ✓✫✏✢★✚ ♥ ✚❣✍✦✮ ✛✏✜ ✢✫❆  h(x) ✛✏✜ ✒✕✚ ★✕ ✥✢✖★✫✚
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❞☎✆✝✞✟ ✠✡☛ ☞✌✍✎ ❞✡✏ ☞✌☎❞✡✑ ❞✑✡✒✞ ✆❞ ✓✔✡☎ ✕✡✖

✹ ✌✏✗ ✆✖❞✘ ✙✚✎✟ ✍✙✡✛ ✜✠✡✌✢✗✆✣ ✤✥✦✧★ ✕✏✎ ✆✩✞ ☛✗✪✖

y = h(x) ✌✏✗ ✠✡✪✏♦✡ ☛✑ ✆✌✫✡✑ ❞✑✖✏ ✓✏ ✒✓❞✡✏ ✆❞✎✆✫✣

❝✪ ✆✕✪✣✡ ✙✚✟

✒✖ ✓✔✡☎ ✩✢❜✘✡✎✣✡✏✎ ✓✏ ✞❞ ✆✩✞ ✕✡✖ x = a ☛✑ ☛✗✪✖

✌✏✗ ✝✡✏ ✕✡✖ ✬✭✙✮✡ ❞✑ ✖✏ ✫✡✆✙✞ ✌✏ ✌✡☞✣✌ ✕✏✎ ✒✓ ☛✑

✠✡✈✡✆✑✣ ✖✙☎✎ ✙✚✎ ✆❞ x ✌✚✗✓✏ a ❞☎ ✠✡✏✑ ✠✬✭✓✑ ✙✡✏✣✡ ✙✚✟

è✍✡✖ ✩☎✆✝✞ ✆❞ x ✌✏✗ ✓✎♦✍✡ a ❞☎ ✠✡✏✑ ✠✬✭✓✑ ✙✡✏✖✏

✌✏✗ ✆✪✞ ✍✡ ✣✡✏ ❝✡✒✯ ✠✡✏✑ ✍✡ ✩✡✒✯ ✠✡✏✑ ✙✚✰ ✠✱✡✡✲✣✳ x ✌✏✗

✆✖❞✘ ✓✔✡☎ ✕✡✖ ✍✡ ✣✡✏ a ✓✏ ❞✕ ✙✡✏ ✓❞✣✏ ✙✚✎ ✍✡ a ✓✏

✠✆✈❞ ✙✡✏ ✓❞✣✏ ✙✚✎✟ ✒✓✓✏ ☞✌✡✔✡✡✆✌❞ ✴☛ ✓✏ ✩✡✏ ✓☎✕✡✞✛

✵ ❝✡✞✛ ☛✶✡ ❞☎ ✓☎✕✡ ✠✡✚✑ ✩✡✞✛ ☛✶✡ ❞☎ ✓☎✕✡ ☛✭✏✆✑✣ ✙✡✏✣☎

✙✚✟ ☛✗✪✖ f  ✌✏✗ ✩✡✞✛ ☛✶✡ ❞☎ ✓☎✕✡ f(x) ❞✡ ✌✙ ✕✡✖ ✙✚

✝✡✏ f(x) ✌✏✗ ✕✡✖ ✓✏ ✠✡✩✏✆✷✡✣ ✙✡✏✣✡ ✙✚ ✝❝ x, a ✌✏✗ ✩✡✒✯ ✠✡✏✑ ✠✬✭✓✑ ✙✡✏✣✡ ✙✚✟ ✒✓☎ ☛✭❞✡✑ ❝✡✞✛ ☛✶✡ ❞☎

✓☎✕✡✟ ✒✓✌✏✗ ✩✢❜✘✡✎✣ ✌✏✗ ✆✪✞✰ ☛✗✪✖ ☛✑ ✆✌✫✡✑ ❞☎✆✝✞

✸ ✺
1, 0

2, 0

x
f x

x

✻✼
✽ ✾

✿❀

✠✡✌✢✗✆✣ 13.3 ✕✏✎ ✒✓ ☛✗✪✖ ❞✡ ✠✡✪✏♦✡ ✩✷✡✡✲✍✡ ✬✍✡ ✙✚ ✍✙

☞☛❜✘ ✙✚ ✆❞ ▲ ☛✑ f  ❞✡ ✕✡✖ x ❁ 0 ✌✏✗ ✆✪✞ f (x) ✌✏✗ ✕✡✖ ✓✏

☛✑ ✆✖✔✡✲✑ ❞✑✣✡ ✙✚ ✝✡✏ ✆❞ ✤ ✌✏✗ ✓✕✡✖ ✙✚ ✠✱✡✡✲✣✳ ✷✡✐❂✍ ☛✑ f (x) ✌✏✗

❝✡✞✛ ☛✶✡ ❞☎ ✓☎✕✡
0

lim ( ) 1
x

f x
❃

❄ ✙✚✟ ✒✓☎ ☛✭❞✡✑ ▲ ☛✑ f ❞✡ ✕✡✖

x > ▲ ✌✏✗ ✆✪✞ f (x) ✌✏✗ ✕✡✖ ☛✑ ✆✖✔✡✲✑ ❞✑✣✡ ✙✚✰ ✧ ✙✚ ✠✱✡✡✲✣✳ ▲

✌✏✗ ✩✡✞✛ ☛✶✡ ❞☎ ✓☎✕✡
0

lim ( ) 2
x

f x❅❃
❄  ✙✚✟ ✒✓ ✆☞✱✡✆✣ ✕✏✎ ❝✡✞✛ ✠✡✚✑

✩✡✞✛ ☛✶✡ ❞☎ ✓☎✕✡✞✛ ✆✔✡❂✖✵✆✔✡❂✖ ✙✚✎ ✠✡✚✑ ✠✣♥ ✙✕ ❞✙ ✓❞✣✏ ✙✚✎ ✆❞ ✝❝ x ✷✡✐❂✍ ❞☎ ✠✡✏✑ ✠✬✭✓✑

✙✡✏✣✡ ✙✚ ✣❝ f (x) ❞☎ ✓☎✕✡ ✠✆☞✣❆✌✙☎✖ ✙✚✟ ✜✔✡✪✏ ✙☎ ☛✗✪✖ ▲ ☛✑ ☛✆✑✔✡✡✆❜✡✣ ✙✚✟★

❧❇❈❇❉❊❇

  ✙✕ ❞✙✣✏ ✙✚✎ ✆❞ lim
x a❃ –  f(x), x = a ☛✑ f (x)  ❞✡ ✠☛✏✆✶✡✣ ✜expected★ ✕✡✖ ✙✚✎✰ ✆✝✓✖✏ x ✌✏✗

❝✡✒✯ ✠✡✏✑ ✆✖❞✘ ✕✡✖✡✏✎ ✌✏✗ ✆✪✞ f (x) ❞✡✏ ✕✡✖ ✆✩✞ ✙✚✎✟ ✒✓ ✕✡✖ ❞✡✏ a ☛✑ f (x) ❞☎ ❝✡✞✛ ❋●❍

■❏ ❑❏▼❍ ❞✙✣✏ ✙✚✎✟

◆❍❖P◗❘❙  13.2

❚❯❱❲❳❨❩ 13.3
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❣✡ ☛❣☞✌ ❣✍✎ ✏☛ lim ( )
x a

f x✑✒
,  x = a  ✐✓  f (x) ☛❞ ✔✐✌✏✕❞☞ ✡❞✖ ❣✍ ✏✗✘✡✌✎ x ♦✌✙ a ♦✌✙ ✚❞✛✜

✔❞✌✓ ♦✌✙ ✏✖☛✈ ✡❞✖❞✌✎ ♦✌✙ ✏✢✣ f(x) ♦✌✙ ✡❞✖ ✏✚✣ ❣✍✎✤ ✛✘ ✡❞✖ ☛❞✌ a ✐✓ f (x) ☛✥ ✚❞✣✦ ✐✕❞ ☛✥

✘✥✡❞ ☛❣☞✌ ❣✍✎✤

❀✏✚ ✚❞✣✦ ✔❞✍✓ ✧❞✣✦ ✐✕❞ ☛✥ ✘✥✡❞✣✦ ✘✎✐❞☞✥ ❣❞✌✎ ☞❞✌ ❣✡ ✛✘ ★✩❞❀✏✖✪✫ ✡❞✖ ☛❞✌ x = a ✐✓  f(x)

☛✥ ✬✭✮✯ ☛❣☞✌ ❣✍✎ ✔❞✍✓ ✛✘✌ lim
x a✒  f(x) ✘✌ ✏✖✰✏✐☞ ☛✓☞✌ ❣✍✎✤

❀✏✚ ✚❞✣✦ ✔❞✍✓ ✧❞✣✦ ✐✕❞ ☛✥ ✘✥✡❞✣✦ ✘✎✐❞☞✥ ✖❣✥✎ ❣❞✌✎ ☞❞✌ ❀❣ ☛❣❞ ✗❞☞❞ ❣✍ ✏☛ x = a ✐✓ f(x)

☛✥ ✘✥✡❞ ✔✏✱☞✲♦❣✥✖ ❣✍✤

♥✳✴✵✯✶✷ 1 (Illustration 1) ✐✙✢✖  f(x) = x + 10 ✐✓ ✏♦✸❞✓ ☛✥✏✗✣✤ ❣✡ x = 5 ✐✓ ✐✙✢✖ ☛✥ ✘✥✡❞

❑❞☞ ☛✓✖❞ ✸❞❣✌✎✹✌✤ ✔❞✛✣✺ ❣✡ ✻ ♦✌✙ ✔✲❀✎☞ ✏✖☛✈ x ♦✌✙ ✡❞✖❞✌✎ ♦✌✙ ✏✢✣ f ♦✌✙ ✡❞✖ ☛❞ ✐✏✓☛✢✖ ☛✓✌✎✤

✻ ♦✌✙ ✔✲❀✎☞ ✏✖☛✈ ✧❞✛✜ ✔❞✌✓ ♦✼✙✽ ✏✧✎✚✼ ✾✿❁✺ ✾✿❁✻✺ ✾✿❁❁✾✺ ✾✿❁❁✻✿✿✿ ✛✲❀❞✏✚ ❣✍✎✎✤ ✛✖ ✏✧✎✚✼✔❞✌✎ ✐✓ f(x)

♦✌✙ ✡❞✖ ✖✥✸✌ ✘❞✓❂❞✥✧❃ ❣✍✎✤ ✛✘✥ ✐❄☛❞✓✺ ✻ ♦✌✙ ✔✲❀✎☞ ✏✖☛✈ ✔❞✍✓ ✚❞✛✜ ✔❞✌✓ ♦❞✱☞✏♦☛ ✘✎❅❀❞✣✦ ✻✿❆❆❇✺

✻✿❆❇✺ ✻✿❇ ✩❞✥ ❣✍✎✤ ✛✖ ✏✧✎✚✼✔❞✌✎ ✐✓ ✩❞✥ ✐✙✢✖ ♦✌✙ ✡❞✖ ✘❞✓❂❞✥ ❇❈✿✾ ✡✌✎ ✏✚✣ ❣✍✎✤

✬✯❉❊✯✭ 13.4

✘❞✓❂❞✥ 13.4 ✘✌ ❣✡ ✏✖✹✏✡☞ ☛✓☞✌ ❣✍✎ ✏☛ f(x) ☛❞ ✡❞✖ ❇✾✿❁❁✻ ✘✌ ✧❋●❞ ✔❞✍✓ ❇✻✿❆❆❇ ✘✌ ✽❞✌✈❞

❣✍✺ ❀❣ ☛❍✐✖❞ ☛✓☞✌ ❣✼✣ ✏☛ x = 4.995 ✔❞✍✓ ✻✿❆❆❇ ♦✌✙ ✧✥✸ ♦✼✙✽ ✔✐❄✲❀❞✏■❞☞ ❏❞✈✖❞ ❏❞✏✈☞ ✖ ❣❞✌✤

❀❣ ☛❍✐✖❞ ☛✓✖❞ ☞♦▲✙✘✎✹☞ ❣✍ ✏☛ ✻ ♦✌✙ ✧❞✛✜ ✔❞✌✓ ☛✥ ✘✎❅❀❞✔❞✌✎ ♦✌✙ ✏✢✣ x = 5 ✐✓  f (x) ☛❞ ✡❞✖

❇✻ ❣✍ ✔▼❞❞▲☞◆    ❖ P
–5

lim 15
x

f x
◗

❘

✛✘✥ ✐❄☛❞✓✺ ✗✧ x✺ ✻ ♦✌✙ ✚❞✛✜ ✔❞✌✓ ✔✹❄✘✓ ❣❞✌☞❞ ❣✍✺ f ☛❞ ✡❞✖ ❇✻ ❣❞✌✖❞ ✸❞✏❣✣ ✔▼❞❞▲☞◆

❙ ❚
5

lim 15
x

f x❯◗
❘

✔☞❱ ❀❣ ✘✎✩❞❞❲❀ ❣✍ ✏☛ f ♦✌✙ ✧❞✣✦ ✐✕❞ ☛✥ ✘✥✡❞ ✔❞✍✓ ✚❞✣✦ ✐✕❞ ☛✥ ✘✥✡❞✺ ✚❞✌✖❞✌✎ ❇✻ ♦✌✙ ✧✓❞✧✓

❣✎✍✤ ✛✘ ✐❄☛❞✓

❳ ❨ ❳ ❨ ❳ ❨
55 5

lim lim lim 15
xx x

f x f x f x❩ ❯ ◗◗ ◗
❘ ❘ ❘

✘✥✡❞ ❇✻ ♦✌✙ ✧✓❞✧✓ ❣❞✌✖✌ ♦✌✙ ✧❞✓✌ ✡✌✎ ❀❣ ✏✖✪☛✪❞▲ ✐✙✢✖ ♦✌✙ ✔❞✢✌❅❞ ✗❞✌ ✔❞♦❬✙✏☞ ❭✿❁❪ii❫ ✔❴❀❞❀ ❭

✡✌✎ ✏✚❀❞ ❣✍✺ ☛❞✌ ✚✌❅❞☛✓ ✏☛✎✏✸☞ ✧✢ ✚✌☞❞ ❣✍✤ ✛✘ ✔❞♦❬✙✏☞ ✡✌✎ ❣✡ ❴❀❞✖ ✚✌☞✌ ❣✍✎ ✏☛ ✗✍✘✌❡✗✍✘✌ x✺ ✻

x 4.9 4.95 4.99 4.995 5.001 5.01 5.1

f(x) 14.9 14.95 14.99 14.995 15.001 15.01 15.1
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♦☎✆ ✝✞ ✟✞☎ ✠✞✡☛ ☞✞☎✌ ✝✞ ✍✞✡☛ ☞✞☎✌ ☞✎✏✑✌ ✒✞☎✓ ✔✆✕✖ f (x) = x + 10 ✥✞ ☞✞✕☎✗✞ ✘✍✙✠✚ ✛✜✓ ✢✜✣ ✥✤

☞✞☎✌ ☞✎✏✑✌ ✒✞☎✟✞ ✈✞✟✞ ✒✦✙✧ ✒★ ✠☎✗✞✟☎ ✒✦✙ ✘✥ x = 5 ✔✌ ✩✞✤ ✔✆✕✖ ✥✞ ★✞✖ ✢✜ ♦☎✆ ✍✌✞✍✌

✒✞☎✟✞ ✒✦✧

♥✪✫✬✭✮✯ ✰ ✔✆✕✖ f(x) = x3 ✔✌ ✘♦✐✞✌ ✥✤✘✈✱✧ ☞✞✡✱ ✒★ x = 1 ✔✌ ✡✑ ✔✆✕✖ ✥✤ ✑✤★✞ ✲✞✟ ✥✌✖☎

✥✞ ✔✏✝✞✑ ✥✌☎✙✧ ✔❞♦✳♦✟✤✳ ✘✴✵✞✘✟ ✥✤ ✟✌✒ ✍✶✷✟☎ ✒✚✱ ✒★ x ♦☎✆ ✢ ♦☎✆ ✘✖✥✸ ★✞✖✞☎✙ ♦☎✆ ✘✕✱ f(x) ♦☎✆ ★✞✖✞☎✙

✥✞☎ ✑✞✌✹✞✤✍✺ ✥✌✟☎ ✒✦✙✧ ✡✑☎ ✑✞✌✹✞✤ ✢✻✼✜ ★☎✙ ✘✠✝✞ ✎✝✞ ✒✦✽

❧✭✾✿✭❀  13.5

✡✑ ✑✞✌✹✞✤ ✑☎ ✒★ ✘✖✎★✖ ✥✌✟☎ ✒✦✙ ✘✥ x = 1 ✔✌  f ✥✞ ★✞✖ 0.997002999 ✑☎ ☞✘❁✥ ☞✞✦✌

1.003003001 ✑☎ ✥★ ✒✦✓ ✝✒ ✥❂✔✖✞ ✥✌✟☎ ✒✚✱ ✘✥ x = 0.999 ☞✞✦✌ 1.001. ♦☎✆ ✍✤✐ ♦✚✆❃

☞✔✏❄✝✞✘❅✞✟ ❆✞✸✖✞ ❆✞✘✸✟ ✖ ✒✞☎✧ ✝✒ ★✞✖✖✞ ✟♦✳✆✑✙✎✟ ✒✦ ✘✥ x = 1 ✥✞ ★✞✖ ✢ ♦☎✆ ✍✞✡☛ ☞✞☎✌ ✥✤ ✑✙✗✝✞☞✞☎✙

✔✌ ✘✖✩✞✳✌ ✥✌✟✞ ✒✦ ☞✵✞✞✳✟❇

❈ ❉
1

lim 1
x

f x❊❋
● .

✡✑✤ ✔✏✥✞✌✓ ✈✍ x✓ ✢ ♦☎✆ ✠✞✡☛ ☞✞☎✌ ☞✎✏✑✌ ✒✞☎✟✞ ✒✦✓ ✟✞☎  f ✥✞ ★✞✖ ✢ ✒✞☎✖✞ ✐✞✘✒✱ ☞✵✞✞✳✟❇

❍ ■
1

lim 1
x

f x❏❑
▲ .

☞✟✽✓ ✝✒ ✑✙✩✞✞▼✝ ✒✦ ✘✥ ✍✞✱◆ ✔❖✞ ✥✤ ✑✤★✞ ☞✞✦✌ ✠✞✱◆ ✔❖✞ ✥✤ ✑✤★✞ ✠✞☎✖✞☎✙ ✢ ♦☎✆ ✍✌✞✍✌ ✒✞☎✙✧

✡✑ ✔✏✥✞✌

P ◗ P ◗ P ◗
11 1

lim lim lim 1
xx x

f x f x f x❘ ❏ ❑❑ ❑
▲ ▲ ▲

.

✑✤★✞ ✢ ♦☎✆ ✍✌✞✍✌ ✒✞☎✖☎ ✥✞ ✝✒ ✘✖❙✥❙✞✳ ✔✆✕✖ ♦☎✆ ☞✞✕☎✗✞ ✈✞☎ ☞✞♦❚✆✘✟ 2.11, ☞❯✝✞✝ 2 ★☎✙ ✘✠✝✞

✒✦✓ ✥✞☎ ✠☎✗✞✥✌ ✘✥✙✘✐✟ ✍✕ ✠☎✟✞ ✒✦✧ ✡✑ ☞✞♦❚✆✘✟ ★☎✙ ✒★ ❯✝✞✖ ✠☎✟☎ ✒✦✙ ✘✥ ✈✦✑☎❣✈✦✑☎ x✓ ✢ ♦☎✆ ✝✞ ✟✞☎

✠✞✡☛ ☞✞☎✌ ✝✞ ✍✞✡☛ ☞✞☎✌ ☞✎✏✑✌ ✒✞☎✓ ✔✆✕✖ f(x) = x3 ✥✞ ☞✞✕☎✗✞ ✘✍✙✠✚ ✛✢✓ ✢✣ ✥✤ ☞✞☎✌ ☞✎✏✑✌ ✒✞☎✟✞

✈✞✟✞ ✒✦✧

✒★ ✔✚✖✽ ☞♦✕✞☎✥✖ ✥✌✟☎ ✒✦✙ ✘✥ x = 1 ✔✌ ✔✆✕✖ ✥✞ ★✞✖ ✩✞✤ ✢ ♦☎✆ ✍✌✞✍✌ ✒✦✧

♥✪✫✬✭✮✯ 3 ✔✆✕✖ f(x) = 3x ✔✌ ✘♦✐✞✌ ✥✤✘✈✱✧ ☞✞✡✱✓ x = 2 ✔✌ ✡✑ ✔✆✕✖ ✥✤ ✑✤★✞ ✲✞✟ ✥✌✖☎ ✥✞

✔✏✝✞✑ ✥✌☎✙✧ ✘✖❱✖✘✕✘✗✞✟ ✑✞✌✹✞✤ 13.6 ✴♦✟✽ ✴✔❙✸ ✥✌✟✤ ✒✦✧

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 0.729 0.970299 0.997002999 1.003003001 1.030301 1.331
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✡☛☞✌☛✍ 13.6

x 1.9 1.95 1.99 1.999 2.001 2.01 2.1

f(x) 5.7 5.85 5.97 5.997 6.003 6.03 6.3

✐✎✏✑✏✒ ✓✔ ✕✏✖✗✘✙✚ ✙✛✒✘ ✓✜✢ ✣✙  x ❀✗ ✒✗✘ ✤✗✥✦ ❀✗ ✧✗✥✦ ★ ✙✩ ✕✗✘✛ ✕✪✫✬✛ ✓✗✘✒✗ ✓✜✭  f(x)

✙✗ ✔✗✚ ❞ ✙✩ ✕✗✘✛ ✕✪✫✬✛ ✓✗✘✒✗ ✓✮✕✗ ✐✫✒✩✒ ✓✗✘✒✗ ✓✜✯ ✓✔ ✰✬✘✭ ✰✬ ✐✫✙✗✛ ✕✣✱✗✖✘✣✲✗✒ ✙✛ ✬✙✒✘

✓✜✢ ✣✙

✳ ✴ ✳ ✴ ✳ ✴
22 2

lim lim lim 6
xx x

f x f x f x✵ ✶ ✷✷ ✷
✸ ✸ ✸

✕✗✏✈✹✣✒ ✺✻✼✽ ✔✘✢ ✐✫✧✣✾✗✑✒ ✰✬✙✗ ✕✗✖✘✲✗ ✰✬ ✒✿❀ ✙✗✘

✤✖ ✧✘✒✗ ✓✜✯

❀✓✗✦ ✐✮✚❁ ✓✔ ❂❀✗✚ ✧✘✒✘ ✓✜✢ ✣✙ x = 2 ✐✛ ✐✹✖✚ ✙✗ ✔✗✚

x = 2 ✐✛ ✬✩✔✗ ✏✘✹ ✬✢✐✗✒✩ ✓✜✯

♥❃❄❅☛❆❇ ❈ ✕❉✛ ✐✹✖✚ f(x) = 3 ✐✛ ✣✏❉✗✛ ✙✩✣❊✥✯ ✕✗✰✥ ✓✔

x = 2 ✐✛ ✰✬✙✩ ✬✩✔✗ ❋✗✒ ✙✛✚✘ ✙✗ ✐✫❀✗✬ ✙✛✘✢✯ ❀✓ ✐✹✖✚

✕❉✛ ✐✹✖✚ ✓✗✘✚✘ ✙✘ ✙✗✛●✗ ✬✏✑❍✗ ✥✙ ✓✩ ✔✗✚ ■✰✬ ✣❏✿✗✣✒

✔✘✢ ✻❡ ✐✫✗❑✒ ✙✛✒✗ ✓✜ ✕✿✗✗✑✒▲ ★ ✏✘✹ ✕▼❀✢✒ ✣✚✙◆ ✣✤✢✧✮✕✗✘✢ ✏✘✹

✣✖✥ ✰✬✙✗ ✔✗✚ ✻ ✓✜✯ ✕✒❁

❖ P ❖ P ❖ P
2 22

lim lim lim 3
x xx

f x f x f x✶✷ ✷✷
✸ ✸ ✸

f(x) = 3 ✙✗ ✕✗✖✘✲✗ ✓✛ ✓✗✖✒ ✔✘✢ ■◗✭ ✻❡ ✬✘ ❊✗✚✘ ✏✗✖✩ x-✕❘✗ ✏✘✹ ✬✔✗✢✒✛ ✛✘✲✗✗ ✓✜ ✕✗✜✛

✕✗✏✈✹✣✒ 2.9, ✕❂❀✗❀ 2 ✔✘✢ ✧✾✗✗✑❀✗ ✪❀✗ ✓✜✯ ✰✬✬✘ ❀✓ ✱✗✩ ❏✐❙◆ ✓✜ ✣✙ ✕✱✗✩❙◆ ✬✩✔✗ ✻ ✓✜ ✒✿❀✒❁ ❀✓

✬✛✖✒✗ ✬✘ ✕✏✖✗✘✣✙✒ ✓✗✘✒✗ ✓✜ ✣✙ ✣✙✬✩ ✏✗❏✒✣✏✙ ✬✢✲❀✗ a ✏✘✹ ✣✖✥ ❚ ❯lim 3
x a

f x
❱

❲

♥❃❄❅☛❆❇ ❳ ✐✹✖✚  f(x) = x2 + x ✐✛ ✣✏❉✗✛ ✙✩✣❊✥✯ ✓✔ ❨ ❩
1

lim
x

f x
❬ ❋✗✒ ✙✛✚✗ ❉✗✓✒✘ ✓✜✢✯ ✓✔

x = 1 ✏✘✹ ✣✚✙◆ f(x) ✏✘✹ ✔✗✚ ✬✗✛●✗✩ 13.7 ✔✘✢ ✬✗✛●✗✩✤❭ ✙✛✒✘ ✓✜✢❁

✡☛☞✌☛✍ 13.7

x 0.9 0.99 0.999 1.01 1.1 1.2

f(x) 1.71 1.9701 1.997001 2.0301 2.31 2.64

❪❫❴❵❛❜❝  13.4
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❜☎☎✆ ✝✞ ✟✠✡☛☎☞✌✟ ✍✎✌✍✏✟ ✞✑✆✟✑ ✞✒ ✍✓

✔ ✕ ✔ ✕ ✔ ✕
11 1

lim lim lim 2
xx x

f x f x f x✖ ✗ ✘✘ ✘
✙ ✙ ✙ .

✈✑✠✚☛✍✟ ✛✜✢✣ ✏✆☞ ✤✥✑✑✡✦ f(x) = x2 + x  ✠✆☛

✈✑✧✆★✑ ☎✆ ✝✞ ✩✪✫✬ ✞✒ ✍✓ ✭✒☎✆✮✭✒☎✆ x, 1  ✓❞
✈✑✆✯ ✈✌✰☎✯ ✞✑✆✟✑ ✞✒✱ ✈✑✧✆★✑ ✲✛✱ ✳✴ ✓❞ ✈✑✆✯

✈✌✰☎✯ ✞✑✆✟✑ ✭✑✟✑ ✞✒✵

✈✟✶ ✞✏ ✪✷✎✶ ✪✰✆✸✑✹✑ ✓✯✟✆ ✞✒☞ ✍✓

1
lim
x✺  f (x) = f (1)

✈✻✱ ✍✎✼✎✍✧✍★✑✟ ✟❞✎ ✟✽✝✑✆☞ ✓✑✆ ✈✑✪

✩✠✝☞ ✓✑✆ ✩✠❞✓✑✯ ✓✯✑✦▲

2

1 1 1
lim 1, lim 1 lim 1 2
x x x

x x x
✾ ✾ ✾

✿ ✿ ❀ ✿❁❂❙❥

✟✻
2 2

1 1 1
lim lim 1 1 2 lim
x x x

x x x x
❃ ❃ ❃

❄ ❅❆ ❇ ❆ ❇ ❇ ❆❈ ❉ .

✟✽✑✑ ❊ ❋ ❊ ❋
2

1 1 1 1
lim . lim 1 1.2 2 lim 1 lim
x x x x

x x x x x x
❃ ❃ ❃ ❃

❄ ❅❄ ❅❆ ❇ ❇ ❇ ❆ ❇ ❆❈ ❉ ❈ ❉ .

♥●❍■❏❑▼ ◆ ✪☛✧✎ f(x) = sin x ✪✯ ✍✠✐✑✯ ✓❞✍✭✦✵ ✞✏✑✯❞ 
2

lim sin
x

x
❖❃

 ✏✆☞ ❡✍✐ ✞✒ ✭✞✑▲ ✓✑✆✹✑ ✯✆✍P✝✎ ✏✆☞

✏✑✪✑ ✌✝✑ ✞✒✵ ✝✞✑▲✱ ✞✏✎✆
2

◗
 ✠✆☛ ✍✎✓✬ f(x) ✠✆☛ ✏✑✎✑✆☞ ✲✍✎✓✬✟✏✴ ✓✑✆ ☎✑✯✹✑❞✻♦ ✍✓✝✑ ✞✒✵

❧❏❘❚❏❯ 13.8

x 0.1
2

❱
❲ 0.01

2

❱
❲ 0.01

2

❱
❳ 0.1

2

❱
❳

f(x) 0.9950 0.9999 0.9999 0.9950

❜☎☎✆ ✞✏ ✍✎✌✏✎ ✓✯ ☎✓✟✆ ✞✒☞ ✍✓
❨ ❩ ❨ ❩ ❨ ❩

22 2

lim lim lim 1
xx x

f x f x f x❬ ❭ ❪❪ ❪ ❫❫ ❫
❴ ❴ ❴

❜☎✠✆☛ ✈✍✟✍✯❵✟✱ ✝✞  f(x) = sin x ✠✆☛ ✈✑✧✆★✑ ☎✆ ✪✷✫✬ ✞✑✆✟✑ ✞✒ ✭✑✆ ✈✑✠✚☛✍✟ 3.8 ✈❛✝✑✝ 3

✏✆☞ ✍✤✝✑ ✞✒✵ ❜☎ ✍✩✽✑✍✟ ✏✆☞ ❝✑❞ ✞✏ ✤✆★✑✟✆ ✞✒☞ ✍✓

2

lim
x

❖❃
 sin x = 1.

❢❣❤❦♠♣q 13.5
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♥✡☛☞✌✍✎ 7 ✐✏✑✒  f(x) = x + cos x ✐✓ ✔✕✖✗✓ ✘✙✔✚✛✜ ✢✣
0

lim
x✤

f (x) ❑✗✥ ✘✓✒✗ ✖✗✢✥✦ ✢✧★✜

❀✢✗✩ ✢✣✒✦ ✪ ✕✦✏ ✔✒✘✫ f(x) ✕✦✏ ✣✗✒ ♦✔✒✘✫✥✣✬ ✭✗✓✮✗✙✯✰ ✔✘✛ ✢★✧✱ (✭✗✓✮✗✙ 13.9).

✲✌✳✴✌✵ 13.9

✭✗✓✮✗✙ 13.9, ✭✦ ✢✣ ✔✒✶✣✒ ✘✓ ✭✘✥✦ ✢★✧ ✔✘

✷ ✸ ✷ ✸ ✷ ✸
00 0

lim lim lim 1
xx x

f x f x f x✹ ✺ ✻✻ ✻
✼ ✼ ✼

❜✭ ✔✽✾✗✔✥ ✣✦✧ ✿✗✙ ✢✣ ✐❁✦❂✗✮✗ ✘✓✥✦ ✢★✧ ✔✘
0

lim
x❃

f (x) = f (0) = 1.

✈✯❄ ❅❀✗ ✈✗✐ ✽✕❀✧ ✘✗✦ ✽✕✙✘✗✓ ✘✓✗ ✭✘✥✦ ✢★✧ ✔✘

❆ ❇
0 0 0

lim cos lim lim cos
x x x

x x x x
✻ ✻ ✻

❈ ✼ ❈ ✕✗✽✥✕ ✣✦✧ ✭❉❀ ✢★?

♥✡☛☞✌✍✎ 8 0x ❊  ✕✦✏ ✔✑✛❄ ✐✏✑✒ ❋ ● 2

1
f x

x
❍  ✐✓ ✔✕✖✗✓ ✘✙✔✚✛✜ ✢✣ 

0
lim
x✤

f (x) ❑✗✥ ✘✓✒✗

✖✗✢✥✦ ✢★✧✜

❀✢✗✩❄ ✢✣ ✈✕✑✗✦✘✒ ✘✓✥✦ ✢★✧ ✔✘ ✐✏✑✒ ✘✗ ✐❁✗✧✥ ✭✿✗✙ ■✒✗❉✣✘ ✕✗✽✥✔✕✘ ✭✧❏❀✗✛✩ ✢★✧✜ ✈✥✱

✚✯ ✢✣ f(x) ✕✦✏ ✣✗✒ ✭✗✓✮✗✙✯✰ ✘✓✥✦ ✢★✧❄ x ▲✗▼◆❀ ✕✦✏ ✯✗❜❖ ✈✗✦✓ ✈✶❁✭✓ ✢✗✦✥✗ ✢★❄ ✘✗ ✘✗✦❜P ✈✾✗P ✒✢✙✧

✢★✜ ✒✙✖✦ ✢✣ ✪ ✕✦✏ ✔✒✘✫ x ✕✦✏ ■✒✗❉✣✘ ✣✗✒✗✦✧ ✕✦✏ ✔✑✛ ✐✏✑✒ ✕✦✏ ✣✗✒✗✦✧ ✘✗✦ ✭✗✓✮✗✙✯✰ ✘✓✥✦ ✢★✧✧ ♦❜✭

✭✗✓✮✗✙ ✣✦✧ n ✔✘✭✙ ■✒ ✐▼✮✗✗❖✘ ✘✗✦ ✔✒◗✔✐✥ ✘✓✥✗ ✢★✜

✒✙✖✦ ✉✙ ✶❜P ✭✗✓✮✗✙ ❘❙❚❘✪ ✭✦❄ ✢✣ ✉✦❏✗✥✦ ✢★✧ ✔✘ ✚✯ x, ✪ ✘✙ ✈✗✦✓ ✈✶❁✭✓ ✢✗✦✥✗ ✢★❄ f(x) ✯❯❱✗

✈✗★✓ ✯❯❱✗ ✢✗✦✥✗ ✚✗✥✗ ✢★✜ ❀✢✗✩ ❜✭✘✗ ✈✾✗P ✢★ ✔✘❄ f(x) ✘✗ ✣✗✒ ✔✘✭✙ ✉✙ ✭✧❏❀✗ ✭✦ ✿✗✙ ✯❯❱✗ ✔✘❀✗

✚✗ ✭✘✥✗ ✢★✜

✲✌✳✴✌✵ 13.10

x 1 0.1 0.01 10–n

f(x) 1 100 10000 102n

✶✔✮✗✥✙❀ ◗✐ ✭✦❄ ✢✣ ✘✢ ✭✘✥✦ ✢★✧ ❲ ❳
0

lim
x

f x
✻

✼ ❈❨

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) 0.9850 0.98995 0.9989995 1.0009995 1.00995 1.0950
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❣☎ ✆✝✞ ✟✠✡☛ ☞ ✡☛ ✌✍✎ ✏ ❣ ✑ ✒ ✆ ✌ ✓ ✔ ✟✡✕✖✗ ✘☎ ☎ ✏✒ ❣☎ ✓ ✔ ✟✙ ✌✡✍ ✌☛ ✔☛☎ ✡✚ ✡ ✏✒ ✌☛ ✛✛ ✡✜ ✢❣ ☛✒ ✌✍ ✏✒✣ ✏✤

♥ ✥✦✧ ★ ✩✪ 9 ❣☎ ✫ ✬
0

lim
x

f x
✭ , ❑ ✡✎ ✌✍ ✢✡ ✛ ✡❣ ✎ ✏ ❣✑ ✒✮ ✯❣ ✡ ✰

✱ ✲

2, 0

0 , 0

2, 0

x x

f x x

x x

✳ ✴✵
✶

✷ ✷✸
✶ ✹ ✺✻

✟❣ ✐ ✏ ✌☛ ✎✍❣ ❣ ☎ ✼ ✽✏✾ ✆ ✢✌✝ x ✽✏✾ ✆✐ ✿  f(x) ✌☛ ✔✡✍ ✠✡☛ ❞ ✢ ✡✎ ✏ ❣✑ ✒✤ ✟✙✏❀✡ ✠✡ ✌✍✎ ✏ ❣✑ ✒ ✆ ✌ x ✽✏ ✾

➼ ✠✡✡ ❁☎ ✌ ☎ ✡✢ ✡ ✏✒ ✽✏✾ ✆✐ ✿ ❣☎ ✏✒ x – 2 ✌✡ ☎ ✡ ✢ ✆ ✢ ✌✡✐ ✢ ✏ ✌☛ ✚ ✡ ✽❂✗ ✌✎ ✡ ❣ ✑ ✚ ✡✑✍ x ✽✏✾ ♦✢ ✡❁☎ ✌ ☎ ✡ ✢✡ ✏✒

✽✏ ✾ ✆✐ ✿ x + 2 ✌✡ ☎ ✡✢ ✆ ✢ ✌✡✐ ✢ ✏ ✌☛ ✚ ✡ ✽❂✗ ✌✎ ✡ ❣ ✡ ✏✎ ☛ ❣✑✤

❧★ ❃❄★ ❅ 13.11

✔✡✍ ✠✡☛ ❆ ❇ ❈❆ ❆ ✌☛ ✟✙❉ ✡☎ ✎ ☛ ✢ ✟✙✆ ✽✆❊✝✗ ✡ ✏✒ ✔✏ ✮ ❣☎ ✆ ✢✣☎ ✢ ✌✍✎ ✏ ❣ ✑ ✒ ✆✌ ✟✾✐ ✢ ✌✡ ☎ ✡ ✢ –2 ✎ ✌

❋✡✝ ✍❣ ✡ ❣✑ ✚ ✡✑✍

● ❍
0

lim 2
x

f x■❏
▲ ▼

✔✡✍ ✠✡☛ ✌☛ ✚ ✒✆✎ ☎ ✎☛ ✢ ✟✙✆✽✆❊✝✗ ✡✏ ✒ ✔✏✮ ❣☎ ✆ ✢✣☎ ✢ ✌✍✎ ✏ ❣ ✑ ✒ ✆ ✌

✟✾✐ ✢ ✌✡ ☎ ✡ ✢ ◆ ✎ ✌ ❞ ❖P ✍❣ ✡ ❣✑ ✚ ✡✑✍ ✚✎ ◗

❘ ❙
0

lim 2
x

f x❚✭
❯

❱✗ ✡ ✏✒✆ ✌ ✼ ✟✍ ❞ ✡✿ ✰ ✚ ✡✑✍ ❲ ✡✿ ✰ ✟❀✡ ✡ ✏✒ ✌☛ ✔☛☎ ✡✿ ✰ ✔✒✟✡✎ ☛ ✢❣ ☛✒ ❣ ✑ ✒✮

❣☎ ✌❣✎ ✏ ❣✑ ✒ ✆✌ ✼ ✟✍ ✟✾✐ ✢ ✌☛ ✔☛☎ ✡ ✚✆❳✎ ❁✽❣☛ ✢ ❣✑✤

✓✔ ✟✾✐ ✢ ✌✡ ✚ ✡✐ ✏❜ ✡ ✚ ✡✽❨✾✆✎ 13.6 ☎ ✏✒ ✆❲ ✗ ✡ ❣ ✑ ✗❣ ✡ ✰✮ ❣☎

✆✝✞ ✟✠✡☛ ✌✍✎ ✏ ❣ ✑ ✒ ✆ ✌ x = 0 ✟✍ ✟✾✐ ✢ ✌✡ ☎ ✡ ✢ ✟❩ ✠✡✜ ✎◗ ✟✆✍ ☞✡ ✡✆❊ ✡✎ ❣✑

✚ ✡✑✍ ✮ ✽✡❳✎ ✽ ☎ ✏✒✮ ✼ ✽✏✾ ❞✍ ✡❞✍ ❣ ✑ ✮ ✟✍ ✒✎ ✈ x = 0 ✟✍ ✟✾✐ ✢ ✌☛ ✔☛☎ ✡

✟✆✍ ☞ ✡✡✆❊ ✡✎ ☞ ✡☛ ✢❣☛ ✒ ❣✑✤

♥ ✥✦✧ ★ ✩✪ 10 ✿✌ ✚ ✒✆✎☎ ❲ ❨❊✝ ✡ ✒✎ ✽✏✾ ❬✟ ☎ ✏ ✒✮ ❣ ☎ ❭ ❪
1

lim
x

f x
❏ , ❑ ✡✎ ✌✍✎ ✏ ❣ ✑ ✒ ✯❞ ✆✌

❫ ❴
2 1

0 1

x x
f x

x

❵ ❛❝
❡ ❢

❡❤

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) – 2.1 – 2.01 – 2.001 2.001 2.01 2.1

❥★ ❦ ✥♠♣ ✪ 13.6
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✡☛☞✌☛✍ 13.12

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 2.9 2.99 2.999 3.001 3.01 3.1

✐✎✏✑ ✒✓ ✔✕✎✖ ✗ ✘✑✙ ✚✛✒✜ x ✘✑✙ ✚✏✥ ✎✢  f(x) ✘✑✙ ✢♦✛♦✑✣ ✒♦✑ ✤♦✕✦♦✓✧★ ✒✕✔✑ ✎✩✣✪ ✗ ✤✑ ✒✢

x ✘✑✙ ✚✏✥ f(x) ✢✑✣ ✢♦✛♦✑✣ ✤✑✖ ❡✎ ✐❣✔✓✔ ✎♦✑✔♦ ✎✩ ✚✒ x = 1 ✐✕ ✐✙✏✛ ✒♦ ✢♦✛ ✫ ✎♦✑✛♦ ✬♦✚✎✥ ✭✮♦♦✯✔✰

✱ ✲
1

lim 3
x

f x✳✴
✵

❜✤✓ ✐❣✒♦✕✖ ✗ ✤✑ ✧✶✷✑ x ✘✑✙ ✚✏✥  f(x) ✘✑✙ ✢♦✛♦✑✣ ✤✑ ✭♦✸✑✚✹♦✔ f(x) ✒♦ ✢♦✛ ✫ ✎♦✑✛♦ ✬♦✚✎✥✖

✭✮♦♦✯✔✰

✱ ✲
1

lim 3
x

f x✺✴
✵ .

✐✕✣✔✻ ✔✧ ✧♦✥✼ ✭♦✩✕ ✸♦✥✼ ✐✽♦♦✑ ✣ ✒✓ ✤✓✢♦✥✼ ✤✣✐♦✔✓ ✎✩✣ ✭♦✩✕

✭✔✈

        ✾ ✿ ✾ ✿ ✾ ✿
11 1

lim lim lim 3
xx x

f x f x f x✳ ✺ ✴✴ ✴
✵ ✵ ✵ .

✭♦✘❀✙✚✔ 13.7 ✢✑✣ ✐✙✏✛ ✒♦ ✭♦✏✑❁♦ ✤✓✢♦ ✘✑✙ ✧♦✕✑ ✢✑✣

✎✢♦✕✑ ✚✛❂✢✛ ✒♦✑ ✧✏ ✸✑✔♦ ✎✩✪ ❡✎♦✼✖ ✎✢ ❃❡♦✛ ✸✑✔✑ ✎✣✩ ✚✒

❖❡♦✐✒ ❄✐ ✤✑✖ ✥✒ ✚✸✥ ✚✧✣✸✻ ✐✕ ✐✙✏✛ ✒♦ ✢♦✛ ✭♦✩✕ ❜✤✒✓

✤✓✢♦ ✚❅♦❆✛❇✚❅♦❆✛ ✎♦✑ ✤✒✔✑ ✎✩✣ ❈❅♦✏✑ ✎✓ ✸♦✑✛♦✑✣ ✐✚✕❅♦♦✚❉♦✔ ✎♦✑✣✪❊

13.3.1  ❋●❍■❏■❑▲ ▼■ ◆●P◗❘❙■❚ (Algebra of limits) ♠✐❡✻✯❯✔ ✸❀❉✜♦✣✔♦✑ ✣ ✤✑✖ ✎✢ ✭✘✏♦✑✒✛ ✒✕

✬✻✘✑✙ ✎✩✣ ✚✒ ✤✓✢♦ ✐❣✚♣❡♦ ❡♦✑❂✖ ❖❡✘✒✏✛✖ ❂✻✦♦♦ ✭♦✩✕ ❅♦♦❂ ✒♦ ✐♦✏✛ ✒✕✔✓ ✎✩ ❱✧ ✔✒ ✚✒

✚✘✬♦✕♦❢✓✛ ✐✙✏✛ ✭♦✩✕ ✤✓✢♦✥✼ ✤✻✐✚✕❅♦♦✚❉♦✔ ✎✩✣✪ ❡✎ ✤✣❡♦✑❂ ✛✎✓✣ ✎✩✪ ✘♦❲✔✘ ✢✑✣✖ ✎✢ ❜✛✒♦✑ ✚✧✛♦ ♠✐✐✚❳♦

✘✑✙ ✐❣✢✑❡ ✘✑✙ ❄✐ ✢✑✣ ✭♦✩✐✬♦✚✕✒ ❄✐ ✸✑✔✑ ✎✩✣✪

❨❩❬❭❪ 1 ✢♦✛ ✏✓✚❱✥ ✚✒ f  ✭♦✩✕ g ✸♦✑ ✐✙✏✛ ✥✑✤✑ ✎✩✣ ✚✒ lim
x a❫

 f (x) ✭♦✩✕ lim
x a❫

 g(x) ✸♦✑✛♦✑✣ ✒♦ ✭✚❲✔♥✘

✎✩✪ ✔✧

  (i) ✸♦✑ ✐✙✏✛♦✑✣ ✘✑✙ ❡♦✑❂ ✒✓ ✤✓✢♦ ✐✙✏✛♦✑ ✣ ✒✓ ✤✓✢♦✭♦✑✣ ✒♦ ❡♦✑❂ ✎♦✑✔♦ ✎✩✖ ✭✮♦♦✯✔✰

lim
x a❫

[f(x) + g (x)] =  lim
x a❫

 f(x) +  lim
x a❫

 g(x).

❴☛❵❛❝❞❤ 13.7
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 (ii) ♥☎✆ ✝✞✟✠☎✆✡ ☛✆✞ ☞✡✌✍ ✎✏ ✑✏✒☎ ✝✞✟✠☎✆✡ ✎✏ ✑✏✒☎☞☎✆✡ ✎☎ ☞✡✌✍ ✓☎✆✌☎ ✓✔✕ ☞✖☎☎✗✌✘

lim
x a✙

[f(x) – g(x)] =  lim
x a✙

 f(x) –  lim
x a✙

 g(x).

(iii) ♥☎✆ ✝✞✟✠☎✆✡ ☛✆✞ ✚✛✜☎✠ ✎✏ ✑✏✒☎ ✝✞✟✠☎✆✡ ✎✏ ✑✏✒☎☞☎✆✡ ✎☎ ✚✛✜☎✠ ✓☎✆✌☎ ✓✔✕ ☞✖☎☎✗✌✘

lim
x a✙

 [f(x) . g(x)] =  lim
x a✙

 f(x).  lim
x a✙

 g(x).

(iv) ♥☎✆ ✝✞✟✠☎✆✡ ☛✆✞ ✢☎☎✚✝✞✟ ✎✏ ✑✏✒☎ ✝✞✟✠☎✆✡ ✎✏ ✑✏✒☎☞☎✆✡ ✎☎ ✢☎☎✚✝✞✟ ✓☎✆✌☎ ✓✔✕ ✣✤✥✦✎ ✓✍ ✧☎★✩✪✆✌✍

✓☎✆✌☎ ✓✔❣✕ ☞✖☎☎✗✌✘

✫ ✬

✫ ✬

✫ ✬

✫ ✬

lim
lim

lim

x a

x a

x a

f xf x

g x g x

✭
✭

✭

✮

❢✯✰✱✲✳✴ ✦☛✧☎✆✵☎ ✶✝ ✑✆ ✦✷✖☎✦✌ (iii) ✎✏ ❞✎ ✦☛✦✧☎✵✸ ✦✷✖☎✦✌ ✒✆✡ ✤✥ g(x) ❞✎ ❞✆✑☎ ☞✹✍ ✝✞✟✠ ✓✔

✦✎ ✦✎✑✏ ☛☎✷✌✦☛✎ ✑✡✺✪☎ ✻  ☛✆✞ ✦✟❞ g(x) = ✻   ✓✒ ✝☎✌✆ ✓✔✡

✼ ✽ ✼ ✽ ✼ ✽lim . .lim
x a x a

f x f x
✾ ✾

✿ ❀❁ ❂ ❁❃ ❄ .

☞✚✟✆ ♥☎✆ ☞✠✛✈❅✆♥☎✆✡ ✒✆✡✕ ✓✒ ♥❆✵✸☎✡✌ ♥✆✡✚✆ ✦✎ ❇✑ ✝❈✒✆✪ ✎☎✆ ✦☛✦✧☎✵✸ ✝❈✎☎✍ ☛✆✞ ✝✞✟✠☎✆✡ ✎✏ ✑✏✒☎☞☎✆✡

☛✆✞ ✒☎✠ ✝❈☎♦✌ ✎✍✠✆ ✒✆✡ ☛✔✞✑✆ ✝❈✪☎✆✚ ✦✎✪☎ ✤☎✌☎ ✓✔❉

13.3.2  ❝❊❋✱●✳❍■ ❏✳❑▲ ✱❢▲▼❍◆ ✱❖P◗✳❍■ ❘✴ ❙✴▼✳❚❯ ❱Limits of polynomials and rational

functions) ❞✎ ✝✞✟✠ f(x) ✥✓✛✝♥✏✪ ✝✞✟✠ ✎✓✟☎✌☎ ✓✔✕ ✪✦♥ f(x) ✧☎★✩✪ ✝✞✟✠ ✓✔ ✪☎ ✪✦♥

f(x) = a
0
 + a

1
x + a

2
x2 +. . . + a

n
xn, ✤✓☎t a

i
s ❞✆✑✏ ☛☎✷✌✦☛✎ ✑✡✺✪☎❞t ✓✔✡ ✦✎ ✦✎✑✏ ✝❈☎☛❆✞✌ ✑✡✺✪☎

n ☛✆✞ ✦✟❞ a
n
 ❲ 0

✓✒ ✤☎✠✌✆ ✓✔✡ ✦✎ lim
x a✙

x = a. ☞✌❳

❨ ❩
2 2lim lim . lim .lim .

x a x a x a x a
x x x x x a a a

✾ ✾ ✾ ✾
❂ ❂ ❂ ❂

n ✝✍ ☞☎✚✒✠ ✎☎ ✑✍✟ ☞✢✪☎✑ ✓✒✎☎✆ ✥✌☎✌☎ ✓✔ ✦✎

lim n n

x a
x a

✾
❂

☞✥✕ ✒☎✠ ✟✏✦✤❞ ❬ ❭
2

0 1 2 ... n
nf x a a x a x a x❪ ❫ ❫ ❫ ❫  ❞✎ ✥✓✛✝♥✏✪ ✝✞✟✠ ✓✔❉

2
0 1 2, , ,..., n

na a x a x a x  ✝❈✐✪✆✎ ✎☎✆ ❞✎ ✝✞✟✠ ✤✔✑☎ ✦☛✹☎✍✌✆ ✓✛❞✕ ✓✒ ✝☎✌✆ ✓✔✡ ✦✎

❴ ❵lim
x a

f x
❛ = 

2
0 1 2lim ... n

n
x a

a a x a x a x
✙

❜ ❡❤ ❤ ❤ ❤❥ ❦
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= 
2

0 1 2lim lim lim ... lim n
n

x a x a x a x a
a a x a x a x

✡ ✡ ✡ ✡
☛ ☛ ☛ ☛

= 
2

0 1 2lim lim ... lim n
n

x a x a x a
a a x a x a x

✡ ✡ ✡
☛ ☛ ☛ ☛

= 2
0 1 2 ... n

na a a a a a a☞ ☞ ☞ ☞

= ✌ ✍f a

✭✎✏✑✒✑✓✔✕ ✖✗✘✙ ✑✖ ✚✛✜✒✘ ✢✜✣✏✤✥✕ ✦✘✙ ✜✧★✣✘✖ ✔✗✩✛ ✖✛ ✚✛✪✑✔★✣ ✎✦✫ ✑✬✣✛ ✮✪✯✰

✱✖ ✜✲✬✒  f ✱✖ ✜✑✗✦✘✣ ✜✲✬✒ ✖✮✬✛✕✛ ✮✪ ✣✑✳ f(x) = 
✴ ✵

✴ ✵

g x

h x
, t✮✛✶ g(x) ✚✛✪✗ h(x) ✱✘✎✘

❝✮✏✜✳ ✮✪✙ ✑✖ h(x) ✷ 0. ✕✛✘

✸ ✹
✸ ✹

✸ ✹

✸ ✹

✸ ✹

✸ ✹

✸ ✹

lim
lim lim

lim

x a

x a x a

x a

g xg x g a
f x

h x h x h a

✺
✺ ✺

✺

✻ ✻ ✻

✣❀✑✜✼ ✣✑✳ h(a) = 0, ✳✛✘ ✑♥✽✛✑✕✣✛✶ ✮✪✙ – (i) t❝ g(a) ✷ 0 ✚✛✪✗ (ii) t❝  g(a) = 0. ✜✐✾✤ ✖✿

✑♥✽✛✑✕ ✦✘✙ ✮✦ ✖✮✕✘ ✮✪✙ ✑✖ ✎✿✦✛ ✖✛ ✚✑♥✕★✾ ✒✮✿✙ ✮✪✯ ❝✛✳ ✖✿ ✑♥✽✛✑✕ ✦✘✙ ✮✦

g(x) = (x – a)k g
1 
(x), t✮✛✶ k, g(x) ✦✘✙ (x – a) ✖✿ ✦✮❞✛✦ ❁✛✛✕ ✮✪✯ ❂✎✿ ✜✧✖✛✗

h(x) = (x – a) lh
1
 (x) ✥✣✛✘✙✑✖ h (a) = 0. ✚❝✼ ✣✑✳ k ❃ l, ✮✦ ✜✛✕✘ ✮✪✙

❄ ❅lim
x a

f x
❆  =

❇ ❈

❇ ❈

❇ ❈ ❇ ❈

❇ ❈ ❇ ❈

1

1

lim lim

lim lim

k

x a x a

l

x a x a

g x x a g x

h x x a h x

❉ ❉

❉ ❉

❊
❋

❊

=

● ❍
■ ❏

● ❍

● ❍

● ❍

● ❍

1
1

1 1

lim 0.
0

lim

k l

x a

x a

x a g x g a

h x h a

❑
▲

▲

▼
◆ ◆

✣✑✳ k < l, ✕✛✘ ✎✿✦✛ ✜✑✗r✛✛✑❖✛✕ ✒✮✿✙ ✮✪✯

♠P◗❘❙❚◗ 1 ✎✿✦✛✱✶ ❯✛✕ ✖✿✑t✱❱

(i)
3 2

1
lim 1
x

x x
▲

❲ ❳▼ ☞❨ ❩ (ii) ❬ ❭
3

lim 1
x

x x
✡

❪ ❫☛❴ ❵

(iii)
2 10

1
lim 1 ...
x

x x x
▲❑

❲ ❳☞ ☞ ☞ ☞❨ ❩ .
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❣☎  ✈✆ ✝ ✞✟✠ ✡✆ ✝ ✞ ✡ ✞☛✝☞✌ ✍✎✏✑ ✒ ✓ ✎✔✕ ✞✖ ✔✏ ✗✘ ✝✙✚ ✛✞ ✡ ✞☛✝☞✌ ✓✜✚ ✢ ✈ ✣✤ ✡ ✞☛✝☞✌ ✔✥✕ ✦ ✝ ✧✒✚✕ ✎✈ ✝✙✚ ✔★ ✔✏ ✗✘ ✝ ✙✚

✍✙✏ ☛✝✘ ✓✜✚ ✢ ✓☛ ✔ ✝ ✣ ✙ ✓✜✚

(i)
1

lim
x✩  [x3 – x2 + 1] = 13 – 12 + 1 = 1

(ii) ✪ ✫ ✪ ✫ ✪ ✫
3

lim 1 3 3 1 3 4 12
x

x x
✬

✭ ✮✯ ✰ ✯ ✰ ✰✱ ✲

(iii)
2 10

1
lim 1 ...
x

x x x
✩ ✳

✴ ✵✶ ✶ ✶ ✶✷ ✸  = 1 + (–1) + (–1)2 + ... + (–1)10

= 1 – 1 + 1 + ... + 1 = 1.

♠ ✹✺❣ ✻✼✺ 2 ✡ ✞☛✝☞✌ ❧ ✝ ✣ ✛ ✞✧✽☞✤

(i)

2

1

1
lim

100x

x

x✩

✴ ✵✶
✾ ✿

✶✷ ✸
(ii)

3 2

22

4 4
lim

4x

x x x

x✩

✴ ✵❀ ✶
✾ ✿

❀✷ ✸

(iii)

2

3 22

4
lim

4 4x

x

x x x✩

✴ ✵❀
✾ ✿

❀ ✶✷ ✸
(iv)

3 2

22

2
lim

5 6x

x x

x x✩

✴ ✵❀
✾ ✿

❀ ✶✷ ✸

(v) 2 3 21

2 1
lim

3 2x

x

x x x x x❁

❂❃ ❄
❂❅ ❆❂ ❂ ❇❈ ❉

.

❣☎ ✡✆ ✝✞ ✧✍❊ ✝★✝ ❋✞✘ ✔✏ ✗✘ ✔ ✧★ ☛✙✖ ✔✏ ✗✘ ✓✜✚ ✢ ✈ ✣✤ ● ✓☛ ✔ ✓✗ ✙ ✔ ✥✕ ✦✝ ✧✒ ✚✕ ✎✈ ✝ ✙✚ ✔★ ❍ ✘ ✔✏ ✗✘ ✝ ✙✚ ✍ ✙✏ ☛✝✘

✔ ✥✝✐ ✣ ✛★ ✣✙ ✓✜✚ ✢ ✖✧✕ ✖ ✓ 
0

0
, ✍ ✙✏ ♦✔ ✛✝ ✓✜● ✓☛ ■ ✎❏ ✝✘ ❑ ✝✚▲ ✝✙✚● ✽✝ ✙ ✡ ✞☛✝ ✍ ✙✏

0

0
 ✛ ✝ ♦✔ ✓✝ ✙✘ ✙ ✛ ✝ ✛ ✝★❏ ✝

✓✜● ✛ ✝ ✙ ✧✘ ★▼ ✣ ✛★ ✣ ✙ ✓✎☞ ✔✏ ✗✘ ✝ ✙✚ ✛ ✝ ✙ ✔✎✘✤ ✧✗ ❑ ✝ ✣✙ ✓✜✚ ✢

(i) ✓☛ ✔ ✝ ✣✙ ✓✜✚ 
2 2

1

1 1 1 2
lim

100 1 100 101x

x

x◆

❖ ❖
P P

❖ ❖

(ii) ◗ ✔★ ✔✏ ✗✘ ✛ ✝ ☛✝✘ ✔ ✥ ✝✐ ✣ ✛★✘ ✙ ✔★ ✓ ☛ ❍✡ ✙  
0

0
 ✛✝ ♦✔ ☛✙✚ ✔ ✝ ✣✙ ✓✜✚ ✢ ✈ ✣✤

3 2

22

4 4
lim

4x

x x x

x❁

❂ ❇

❂
 =

❘ ❙

❘ ❙ ❘ ❙

2

2

2
lim

2 2x

x x

x x❚

❯

❱ ❯
 = 

❲ ❳

❲ ❳2

2
lim

2x

x x

x❨

❩

❬ ❭ ✖✝ ✙✚ ✧✛ x ❪ 2

=
❫ ❴2 2 2 0

0
2 2 4

❵
❛ ❛

❜
.
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(iii) ✷ ✡☛ ✡☞✌✍ ✎✏ ✑✏✍ ✡✒✏✓✔ ✎☛✍✕ ✡☛✖ ✗✑ ✘✙✕
0

0
 ♦✕☞ ✚✡ ✑✕✛ ✡✏✔✕ ✗✜✛✖ ✢✔✣

2

3 22

4
lim

4 4x

x

x x x✤
✥

✥ ✦
 =

✧ ★✧ ★

✧ ★
22

2 2
lim

2x

x x

x x✩
✪ ✫

✫

=
✬ ✭

✬ ✭ ✬ ✭2

2 2 2 4
lim

2 2 2 2 0x

x

x x✮
✯ ✯

✰ ✰
✱ ✱

t✏✕✲✎ ✡✲☛✳✏✏✲✴✏✔ ✍✗✵✛ ✗✜✶

(iv) ✷ ✡☛ ✡☞✌✍ ✎✏ ✑✏✍ ✡✒✏✓✔ ✎☛✍✕ ✡☛✖ ✗✑ ✘✙✕  
0

0
 ♦✕☞ ✚✡ ✑✕✛ ✡✏✔✕ ✗✜✶ ✢✔✣

3 2

22

2
lim

5 6x

x x

x x✤
✥
✥ ✦

 =
✸ ✹

✸ ✹ ✸ ✹

2

2

2
lim

2 3x

x x

x x✺
✻

✻ ✻

=
✼ ✽

✼ ✽
22

2

2 4
lim 4

3 2 3 1x

x

x✾
✿ ✿ ✿ ❀

❀ ❀ ❀ .

(v) ✡✗✌✕ ✗✑ ✡☞✌✍ ✎✏✕ ✡✲☛✑✕✐ ✡☞✌✍ t✜✙✏ ✡❁✍✣ ✲✌❂✏✔✕ ✗✛✜✶

2 3 2

2 1

3 2

x

x x x x x

✥❃ ❄✥❅ ❆✥ ✥ ✦❇ ❈
 = ❉ ❊ ❋ ●

2

2 1

1 3 2

x

x x x x x

❍ ■✻❏ ❑✻
❏ ❑✻ ✻ ▲▼ ◆

= ❖ P ❖ P❖ P
2 1

1 1 2

x

x x x x x

◗ ❘❙
❙❚ ❯

❙ ❙ ❙❚ ❯❱ ❲

= ❳ ❨❳ ❨

2 4 4 1

1 2

x x

x x x

◗ ❘❙ ❩ ❙
❚ ❯

❙ ❙❚ ❯❱ ❲

= ❬ ❭❬ ❭

2 4 3

1 2

x x

x x x

❪ ❫
❪ ❪
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✶ ☎✆ ☎✝✞✟ ✠✡ ☛✡✟ ☎☞✡✌✍ ✠✆✟✎ ☎✆ ✏☛
0

0
 ✠✡ ❞☎ ☎✡✍✎ ✏✑✒✓ ✔✍✕

2

2 3 21

2 1
lim

3 2x

x

x x x x x✖

✗ ✘✙
✙✚ ✛

✙ ✙ ✜✢ ✣
=

✤ ✥✤ ✥

2

1

4 3
lim

1 2x

x x

x x x✦

✧ ★

✧ ✧

=
✩ ✪✩ ✪

✩ ✪✩ ✪1

3 1
lim

1 2x

x x

x x x✫

✬ ✬

✬ ✬

=
✭ ✮1

3
lim

2x

x

x x✖

✙

✙  = 
✯ ✰

1 3

1 1 2

✙

✙  = 2.

✏☛ ❣✱✌☎✲✡✳ ✠✆✍✎ ✏✑✒ ❣✠ ✴☎✵✷✸✹✍ ☛✡✟ ☎☞✡✌✍ ✠✆✟✎ ☛✎✒ ✏☛✟✎ ☎✺ (x – 1) ✠✡✎ ❣✟✆✻✍ ❣✠✵✡ ✹✵✡✎✒❣✠ 1x ✼ .

✽✠ ☛✏✾✿☎❀✲✡✸ ❁✳☛✡ ✠✡ ☛✡✟ ☎☞✡✌✍ ✠✆✟✡❂ ❃✡✎ ❣✠ ✔✡❄✎ ☎❣✆✲✡✡☛✡✎ ✒ ☛✎✒ ☎☞✵✷✹✍ ✏✡✎❄✳❂ ✟✳❅✎ ✽✠ ☎☞☛✎✵

✿✎✝ ❞☎ ☛✎✒ ☎☞✻✍✷✍ ✏✑✓

✐❆❇❈❉ 2 ❣✠❁✳ ❢✟ ☎❀✲✡✡❊✠ n ✿✎✝ ❣✞✽❂

1lim
n n

n

x a

x a
na

x a

❋
●

❍
■

❍
.

❏❑▲▼◆❖P  ✴☎✵✷✸✹✍ ☎☞☛✎✵ ☛✎✒ ❁✳☛✡ ✏✎✍✷ ♠✵✒❃✠ ❁✾✵ ✏✑ ❃◗❣✠ n ✠✡✎❘✸ ☎❣✆☛✎✵ ❁✒❙✵✡ ✏✑ ✔✡✑✆

a ❢✟✡✾☛✠ ✏✑✓

❚✐✐❯❱❲ (xn – an) ✠✡✎ (x – a), ❁✎ ❧✡✡❄ ✺✎✟✎ ☎✆❂ ✏☛ ✺✎❙✡✍✎ ✏✑✒ ❣✠

xn – an = (x–a) (xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

❘❁ ☎☞✠✡✆ lim lim
n n

x a x a

x a

x a❳ ❳

❨
❩

❨
(xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

= an – l + a an–2 +. . . + an–2 (a) +an–l

= an–1 + an – 1 +...+an–1 + an–1 (n ☎✺)

=
1n

na ❬

❚❭❲❪❫❴❲ 3 ☛✡✟ ❡✡✍ ✠✳❣❃✽

(i)  

15

101

1
lim

1x

x

x❵

❛

❛
(ii) 

0

1 1
lim
x

x

x●
❜ ❍
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❣✡  (i) ☛ ☞✌✍✎ ✏ ✌✑ ☛ ✒

15

101

1
lim

1x

x

x✓

✔

✔
=

15 10

1

1 1
lim

1 1x

x x

x x✕

✖ ✗✘ ✘
✙✚ ✛

✘ ✘✜ ✢

=

15 10

1 1

1 1
lim lim

1 1x x

x x

x x✕ ✕

✖ ✗ ✖ ✗✘ ✘
✙✚ ✛ ✚ ✛

✘ ✘✜ ✢ ✜ ✢

= 15 (1)14 ÷ 10(1)9   (♠✏✣ ✤✥✦ ✧ ✏★ ☞✎✣ ✑✎)

= 15 ÷ 10
3

2
✩

(ii) y = 1 + x, ❢✪✑✑✎ 1y ✫  ✪✒✑✎ 0.x ✬  ✧r

0

1 1
lim
x

x

x✭

✮ ✯
 =

1

1
lim

–1y

y

y✰

✱

=

1 1

2 2

1

1
lim

1y

y

y✕

✘

✘

=

1
1

2
1

(1)
2

✲
 (♠✏✣ ✤✥✦ ✧ ❢✳✴✏ ✵✌✶ ✑✎)  = 

1

2

13.4. ✷ ✸✹ ✺✹ ✻✼✹ ✷ ✽✾✿ ❀ ❁❂✡ ❃✹ ✻❄ ✺✿ ❅✿ ✽✹ ❆❇ (Limits of Trigonometric Functions)

❖✣ ✌✏❈ ❉✏ ✑✎ ❊ ✏ ❋● ❍ ✌✎ ■ ❏✎ ❋ r ✌✍✎ ☞✎ ■ ❢❍ ❑❍ ❢● ❢▲ ✌ ✧ ✧▼✣ ◆✏★ ☞✎ ✣ ✌✎ ■ ❏✎ ❋ ❉✏ ☞✎ ■ ❈☛✎ P◗❘ ❏✤❋❙ ❢❚ ✌❈ ✌✎ ✵✌ ❢☞✧✶✣

✏❋● ❍ ✌✎ ■ ❈✶ ✑✶ ☞✌✐ ✌✎ ■ ❈ ✌ ✏ ❢✍❈● ❍ ❈✍❍✎ ☞✎ ■ ✑ ✤● ❯ ✌ ☛ ✌✎

✪✌✧✎ ☛ ✒ ■t

❁❱✽ ✻❀ 3 ☞✌❍ ●✶ ❢✪◗ ✑ ☞✌❍ ✏★ ✌ ■✧ ❏✌●✎ ❡ ✌✎ ❏✌❲ ✧ ❢❏❈

☞ ✌❍ ✶✣ ✏ ❋● ❍  f ✐ ✌✒✍ g ◗✎✑✎ ☛ ✒ ■ ❢❈ ✏❢✍ ❯ ✌✌ ❳✌ ✌ ❏✎ ❋ ✏★ ✌■ ✧ ☞✎ ■

✑ ❯✌✶ x ❏✎ ❋ ❢● ◗ f (x) ❨ g( x) ❢❈✑✶ a ❏✎ ❋ ❢● ◗ ✣ ❢❡

lim
x a✕  f(x) ✐ ✌✒✍ lim

x a✕  g(x) ❡ ✌✎❍ ✌✎ ■ ❈ ✌ ✐ ❢❲ ✧ ♥❏ ☛ ✒ ✧ ✌✎

lim
x a✕  f(x) ❨ lim

x a✕  g(x) ❜✑✎ ✐ ✌ ❏❩ ❋❢✧ 13.8 ☞✎ ■ ❢❬❚ ✌ ✑✎

❲✏ ❳✳ ❢❈✣ ✌ P✣ ✌ ☛ ✒ t ✈❭ ❪❫❴ ❵❛ 13.8
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✐☎✆✝✞ 4 ❧✟✠✡☛☞✌ ✐☎✆✝✞ (Sandwich Theorem) ❡✍✎ ✏✑✒✓✔  f, g ✈✍✕✖ h ♦✍✗✘✒♦✙ ❡✍✎✑✚ ✛✜✏✎

✔✱✢✱ ✣✕✤ ✒✙ ✛✒✖✥✍✍✦✍✍ ♦✱✜ ✢♦✧✒✎✦★ ✛✩✍✤✘✍✱✤ ♦✱✜ ✢✥✍✑ x

♦✱✜ ✒✏✔ f (x) ✪ g( x) ✪ h(x). ✒✙✢✑ ♦✍✗✘✒♦✙

✢✤✫✚✍ a ♦ ✱✜ ✒✏✔ ✚✒✬ lim
x a✭   f(x) = l

= lim
x a✮  h(x), ✘✍ ✱  lim

x a✭
 g(x) = l. ❜✢ ✱

✈✍♦✯✜✒✘ 13.9 ❡✱✤ ✒✰✲✍ ✢✱ ✗✛✦✳ ✒✙✚✍ ✴✚✍ ✣✕✵

✒✲✍✙✍✱❢✍✒❡✘✑✚ ✛✜✏✎✍✱✤ ✢✱ ✢✤✶✤✒✷✘ ✒✎✸✎✒✏✒✫✍✘

❡✣✹♦✛✺❢✍✧ ✈✢✒❡✙✍ ✙✑ ✔✙ ✢✻✤✬✖ ✼✚✍✒❡✘✑✚

♠✛✛✒✽✍ ✎✑✰✱ ✛✩✗✘✻✘ ✣✕✾

✿
0

2
x❀ ❀  ♦✱✜ ✒✏✔  

sin
cos 1

x
x

x
❀ ❀  (*)

❁✐✐☛❂❃  ✣❡ ✓✍✎✘✱ ✣✕✤ ✒✙ sin (– x) =  – sin x ✈✍✕✖ cos( – x) = cos x. ✈✘✾
✿

0
2

x❀ ❀  ♦✱✜ ✒✏✔

✈✢✒❡✙✍ ✙✍✱ ✒✢❄ ✙✖✎✱ ♦✱✜ ✒✏✔ ✚✣ ✛✚✍✧❅✘ ✣✕✵

✈✍♦✯✜✒✘ 13.10, ❡✱✤ ✔✱✢✱ ❜✙✍❜✧ ♦✯✽✍ ✙✍ ♦✱✜✤✬✩ O ✣✕✵ ✙✍✱❢✍ AOC,

x ✖✱✒❥✚✎ ✙✍ ✣✕ ✈✍✕✖ 0 < x < 
❆

2
 ✵ ✖✱✫✍✍✫✍✤❥ BA ✈✍✕✖ CD, OA ♦✱✜ ✏✤✶♦✘

✣✤✕✵ ❜✢♦✱✜ ✈✒✘✒✖❣✘ AC ✙✍✱ ✒❡✏✍✚✍ ✴✚✍ ✣✕✵ ✘✶

❇OAC ✙✍ ❞✍✱✲✍✛✜✏ < ♦✯✽✍✫✍✤❥ OAC ❞✍✱✲✍✛✜✏ < ❇OAB ✙✍ ❞✍✱✲✍✛✜✏

✈❈✍✍✧✘❉
21 1

OA.CD .✿.(OA) OA.AB
2 2✿ 2

x
❀ ❀ .

✈❈✍✍✧✘❉ CD < x . OA < AB. ❊ OCD ❡✱✤

sin x = 
CD

OA
(✰✺♣✒✙ OC = OA) ✈✍✕✖ ✈✘✾ CD = OA sin x. ❜✢✙✱ ✈✒✘✒✖❣✘

tan x =
AB

OA
✈✍✕✖ ✈✘✾  AB = OA tan x. ❜✢ ✛✩✙✍✖

OA sin x < OA x < OA. tan x.

❣✚✍✱✤✒✙ ✏✤✶✍❜✧ OA ✷✎✍✹❡✙ ✣✕❋ ✣❡ ✛✍✘✱ ✣✕✤

sin x < x < tan x.

●❍■❏❑▲▼ 13.9

●❍■❏❑▲▼ 13.10
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❉✡☛☞✌✍✎ 0 < x <
✏

2
, sin x ✴✑☛✒✓✎ ✔✕ ✖☛✕✗ ✘✙ ✚✛✎☛✗ sin x, ✙☞ ✙✜☛✢ ✎☛☞ ✜☛☛✣ ✤☞✑☞ ✚✗✥ ✔✓ ✚☛✦☞ ✔✕✌

1<
1

sin cos

x

x x
✧  ✙✜☛✢ ✎☛ ★✡✩✒✪✓ ✎✗✑☞ ✚✗✥ ✔✓ ✚☛✦☞ ✔✕ ✌

sin
cos 1

x
x

x
✧ ✧  ♠✚✚✍✫☛ ✚✬✭☛✮ ✔✩✘✮✯

✐✰✱✲✳ 5 ✍✑❢✑✍✵✍✶☛✦ ✤☛☞ ✓✔✒✷✚✬✭☛✮ ✙✢✓☛✸✹ ✔✕✌✺

(i)
0

sin
lim 1
x

x

x✻
✼ (ii)

0

1 cos
lim 0
x

x

x✻

✽
✼

✾✐✐✿❀❁ (i) (*) ✓☞✌ ✖✙✍✓✎☛ ❡Inequality❂ ✷☞❃ ✖✑✩✙☛✗ ✚❃✵✑
sin x

x
, ✚❃✵✑ cos x ✖☛✕✗ ✖✈✗ ✚❃✵✑

✍❄✙✎☛ ✓☛✑ 1 ✔☛☞ ❄☛✦☛ ✔✕✥ ✷☞❃ ❅✢✈ ✓☞✌ ✍❆❇☛✦ ✔✕✯

✘✙✷☞❃ ✖✍✦✍✗❉✦ ❉✡☛☞✌✍✎
0

lim
x❈  cos x = 1, ✔✓ ✤☞✶☛✦☞ ✔✕✌ ✍✎ ✚✛✓☞✡ ✷☞❃ (i) ✎✢ ♠✚✚✍✫☛ ✙✕✌❞✍✷✈

✚✛✓☞✡ ✙☞ ✚✬✭☛✮ ✔✕✯

(ii) ✎☛☞ ✍✙❊ ✎✗✑☞ ✷☞❃ ✍✵✸✥ ✔✓ ✍❋☛✎☛☞✭☛✍✓✍✦ ✙✷✮✙✍✓✎☛ 1 – cos x = 2 sin2

2

x● ❍
■ ❏
❑ ▲

✎☛ ✚✛✡☛☞✣ ✎✗✦☞

✔✕✌✥ ✦❅
0

1 cos
lim
x

x

x✻

✽
 =

2

0 0

2sin sin
2 2

lim lim .sin
2

2

x x

x x

x

xx▼ ▼

◆ ❖ ◆ ❖
P ◗ P ◗

◆ ❖❘ ❙ ❘ ❙❚ P ◗
❘ ❙

=
0 0

sin
2

lim .limsin 1.0 0
2

2

x x

x

x

x▼ ▼

◆ ❖
P ◗

◆ ❖❘ ❙ ❚ ❚P ◗
❘ ❙

✖✷✵☛☞✎✑ ✎✢✍❄✸ ✍✎ ✔✓✑☞ ✖❆✚❯❱ ❲✚ ✙☞ ✘✙ ✦❇✡ ✎☛ ✚✛✡☛☞✣ ✍✎✡☛ ✔✕ ✍✎ 0x ❳  , 0
2

x
❨  ✷☞❃

✦✩r✡ ✔✕✯ ✘✙✎☛☞ y = 
2

x
 ✗✶☛✎✗ ✚✛✓☛✍✭☛✦ ✍✎✡☛ ❄☛ ✙✎✦☛ ✔✕✯
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♠☎✆✝✞✟✆ 4 ❡✠✡ ☛✠☞ ✌✍✎✏✑✒  (i) 
0

sin 4
lim

sin 2x

x

x✓
(ii) 

0

tan
lim
x

x

x✓

✝❣  (i)
0

sin 4
lim

sin 2x

x

x✓
 =

0

sin 4 2
lim . .2

4 sin 2x

x x

x x✔
✕ ✖
✗ ✘
✙ ✚

=
0

sin 4 sin 2
2.lim

4 2x

x x

x x✛
✜ ✢ ✜ ✢

✣✤ ✥ ✤ ✥
✦ ✧ ✦ ✧

=
4 0 2 0

sin 4 sin 2
2. lim lim

4 2x x

x x

x x✔ ✔
✕ ✖ ✕ ✖

★✗ ✘ ✗ ✘
✙ ✚ ✙ ✚

= 2.1.1 = 2 (✏t x ✩ 0, 4x ✩ 0 ☞r✠✠ 2x ✩ 0)

✪❡✠✫✬ ✭✠✮ ✪✯  (ii)
0

tan
lim
x

x

x✰
 = 

0

sin
lim

cosx

x

x x✛  = 
0 0

sin 1
lim . lim

cosx x

x

x x✓ ✓  = 1.1 = 1

✑✌ ✮✠❡✠✱✲ ✎✡✲❡✳ ✎✏✮✌✠✬ ✮✍❡✠✴✠✬✵ ✌✠ ❡✠✡ ✎✡✌✠✶☞✬ ✮❡✲ ✷✲✠✡ ❡✬✵ ✫✸✠✡✬ ✌✍ ✴✠✹✺✲✌☞✠

✪✯✳ ✎✡✻✡✎✶✎✸✠☞ ✪✯✒

❡✠✡✠ ✎✌ ✮✍❡✠  
✼ ✽

✼ ✽
lim
x a

f x

g x✾  ✌✠ ✴✎❞☞✿✹ ✪✯ ✴✠✯✫ ✪❡ ❀✮✌✠ ❡✠✡ ☛✠☞ ✌✫✡✠ ❁✠✪☞✬ ✪✯✵❂ ✭✪✶✬

✪❡ f (a)  ✴✠✯✫ g(a) ✹✬♦ ❡✠✡✠✬✵ ✌✠✬ ✏✠❃❁✬✵❂ ✲✎❄ ❄✠✬✡✠✬✵ ✺✠❅✱✲ ✪✯✵✳ ☞✠✬ ✪❡ ❄✬✸✠☞✬ ✪✯✵ ✎✌ ✲✎❄ ✪❡ ❆✮ ❇❈❉✠✡✸✠✵❊

✌✠✬ ✭ ❋✠●☞ ✌✫ ✮✌☞✬ ✪ ✯✵ ✏✠✬ ✭❄ ✮❡✠●☞ ✪✠✬✡✬ ✌✠ ✌✠✫❉✠ ✪✯✳ ✴r✠✠ ❍☞■ ❄✬✸✠ ✬ ✵ ✲✎❄ ✪❡

f(x) = f
1
 (x) f

2
(x) ✎✶✸✠ ✮✌✬✵ ✎✏✮✮✬ f

1
 (a) = 0 ✴✠✯✫ f

2
 (a) ❏ 0 ❂ ❀✮✍ ✭❋✌✠✫ g(x) = g

1
 (x)

g
2
(x),✎✶✸✠☞✬ ✪✯✵ ✏✪✠❃   g

1
(a) = 0 ✴✠✯✫ g

2
(a) ❏ 0. f(x) ✴✠✯✫ g(x) ❡✬✵ ✮✬ ❆❑✠✲✎✡▲▼ ❇❈❉✠✡✸✠✵❊ ◆✲✎❄

✮✵❑✠✹ ✪✯❧ ☞✠✬ ✎✡✫❞☞ ✌✫ ❄✬☞✬ ✪✯✵ ✴✠✯✫

❖ P

❖ P

❖ P

❖ P

f x p x

g x q x
◗ , ✏✪✠❃ q(x) ❏ 0    ✎✶✸✠☞✬ ✪✯✵ ✳

☞t
❘ ❙

❘ ❙

❘ ❙

❘ ❙
lim
x a

f x p a

g x q a❚
❯
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✐✡☛☞✌✍✎✏ 13.1

✑✒✓✔ 1 ✥✕ 22 ✖✗ ✘✔✙✔✘✚✘✛✜✖ ✥✢✣✜✤✜✕✦ ✧✕★ ✣✜✔ ✑✒✜✩✖ ✗✢✘✪✫✬

1.
3

lim 3
x

x
✭

✮ 2. ✯

22
lim

7x
x

✰
✱ ✲
✳✴ ✵

✶ ✷
3.

2

1
lim✸
r

r
✹

4.
4

4 3
lim

2x

x

x✺

✻

✼
5.

10 5

1

1
lim

1x

x x

x✽ ✾

✿ ✿

❀
6.

❁ ❂
5

0

1 1
lim
x

x

x❃

❄ ❅

7.  

2

22

3 10
lim

4x

x x

x✰

✳ ✳

✳
8.

4

23

81
lim

2 5 3x

x

x x✰

✳

✳ ✳
9.

0
lim

1x

ax b

cx❆

❇

❇

10. 

1

3

11
6

1
lim

1
z

z

z
✭

❈

❈
11.

2

21
lim , 0
x

ax bx c
a b c

cx bx a✰

❉ ❉
❉ ❉ ❊

❉ ❉

12. 
2

1 1

2lim
2x

x

x❋●

❍

❍
13.

0

sin
lim
x

ax

bx✺
14.  

0

sin
lim , , 0

sinx

ax
a b

bx✺
■

15. 
❏ ❑

❏ ❑▲

sin ▼
lim

▼ ▼x

x

x◆

❖

❖ 16.
0

cos
lim

Px

x

x✺ ✼
17.

0

cos2 1
lim

cos 1x

x

x✺

✼

✼

18. 
0

cos
lim

sinx

ax x x

b x✺

✻
19.

0
lim sec
x

x x
✭

20.  
0

sin
lim , , , 0

sinx

ax bx
a b a b

ax bx✺

✻
✻ ■

✻
,

21.
0

lim (cosec cot )
x

x x
✭

❈ 22.  ◗
2

tan 2
lim

❘

2
x

x

x❙ ❚

23.  ❯ ❱
0

lim
x

f x
❲  ✈❳❨❩ ❬ ❭

1
lim
x

f x
❲ , ❪❳❫ ❴❵❛❜❝❞ ❜❡❳❢ ❣ ❤

❣ ❤

2 3, 0

3 1 , 0

x x
f x

x x

✮ ❥❦
♠ ♥

✮ ♦♣
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24.  ☎ ✆
1

lim
x

f x
✝ , ❑✞✟ ✠✡☛☞✌✍ ☞✎✞✏ ✑ ✒

2

2

1, 1

1, 1

x x
f x

x x

✓ ✔ ✕✖
✗ ✘

✔ ✔ ✙✖✚

25.  ☎ ✆
0

lim
x

f x
✝ , ✠✞ ❞✞✛ ✜✢✞✣✟ ✠✡☛☞✌✍ ☞✎✞✏ ✤ ✥

| |
, 0

0, 0

x
x

f x x

x

✦
✧★

✩ ✪
★ ✩✫

26.  ✬ ✭
0

lim
x

f x
✮ , ❑✞✟ ✠✡☛☞✌✍ ☞✎✞✏ ✯ ✰

, 0
| |

0, 0

x
x

xf x

x

✱
✲✳

✴ ✵
✳ ✴✶

27.  ✬ ✭
5

lim
x

f x
✮ , ❑✞✟ ✠✡☛☞✌✍ ☞✎✞✏ ✷ ✸ | | 5f x x✩ ✹

28.  ❞✞✛ ❡✡☛☞✌ ✺ ✻

, 1

4, 1

, 1

a bx x

f x x

b ax x

✼ ✽✾
✿

❀ ❀❁
✿ ❂ ❃❄

✈✞❅❆ ❇☛❈
1

lim
x❉

f (x) = f (1) ✟✞r  a ✈✞❅❆ b ♦r❊ ❋●❍✞♦ ❞✞✛ ■❇✞ ✎❅●?

29. ❞✞✛ ❡✡☛☞✌ a
1
, a

2
, . . ., a

n
 ✈❏❆ ♦✞▲✟☛♦✠ ❋●▼❇ ✞✌✏ ✎ ❅ ✈✞ ❅❆ ✌✠ ✜❊❡✛

◆ ❖ ◆ ❖ ◆ ❖ ◆ ❖1 2 ... nf x x a x a x aP ◗ ◗ ◗  ❋r ✜☛❆❍✞✞☛❧✞✟ ✎❅❘
1

lim
x a❙  f (x) ■❇✞ ✎❅?

☛✠❋✡  a ❚ a
1
, a

2
, ..., a

n
, ♦r❊ ☛❡✌ lim

x a❯  f (x) ✠✞ ✜☛❆✠❡✛ ✠✡☛☞✌❘

30. ❇☛❈ ❱ ❲

1, 0

0, 0

1, 0

x x

f x x

x x

❳ ❨ ❩
❬

❭ ❭❪
❬ ❫ ❴❵

.

✟✞r a ♦r❊ ☛✠✛ ❞✞✛✞r● ♦r❊ ☛❡✌ lim
x a❛ f (x) ✠✞ ✈☛▲✟❜♦ ✎❅?

31. ❇☛❈ ✜❊❡✛  f(x), 
❝ ❢

21

2
lim ❣

1x

f x

x❤

✐
❥

✐
, ✠✞r ❋●✟❦❧♠ ✠❆✟✞ ✎❅✍ ✟✞r ✬ ✭

1
lim
x

f x
✮ ✠✞ ❞✞✛ ✜✢✞✣✟

✠✡☛☞✌❘
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32. ❢✡☛ ☞✌✍✎✎✏✡✎✑✒ m ✥✎✓✔ n ✕✑✖ ❢✗✘ ✙ ✚
0

lim
x

f x
✛ ✥✎✓✔ ✙ ✚

1
lim
x

f x
✛ ♥✎✑☛✎✑✒ ✡✎ ✥❢✜✢✣✕ ✤✓✦ ✧❢♥

★ ✩

2

3

, 0

, 0 1

, 1

mx n x

f x nx m x

nx m x

✪ ✫ ✬
✭

✮ ✫ ✯ ✯✰
✭

✫ ✱✲

13.5  ✈✳✴✵✶ (Derivatives)

✤❣ ✥☛✷✸✹✑♥ 13.2, ❣✑✒ ♥✑❡✎ ✺✷✕✑✖ ✤✓✒ ❢✡ ❢✕❢✕✻ ✼❣✧✎✒✢✔✎✗✎✑✒ ☞✔ ❢☞✒✽ ✡✾ ❢✜✿✎❢✢ ✡✎✑ ❀✎☛✡✔ ❁✼ ♥✔

✡✎✑ ❞✎✢ ✡✔☛✎ ✼✒❂✎✕ ✤✓ ❢❀✼✼✑ ❢☞✒✽ ✡✾ ❢✜✿✎❢✢ ☞❢✔✕❢✢❃✢ ✤✎✑ ✔✤✾ ✤✓❄ ✼❣✧ ✕✑✖ ❢✕❢✕✻ ❅✎✍✎✎✑✒ ☞✔ ✘✡

❢☛❢❆✺✢ ☞❇✎✺✗ ❈parameter❉ ✡✎ ❀✎☛☛✎ ✥✎✓✔ ❁✼ ♥✔ ✡✎✑ ❞✎✢ ✡✔☛✑ ✡✎ ☞❇✧✎✼ ✡✔☛✎ ❢❀✼✼✑ ❊✼❣✑✒

☞❢✔✕✢❃☛ ✤✎✑ ✔✤✎ ✤✓✦ ✥✣✧✒✢ ✐✧✎☞✡ ❋❢✺ ✡✎ ❢✕●✎✧ ✤✓❄ ✕✎✜✢❢✕✡ ❀✾✕☛ ✡✾ ✥☛✑✡ ❢✜✿✎❢✢✧✎❍ ✤✎✑✢✾ ✤✓✒

❢❀☛❣✑✒ ✘✑✼✾ ☞❇❢■✧✎ ✡✎✧✎❃❢❏✕✢ ✡✔☛✑ ✡✾ ✥✎✕❆✧✡✢✎ ✤✎✑✢✾ ✤✓❄ ❁♥✎✤✔✍✎✢❑ ✘✡ ▲✒✡✾ ✕✑✖ ✔❡✎▼✔❡✎✎✕

✡✔☛✑ ✕✎✗✑ ✐✧❢◆✢ ✕✑✖ ❢✗✘ ✼❣✧ ✕✑✖ ✥☛✑✡ ❅✎✍✎✎✑✒ ☞✔ ☞✎☛✾ ✡✾ ❖✤✔✎❊❃ ❀✎☛✡✔ ✧✤ ❀✎☛☛✎ ✥✎✕❆✧✡

✤✎✑✢✎ ✤✓ ❢✡ ▲✒✡✾ ✡P ✹✗✡☛✑ ✗❖✑❖✾✦ ❢✕❢✕✻ ✼❣✧✎✑✒ ☞✔ ✔✎✕✑✖▲ ✡✾ ◗❍✺✎❊❃ ❀✎☛✡✔ ✔✎✕✑✖▲ ✕✓❞✎❢☛✡✎✑✒

✡✎✑ ❁✼ ✧✿✎✎✿✎❃ ✕✑❖ ✕✑✖ ☞❢✔✡✗☛ ✡✾ ✥✎✕❆✧✡✢✎ ✤✎✑✢✾ ✤✓ ❢❀✼✼✑ ❁☞❖❇✤ ✡✎ ✔✎✕✑✖▲ ✼✑ ☞❇❅✎✑☞✍✎

✥✎✕❆✧✡ ✤✎✑❄ ❢✕❘✎✾✧ ✼✒✜✿✎✎☛✎✑✒ ✡✎✑ ❢✡✼✾ ❢✕❆✎✑●✎ ✜▲✎✡ ✕✑✖ ✕✢❃❣✎☛ ❣✌❙✧ ❀✎☛✡✔ ❊✼✕✑✖ ❣✌❙✧✎✑✒ ❣✑✒

☞❢✔✕✢❃☛ ✡✾ ❂✎❢✕●✧✕✎✍✎✾ ✡✔☛✾ ✥✎✕❆✧✡ ✤✎✑✢✾ ✤✓❄ ❊☛❣✑✒ ✥✎✓✔ ✘✑✼✾ ✥☛✑✡ ✥❏✧ ❢✜✿✎❢✢✧✎✑✒ ❣✑✒ ✧✤ ❀✎☛☛✎

✥❂✎✾●▲ ✤✎✑✢✎ ✤✓ ❢✡ ✘✡ ☞❇✎✺✗ ❣✑✒ ♥✌✼✔✑ ❢✡✼✾ ☞❇✎✺✗ ✕✑✖ ✼✎☞✑❅✎ ☞❢✔✕✢❃☛ ❢✡✼ ☞❇✡✎✔ ✤✎✑✢✎ ✤✓❚ ☞❢✔❂✎✎●✎✎

✕✑✖ ☞❇✎✒✢ ✕✑✖ ☞❇♥❘✎ ❢P✒♥✷ ☞✔ ☞✖✗☛ ✡✎ ✥✕✡✗❀ ❊✼ ❢✕●✎✧ ✡✎ ❣✷❡✧ ❁♦✑❆✧ ✤✓❄

❯❱❲❳❨❨❩❨❨ 1 ❣✎☛ ✗✾❢❀✘ f ❬❭ ❪❫❴❵❛❪❭ ❜❫❝❤❥ ❦♠♣❝ qr s❫rt ✉✇❭❤ ❦❛t①❫❫②❫❫ ❪③♠ ❦④❫⑤❵ ❜③⑤ ❬❭ ❛⑥⑤⑦⑧

a ✤✓❄ a ☞✔ f  ✡✎ ✥✕✡✗❀

⑨ ⑩ ⑨ ⑩

0
lim
h

f a h f a

h❶

❷ ❸

✼✑ ☞❢✔❂✎✎❢●✎✢ ✤✓ P❆✎✢✑❃ ❢✡ ❊✼ ✼✾❣✎ ✡✎ ✥❢✜✢✣✕ ✤✎✑❄ a ☞✔ f(x) ✡✎ ✥✕✡✗❀  f ’ (a) ✼✑ ❢☛❹❢☞✢

✤✎✑✢✎ ✤✓❄

✥✕✗✎✑✡☛ ✡✾❢❀✘ ❢✡  f❺ (a), a  ☞✔ x ✕✑✖ ✼✎☞✑❅✎ ☞❢✔✕✢❃☛ ✡✎ ☞❢✔❣✎✍✎ P✢✎✢✎ ✤✓❄

❻❼❨❽❲❾❨ 5 x = 2 ☞✔ ☞✖✗☛ f(x) = 3x ✡✎ ✥✕✡✗❀ ❞✎✢ ✡✾❢❀✘❄

❽❿  ✤❣ ☞✎✢✑ ✤✓✒ ➀ ➁' 2f  = 
➂ ➃ ➂ ➃

0

2 2
lim
h

f h f

h❶

❷ ❸
= 

➄ ➅ ➄ ➅

0

3 2 3 2
lim
h

h

h❶

❷ ❸
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= 
0 0 0

6 3 6 3
lim lim lim3 3
h h h

h h

h h☎ ☎ ☎

✆ ✝
✞ ✞ ✞ .

✈✟✠ x = 2 ✐✡ ✐☛☞✌ 3x ❞✍ ✈✎❞☞✏ ✑ ✒✓✔

♠✕✖✗✘✙✖ 6   x =  –1 ✐✡ ✐☛☞✌ f(x) = 2x2 + 3x – 5 ❞✍ ✈✎❞☞✏ ✚✍✟ ❞✛✜✏✢✔ ✣✒ ✤✍✛ ✜✥✦

❞✛✜✏✢ ✜❞ f ✧ (0) + 3f ✧ ( –1) = 0.

✗❣  ✒★ ✐✒☞✩ x = 0 ✈✍✓✡ x = –1 ✐✡  f(x) ❞✍ ✈✎❞☞✏ ✚✍✟ ❞✡✟✩ ✒✓✪✔ ✒★ ✐✍✟✩ ✒✓✪ ✜❞

✫ ✬' 1f ✭ = 
✮ ✯ ✮ ✯

0

1 1
lim
h

f h f

h✰

✱ ✲ ✱ ✱

= 
✳ ✴ ✳ ✴ ✳ ✴ ✳ ✴

2 2

0

2 1 3 1 5 2 1 3 1 5
lim
h

h h

h✵

✶ ✷ ✶ ✷✸ ✹ ✹ ✸ ✹ ✸ ✸ ✸ ✹ ✸ ✸
✺ ✻ ✺ ✻

= ✼ ✽ ✼ ✽
2

0 0

2
lim lim 2 1 2 0 1 1
h h

h h
h

h✰ ✰

✱
✾ ✱ ✾ ✱ ✾ ✱

✈✍✓✡     ✿ ❀' 0f = 
❁ ❂ ❁ ❂

0

0 0
lim
h

f h f

h❃

❄ ❅

= 
✳ ✴ ✳ ✴ ✳ ✴ ✳ ✴

2 2

0

2 0 3 0 5 2 0 3 0 5
lim
h

h h

h✵

✶ ✷ ✶ ✷✹ ✹ ✹ ✸ ✸ ✹ ✸
✺ ✻ ✺ ✻

= ❆ ❇ ❆ ❇
2

0 0

2 3
lim lim 2 3 2 0 3 3
h h

h h
h

h✰ ✰

✲
✾ ✲ ✾ ✲ ✾

▲✐❈❉✟✠ ❊ ❋ ❊ ❋' 0 3 ' 1 0f f● ✭ ❍

❢■❏❑▼◆❖  ❜✥ ✜▲P✍✜✟ ★✩✪ ◗✣✍✌ ❘✛✜✏✢ ✜❞ ✢❞ ✜❙✪❘❚ ✐✡ ✈✎❞☞✏ ❞✍ ★✍✌ ✐❯✍❱✟ ❞✡✌✩ ★✩✪ ✥✛★✍ ✚✍✟

❞✡✌✩ ✎✩☛ ✜✎✜✎❲ ✜✌✣★✍✩✪ ❞✍ ✐❯✤✍✍✎❞✍✡✛ ✐❯✣✍✩❳ ✥✜❨★✜☞✟ ✒✓✔ ✜✌❨✌✜☞✜❩✍✟ ❜✥❞✍✩ ▲✐❈❉ ❞✡✟✍ ✒✓✠

♠✕✖✗✘✙✖ 7     x = 0 ✐✡ sin x ❞✍ ✈✎❞☞✏ ✚✍✟ ❞✛✜✏✢✔

✗❣ ★✍✌ ☞✛✜✏✢ f(x) = sin x. ✟❙

f❬(0)= 
❭ ❪ ❭ ❪

0

0 0
lim
h

f h f

h❃

❄ ❅
 = 

❫ ❴ ❫ ❴

0

sin 0 sin 0
lim
h

h

h❃

❄ ❅
 = 

0

sin
lim 1
h

h

h❵
❛
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♠✡☛☞✌✍☛ 8     x = 0 ✈✎✏✑ x = 3 ✐✑ ✐✒✓✔ f(x) = 3 ❞✎ ✈✕❞✓✖ ✗✎✘ ❞✙✚✖✛✜

☞❣  ❉✢✎✣✤✚❞ ✈✕❞✓✖ ✐✒✓✔ ✥✣✤ ✐✚✑✕✘✦✔ ❞✎✣ ✥✎✐✘✎ ✧✏★ ✩✧✖✪✐ ✩✣ ✢✧ ✫✐✬✭ ✧✏ ✚❞ ✈✮✑ ✐✒✓✔

❞✎ ✐✯✰✢✣❞ ✚✱✤✲✳ ✐✑ ✈✕❞✓✔ ✴✎✵✶✢ ✧✎✣✔✎ ✮✎✚✧✛✜ ✷✩✣★ ✕✎✫✘✕ ✥✣✤★ ✚✔✸✔✚✓✚✹✎✘ ✐✚✑❞✓✔ ✩✣ ✱✓ ✚✥✓✘✎ ✧✏✜

✺ ✻' 0f =
✼ ✽ ✼ ✽

0 0 0

0 0 3 3 0
lim lim lim 0
h h h

f h f

h h h✾ ✾ ✾

✿ ❀ ❀
❁ ❁ ❁ .

✷✩✙ ✐✯❞✎✑ ✺ ✻' 3f  =
❂ ❃ ❂ ❃

0 0

3 3 3 3
lim lim 0
h h

f h f

h h❄ ❄

❅ ❆ ❆
❇ ❇ .

✈✱ ✧✥ ✛❞ ✚✱✤✲✳ ✐✑ ✐✒✓✔ ✕✣✒

✈✕❞✓✖ ❞✙ ❈✢✎✚✥✘✙✢ ❊✢✎✹✢✎ ✐✯✫✘✳✘

❞✑✘✣ ✧✏✤✜

✥✎✔ ✓✙✚✖✛  y = f(x) ✛❞ ✐✒✓✔

✧✏ ✈✎✏✑ ✥✎✔ ✓✙✚✖✛ ✷✩ ✐✒✓✔ ✕✣✒

✈✎✓✣✹✎ ✐✑ P = (a, f(a)) ✈✎✏✑

Q = (a + h, f(a + h) ✲✎✣ ✐✑✫✐✑

✚✔❞✭ ✚✱✤✲✳ ✧✏✤✜ ✈✎✕❢✒✚✘ 13.11 ✈✱

✫✕✢✤ ❊✢✎✹✢✎✰✥❞ ✧✏✜ ✧✥ ✖✎✔✘✣ ✧✏✤ ✚❞

❋ ●
❋ ● ❋ ●

0
lim
h

f a h f a
f a

h✾

✿ ❀
❍ ❁

✚■✎❏✎✳✖ PQR, ✩✣ ✢✧ ✫✐✬✭ ✧✏ ✚❞ ✕✧ ✈✔✳✐✎✘ ✚✖✩❞✙ ✩✙✥✎ ✧✥ ✓✣ ✑✧✣ ✧✏✤★ ✢❑✎✎❑✎✦✘✎ ✩✣

tan (QPR) ✕✣✒ ✱✑✎✱✑ ✧✏ ✖✎✣ ✚❞ ✖✙✕✎ PQ ❞✎ ▲✎✓ ✧✏✜ ✩✙✥✎ ✓✣✔✣ ❞✙ ✐✯✚▼✢✎ ✥✣✤★ ✖✱ h, 0 ❞✙

✈✎✣✑ ✈◆✯✩✑ ✧✎✣✘✎ ✧✏★ ✚✱✤✲✳ Q, P ❞✙ ✈✎✣✑ ✈◆✯✩✑ ✧✎✣✘✎ ✧✏ ✈✎✏✑ ✧✥ ✐✎✘✣ ✧✏✤ ✈❑✎✎✦✘❖

P ◗ P ◗

0 Q P

QR
lim lim

PRh

f a h f a

h✾ ✾

✿ ❀
❁

✢✧ ✷✩ ✘❑✢ ✕✣✒ ✘✳❘✢ ✧✏ ✚❞ ✖✙✕✎ PQ, ✕▼ y = f(x) ✕✣✒ ✚✱✤✲✳ P ✐✑ ✫✐✴✎✙✦ ❞✙ ✈✎✣✑ ✈◆✯✩✑

✧✎✣✘✙ ✧✏✜ ✈✘❙ ❚ ❯ tan❱f a❲ ❳ .

✛❞ ✚✲✛ ✐✒✓✔ f ✕✣✒ ✚✓✛ ✧✥ ✐✯✰✢✣❞ ✚✱✤✲✳ ✐✑ ✈✕❞✓✖ ✗✎✘ ❞✑ ✩❞✘✣ ✧✏✤✜ ✢✚✲ ✐✯✰✢✣❞ ✚✱✤✲✳

✐✑ ✈✕❞✓✖ ❞✎ ✈✚✫✘✰✕ ✧✏ ✘✎✣ ✢✧ ✛❞ ✔✢✣ ✐✒✓✔ ❞✎✣ ✐✚✑❏✎✎✚✬✎✘ ❞✑✘✎ ✧✏ ✚✖✩✣ ✐✒✓✔ f ❞✎

✈✕❞✓✖ ❞✧✎ ✖✎✘✎ ✧✏ ✈✎✏✐✮✎✚✑❞ ✪✐ ✩✣ ✧✥ ✛❞ ✐✒✓✔ ✕✣✒ ✈✕❞✓✖ ❞✎✣ ✚✔✸✔✚✓✚✹✎✘ ✐✯❞✎✑

✐✚✑❏✎✎✚✬✎✘ ❞✑✘✣ ✧✏✤✜

❨☛❩❬❭❪❫ 13.11
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✐☎✆✝✞✞✟✞✞ 2 ✥✠✡ ☛☞✌✍✎ ✌✏  f  ✎✏ ✱✠✑✒✌✱✏ ✥✠✡☞✓ ✔✕☛✡ ✖✗✘ ✒✠✙

✚ ✛ ✚ ✛
0

lim
h

f x h f x

h✜

✢ ✣

❧✙ ✔✌✤✦✠✠✌✧✠✒ ✔✕☛✡✘ ✍✖✠★ ✏✖☞✩ ❧☞✥✠ ✏✠ ✪✌✑✒✫✱ ✖✗✘ ✏✠✙ x ✔✤ f ✏✠ ✪✱✏☛✍ ✔✌✤✦✠✠✌✧✠✒ ✌✏✓✠

✍✠✒✠ ✖✗ ✪✠✗✤ f✬(x) ❧✙ ✌✡✭✌✔✒ ✌✏✓✠ ✍✠✒✠ ✖✗✮ ✪✱✏☛✍ ✏☞ ✯❧ ✔✌✤✦✠✠✧✠✠ ✏✠✙ ✈✰✲✳✴ ✲✞ ✐✵✶✞✷

☎❢✸✞✹✺ ✦✠☞ ✏✖✠ ✍✠✒✠ ✖✗✮

✯❧ ✔❜✏✠✤ f✻ (x) = 
✚ ✛ ✚ ✛

0
lim
h

f x h f x

h✜

✢ ✣

✑✔✧▲✒✼  f✬ (x) ✏☞ ✔✌✤✦✠✠✧✠✠ ✏✠ ✔❜✠✩✒ ✱✖☞ ✖✗ ✍✖✠★ ✏✖☞✩ ❞✔✓✽✾✿✒ ❧☞✥✠ ✏✠ ✪✌✑✒✫✱ ✖✗✮ ✎✏

✔✕☛✡ ✱✙✕ ✪✱✏☛✍ ✱✙✕ ✌✱✌✦✠❀✡ ❧✩✱✙✕✒✡ ✖✗✩✮ ✏✦✠☞❁✏✦✠☞ f✬(x) ✏✠✙ ❂ ❃❄ ❅
d

f x
dx

 ❧✙ ✌✡✭✌✔✒ ✌✏✓✠

✍✠✒✠ ✖✗ ✓✌t y = f(x), ✒✠✙ ✓✖
dy

dx
 ❧✙ ✌✡✭✌✔✒ ✌✏✓✠ ✍✠✒✠ ✖✗✮ ✯❧✙ y ✓✠ f(x) ✱✙✕ ❧✠✔✙♦✠ ✪✱✏☛✍

✱✙✕ ✭✔ ✥✙✩ ❞❆☛✙✌❇✠✒ ✌✏✓✠ ✍✠✒✠ ✖✗ ✯❧✙ D (f (x) ) ❧✙ ✦✠☞ ✌✡✭✌✔✒ ✌✏✓✠ ✍✠✒✠ ✖✗✮

✯❧✱✙✕ ✪✌✒✌✤✿✒ x = a ✔✤ f ✱✙✕ ✪✱✏☛✍ ✏✠✙ ( )
a a

d df
f x

dx dx
❈ ❉  ✓✠ 

x a

df

dx ❊

❋ ●
❍ ■
❏ ❑

❧✙ ✦✠☞

✌✡✭✌✔✒ ✌✏✓✠ ✍✠✒✠ ✖✗✮

♠▼✞◆✆❖✞ 9 f(x) = 10 x ✏✠ ✪✱✏☛✍ P✠✒ ✏☞✌✍✎✮

◆✳  ✖✥ ✔✠✒✙ ✖✗✩ f✬ (x) =
✚ ✛ ✚ ✛

0
lim
h

f x h f x

h✜

✢ ✣
 = 

◗ ❘ ◗ ❘
0

10 10
lim
h

x h x

h✜

✢ ✣

=
0

10
lim
h

h

h❙  = ❚ ❯
0

lim 10 10
h❱

❲

♠▼✞◆✆❖✞ 10 f(x) = x2 ✏✠ ✪✱✏☛✍ P✠✒ ✏☞✌✍✎✮

◆✳ ✖✥ ✔✠✒✙ ✖✗✩ f❳(x) =
✚ ✛ ✚ ✛

0
lim
h

f x h f x

h✜

✢ ✣

=
❨ ❩ ❨ ❩

2 2

0
lim
h

x h x

h❬

❭ ❪
 = ❫ ❴

0
lim 2 2
h

h x x
❵

❛ ❝
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♠✡☛☞☛✌☛ 11 ✱✍ ✎✏✑ ✒✓✔✕✖✒✍ ✗✘✙✚✓ a ✒♦✛ ✖✜✱✢ ✎✏✑ ✣✛✜✤  f(x) = a ✍✓ ✎✒✍✜❞

❑✓✕ ✍✥✖❞✱✦

☞❣  ✧★ ✣✓✕♦ ✧✩✘ f✪(x) =
✫ ✬ ✫ ✬

0
lim
h

f x h f x

h✭

✮ ✯

=
0 0

0
lim lim 0
h h

a a

h h✰ ✰

✲
✳ ✳  ❉✚✓♦✘✖✍ 0h ✴

♠✡☛☞✵✌☛ 12  f(x) = 
1

x
 ✍✓ ✎✒✍✜❞ ❑✓✕ ✍✥✖❞✱✦

☞❣ ✧★ ✣✓✕♦ ✧✩✘ f✪(x) =  
✶ ✷ ✶ ✷

0
lim
h

f x h f x

h✸

✹ ✺

=  
0

1 1
–

( )
lim
h

x h x

h✻

✼

=  
✽ ✾

✽ ✾0

1
lim
h

x x h

h x x h✿

❀ ❁❂ ❃
❄ ❅

❃❄ ❅❆ ❇

=
❈ ❊0

1
lim
h

h

h x x h❋

● ❍■
❏ ▲

▼❏ ▲◆ ❖
= P ◗0

1
lim
h x x h❘

❙

❚  = 
2

1

x
❙

13.5.1 ✐❯❱❲❳❨❩ ❬❨❯ ❭❬❪❱❫ ❪❳ ❴❵❫❛❜❝❳❡ (Algebra of derivative of functions)  ❉✚✓♦✘✖✍

✎✒✍✜❞ ✍✥ ✚✈✓✓✈✓❢ ✣✖✑❤✓✓❥✓✓ ★♦✘ ✗✥★✓ ✖✤❦✏✚ ✧✥ ✗✥♥♦ ♣✣ ★✘♦ ✗✖q★✖✜✕ ✧✩✢ ✧★ ✎✒✍✜❞ ✒♦✛

✖✤✚★✓♦✘ ✒♦✛ ✖✤✍r✕✓ ✗♦ ✗✥★✓ ✒♦✛ ✖✤✚★✓♦✘ ✒♦✛ ✎✤st★✤ ✍✥ ✎✓❦✓✓ ✍✑✕♦ ✧✩✘✦ ✧★ ✉✤✍✓♦ ✖✤q✤✖✜✖✙✓✕ ✣✇★♦✚✓♦✘

★♦✘ ✣✓✕♦ ✧✩✘①

②③④⑤⑥ 5 ★✓✤ ✜✥✖❞✱ f ✎✓✩✑ g ⑦✓♦ ✱♦✗♦ ✣✛✜✤ ✧✩✘ ✖✍ ⑧✤✒♦✛ ⑧❤✓✚✖✤❥⑨ ✣✇✓✘✕ ★♦✘ ⑧✤✒♦✛ ✎✒✍✜✤

✣✖✑❤✓✓✖❥✓✕ ✧✩✘✢ ✕⑩

(i) ⑦✓♦ ✣✛✜✤✓♦✘ ✒♦✛ ✚✓♦t ✍✓ ✎✒✍✜❞ ⑧✤ ✣✛✜✤✓♦✘ ✒♦✛ ✎✒✍✜❞✓♦✘ ✍✓ ✚✓♦t ✧✩✦

❶ ❷ ❶ ❷ ( ) ( )
d d d

f x g x f x g x
dx dx dx

❸ ❹❺ ❻ ❺❼ ❽
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(ii) ♥☎✆ ✝✞✟✠☎✆✡ ☛✆✞ ☞✡✌✍ ✎☎ ☞☛✎✟✏ ✑✠ ✝✞✟✠☎✆✡ ☛✆✞ ☞☛✎✟✏☎✆✡ ✎☎ ☞✡✌✍ ✒✓✔

✕ ✖ ✕ ✖ ( ) ( )
d d d

f x g x f x g x
dx dx dx

✗ ✘✙ ✚ ✙✛ ✜

(iii) ♥☎✆ ✝✞✟✠☎✆✡ ☛✆✞ ✢✣✤☎✠ ✎☎ ☞☛✎✟✏ ✥✠✦✠✥✟✥✧☎✌ ✢✣✤☎✠ ✥✠★✩ ✪product rule✮ ✫✆ ✥♥★☎

✢★☎ ✒✓✬

✭ ✯ ✭ ✯. ( ) . ( ) ( ) . ( )
d d d

f x g x f x g x f x g x
dx dx dx

✗ ✘ ✚ ✰✛ ✜

(iv) ♥☎✆ ✝✞✟✠☎✆✡ ☛✆✞ ✱☎☎✢✝✞✟ ✎☎ ☞☛✎✟✏ ✥✠✦✠✥✟✥✧☎✌ ✱☎☎✢✝✞✟ ✥✠★✩ ✪quotient rule✮

✫✆ ✥♥★☎ ✢★☎ ✒✓ ✪✏✒☎❧ ✎✒✲✡ ✒✍ ✳☎✴✵★✆✌✍ ✒✓✮

✶ ✷
2

( ) . ( ) ( ) ( )
( )

( ) ( )

d d
f x g x f x g x

d f x dx dx

dx g x g x

✸✹ ✺
✻✼ ✽

✾ ✿

❜✠✎✲ ✑✝✝✥❀☎ ✫✲✩☎☞☎✆✡ ✎✲ ✌✣❁★ ❂✝ ✝❃✩✆★☎✆✡ ✫✆ ☞☎☛✳★✎✲★ ❂✝ ✫✆ ☞✠✣✫✍✤☎ ✎✍✌✲ ✒✓✡✔ ✒✩ ❜✵✒✆✡

★✒☎❧ ✥✫❄ ✠✒✲✡ ✎✍✆✡✢✆✔ ✫✲✩☎☞☎✆✡ ✎✲ ✥❅❆☎✥✌ ✎✲ ✌✍✒ ★✒ ✝❃✩✆★ ❇✌✟☎✌☎ ✒✓ ✥✎ ✥☛✳☎✆❈☎ ✝❃✎☎✍ ☛✆✞ ✝✞✟✠☎✆✡

☛✆✞ ☞☛✎✟✏ ✎✓✫✆ ✝✥✍✎✥✟✌ ✥✎♦ ✏☎✌✆ ✒✓✡✔ ✝❃✩✆★ ☛✆✞ ☞✡✥✌✩ ♥☎✆ ✎❆☎✠☎✆✡ ✎☎✆ ✥✠✦✠✥✟✥✧☎✌ ❉✡✢ ✫✆ ✝✣✠✬

✎✒☎ ✏☎ ✫✎✌☎ ✒✓ ✥✏✫✫✆ ✑✠☛✆✞ ✝✣✠❅✩❊✍✤☎ ✎✍✠✆ ✩✆✡ ☞☎✫☎✠✲ ✫✆ ✫✒☎★✌☎ ✥✩✟✌✲ ✒✓✔

✩☎✠ ✟✲✥✏♦ ❋ ●u f x✻  ☞☎✓✍ v = g (x) ✌❇

❍ ■uv ❏  = u v uv❑ ❑▲

★✒ ✝✞✟✠☎✆✡ ☛✆✞ ✢✣✤☎✠ ☛✆✞ ☞☛✎✟✠ ☛✆✞ ✥✟♦ Leibnitz ✥✠★✩ ★☎ ✢✣✤☎✠ ✥✠★✩ ✑❁✟✆✥✧☎✌ ✒☎✆✌☎

✒✓✔ ❜✫✲ ✝❃✎☎✍❣ ✱☎☎✢✝✞✟ ✥✠★✩ ✒✓

u

v

▼✹ ✺
✼ ✽
✾ ✿

= 2

u v uv

v

▼ ▼✸

☞❇❣ ☞☎❜♦ ✒✩ ☛✣✞✈ ✩☎✠✎ ✝✞✟✠☎✆✡ ☛✆✞ ☞☛✎✟✠☎✆✡ ✎☎✆ ✟✆✡✔ ★✒ ♥✆✧☎✠☎ ✫✍✟ ✒✓ ✥✎ ✝✞✟✠

f (x) = x ✎☎ ☞☛✎✟✏ ☞❞✍ ✝✞✟✠ ◆ ✒✓✔ ★✒ ✒✓ ❖★☎✆✡✥✎

f (x) = 
P ◗ P ◗

0
lim
h

f x h f x

h❘

❙ ❚
 = 

0
lim
h

x h x

h❯

❱ ❲

=
0

lim1 1
h❳

✻
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❣✡ ☛☞✌✍ ✎✍✏✑ ✒✓✔✕✖✗✘ ✓✙✡✚✔ ✌✍ ✓✙✔✍✚✛ f(x) = 10x = x + x + ... + x (10 ✓✐)

(✒✓✔✕✖✗✘ ✓✙✡✚✔ ♠✚✜ ✢i✮ ☞✚✮ ♠✚✜ ✎♠✌✣✤ ♠✚✜ ✓✥✑✌✣✦ ✡✚✧ ✌✑✘✚ ❣✏✧

     
( )df x

dx
 =

d

dx
 ★ ✩...x x✪ ✪  (✶✫ ✓✐)

= . . .
d d

x x
dx dx

✬ ✬   (✶✫ ✓✐)

= 1 ... 1✭ ✭  (✶✫ ✓✐) = 10.

❣✡ ✯✔✍✦ ✐✚✘✚ ❣✏✧ ✥✌ ☛☞ ☞✰✡✍ ✌✍ ✡✍✦ ✛✕✱✍✦ ☞✲✳✍ ♠✚✜ ✓✙✔✍✚✛ ☞✚ ✴✍✰ ✓✙✍✵✘ ✥✌✔✍ ✤✍ ☞✌✘✍ ❣✏✷
❣✡ ✥✣✸✍✘✚ ❣✏✧✹  f(x) = 10x = uv, ✤❣✍t u ✥✣✸✍✘✚ ❣✏✧ ✤❣✍t u ✓✙✺✔✚✌ ✤✛❣ ✡✍✦ ✶✫ ✣✚✌✑ ✎✻✑ ✓✜✣✦
❣✏ ✎✍✏✑ v(x) = x. ✔❣✍t ❣✡ ✤✍✦✘✚ ❣✏✧ ✥✌ u ✌✍ ✎♠✌✣✤ ✫ ♠✚✜ ❞✑✍❞✑ ❣✏ ☞✍✼✍ ❣✰ v(x) = x ✌✍
✎♠✌✣✤ ✶ ♠✚✜ ❞✑✍❞✑ ❣✏✷ ☛☞ ✓✙✌✍✑ ✛✕✱✍✦ ✥✦✔✡ ☞✚✹ ❣✡ ✓✍✘✚ ❣✏✧

✽ ✾f x✿  = ❀ ❁ ❀ ❁10 0. 10.1 10x uv u v uv x❂ ❂ ❂ ❂❃ ❃ ❄ ❃ ❄ ❃

☛☞✰ ✎✍❜✍✑ ✓✑ f(x) = x2 ♠✚✜ ✎♠✌✣✤ ✌✍ ✡✍✦ ✓✙✍✵✘ ✥✌✔✍ ✤✍ ☞✌✘✍ ❣✏✷ ❣✡ ✓✍✘✚ ❣✏✧
f(x) = x2 = x .x ✎✍✏✑ ✎✘✈

df

dx
 = ❅ ❆ ❅ ❆ ❅ ❆. . .

d d d
x x x x x x

dx dx dx
❇ ✬

= 1. .1 2x x x✭ ❈
✎✥❜✌ ❉✔✍✓✌ ❊✓ ☞✚ ❣✡ ✥✦❋✦✥✣✥✸✍✘ ✓✙✡✚✔ ✓✍✘✚ ❣✏✧✈

●❍■❏❑ 6 ✥✌☞✰ ❜✦ ✓✲✱✍✍❢✌ n ♠✚✜ ✥✣▲ f(x) = xn ✌✍ ✎♠✌✣✤ nxn – 1 ❣✏✷

▼●●◆❖P ✎♠✌✣✤ ✓✜✣✦ ✌✰ ✓✥✑✴✍✍◗✍✍ ☞✚✹ ❣✡ ✓✍✘✚ ❣✏✧

       ❘ ❙
❘ ❙ ❘ ❙

0
' lim

h

f x h f x
f x

h❚
❯ ❱

❲ =
★ ✩

0
lim

n n

h

x h x

h❳
✪ ❨

.

✥❩✓✐ ✓✙✡✚✔ ✌❣✘✍ ❣✏ ✥✌  (x + h)n = ❬ ❭ ❬ ❭ ❬ ❭
1

0 1C C ... Cn n n n n n
nx x h h❪❫ ❫ ❫ ✎✍✏✑

(x + h)n – xn = h(nxn – 1 +... + hn – 1) ☛☞ ✓✙✌✍✑

( )df x

dx
= 

❴ ❵
0

lim

n n

h

x h x

h❛
❝ ❡

 = 
❤ ❥

1 1

0

....
lim

n n

h

h nx h

h

❦ ❦

♥

♦ ♦

= ♣ q
1 1

0
lim ...n n

h
nx hr r

s
✪ ✪ , = 1n

nx ✉
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❢☎✆✝✞✟✠ ✥✡ ☛☞✌✍✎ n ✏✑ ✒✍✓✡✔ ✒✍✕✑ ✓✖✗✍✔ ☞✘✙✍ ☞✎ ✚✍✛ ✜✔✢✔ ✏✣✌✍✑ ✜☞✤ ✌✑ ☞✌✦✎ ✥✕✧★
n = 1 ✩✎✪ ✜✫✬ ✭✥ ☞✮✭ ✥✕ ✯✕☞✍ ✜✌ ✏✥✫✎ ✜✰✱✍✍✭✍ ✯✍ ✲✖✌✍ ✥✕

✳ ✴
nd

x
dx

= ✵ ✶
1. nd

x x
dx

✷

= ✸ ✹ ✺ ✻ ✺ ✻
1 1. .n nd d

x x x x
dx dx

✷ ✷✼ (✓✖✗✍✔ ☞✘✙✍ ☞✎)

= ✽ ✾✿ ❀
1 21. . 1n n

x x n x❁ ❁❂ ❃  (✒✍✓✡✔ ✏✜✑✌✈✏✔✍ ☞✎)

= ❄ ❅1 1 11n n n
x n x nx
❆ ❆ ❆❇ ❈ ❉

❊❋●❍■❏❑  ♠✏✭✖▲▼✦ ✏✣✡✎✭ x,✌✛ ☞✚✍✛ ❞✍✍✦✍✎✧ ✩✎✪ ✜✫✬ ☞✮✭ ✥✕ ✒◆✍✍▲✦❖  n ✌✍✎☛▲ ✚✍✛ ✩✍P✦✜✩✌ ☞✧✱✭✍ ✥✍✎
☞✌✦✛ ✥✕❧ ◗✫✎✜✌✔ ✥✡ ☛☞✌✍✎ ✭✥✍❘ ✜☞✤ ✔✥✛✧ ✌✑✎✧✓✎❙

13.5.2  ❝❚❯❍❱❏❲❳ ❨❏❩❬ ❊❭❏❪❏❲■❏❊❫❴❑❵ ❍❛❜❡❏❲❳ ❣❲❛ ❨❣❪❜❤ (Derivative of polynomials and

trigonometric functions)  ✥✡ ✜✔✢✔✜✫✜✱✍✦ ✏✣✡✎✭ ☞✎ ✏✣✍✑✧✚✍ ✌✑✎✧✓✎ ✯✍✎ ✥✡✌✍✎ ✐✥✖✏✰✛✭ ✏✪✫✔✍✎✧ ✩✎✪
✒✩✌✫✯ ✐✦✫✍✦✛ ✥✕❧

✞❥❦♥♦ 7 ✡✍✔ ✫✛✜✯✬  f(x) = 1
1 1 0....n n

n na x a x a x a
♣

♣q q q q  ✬✌ ✐✥✖✏✰✛✭ ✏✪✫✔ ✥✕ ✯✥✍❘ a
i
s

☞✚✍✛ ✩✍P✦✜✩✌ ☞✧✱✭✍✬❘ ✥✕✧ ✒✍✕✑ a
n
 r  0 ✦✐ ✒✩✌✫✯ ✏✪✫✔ ☛☞ ✏✣✌✍✑ ✜✰✭✍ ✯✍✦✍ ✥✕★

s t1 2
1

( )
1 ...n x

n n

df x
na x n a x

dx

✉ ✉
✉✇ ② ③ ② ②  2 12a x a④

☛☞ ✏✣✡✎✭ ✌✛ ♠✏✏✜⑤✍ ✏✣✡✎✭ ⑥ ✒✍✕✑ ✏✣✡✎✭ ⑦ ✩✎✪ ✚✍✍✓ ◗i❙ ✌✍✎ ✡✍✙✍ ☞✍◆✍ ✑✱✍✔✎ ☞✎ ✏✣✍⑧✦ ✌✛ ✯✍
☞✌✦✛ ✥✕❧

⑨⑩❶❷❸❹❶ 13    6x100 – x55 + x ✩✎✪ ✒✩✌✫✯ ✌✍ ✏✜✑✌✫✔ ✌✛✜✯✬❧

❷❺ ♠✏✭✖▲▼✦ ✏✣✡✎✭ ✌✍ ☞✛❻✍ ✒✔✖✏✣✭✍✎✓ ✐✦✫✍✦✍ ✥✕ ✜✌ ♠✏✭✖▲▼✦ ✏✪✫✔ ✌✍ ✒✩✌✫✯
99 54600 55 1x x❼ ❽  ✥✕❧

⑨⑩❶❷❸❹❶ 14   x = 1  ✏✑ f(x) = 1 + x + x2 + x3 +... + x50  ✌✍ ✒✩✌✫✯ ❾✍✦ ✌✛✜✯✬❧ .

❷❺ ♠✏✭✖▲▼✦ ✏✣✡✎✭ ⑦ ✌✍ ☞✛❻✍ ✒✔✖✏✣✭✍✎✓ ✐✦✫✍✦✍ ✥✕ ✜✌ ♠✏✭✖▲▼✦ ✏✪✫✔ ✌✍ ✒✩✌✫✯
1 + 2x + 3x2 + . . . + 50x49  ✥✕❧  x = 1  ✏✑ ☛☞ ✏✪✫✔ ✌✍ ✡✍✔ 1 + 2(1) + 3(1)2 + .. . + 50(1)49

= 1 + 2 + 3 + . . . + 50 = 
❿ ➀ ❿ ➀50 51

2
 = 1275  ✥✕❧
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♠✡☛☞✌✍☛ 15   f(x) = 
1x

x

✎
  ❞✏ ✑✒❞✓✔ ✕✏✖ ❞✗✘✔✙✚

☞❣  ❀✛ ✜✢✓✣ x = 0  ✒♦✢ ✑✘✖✘✤✥✖ ✜✦✧❀♦❞ ✒♦✢ ✘✓✙ ✜✘✤★✏✏✘✩✏✖ ✛✪✚ ✛✫ ❀✛✏✬ u = x + 1 ✑✏✪✤ v = x

✓♦❞✤ ★✏✏②✜✢✓ ✘✣❀✫ ❞✏ ✜✦❀✏♦② ❞✤✖♦ ✛✪✭✚ ✑✖✮ u´ = 1 ✑✏✪✤ v´ = 1 ❜✯✘✓✙

     
( ) 1df x d x d u

dx dx x dx v

✰✱ ✲ ✱ ✲
✳ ✳✴ ✵ ✴ ✵

✶ ✷ ✶ ✷

✸ ✹ ✸ ✹
2 2 2

1 1 1 1x xu v uv

v x x

✺ ✰✻ ✻✺
✳ ✳ ✳ ✺

♠✡☛☞✌✍☛ 16   sin x  ✒♦✢ ✑✒❞✓✔ ❞✏ ✜✘✤❞✓✣ ❞✗✘✔✙✚

☞❣ ✫✏✣ ✓✗✘✔✙ f(x) = sin x, ✖r

( )df x

dx
= 

✼ ✽ ✼ ✽ ✼ ✽ ✼ ✽

0 0

sin sin
lim lim
h h

f x h f x x h x

h h✾ ✾

✿ ❁ ✿ ❁
❂

= 
0

2
2cos sin

2 2
lim
h

x h h

h❃

❄❅ ❆ ❅ ❆
❇ ❈ ❇ ❈
❉ ❊ ❉ ❊  ( sin A – sin B  ✒♦✢ ✯❋●✏ ❞✏ ✜✦❀✏♦② ❞✤✒♦✢)

= 0 0

sin
2lim cos .lim cos .1 cos

2

2

h h

h

h
x x x

h❍ ❍
■ ❏

❑ ▲ ▲▼ ◆
❖ P .

♠✡☛☞✌✍☛ 17    tan x  ✒♦✢ ✑✒❞✓✔ ❞✏ ✜✘✤❞✓✣ ❞✗✘✔✙✚

☞❣   ✫✏✣ ✓✗✘✔✙ f(x) = tan x, ✖r

( )df x

dx
= 

◗ ❘ ◗ ❘ ◗ ❘ ◗ ❘

0 0

tan tan
lim lim
h h

f x h f x x h x

h h✾ ✾

✿ ❁ ✿ ❁
❂

= 
❙ ❚

❙ ❚0

sin1 sin
lim

cos cosh

x h x

h x h x❯

❱ ❲❳
❨❩ ❬

❳❩ ❬❭ ❪

= 
❫ ❴ ❫ ❴

❫ ❴0

sin cos cos sin
lim

cos cosh

x h x x h x

h x h x❵

❛ ❝❡ ❢ ❡
❤ ✐

❡❤ ✐❥ ❦

= 
♥ ♣

♥ ♣0

sin
lim

cos cosh

x h x

h x h xq

s t

s  (sin (A + B) ✒♦✢ ✯❋●✏ ❞✏ ✜✦❀✏♦② ❞✤✒♦✢)
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= ☎ ✆0 0

sin 1
lim .lim

cos cosh h

h

h x h x✝ ✝ ✞

=
2

2

1
1. sec

cos
x

x
✟

♠ ✠✡ ☛☞✌✡ 18    f(x) = sin2 x ♦✍✎ ✏♦✑✒ ✓ ✑✔ ✕✖✗✑✒ ✘ ✑✙✖✓✚✛

☛❣  ✜ ✢ ✣ ✤✑✔ ✢✔ ✘ ✕✥✔ ✦✧ ✑ ✗✘ ✍ ♦✍ ✎ ✖✒ ✚ Leibnitz ★✩✪✔ ✘ ✤✫ ✬✔ ✑✔ ✕✥✭✔✍ ★ ✑ ✗✧ ✍ ✜ ✮✯✛

( )df x

dx
 =

d

dx
(sin x sin x)

= (sin x)✰ sin x + sin x (sin x)✰
= (cos x) sin x + sin x (cos x)

= 2sin x cos x = sin 2x.

✐✱✲✳ ✴✵✶✷ 13.2

1. x = 10 ✕✗ x2 – 2 ✑✔ ✏♦✑✒ ✓ ❞✔ ✧ ✑ ✙✖✓✚✛

2. x = l00 ✕✗ 99x ✑✔ ✏♦✑✒ ✓ ❞✔ ✧ ✑✙✖✓✚✛
3. x = 1 ✕✗ x ✑✔ ✏♦✑✒ ✓ ❞✔ ✧ ✑ ✙✖✓✚✛
4. ✕✥✸✔ ✢ ✖✤✹✔ ✮✧ ✤✍ ✖✘ ✺✘ ✖✒ ✖✻✔ ✧ ✕✎✒ ✘ ✔✍ ✮ ♦✍✎ ✏♦✑✒ ✓ ❞✔ ✧ ✑ ✙✖✓ ✚✼

(i) 3 27x ✽  (ii)   ✾ ✿ ✾ ✿1 2x x❀ ❀

(iii) 2

1

x
(iv)   

1

1

x

x

❁
❂

5. ✕✎✒ ✘  ❃ ❄
100 99 2

. . . 1
100 99 2

x x x
f x x❅ ❆ ❆ ❆ ❆ ❆

♦✍ ✎ ✖✒ ✚ ✖✤✹ ✑✙✖✓✚ ✖✑ ❇ ❈ ❇ ❈1 100 0f f❉ ❉✟ .

6. ✖✑✤ ✙ ✏ ❢✗ ♦✔ ❊✧ ✖♦✑ ✤ ✮✻ ✭✔ a ♦✍✎ ✖✒ ✚ 1 2 2 1. . .n n n n n
x ax a x a x a❋ ❋ ❋✞ ✞ ✞ ✞ ✞  ✑✔

✏♦✑✒ ✓ ❞✔ ✧ ✑ ✙✖✓✚
7. ✖✑ ●✜ ✙✮ ✏ ❢✗✔✍ ✮ a ✏✔ ✯ ✗ b, ♦✍✎ ✖✒ ✚❍

 (i) ❇ ❈ ❇ ❈x a x b❀ ❀   (ii)   ■ ❏
2

2
ax b❑       (iii)  

x a

x b

❂
❂

♦✍ ✎ ✏♦✑✒ ✓ ❞✔ ✧ ✑ ✙✖✓✚✛
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8. ❢✡☛☞ ✌✍✎ a ♦✏✑ ❢✒✓  

n n
x a

x a

✔
✔

 ✡❞ ✌♦✡✒✕ ✖❞✗ ✡☞❢✕✓✘

9. ❢✙✚✙❢✒❢✛❞✗ ♦✏✑ ✌♦✡✒✕ ✖❞✗ ✡☞❢✕✓✜

(i)
3

2
4

x ✢ (ii)   ✣ ✤ ✥ ✦35 3 1 1x x x✧ ★ ★

(iii) ✩ ✪3 5 3x x✫ ✬ (iv)   ✭ ✮
5 93 6x x✯★

(v) ✣ ✤
4 53 4x x✯ ✯★ (vi)   

22

1 3 1

x

x x
✔

✰ ✔

10. ✐✱✲❞✳ ❢☛✴❞✵✗ ☛✏ cos x ✡❞ ✌♦✡✒✕ ✖❞✗ ✡☞❢✕✓✘
11. ❢✙✚✙❢✒❢✛❞✗ ✐✑✒✙❞✏✵ ♦✏✑ ✌♦✡✒✕ ✖❞✗ ✡☞❢✕✓✘

(i) sin cosx x (ii)   sec x         (iii)  5sec 4cosx x✶
(iv) cosec x (v)   3cot 5cosecx x✷
(vi) 5sin 6cos 7x x✸ ✹            (vii)  2 tan 7secx x✸

✺✻✺✻✼ ✽✾✿❀❁❂✿

♠❃❄❅❆❇❄ 19 ✐✱✲❞✳ ❢☛✴❞✵✗ ☛✏ f ✡❞ ✌♦✡✒✕ ✖❞✗ ✡☞❢✕✓ ✕❈❞❉ f ❊☛ ✐✱✡❞✎ ✐✱❋●❞ ❈❍✜

(i) f (x) = 
2 3

2

x

x

■
❏

(ii)    f (x) = 
1

x
x

■

❅❣  (i) è❑❞✙ ❋☞❢✕✓ ❢✡ ✐✑✒✙ x = 2 ✐✎ ✐❢✎▲❞❞❢▼❞✗ ✙❈☞✵ ❈❍✘ ✒✏❢✡✙◆ ❈✳ ✐❞✗✏ ❈❍✵

❖ P
❖ P ❖ P

❖ P

0 0

2 3 2 3

2 2lim lim
h h

x h x
f x h f x x h xf x

h h◗ ◗

❘ ❘ ❘
❙❘ ❙ ❘ ❙ ❙❚ ❯ ❯

= 
❱ ❲❱ ❲ ❱ ❲❱ ❲

❱ ❲❱ ❲0

2 2 3 2 2 3 2
lim

2 2h

x h x x x h

h x x h❳
❨ ❨ ❩ ❩ ❨ ❨ ❩

❩ ❨ ❩

= 
❬ ❭❬ ❭ ❬ ❭ ❬ ❭❬ ❭ ❬ ❭

❬ ❭❬ ❭0

2 3 2 2 2 2 3 2 2 3
lim

2 2h

x x h x x x h x

h x x h❪
❫ ❴ ❫ ❴ ❴ ❫ ❴ ❴ ❫

❴ ❫ ❴

= ❵ ❛ ❵ ❛ ❵ ❛
20

–7 7
lim

2 2 2h x x h x❳
❜ ❩

❩ ❨ ❩ ❩
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✐☎✆✝ ✞✟✠✆ ✡☛☞✌✍ ☞✎ x = 2 ✐✥ ✐✏✑✆ f ✒  ❍✠☛ ✐☞✥❍✠✠☞✓✠✔ ✆✕☛✖ ✕✗✘

(ii) x = 0 ✐✥ ✐✏✑✆ ✐☞✥❍✠✠☞✓✠✔ ✆✕☛✖ ✕✗✘ ✑✙☞✎✆✚ ✕✛ ✐✠✔✙ ✕✗✖

✜ ✢f x✣ = 
✤ ✦ ✤ ✦

0 0

1 1

lim lim
h h

x h x
f x h f x x h x

h h✧ ✧

★ ✩ ★ ✩
✪ ✪ ✫ ✪✬ ✭ ✬ ✭✪ ✫ ✪✮ ✯ ✮ ✯✰

= 
0

1 1 1
lim
h

h
h x h x✱

✲ ✳
✴ ✵✶ ✷✴✸ ✹

= ✺ ✻ ✺ ✻0 0

1 1 1
lim lim 1
h h

x x h
h h

h x x h h x x h✧ ✧

✼ ✽✼ ✽ ★ ✩✫ ✫
✪ ✰ ✫✾ ✿✬ ✭✾ ✿ ✬ ✭✪ ✪✾ ✿ ✾ ✿❀ ❁ ✮ ✯❀ ❁

= 
❂ ❃ 20

1 1
lim 1 1
h x x h x❄

❅ ❆
❇ ❈ ❇❉ ❊

❋❉ ❊● ■

✐☎✆✝ ✞✟✠✆ ✡☛☞✌✍ ☞✎ x = 0 ✐✥ ✐✏✑✆ f ✒  ✐☞✥❍✠✠☞✓✠✔ ✆✕☛✖ ✕✗✘

♠❏❑▲▼◆❑ 20 ✐❖P✠✛ ☞◗❘✠✖✔ ◗✙ ✐✏✑✆ f(x) ✎✠ ❞❙✎✑✌ ❚✠✔ ✎☛☞✌✍ ✌✕✠❯ f(x)

(i) sin cosx x❱ (ii) sinx x

▲❣  (i) ✕✛ ✐✠✔✙ ✕✗✖✚ ❲ ❳'f x  = 
❨ ❩ ❨ ❩f x h f x

h

❬ ❭

= 
❪ ❫ ❪ ❫

0

sin cos sin cos
lim
h

x h x h x x

h❴

❵ ❵ ❵ ❛ ❛

= 
0

sin cos cos sin cos cos sin sin sin cos
lim
h

x h x h x h x h x x

h❜

❝ ❝ ❡ ❡ ❡

= 
❢ ❤ ❢ ❤ ❢ ❤

0

sinh cos sin sin cos 1 cos cos 1
lim
h

x x x h x h

h❥

❭ ❬ ❭ ❬ ❭

= ❨ ❩
❨ ❩

0 0

cos 1sin
lim cos sin limsin
h h

hh
x x x

h h❦ ❦

❭
❭ ❬   

❧ ♥

0

cos 1
lim cos
h

h
x

h❦

❭
❬

= cos x – sin x
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(ii) ✡ ☛'f x =  
☞ ✌ ☞ ✌ ☞ ✌ ☞ ✌

0 0

sin sin
lim lim
h h

f x h f x x h x h x x

h h✍ ✍
✎ ✏ ✎ ✎ ✏

✑

=
✒ ✓✒ ✓

0

sin cos sin cos sin
lim
h

x h x h h x x x

h✔
✕ ✕ ✖

=
✗ ✘ ✗ ✘

0

sin cos 1 cos sin sin cos sin cos
lim
h

x x h x x h h x h h x

h✍
✏ ✎ ✎ ✎

= 
✙ ✚

0
0

sin cos 1 sin
lim lim cosh
h

x x h h
x x

h h
✍✍

✏
✎ ✛ ✜

0
lim sin cos sin cos
h

x h h x
✢

✣ ✣

= x cos x + sin x

♠✤✥✦✧★✥ 21  (i) f(x) = sin 2x (ii) g(x) = cot x

♦✩✪ ✫♦✬✭✮ ✬✯ ✰✱✲✬✭✳ ✬✴✱✮✵✶

✦❣  (i) ✱❢✯✬✯✩✷✯✱✸✱✹ ✺✻❢✯  sin 2x = 2 sin x cos x ✬✯ ✰❞✳✼✸✽✲✷✯ ✬✴✱✮✵✶ ✾✺ ✰✿✬✯✲

( )df x

dx
 = ❀ ❁ ❀ ❁2sin cos 2 sin cos

d d
x x x x

dx dx
❂

= ❃ ❄ ❃ ❄2 sin cos sin cosx x x x❅ ❆❇ ❇❈❉ ❊❋ ●

= ❍ ■ ❍ ■2 cos cos sin sinx x x x❏ ❑▲ ▼◆ ❖  = P ◗
2 22 cos sinx x❘

(ii) ✰✱✲✐✯✯❙✯✯ ✺✩❚ g(x) = 
cos

cot
sin

x
x

x
❂  ❯✸ ✐✯✯❱✰✪✭ ✺✻❢✯ ✬✯ ✰✿❲✯✩❱ ✾✺ ✰✪✭✳ ✰✲ ✬✲✩❳❱✩❚ ✮❯✯❨ ✬❯✴❳

❲❯ ✰✱✲✐✯✯✱❙✯✹ ❯❩✶
dg

dx
=

cos
(cot )

sin

d d x
x

dx dx x

❬ ❭❪ ❫ ❴
❵ ❛

= 2

(cos ) (sin ) (cos )(sin )

(sin )

x x x x

x

❜ ❜❝

= 2

( sin )(sin ) (cos )(cos )

(sin )

x x x x

x

❝ ❝

=
2 2

2

2

sin cos
cosec

sin

x x
x

x

❡
❤ ❪❤
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❢☎✆✝✞✟✠ ✥✡☛☞✌ ✍✎☞✏ ✑✌☛✒ ✓☛ 
1

cot
tan

x
x

✔ , ✐✓✒☛✓✕✖ ✓☛✎☞ ✗☞ ✡☛✖☞ ✘✙✚ ✎✘☞✛ ✘✜ ✥✡ ✖✢✎

☛☞ ✐❞✎☞✌✣ ☛✒✖✌ ✘✙✤ ✓☛ tan x ☛☞ ✦✧☛✕✗ sec2 x ✘✙ ✗☞✌ ✘✜✏✌ ❣✑☞✘✒★☞ ✩✪ ✜✌✤ ✑✌✫☞☞ ✘✙ ✦☞✙✒ ✡☞✢☞

✘✬ ✦✭✒ ✐✮✕✏ ☛☞ ✦✧☛✕✗ ✯ ✘☞✌✖☞ ✘✙✚

dg

dx
= 

1
(cot )

tan

d d
x

dx dx x

✰ ✱
✲ ✳ ✴

✵ ✶

= 2

(1) (tan ) (1)(tan )

(tan )

x x

x

✷ ✷✸

= 

2

2

(0) (tan ) (sec )

(tan )

x x

x

✹

= 

2
2

2

sec
cosec

tan

x
x

x

✺
✻ ✺

♠✼✽✾✿❀✽ 22 (i) 
5 cos

sin

x x

x

❁
(ii) 

cos

tan

x x

x

❂

☛☞ ✦✧☛✕✗ ❃☞✖ ☛✬✓✗❄✚

✾❅  (i) ✜☞✏ ✕✬✓✗❄
5 cos

( )
sin

x x
h x

x

❁
❆ . ✗✘☞✛ ☛✘✬✤ t☞✬ ✎✘ ✐✓✒t☞☞✓❇☞✖ ✘✙❈ ✘✜ ✥✡ ✐✮✕✏ ✐✒

t☞☞✣✐✮✕ ✓✏✎✜ ☛☞ ✐❞✎☞✌✣ ☛✒✌✤✣✌✚

5 5

2

( cos ) sin ( cos ) (sin )
( )

(sin )

x x x x x x
h x

x

❉ ❉✹ ✹ ✹
❉ ❊

= 

4 5

2

(5 sin )sin ( cos )cos

sin

x x x x x x

x

❋ ✺ ✺

= 

5 4

2

cos 5 sin 1

(sin )

x x x x

x

● ❍ ❍

 (ii) ✘✜ ✐✮✕✏
cos

tan

x x

x

■
 ✐✒ t☞☞✣✐✮✕ ✓✏✎✜ ☛☞ ✐❞✎☞✌✣ ☛✒✌✤✣✌ ✗✘☞✛ ☛✘✬✤ t☞✬ ✎✘ ✐✓✒t☞☞✓❇☞✖ ✘✙✚
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( )h x✡ = 2

( cos ) tan ( cos )(tan )

(tan )

x x x x x x

x

☛ ☛☞ ✌ ☞

=

2

2

(1 sin ) tan ( cos )sec

(tan )

x x x x x

x

✍ ✍ ✎

✈✏✑✒✑ ✓✔ ✕✖ ✗✘✗✘✙ ✕✚✛✜✒✘✢✣

1.  ✐✤✥✦✧ ★✩✪✦✫✬ ✩✭ ★✮✯✮★✰★✱✦✬ ✐✲✰✮✦✭✫ ✳✦ ✴✵✳✰✶ ✷✦✬ ✳✸★✶✹✺

 (i) x✻ (ii) 1( )x ✼✽ (iii) sin (x + 1) (iv) cos (x – 
8

✾
)

★✮✯✮★✰★✱✦✬ ✐✲✰✮✦✭✫ ✵✭✲ ✴✵✳✰✶ ✷✦✬ ✳✸★✶✹ ❢✿❀ ✩✧❁✦ ✶✦✿ ★✳  a, b, c, d, p, q, r ✴✦❂❃
s ★✮★❄❅✬ ❄✦❆❇✿✭✬❃ ✴❅❃ ❀❂✫ ✴✦❂❃ m ✬✥✦✦ n ✐❆❈✦✦❉✳ ❀❂✫❊):

2. (x + a) 3. (px + q) 
r

s
x

❋ ●☞❍ ■
❏ ❑

4. ▲ ▼▲ ▼
2

ax b cx d◆ ◆

5.
ax b

cx d

❖
❖

6.

1
1

1
1

x

x

P

◗
7. 2

1

ax bx c❘ ❘

8. 2

ax b

px qx r

❙
❙ ❙ 9.

2
px qx r

ax b

❚ ❚
❚

10. 4 2
cos

a b
x

x x
✽ ❘

11. 4 2x ✽ 12. ( )n
ax b❘ 13. ( ) ( )n m

ax b cx d❘ ❘

14. sin (x + a) 15. cosec x cot x 16.
cos

1 sin

x

x❯

17.
sin cos

sin cos

x x

x x

❯
❱

18.
sec 1

sec 1

x

x

❱
❯

19. sinn
x

20.
sin

cos

a b x

c d x

❯
❯

21.
sin( )

cos

x a

x

❯
22. 4 (5sin 3cos )x x x✽

23. ❲ ❳
2 1 cosx x❨ 24. ❩ ❬❭ ❪2 sin cosax x p q x❨ ❨
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25. ☎ ✆ ☎ ✆cos tanx x x x✝ ✞ 26.
4 5sin

3 7cos

x x

x x

✟

✟
27. 

2 cos
4

sin

x

x

✠✡ ☛
☞ ✌
✍ ✎

28.
1 tan

x

x✏
29. ✑ ✒ ✑ ✒sec tanx x x x✝ ✞ 30.

sinn

x

x

❧✓✔✓✕✖✓

✗ ✐✘②✙ ✚✛ ✜✐✢✣✤✛✥ ✦✛✙ ✧✛✢ ★✚ ✣✩✪✫✬ ✭✢✘ ✩✛✮✯ ✜✛✢✰ ✭✢✘ ✣✩✪✫✬✜✛✢✪ ✐✰ ✣✙✱✛✲✰ ✚✰✥✛ ✳✴✵ ✣✩✪✫✬

✐✰ ✐✘②✙ ✭✢✘ ❝✶✷✸ ✹✺✶ ✻✼ ✽✼✾✶ ✿Left handed limit❀ ✚✛✢ ✐✣✰✱✛✛✣❁✛✥ ✚✰✥✛ ✳✴❂ ✮❜❃

✐❄✚✛✰ ♥✶✷✸ ✹✺✶ ✻✼ ✽✼✾✶ ✿Right handed limit❀❂

✗ ★✚ ✣✩✪✫✬ ✐✰ ✐✘②✙ ✚❃ ❜❃✦✛ ✩✛★❅ ✐✤✛ ✜✛✴✰ ✫✛★❅ ✐✤✛ ✚❃ ❜❃✦✛✜✛✢✪ ❜✢ ✐❄✛❆✥ ❇✱✛❈✣✙❁❉ ✦✛✙

✳✴✪ ❈✣✫ ✭✢ ❜✪✐✛✥❃ ✳✛✢✪❂

✗ ❈✣✫ ✣✚❜❃ ✣✩✪✫✬ ✐✰ ✩✛★❅ ✐✤✛ ✜✛✴✰ ✫✛★❅ ✐✤✛ ✚❃ ❜❃✦✛★❅ ❜✪✐✛✥❃ ✙ ✳✛✢✪ ✥✛✢ ❈✳ ✚✳✛ ✧✛✥✛

✳✴ ✣✚ ❇❜ ✣✩✪✫✬ ✐✰ ✐✘②✙ ✚❃ ❜❃✦✛ ✚✛ ✜✣❣✥❊✭ ✙✳❃✪ ✳✴❂

✗ ★✚ ✭✛❣✥✣✭✚ ❜✪❋❈✛ a ✜✛✴✰ ★✚ ✐✘②✙ f ✭✢✘ ✣②★ lim
x a●  f(x) ✜✛✴✰ f (a) ❜✦✛✙ ✙✳❃✪ ✱✛❃

✳✛✢ ❜✚✥✢ ✿✭✛❣✥✭ ✦✢✪✵ ★✚ ✐✣✰✱✛✛✣❁✛✥ ✳✛✢ ✜✛✴✰ ✫❍❜✰✛ ✙✳❃✪❀

✗ ✐✘②✙✛✪✢  f ✜✛✴✰ g ✭✢✘ ✣②★ ✣✙♦✙✣②✣❋✛✥ ②✛■❍ ✳✛✢✥✢ ✳✴✪❏

❑ ▲lim ( ) ( ) lim ( ) lim ( )
x a x a x a

f x g x f x g x
▼ ▼ ▼

◆ ❖ ◆

P ◗lim ( ). ( ) lim ( ).lim ( )
x a x a x a

f x g x f x g x
❘ ❘ ❘

❙

lim ( )( )
lim

( ) lim ( )

x a

x a

x a

f xf x

g x g x

❚
❚

❚

❯ ❱
❲❳ ❨

❩ ❬

✗ ✣✙♦✙✣②✣❋✛✥ ✭✬✘❢ ✦✛✙✚ ❜❃✦✛★❅ ✳✴✪❂

1lim
n n

n

x a

x a
na

x a

❭
❪

❫
❴

❫

0

sin
lim 1
x

x

x❵
❛
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0

1 cos
lim 0
x

x

x✡
☛

☞

✌ a ✐✍ ✐✎✏✑ f ✥✒ ✓✔✥✏✕

0

( ) ( )
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f a h f a
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✗ ✘

✙ ✚  ✛✜ ✐✢✍✣✒✒✢✤✒✦ ✧✒✜✦✒ ✧★✩

✌ ✐✪✫✬✜✥ ✢✭✮✯✰ ✐✍ ✓✔✥✏✕✱ ✓✔✥✏✕ ✐✎✏✑

0

( ) ( ) ( )
( ) lim

h

df x f x h f x
f x

dx h✖
✗ ✘

✙ ✚ ✚  ✛✜ ✐✢✍✣✒✒✢✤✒✦ ✧✒✜✦✒ ✧★✩

✌ ✐✎✏✑✒✜✮ u ✓✒★✍ v ✔✜✎ ✢✏♦ ✢✑✲✑✢✏✢✳✒✦ ✏✒✴✵ ✧✒✜✦✒ ✧★✶

( )u v u v✷ ✷ ✷✸ ✹ ✸

( )uv u v uv✺ ✺ ✺✻ ✼
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u u v uv

v v

✽ ✽ ✽✾✿ ❀
❁❂ ❃

❄ ❅
 ✭❝✒✦✜❆ ✛✣✒❇ ✐✢✍✣✒✒✢✤✒✦ ✧★✮✩

✌ ✢✑✲✑✢✏✢✳✒✦ ✔✰✎❢ ❈✒✑✥ ✓✔✥✏✕ ✧★✮✶

1( )n nd
x nx

dx

❉☞
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d

x x
dx

☞
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d

x x
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☞☛
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✴✢①✒✦ ✔✜✎ ❚✢✦✧✒✛ ❈✜✮ ✥✏✑ ✔✜✎ ✓❯✔✜✤✒①✒ ✔✜✎ ❱✜✬ ✥❇ ✣✒✒✴❇✯✒✍❇ ✧✜✦✰ ✯✒✜ ✑✒❈ ✐✪❈✰✳✒ ✧✮★

Issac Newton (1642 – 1727) ✓✒★✍ G.W. Leibnitz (1646 – 1717). ✛❲✒✧✔❇✮ ❝✒✦✒❳✯❇ ❈✜✮

✯✒✜✑✒✜✮ ✑✜ ♥✔✦✮❲✒✦✒ ✐✵✔❆✥ ✥✏✑ ✥✒ ✓❯✔✜✤✒①✒ ✢✥✬✒✩ ✥✏✑ ✔✜✎ ✓✒✴❈✑ ✔✜✎ ✭✒✯ ❚✛✔✜✎ ✓✒✴✒❈❇

✢✔✥✒✛ ✧✜✦✰ ✓✑✜✥ ✴✢①✒✦❨✒✜✮ ✑✜ ✬✒✜✴✯✒✑ ✢✥✬✒✩ ✐✢✍❝✒✰❩ ✛✮✥❬✐✑✒ ✥✒ ❈✰✳✬ ❱✜✬ ❈✧✒✑ ✴✢①✒✦❨✒✜✮

A.L.Cauchy, J.L.Lagrange ✓✒★✍ Karl Weier strass ✥✒✜ ✐✪✒❭✦ ✧★✩ Cauchy ✑✜ ✥✏✑ ✥✒✜
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✈☎✆☎✝ ✞✟✠☎ ✞✡☛☞☎✌ ✈✍ ✎✏ ✑✠☎✒☞✓✔ ✒☎✕✖✖✠ ✒✗✘✓☞☎✌✙ ✏✌✙ ✘✚✛☞☎✝ ☞✝ ✜✗✚✌✢ ✎✣✙✤ Cauchy ✥✌

D'Almbert ☞✛ ☛✛✏☎ ☛✙☞✦✒✥☎ ✚✌✢ ✒✧✠☎✌★ ✚✌✢ ✩☎✝☎ ✈✚☞✪✡ ☞✛ ✒✞✝✫☎☎✬☎☎ ✟✛✤ ☛✛✏☎ ☞✛

✒✞✝✫☎☎✬☎☎ ☛✌ ✒✧☎✝✙✫☎ ☞✝✓✌ ✎✗✐ ✭ = 0 ✚✌✢ ✞✪✐
sin✮

✮
 ☞✛ ☛✛✏☎ ✡✣☛✌ ❞✟☎✎✝✯☎ ✞✟✐✤ ❞✰✎☎✌✙✥✌

( ) ( )
,

y f x i f x

x i

✱ ✲ ✳
✴

✱  ✞✪❢☎☎ ✈☎✣✝ 0,i ✵ ✚✌✢ ✞✪✐ ☛✛✏☎ ☞☎✌  'f "(x) ✚✌✢ ✞✪✐ y✶✷

➯function derive’e➳ ✥☎✏ ✞✟✠☎✤

1900 ☛✌ ✒❧✚✸ ✠✎ ☛☎✌✜☎ ✡☎✓☎ ✹☎☎ ✞☞ ☞✪✥ ☞☎✌ ✒✺✻☎✥☎ ✍✎✗✓ ☞✞✕✥ ✎✣✷ ✼☛✞✪✐ ☞✪✥

✠✗✚☎✈☎✌✙ ☞✛ ✒✎✗❀✜ ☛✌ ✍☎✎✝ ✹☎✛✤ ✪✌✞☞✥ ✕✛☞ ✽✾✿✿ ✏✌✙ ✼✙★✪✣✙❁ ✏✌✙ John Perry ✐✚✙ ✈✰✠ ✥✌ ✼☛

✞✚✜☎✝ ☞☎ ✒✧✜☎✝ ☞✝✥☎ ✒✧☎✝✙✫☎ ✞☞✠☎ ✞☞ ☞✪✥ ☞✛ ✏✗❢✠ ✞✚✞✆✠☎❀ ✈☎✣✝ ✆☎✝✯☎☎✐❀ ☛✝✪ ✎✣✙ ✈☎✣✝

✘✚❧✢✪ ✘✓✝ ✒✝ ✫☎✛ ✒✺✻☎✠☎ ✡☎ ☛☞✓☎ ✎✣✤ F.L. Griffin ✥✌ ☞✪✥ ✚✌✢ ✈❂✠✠✥ ☞☎✌ ✒✧✹☎✏ ✚✬☎✸ ✚✌✢

◆☎❃☎☎✌ ✙ ☛✌ ✒✧☎✝✙✫☎ ☞✝✚✌✢ ✥✌✓❄❅✚ ✒✧✟☎✥ ✞☞✠☎✤ ❞✥ ✞✟✥☎✌✙ ✠✎ ✍✎✗✓ ✜✗✥☎✣✓✛✒❧✯☎✸ ☞☎✠✸ ✹☎☎✤

✈☎✡ ✥ ✚✌✢✚✪ ★✞✯☎✓ ✈✞✒✓✗ ✈✥✌☞ ✈✰✠ ✞✚✬☎✠☎✌✙ ✡✣☛✌ ✫☎☎✣✞✓☞✛✷ ✝☛☎✠✥ ✞✚❆☎✥✷ ✈✹☎✸❇☎☎✘❃☎✷

✡✛✚✞✚❆☎✥ ✏✌✙ ☞✪✥ ☞✛ ❞✒✠☎✌✞★✓☎ ✏✎❅✚✒❧✯☎✸ ✎✣✤

— ❈❈ —



�There are few things which we know which are not capable of

mathematical reasoning and when these can not, it is a sign that our

knowledge of them is very small and confused and where a mathematical

reasoning can be had, it is as great a folly to make use of another,

as to grope for a thing in the dark when you have a candle stick

standing by you. – ARTHENBOT �

14.1 ❍✁ ✂✄☎✆✁ (Introduction)

❜ ✝ ✞ ✟✠✡ ✠ ☛☞ ✌ ✍☛ ✎✏✑✡ ✒ ✓✠ ✏✔✔☞ ✕✖ ✝☞ ✝✌✗ ✌✏✘✒ ✔ ✙✚✛ ☛✡ ✜✏ ✢✣
✟✡ ✡ è✑✡ ✡ ✞✡ ☞ ✌ ✤è ✕✕✡ ✥ ✣è☞ ✌✎☞✦ ✍ ☛☞ ✌ ✧✡ ✒ ✍ ✜ ✏✣ ☛✖ ✙★✠ ✩ ✞ ✖☞ ✣✡ ☞ ✌ ✝✍ ✪✫✡ ✡ ✏✬ ✭✠✡ ☞ ✌

☛☞ ✌✩ ✏✖ ❡✖ ✪ ✒è ✣ ✓ ✤✮✯✡ ✏ ✒✠ ✡☞ ✌ ✝☞ ✩ ✏✔✣✏ ✝✒ ✍ ✙✞✡ ✍ ✜✦ ☛✖ ✙★✠ ☛☞ ✌ ✏✔✔☞ ✕✖
✣è✖ ☞ ✔☞ ✚ ✎ ✙✑✡ ✖ ☞ ❞ ✝☞ ✞✰✠ ✤✮ ✯✡✏ ✒✠✡ ☞ ✌ ✝☞ ✱☞★ ✲ ✗ ✖✡ ✠ ✡ ✍ ✜✦ ✳✣ ✴✠ ✏✵ ✒
❜ ✝ ✎ ✙✑✡ ✣✡ ☞ ✏✣ ✒✖ ✓ ✞ ✶✛ ✓ ✒è✍ ✤✮✠✡ ☞✎ ✣è ✝✣ ✒✡ ✍ ✜✩ ❞ ✝✔☞ ✚ ✏✔✔☞ ✕✖
④✡ ☛ ✒✡ ✤è ✏✖ ✷✡ ✥è ✣è ✒✡ ✍ ✜✦ ❜ ✝ ④✡ ☛ ✒✡ ✣✡☞ ✔☞ ✚✝☞ ✏✔✣✏ ✝✒ ✏✣✠✡ ✯✡ ✳✸
✠✍✡ ❀ ✤è ✍☛ ✏✔✔☞ ✕✖ ✣ ✓ ✤✮✏ ✹✠ ✡ ✣ ✓ ✕✕✡ ✥ ✏✔ ✺✡ ☞★✡ ✻ ✤ ✝☞ ✎✏✑✡ ✒ ✔☞ ✚

✝✌✭✷✡ ✥ ☛☞ ✌ ✣è☞ ✌✎☞ ✦ ✎✏✑✡ ✒ ✓✠ ✷ ✡✡ ★✡ ✡ ☛☞ ✌ ✏✔✔☞ ✕✖ ✭✡ ☞ ✤✮✣✡ è ✔☞ ✚ ✍✡ ☞ ✒☞ ✍ ✜✌❧
✞✡✎☛✖ ✡ ✈☛✣ ✼✞✡ ✎✏☛✣✽ ❢ ✾ ✾✿❁ ❂ ✒❃✡ ✡ ❢❂ ❄❅❂ ❆❇ ❅❈ ✼✏✖ ✎☛✏✖✣✽

❢ ✾ ✾✿ ❁❂✦ ✎✏✑✡ ✒✓✠ ✞✡ ✎☛✖ (Mathematical Induction) ✔☞ ✚ ✝✌✭✷ ✡ ✥
☛☞ ✌ ✍☛ ✞✡ ✎☛✖ ✡ ✈☛✣ ✏✔✔☞ ✕✖ ✣ ✓ ✕✕✡ ✥ ✤✍ ✢☞ ✣è ✕✙✔☞ ✚ ✍ ✜✌✦ ❜ ✝ ✞ ✟✠✡ ✠
☛☞ ✌ ✍☛ ✔✙ ✚✛ ☛❉ ✢✷✡ ❉ ✒ ✏✖ ✎☛✖✡ ✈☛ ✣ ✏✔✔☞ ✕✖ ✤è ✕ ✕✡ ✥ ✣è☞ ✌✎☞ ✦
14❊2 ✆ ❋✁ ● (Statements)

✎✏✑✡ ✒ ✓✠ ✏✔✔☞ ✕✖ ✣ ✓ ☛ ✡ ✜✏ ✢✣ ❜✣✡ ❜ ✥ ✎✏✑✡ ✒ ✓✠ ✣❃✡ ✖ ✣ ✓ ✝✌✣① ✤✖✡ ✍ ✜✦
✍ ☛ ✏✖ ❡✖✏ ✢✏❣✡ ✒ ✭✡ ☞ ✴✡ ✡ ✵✠ ✡☞ ✌ ☛☞ ✌ ✤✮✡ è ✌✷✡ ✣è☞ ✌✎☞ ✦

➯■❏ ❑ 2003 ▲▼ ◆ ❖ P P◗❘ ❙❚ ◗P ❯❱❲❳❨❘ ❩❙ ▲❨ ❬❭ P ❪ P❚◆❫❴
➯❨❙■ ❚ ❬ P❪ P ❚ ❙ P ❖ P P◗ ❩❙ ▲❏ ❵ ❯❛ ❝▼ ❤ ❖ P P◗ ■▼ ✐❨ ❥❙ ❬P▼❘ P ❬❦❫❴

14♠♥ ♦ ♣♦

qrst✉✇② r③③⑤⑥⑦

(Mathematical Reasoning)

George Boole

(1815 - 1864 A.D.)



340 ①�✁✂✄

❜☎ ✆✝✞✟✝✠✡ ☛✝✠ ☞✌✍✎✠ ✏✑ ✏✒ ✎✓✔✕✎ ✖☎✗✝✘✟ ✙✠ ✚☛✎✠ ✏✛✡ ✖☛ ☞✜✢✝✒ ✆✝✞✟ ✣✙✎ ✤✥✚✦✟✧ ✎✢✝✝

♥★✚✔✝ ✆✝✞✟ ✚✏✑ ✤✚✦✟✧ ✏✛✭ ❜✚ ✚✡✩✡✪ ✒✠✡ ☛✝✠❜✘ ✫✝✜✝✡✖✎ ☎✏✑✡ ✏✛✭ ✣✖✗✝✎ ✒✠✡ ✬✠✚✠ ✆✝✞✟✝✠✡ ☛✝✠ ☛✢✝☎

☛✏✎✠ ✏✛✡✭

❜✚✆✠✮ ✖✆☞✔✑✎ ✖☎✯☎✖✙✖✰✝✎ ✆✝✞✟ ☞✔ ✖✆✱✝✔ ☛✑✖✲✬✳

➯✴✵✶✷✸✹✺✻ ✼✽✾✿✸✸❀❁ ❂❀ ❃✵❄❅ ❆✽✵❇✴✸❈ ✶✸❀❉❊ ✶❋❁●❍

✆✓✮♦ ✙✝✠✣✝✠✡ ✆✠✮ ✖✆✱✝✔ ✚✠ ✟✏ ✆✝✞✟ ✚✦✟ ✏✝✠ ✚☛✎✝ ✏✛ ☞✔✡✎✓ ✆✓✮♦ ✥✕✟ ❜✚✚✠ ✥✚✏✒✎ ✏✝✠ ✚☛✎✠

✏✛ ✡✭ ❜✚ ✆✝✞✟ ✆✠✮ ✩✝✔✠ ✒✠ ✡ ✏✒ ✟✏ ☎✏✑✡ ☛✏ ✚☛✎✠ ✖☛ ✟✏ ✚✦✟ ✟✝ ✥✚✦✟ ✏✛✭ ❜✚☛✝ ✎✝✦☞✟✘ ✏✛

✖☛ ✟✏ ✆✝✞✟ ❢✟✢✝✘☛ ✏✛✭

❜✚ ☞✜☛✝✔ ☛✝ ✆✝✞✟ ✣✖✗✝✎ ✒✠✡ ☛✢✝☎ ✆✠✮ ■☞ ✒✠✡ ❏✆✑☛✝✟✘ ☎✏✑✡ ✏✛✭

❫✬☛ ✆✝✞✟ ✣✖✗✝✎✝☎✓✚✝✔ ❞❑▲▼ ☛✏✙✝✎✝ ✏✛✭ ✟✖♥ ✆✏ ✟✝ ✎✝✠ ✚✦✟ ✏✝✠ ✥✢✝✆✝ ✥✚✦✟ ✏✝✠ ☞✔✡✎✓

♥✝✠☎✝✠✡✡ ✤✚✦✟ ✥✝✛✔ ✥✚✦✟✧ ☎ ✏✝✠✭◆ ✥✩ ✲✩ ✫✝✑ ✏✒ ☛✢✝☎ ☛✝ ❖P✙✠✰✝ ☛✔✠✡✣✠ ✏✒✝✔✝ ✎✝✦☞✟✘ ➯✣✖✗✝✎✝☎✓✚✝✔

❏✆✑☛✝✟✘❍ ☛✢✝☎ ✚✠ ✏✝✠✣✝✭

✣✖✗✝✎ ✆✠✮ ✥◗✟✟☎ ✆✠✮ ♥✝✛✔✝☎ ✏✒✠✡ ❜✚ ☞✜☛✝✔ ✆✠✮ ✥☎✠☛ ✆✝✞✟ ✖✒✙✎✠ ✏✛✡✭ ✆✓✮♦ ❖♥✝✏✔✗✝ ❜✚

☞✜☛✝✔ ✏✛✡✳

❘✸❀ ❄❈ ❘✸❀ ❆❙✸❆❙ ❚✸❙●

❘✸❀ ❄❈ ❂❁❯❱✸❃✸❀❁ ❅✸ ❱✸❀❲✼❳✷ ❄❈ ✶✸❀❉✸ ✶❋●

❂❧✸❊ ❃❧✸✸❨❱ ❂❁❯❱✸✹✺ ✵❩✿✸✴ ❂❁❯❱✸✹❁ ✶✸❀❉❊ ✶❋❁●

❜☎✒✠✡ ✚✠ ☞✜✢✝✒ ♥✝✠ ✆✝✞✟ ✚✦✟ ✏✛✡ ✥✝✛✔ ✎✑✚✔✝ ✆✝✞✟ ✥✚✦✟ ✏✛✭ ❜☎ ✆✝✞✟✝✠✡ ✆✠✮ ✩✝✔✠ ✒✠✡ ☛✝✠❜✘ ✫✝✑

✚✡✖♥❬◗✝✎✝ ☎✏✑✡ ✏✛✭ ✥✎✳ ✟✠ ✤✆✝✞✟✧ ☛✢✝☎ ✏✛✡✭

✞✟✝ ✥✝☞ ✖☛✚✑ ✬✠✚✠ ✆✝✞✟ ☛✝ ❖♥✝✏✔✗✝ ✚✝✠✱ ✚☛✎✠ ✏✛✡ ✲✝✠ ✥❏☞❭❪ ✏✝✠❴ ✖☎✯☎✖✙✖✰✝✎ ✆✝✞✟ ☞✔

✖✆✱✝✔ ☛✑✖✲✬✳

x ❃✸❋❙ y ❅✸ ❱✸❀❲✼❳✷ 0 ❂❀ ❃✵❄❅ ✶❋●

✟✏✝❵ ✏✒ ✟✏ ✚✓✖☎✖❛✱✎ ☎✏✑✡ ☛✔ ✚☛✎✠ ✖☛ ✆✝✞✟ ✚✦✟ ✏✛ ✥✢✝✆✝ ✥✚✦✟ ✏✛❝ ✲✩ ✎☛ ✏✒✠✡ ✟✏

❡✝✎ ☎ ✏✝✠ ✖☛ x ✥✝✛✔ y ✞✟✝ ✏✛✡✭ ❖♥✝✏✔✗✝✝✢✝✘❝ x = 1, y = –3 ✆✠✮ ✖✙✬ ✟✏ ✥✚✦✟ ✏✛ ✎✢✝✝

x = 1, y = 0 ✆✠✮ ✖✙✬ ✟✏ ✚✦✟ ✏✛✭ ✥✎✳ ✟✏ ✆✝✞✟ ✬☛ ☛✢✝☎ ☎✏✑✡ ✏✛✭ ✖☛✡✎✓ ✖☎✯☎✖✙✖✰✝✎ ✆✝✞✟ ✬☛

☛✢✝☎ ✏✛

☞✜✦✟✠☛ ☞✜✝✆✐✮✎ ✚✡✰✟✝✥✝✠✡ x ✥✝✛✔ y ☛✝ ✟✝✠✣☞✮✙ 0 ✚✠ ✥✖✪☛ ✏✛❝ ✬☛ ☛✢✝☎ ✏✛✭

✥✩ ✖☎✯☎✖✙✖✰✝✎ ✆✝✞✟✝✠✡ ☞✔ ✖✆✱✝✔ ☛✑✖✲✬✳

❃✸✶✸✻ ✵❅❉❈✸ ❂✽❁❘❙✈

⑥✸❙ ❣❘❙❩✸❤✸❥ ❯✸✸❀✵✷✹●

❃✸✼ ❅✶✸✺ ❤✸ ❙✶❀ ✶❋❁❦

✞✟✝ ✟✠ ☛✢✝☎ ✏✛✡❴ ☎✏✑✡❝ ✞✟✝✠✡✖☛ ☞✏✙✝ ✖✆❏✒✟✝✖♥✩✝✠✪☛ ✤✖✆❏✒✟✩✝✠✪☛✧ ✆✝✞✟ ✏✛❝ ♥★✚✔✝ ✬☛

✥✝♥✠❛✝ ✏✛ ✎✢✝✝ ✎✑✚✔✝ ✬☛ ☞✜❛☎ ✏✛✭ ✣✖✗✝✎✑✟ ✫✝✝❭✝✝ ✒✠✡ ❜☎✒✠✡ ✚✠ ✖☛✚✑ ☛✝✠ ✫✝✑ ☛✢✝☎ ☎✏✑✡ ✒✝☎✝ ✲✝✎✝
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❣✡☛ ☞✌✍✌ ✎✏✑✒ ✓✔✕✖✌✗ ✘✙ ✚✛✓✕✓✜✘✢✣ ✍✖✒ ❣✏✌ ✔✡✍✌ ✤✛✏✔✥✦ ✤✧★✥ ✤✩✪✢✏ ❣✫✛✏ ✧★✥✦ ✧✬✏✕

✕❣✪✗ ❣✏✌✢✌ ❣✡✗☛ ✒❣ ✉✍✓★☞ ✓✧ ❣✖✌✗ ✒❣ ✭✏✢ ✕❣✪✗ ❣✏✌✢✏ ✓✧ ✓✧✍✪ ✍✖✒ ✧✪ ✘✘✏✮ ❣✏✌ ✙❣✪ ❣✡☛

♠✯✏❣✙✰✏✏✬✏✮✦ ✎✏✑✒

❫✱✲ ✳✴✵✶✷✴✸ ✹✺✻✼

✽✱ ✱✾✴✿ ✿✹❀❁ ✹✺✻

✒❣ ✎✏✑✒ ✓✧✍✪ ✩❂❣❃❄✓✢✎✏✙ ✎✌❅ ✓★☞ ✢✏✌ ✍❆✒ ❣✏✌❇✏ ❄✙✗✢✫ ✛❈✒ ✓✯✕✏✌✗ ✎✌❅ ✓★☞ ✍❆✒ ✕❣✪✗ ❣✏✌❇✏☛

✒❣ ✩✏✢ ♠✕ ✎✏✑✒✏✌✗ ✎✌❅ ✓★☞ ❉✏✪ ★✏❇❊ ❣✏✌✢✪ ❣✡ ✓✔✕✖✌✗ ✍✎✮✕✏✖ ✧✏ ❄❋✒✏✌❇ ✓✩✕✏ ✍✗✩✗✓●✢ ✍✗✭✏ ✧✏✌ ✩✢✏☞

✓✧✒✏ ❇✒✏ ❣✏✌ ✛✏✡✙ ☞✌✍✌ ✎✏✑✒✏✌✗ ✎✌❅ ✓★☞ ❉✏✪ ✓✔✕✖✌✗ ✘✙ ✚✛✓✕✓✜✘✢✣ ❃✬✏✏✕✏✌✗ ✧✏ ❄❋✒✏✌❇ ✓✧✒✏ ❇✒✏ ❣✏✌✦

✔✡✍✌ t✒❣✏❍■✦ t✎❣✏❍■ ✛✏✓✯☛ ✢✏❆❄✒✮ ✒❣ ❣✫✛✏ ✓✧ ✎✏✑✒

✷✹ ♦❏❑✴▲ ✱❀ ✽✱ ▼✿✴▲✱ ✹✺

✱✳❞❀✸ ◆✹✴❖ P◗ ❘✹✵▲ ❙❚✸ ✹✺✻

✧✬✏✕ ✕❣✪✗ ❣✡☛

✒❣✏❍ ☞✧ ✛❈✒ ✎✏✑✒ ❄✙ ✓✎✘✏✙ ✧✪✓✔☞❯

✽✱ ❞✹❀✿◗ ❱❞✴✹❲ ❞◗❁ 40 ❏❙✿ ✹✴◗▲◗ ✹✺❁✻

✑✒✏ ✛✏❄ ✉✍✌ ☞✧ ✧✬✏✕ ✧❣✌✗❇✌❳ ✕✏✌❨ ✧✪✓✔☞ ✓✧ ✒❣✏❍ ❄✙ ♠✓❩★✓❬✏✢ ✍✖✒ ✤✛✓✕✓✜✘✢

✚✘✙✣✥ ❣✡ ✛✬✏✏✮✢❭❭ 12 ✖❣✪✕✏✌✗ ✖✌✗ ✍✌ ✧✏✌✉✮ ☞✧☛ ✓✧✗✢✫ ❣✖✌✗ ✭✏✢ ❣✡ ✓✧ ✒❣ ✎✏✑✒ ✍✯✡✎ ✚✖❣✪✕✌ ✧✏ ❪✒✏✕

✓✧☞ ✓✩✕✏✣ ✛✍❆✒ ❣✏✌✢✏ ❣✡ ✑✒✏✌✗✓✧ ☞✧ ✖❣✪✕✌ ✖✌✗ ✓✯✕✏✌✗ ✧✪ ✍✗❬✒✏ 31 ✍✌ ✛✓●✧ ✕❣✪✗ ❣✏✌ ✍✧✢✪ ❣✡☛

✛✢❯ ✒❣ ✎✏✑✒ ☞✧ ✧✬✏✕ ❣✡☛ ✉✍✓★☞ ✒❣ ✢✬✒ ✓✧ ☞✧ ✎✏✑✒ ✒✏ ✢✏✌ ✍❆✒ ❣✏✌ ✒✏ ✛✍❆✒ ❣✏✌ ✓✧✗✢✫

✯✏✌✕✏✌✗ ✕ ❣✏✌ ✍✎✌❅ ☞✧ ✧✬✏✕ ✩✕✏✢✏ ❣✡☛

✍✏✖✏❈✒✢❯ ❣✖ ✧✬✏✕✏✌✗ ✧✏✌ ❧✏✌❨✌ ✛❴✏✙ p, q, r, ... ✍✌ ✓✕❵✓❄✢ ✚✓✕✓✯✮❛❨✣ ✧✙✢✌ ❣✡ ✗

♠✯✏❣✙✰✏ ✎✌❅ ✓★☞✦ ✧✬✏✕ ➯❜✴♦ P❙✺✷ ♦❞❝ ✹✴◗▲❀ ✹✺❡ ✧✏✌ ❣✖ p ❢✏✙✏ ✯✜✏✏✮✢✌ ❣✡✗☛ ✉✍ ✩✏✢ ✧✏✌

✓✕❤✕✓★✓❬✏✢ ❄❋✧✏✙ ✍✌ ❉✏✪ ✯✜✏✏✮✢✌ ❣✡✗❯

p ✐ ❜✴♦ P❙✺✷ ♦❞❝ ✹✴◗▲❀ ✹✺✻

❥❦♥♣qr♥ 1 ✔✏❍✓✘☞ ✓✧ ✑✒✏ ✓✕❤✕✓★✓❬✏✢ ✎✏✑✒ ✧✬✏✕ ❣✡✗☛ ✛❄✕✌ ♠s✏✙ ✧✏✌ ✧✏✙✰✏ ✍✓❣✢ ✓★✓❬✏☞☛

(i) 8✦ 6 ✍✌ ✧✖ ❣✡☛

(ii) ❄❋❆✒✌✧ ✍✖✫✈✘✒ ☞✧ ❄✓✙✓✖✢ ✍✖✫✈✘✒ ❣✏✌✢✏ ❣✡☛

(iii) ✍❊✒✮ ☞✧ ✢✏✙✏ ❣✡☛

(iv) ❇✓✰✏✢ ☞✧ ✧✏✡✢✫✧ ❣✡☛

(v) ✓✩✕✏ ✩✏✯★ ✎✌❅ ✎❛✏✏✮ ✕❣✪✗ ❣✏✌✢✪☛

(vi) ✒❣✏❍ ✍✌ ✘✌❈✕✉✮ ✓✧✢✕✪ ✯❊✙ ❣✡❳

♣✇ (i) ✒❣ ✎✏✑✒ ✛✍❆✒ ❣✡ ✑✒✏✌✗✓✧ 8 ✛✓●✧ ❣✏✌✢✏ ❣✡ 6 ✍✌☛ ✛✢❯ ✒❣ ☞✧ ✧✬✏✕ ❣✡☛

(ii) ✒❣ ✎✏✑✒ ❉✏✪ ✍✯✡✎ ✛✍❆✒ ❣✡ ✑✒✏✌✗✓✧ ☞✌✍✌ ❉✏✪ ✍✖✫✈✘✒ ❣✡✗ ✔✏✌ ✓✧ ❄✓✙✓✖✢ ✕❣✪✗ ❣✏✌✢✌ ❣✡✗

✛✢❯ ✒❣ ☞✧ ✧✬✏✕ ❣✡☛
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(iii) ❀☎ ✆✝✞✟✠✡☛ ☞✌ ✍✎ ✌✏✑✟✠✒✟✓ ☎✝ ✠☛ ✍✔❀✕ ✖☛ ✓✟✗✟ ☎✝ ✘✟✝✗ ✙✍✠✚✖ ❀☎ ✆✟✛❀ ✍✜❀ ☎✝✢

✘✓✈ ❀☎ ✖☛ ☛✣✟✡ ☎✝✢

(iv) ❀☎ ✆✟✛❀ ✤❀✠✛✓✠✡✥✦ ☎✝ ✛❀✟✎✧✠☛ ✠★✩☎✎✧ ✪✠✒✟✓ ✑✎✧ ✫✠✬ ☎✝ ✭✡✆✎✮ ✠✚✖ ❀☎ ☛✟✝✓✯☛ ☎✟✎ ✍☛✓✟

☎✝ ✠☛✧✓✯ ✘✩❀ ✆✎✮ ✠✚✖ ✖✎✍✟ ✡☎❣✧ ☎✟✎ ✍☛✓✟ ☎✝✢ ✙✍☛✟ ✘✣✟✕ ☎✯✘✟ ✠☛ ❀☎ ✆✟✛❀ ✍✜❀ ❀✟

✘✍✜❀ ✡☎❣✧ ☎✝✢ ✘✓✈ ❀☎ ✖☛ ☛✣✟✡ ✡☎❣✧ ☎✝✢

(v) ❀☎ ✆✝✞✟✠✡☛ ☞✌ ✍✎ ✌✏✑✟✠✒✟✓ ✌✏✟✆✰✮✠✓☛ ✓✣❀ ☎✝ ✠☛ ✆✥✟✟✕ ☎✟✎✡✎ ✍✎ ✌☎✚✎ ✱✟✲✚ ✱✡✓✎ ☎✝✧✢

✙✍✠✚✖ ❀☎ ✍✲✝✆ ✍✜❀ ☎✝✢ ✘✓✈ ❀☎ ✖☛ ☛✣✟✡ ☎✝✢

(vi) ❀☎ ✖☛ ✌✏✳✡ ☎✝✴ ✠★✍✑✎✧ ✳✟✵✲ ✶❀☎✟✷✸ ✹✟❣ ✘✟✓✟ ☎✝✢ ✘✓✈ ❀☎ ✖☛ ☛✣✟✡ ✡☎❣✧ ☎✝✢

✭✌✗✟✎✛✓ ✭✲✟☎✗✒✟ ❀☎ ✲✳✟✟✕✓✎ ☎✝✧ ✠☛ ★✱ ☛✹✟❣ ☎✑ ✠☛✍❣ ✆✟✛❀ ☛✟✎ ☛✣✟✡ ☛☎✓✎ ☎✝✧ ✓✟✎ ☎✑✎✧ ❀☎ ✹✟❣

✱✓✚✟✡✟ ✬✟✠☎✖ ✠☛ ✖✎✍✟ ✛❀✟✎✧ ☎✝ ✌✏✳✡ ✆✎✮ ✭❝✟✗ ☛❣ ✘✌✎✺✟✟ ❀☎ ✶✛❀✟✎✧✸ ✘✠✻☛ ✑☎✜✆✌✔✒✟✕ ☎✝✢

✐✼✽✾✿❁❂❃ 14.1

1❄ ✠✡❢✡✠✚✠❅✟✓ ✆✟✛❀✟✎✧ ✑✎✧ ✍✎ ☛✟✝✡ ✍✟ ☛✣✟✡ ☎✝✧❆ ✘✌✡✎ ✭❝✟✗ ✆✎✮ ✠✚✖ ☛✟✗✒✟ ✹✟❣ ✱✓✚✟✙✖✢

(i) ✖☛ ✑☎❣✡✎ ✑✎✧ 35 ✠✲✡ ☎✟✎✓✎ ☎✝✧✢

(ii) ✪✠✒✟✓ ✖☛ ☛✠✦✡ ✠✆✥✟❀ ☎✝✢

(iii) 5 ✘✟✝✗ 7 ☛✟ ❀✟✎✪✌✮✚ 10 ✍✎ ✘✠✻☛ ☎✝✢

(iv) ✠☛✍❣ ✍✧❅❀✟ ☛✟ ✆✪✕ ✖☛ ✍✑ ✍✧❅❀✟ ☎✟✎✓❣ ☎✝✢

(v) ✠☛✍❣ ✬✓✯✹✟✯✕★ ☛❣ ✹✟✯★✟✖✷ ✱✗✟✱✗ ❇✍✑✟✡❈ ✚✧✱✟✙✕ ☛❣ ☎✟✎✓❣ ☎✝✧✢

(vi) ✙✍ ✌✏✳✡ ☛✟ ✭❝✟✗ ✲❣✠★✖✢

(vii) ❉1 ✘✟✝✗ 8 ☛✟ ✪✯✒✟✡✌✮✚ 8 ☎✝✢

(viii) ✠☛✍❣ ✠❊✟✹✟✯★ ✆✎✮ ✍✹✟❣ ✘✧✓✈ ☛✟✎✒✟✟✎✧ ☛✟ ❀✟✎✪✌✮✚ 180ñ ☎✟✎✓✟ ☎✝✢

(ix) ✘✟★ ✖☛ ✓✔✌✮✟✡❣ ✠✲✡ ☎✝✢

(x) ✍✹✟❣ ✆✟❧✓✠✆☛ ✍✧❅❀✟✖✧ ✍✠❢✑❋ ✍✧❅❀✟✖✷ ☎✟✎✓❣ ☎✝✧✢

2❄ ✆✟✛❀✟✎✧ ✆✎✮ ✓❣✡ ✖✎✍✎ ✭✲✟☎✗✒✟ ✲❣✠★✖ ★✟✎ ☛✣✟✡ ✡☎❣ ☎✝✧✢ ✭❝✟✗ ✆✎✮ ✠✚✖ ☛✟✗✒✟ ✹✟❣ ✱✓✚✟✙✖✢

14●3 ✐❍❁■ ❏✿❑ ▲▼✿✾✿◆❖ P◆ ✾◗ ▲▼✿✾ ❘✾✿✾✿ (New Statements from Old)

✘✱ ☎✑ ✌✔✆✕ ✞✟✓ ☛✣✟✡✟✎✧ ✍✎ ✡✖ ☛✣✟✡ ✱✡✟✡✎ ☛❣ ✠✆✠✻ ✌✗ ✠✆✬✟✗ ☛✗✎✧✪✎✢ ✍✡❙ 1854 ✑✎✧ ✖☛ ✘✧✪✗✎❚✟

✪✠✒✟✓✞ Georg Boole ✡✎ ✘✌✡❣ ✌✯❧✓☛ The laws of Thoughts ✑✎✧ ✙✡ ✠✆✠✻❀✟✎✧ ✌✗ ✠✆✬✟✗❉✠✆✑✳✟✕

✠☛❀✟ ☎✝✢ ❀☎✟✷✴ ☎✑ ✲✟✎ ✓☛✡❣☛✟✎✧ ✌✗ ✠✆✬✟✗❉✠✆✑✳✟✕ ☛✗✎✧✪✎✢

☛✣✟✡ ✆✎✮ ✘❞❀❀✡ ✑✎✧ ✌✏✣✟✑ ✬✗✒✟ ✆✎✮ ☞✌ ✑✎✧ ☎✑ ✖☛ ✑☎✜✆✌✔✒✟✕ ✓☛✡❣☛ ✌✗ ✲✰✠✥❯ ❱✟✚✎✧✪✎ ✠★✍✆✎✮

✌✏❀✟✎✪ ✍✎ ☎✑ ✪✠✒✟✓❣❀ ✆✟✛❀✟✎✧ ☛❣ ✘✌✡❣ ✍✑❲ ☛✟✎ ✪☎✡ ☛✗ ✍✆✎✮✧✪✎✢ ✙✍ ✓☛✡❣☛ ✑✎✧ ☎✑ ✘✌✡✎ ✘✟✌

✍✎ ✡ ✆✎✮✆✚ ❀☎ ✌✏✳✡ ✌✔❳✎✧✪✎ ✠☛ ✖☛ ✠✲✖ ☎✯✖ ✆✟✛❀ ✆✎✮ ✍✜❀ ☎✟✎✡✎ ☛✟ ✛❀✟ ✘✣✟✕ ☎✟✎✓✟ ☎✝ ✱✠❨☛ ❀☎

✹✟❣ ✠☛ ✭✍ ✆✟✛❀ ✆✎✮ ✍✜❀ ✡☎❣✧ ☎✟✎✡✎ ☛✟ ✛❀✟ ✘✣✟✕ ☎✟✎✓✟ ☎✝✢
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14✲3✲1 ❢✡ ☛☞ ✡✌ ✍ ✎ ✡ ✍ ❢ ✎✏✍ ✑ ✒✎ (Negation of a statement) ✓✔✕✖ ✔✗✘ ✙ ✔✘ ✙ ✔✘ ✚ ✙✘ ✛ ✕

✔✗✘ ✙ ✔✘ ✜✢✣ ✤✥✦✢ ✔✧ ★✘ ✩✘ ✧ ✪✫

♦✬ ✭ ✮ ✯ ✰✱ ✳ ✴✵ ✶✷✸ ✹✺ ✰✻✼ ✽✾ ✿❀

❜ ✕✔✘ ✓✙❁✘ ❂❃✙ ✓✙❄ ✙✓★ ✓❅✘ ✩ ❆❇ ✔✘ ✚ ✕❂ ✓★❅ ✘ ✘ ❈✘ ✕✔✩✘ ✧ ✪ ✫

❉✧ ❊❋✩ ●✓❋✗✘ ✓✩ ✙✧ ✖❍ ✧ ✪ ✓✔ ✙❜ ■ ✓❏ ❑★ ✖ ▲✔ ✙▼✚ ✧ ✪✫◆ ❜ ✕❂ ❜ ✕ ❆❇ ✔✘ ✚ ❖✘ ✖ ✓★❅ ✘ ✕✔✩ ❂ ✧ ✪❍ ✫ ✓✔

✯ ✮✽ ❫P◗ ✮ ✽✾ ✴ ✺ ✰✱ ✳ ✴ ✵✶✷✸ ✹✺ ✰✻✼ ✽✾ ✿ ❀

✕✚★✩ ✘ ✕❂ ❉ ✧ ❖✘ ✖ ✔✧ ✕✔✩ ❂ ✧ ✪❍ ✓✔

✯ ✰✱ ✳ ✴ ✵✶✷✸ ✹✺ ✰✻✼ ✰✽✸❘ ✽✾ ✿ ❀

✐✜❙ ❚✤ ✤✣ ✤ ✤ 1 ❉ ✓❏ p ▲✔ ✔✗✘ ✙ ✧ ✪❯ ✩ ✘ ❂ p ✔✘ ✓✙ ❁✘ ❂❃✙ ❊✧ ✔✗✘ ✙ ✧ ✪ ❈✘ ❂ p ✔✘ ❂ ✙ ✔✘ ✚✩✘ ✧ ✪ ❱✘ ✪✚ ❜ ✕❂

❆❇ ✩ ✖✔ ~p ✕❂ ❏ ❲✘ ✘ ■✩ ❂ ❳ ✓✙✓❏ ■❁❨ ✔✚✩ ❂❩ ✧ ✪❍ ✓❈ ✕❂ ❬p❭ ✙✧ ✖❍ ❪ ❆❴❵✩ ❂ ✧ ✪❍ ✫

❛ ✜❝❞✐❡ ✤❣ ✓✔✕✖ ✔✗✘ ✙ ❊ ❂❤ ✓✙ ❁✘ ❂❃✙ ✔✖ ✚ ❥✙✘ ✔✚✩ ❂ ✕❦❉ ❧❉✧ ❊ ❋✩ ● ✓❋ ✗✘ ✓✩ ✙✧ ✖❍ ✧ ✪◆ ❱ ✗✘❊✘

❧❉✧ ❱ ✕♠❉ ✧ ✪ ✓✔◆ ❉✧ ✘ ♥ ▲✔ ✛ ❏✘ ✧ ✚♣✘ ✕❂ ❉✧ ❋❆ ❁❨ ✓✔❉✘ ▼❉✘ ✧ ✪ ✓✔ ✓✔✕ ❆❇ ✔✘ ✚ ▲✔ ✔✗✘ ✙

❊ ❂❤ ✓✙❁✘ ❂q✘ ✙ ✔✘ ❱❊ ★✘ ❂✔✙ ✔✚❊❂❤❯ ✧ ❦ ✛ ✕❊❂❤ ✕❍ r❍ ❃ ❦ ❂❍ ❱❆ ✙ ✖ ✕❦s ✕●❃✘ ✚ ✕✔✩ ❂ ✧ ✪❍ ✫

❊✘ t❉ ❧❈❦ ■✙ ✖ ❦ ❂❍ ✧ ✚ ✔✘ ❂❜ ■ ❳ ❆❇ ♠❉ ❂✔ ✉❉ ✓t✩ ❩ ❈ ❦ ■✙ ❖✘ ✘ ❁✘ ✘ r✘ ❂★✩ ✘ ✧ ✪✫◆ ❆✚ ✓❊ ❥✘ ✚ ✔✚ ❂❍ ✫

❜ ✕ ❊✘ t❉ ✔✘ ❂ ✙✔✘ ✚ ✙ ❂ ✕❂ ✧❦ ❂❍ ❊✘ t❉ ❧❈❦ ■ ✙✖ ❦ ❂❍ ✧ ✚ ✔✘ ❂❜ ■ ❈❦ ■✙ ❖✘✘ ❁✘ ✘ ✙✧ ✖❍ r ✘ ❂★✩✘ ✧ ✪✫◆ ❜ ✕✔✘ ❉ ✧

✩✘ ♠❆❉ ■ ✙✧ ✖❍ ✧ ●❱ ✘ ✓✔ ❧❈❦ ■✙✖ ❦ ❂❍ ✔✘ ❂❜ ■ ❖✘ ✖ ✉❉ ✓t✩ ❈❦ ■ ✙ ❖✘✘ ❁✘ ✘ ✙✧ ✖❍ r✘ ❂★✩✘ ✧ ✪ ✫◆ ❉ ✧ ❊ ❂❤❊ ★ ❉ ✧ r ✩ ★✘ ✩✘

✧ ✪ ✓✔ ❧❈❦ ■✙ ✖ ❦ ❂❍ ✔❦ ✕❂ ✔❦ ▲✔ ✉❉ ✓t✩ ▲❂ ✕✘ ✧ ✪ ❈ ✘ ❂ ❈❦ ■ ✙ ❖✘ ✘ ❁✘ ✘ ✙✧ ✖❍ r✘ ❂★✩ ✘ ✧ ✪ ✫

✧❦ ❊ ●❤✈ ❱✘ ✪✚ ✛ ❏✘ ✧ ✚♣✘ ✘ ❂❍ ❆✚ ✓❊ ❥✘ ✚ ✔✚ ❂❍▼ ❂✫

✇ ② ✤③❙❡ ✤ 2 ✓✙❄ ✙ ✓★ ✓❅ ✘✩ ✔✗✘ ✙✘ ❂❍ ✔✘ ✓✙❁✘ ❂❃✙ ✓★✓❅ ✘ ▲✫

(i) ✓✔✕✖ ❱✘ ❉✩ ❊ ❂❤ ❏✘ ❂✙✘ ❂❍❍ ✓❊ ✔♣✘ ✘ ❂④ ✔✖ ★❍r✘ ❜ ■ ✕❦✘ ✙ ✧ ✘ ❂✩ ✖ ✧ ✪✫

(ii) 7 ▲✔ ❆✓✚❦ ❂❉ ✕❍ ❅❉ ✘ ✧ ✪✫

③⑤ (i) ❉✧ ✔✗✘ ✙ ❉ ✧ r ✩ ★✘ ✩✘ ✧ ✪ ✓✔ ✕❖✘ ✖ ❱✘ ❉ ✩✘ ❂❍ ❦ ❂❍ ❏ ✘ ❂✙✘ ❂❍❍ ✓❊ ✔♣✘ ✘ ❂④ ✔✖ ★❍ r✘ ❜ ■ ✕❦✘ ✙ ✧✘ ❂✩ ✖ ✧ ✪✫

❜ ✕✔✘ ✩ ♠❆❉ ■ ❉✧ ✧ ●❱ ✘ ✓✔ ❉ ✓❏ ✧ ❦ ✔✘ ❂❜ ■ ❱ ✘❉ ✩ ★ ❂❍ ✩ ✘ ❂ ❜ ✕❊ ❂❤ ❏ ✘ ❂✙✘ ❂❍❍ ✓❊✔♣✘ ❂■ ✔✖ ★❍ r✘ ❜ ■

✕❦✘ ✙ ✧ ✘ ❂▼ ✖✫ ❜ ✕ ✔✗✘ ✙ ✔✘ ✓✙❁✘ ❂ ❃✙ ❯ ❬ ❉✧ ❱ ✕♠❉ ✧ ✪ ✓✔ ✓✔✕✖ ❱✘ ❉ ✩ ❊ ❂❤ ❏ ✘ ❂✙✘ ❂❍❍ ✓❊ ✔♣✘ ✘ ❂④

✔✖ ★❍ r✘ ❜ ■ ✕❦✘ ✙ ✧✘ ❂✩ ✖ ✧ ✪ ❪ ✧ ✪✫ ❱ ✗✘ ✘ ■✩ ⑥⑥ ❧✔❦ ✕❂ ✔❦ ▲✔ ❱✘ ❉✩ ▲❂✕✘ ✧ ✪❯ ✓❈ ✕❊ ❂❤ ❏✘ ❂✙✘ ❍ ❂

✓❊ ✔♣✘ ✘ ❂④ ✔✖ ★❍r✘ ❜ ■ ✕❦✘ ✙ ✙✧ ✖❍ ✧ ✪✫◆

(ii) ❜ ✕ ✔✗✘ ✙ ✔✘ ✓✙ ❁✘ ❂❃✙ ✓✙❄ ✙ ✓★✓❅ ✘ ✩ ❆❇ ✔✘✚ ✓★❅ ✘ ✘ ❈✘ ✕✔✩✘ ✧ ✪

❧❉✧ ❊ ❋✩ ●✓❋✗✘ ✓✩ ✙✧ ✖❍ ✧ ✪ ✓✔ 7 ▲✔ ❆ ✓✚❦ ❂❉ ✕❍ ❅❉ ✘ ✧ ✪✫◆

❜ ✕❂ ✓✙❄ ✙ ✓★ ✓❅ ✘✩ ❆❇ ✔✘ ✚ ✕❂ ❖✘ ✖ ✓★❅ ✘ ✕✔✩ ❂ ✧ ✪❍ ⑦

❧ 7 ▲✔ ❆ ✓✚❦ ❂❉ ✕❍❅ ❉✘ ✙✧ ✖❍ ✧ ✪ ✫◆
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♠☎✆✝✞✟✆ 3 ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠ ✑✒✓ ❢✠✔✌✒✕✠ ❢☛❢☞✌✖ ✗✌✘✙ ✚✌✛❢✜✖ ❢✎ ✢✣✌ ✤❢✙✥✌✌✦✧ ✎✏✌✠ ★✩✣ ✪✘✫

(i) ✗✌✈✬✭✒❢☛✣✌ ✖✎ ✦✪✌✮✧✤ ✪✘✯

(ii) ✖✒★✒ ❢✎★✧ ✜✍✱✰✌✱✲✚ ✎✌ ✗❢✈✍✩✑ ✠✪✧✳ ✪✘ ❢✚★✎✧ ✜✌✙✌✒✳✳ ✰✌✱✚✌✖✛ ✴✙✌✴✙ ✪✌✒✳✯

(iii) ✤✐✩✣✒✎ ✤✐✌✑✵✓✍ ★✳☞✣✌ 0 ★✒ ✗❢✕✎ ✪✌✒✍✧ ✪✘✯

(iv) 3 ✗✌✘✙ 4 ✎✌ ✣✌✒✶✤✓☛ 9 ✪✘✯

✝❣ (i) ❫✣✪ ✗★✩✣ ✪✘ ❢✎ ✗✌✈✬✭✒❢☛✣✌ ✖✎ ✦✪✌✮✧✤ ✪✘✷✸ ❢✹✣✒ ✪✱✖ ✎✏✌✠ ✎✌ ❢✠✔✌✒✕✠ ✪✘✯ ✺★✒ ✺★

✤✐✎✌✙ ✰✌✧ ❢☛☞✌ ★✎✍✒ ✪✘✳ ❢✎ ❫✗✌✈✬✭✒❢☛✣✌ ✖✎ ✦✪✌✮✧✤ ✠✪✧✳ ✪✘✯✷ ✪✦✒✳ ✻✌✍ ✪✘ ❢✎ ✣✪

✎✏✌✠ ✗★✩✣ ✪✘✯

(ii) ✺★ ✎✏✌✠ ✎✌ ❢✠✔✌✒✕✠ ✺★ ✤✐✎✌✙ ✪✘✸ ❫✣✪ ✑✈✍✱❢✈✏✌❢✍ ✠✪✧✳ ✪✘ ❢✎ ❢✎★✧ ✜✍✱✰✌✱✲✚ ✎✌

✗❢✈✍✩✑ ✠✪✧✳ ✪✘ ❢✚★✎✧ ✜✌✙✌✒✳✳ ✰✌✱✚✌✖✛ ✴✙✌✴✙ ✪✘✳✯✷

✺★✎✌ ✍✌✩✤✣✲ ✪✱✗✌ ❢✎ ❫✖✎ ✖✒★✒ ✜✍✱✰✌✱✲✚ ✎✌ ✗❢✈✍✩✑ ✪✘✸ ❢✚★✎✧ ✜✌✙✌✒✳✳ ✰✌✱✚✌✖✛ ✴✙✌✴✙

✪✌✒✍✧ ✪✘✳✯ ✣✪ ✎✏✌✠ ★✩✣ ✪✘ ✢✣✌✒✳❢✎ ✪✦✒✳ ✻✌✍ ✪✘ ❢✎ ✑✶✲ ✖✎ ✖✒★✌ ✜✍✱✰✌✱✲✚ ✪✌✒✍✌ ✪✘✸ ❢✚★✎✧

✜✌✙✌✒✳ ✳ ✰✌✱✚✌✖✛ ✴✙✌✴✙ ✪✌✒✍✧ ✪✘✳✯

(iii) ✺★ ✎✏✌✠ ✎✌ ❢✠✔✌✒✕✠ ✺★ ✤✐✎✌✙ ✪✘✸ ❫✣✪ ✗★✩✣ ✪✘ ❢✎ ✤✐✩✣✒✎ ✤✐✌✑✵✓✍ ★✳☞✣✌ 0 ★✒

✗❢✕✎ ✪✌✒✍✧ ✪✘✳✯

✺★✎✌✒ ✺★ ✤✐✎✌✙ ✰✌✧ ❢☛☞✌ ★✎✍✒ ✪✘✳ ❢✎ ❫✖✎ ✖✒★✧ ✤✐✌✑✵✓✍ ★✳☞✣✌ ✎✌ ✗❢✈✍✩✑ ✪✘ ✚✌✒

0 ★✒ ✗❢✕✎ ✠✪✧✳ ✪✘✯✷ ✣✪ ✎✏✌✠ ✗★✩✣ ✪✘✯

(iv) ✗✰✌✧✔✬ ❢✠✔✌✒✕✠ ✺★ ✤✐✎✌✙ ✪✘✸ ❫✣✪ ✗★✩✣ ✪✘ ❢✎ 3 ✗✌✘✙ 4 ✎✌ ✣✌✒✶✤✓☛ 9 ✪✘✯✷

✺★✒ ✺★ ✤✐✎✌✙ ✰✌✧ ❢☛☞✌✌ ✚✌ ★✎✍✌ ✪✘ ❢✎✸ ❫3 ✗✌✘✙ 4 ✎✌ ✣✌✒✶✤✓☛ 9 ✠✪✧✳ ✪✒✌✍✌ ✪✘✯✷ ✣✪

✎✏✌✠ ★✩✣ ✪✘✯

14✼3✼2 ✽✾✿ ❀❁❂❃ ❄❅❆❇❈❉❊ ❀❁❂❃❋ (Compound statements) ❫✗✌✘✙ ●✍✏✌✌❍✷✸ ❫✣✌

●✗✏✌✑✌❍✷ ✗✌❢✹ ✤✐✎✌✙ ✑✒✓ ★✳✣✌✒✚✎ ■✌❏✹✌✒✳✳ ✮✌✙✌ ✖✎ ✣✌ ✖✎ ★✒ ✗❢✕✎ ✎✏✌✠ ✎✌✒ ✚✌✒❑▲ ✎✙ ✗✠✒✎

✶❢✥✌✍✧✣ ✎✏✌✠ ✤✐✌▼✍ ❢✎✖ ✚✌ ★✎✍✒ ✪✘✳✯ ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠ ✤✙ ❢✑✜✌✙ ✎✧❢✚✖◆

❫✴❖✴ ✣✌ ❢✴✚☛✧ ✑✒✓ ✍✌✙ ✦✒✳ ✑✱✓P ☞✌✙✌✴✧ ✪✘✷ ✣✪ ✎✏✌✠ ✴✍☛✌✍✌ ✪✘ ❢✎ ✴❖✴ ✦✒✳ ✑✱✓P ☞✌✙✌✴✧

✪✘ ✣✌ ❢✴✚☛✧ ✑✒✓ ✍✌✙ ✦✒✳ ✑✱✓P ☞✌✙✌✴✧ ✪✘✯ ✺★✎✌ ✍✌✩✤✣✲ ✣✪ ✪✘ ❢✎ ✤✐✹◗✌ ✎✏✌✠ ✑✌✈✍✑ ✦✒✳ ✹✌✒ ★✳❢❘✌▼✍

●P✌✒✬✒❍ ✎✏✌✠ ★✒ ❢✦☛ ✎✙ ✴✠✌ ✪✘✸ ✚✌✒ ✺★ ✤✐✎✌✙ ✪✘✳◆

q: ❙❚❯❚ ❱❲❳ ❨❩❬❭ ❪❴❵❴❚❛ ❜❝❞

r: ❡❚❤❥❛ ❨❲❬ ❦❴❵ ❱❲❳ ❨❩❬❭ ❪❴❵❴❚❛ ❜❝❞ ❧❴❝❵

❢✚✠✎✌✒ ■✌❏✹ ❫✣✌✷ ✮✌✙✌ ✚✌✒❑▲✌ ✶✣✌ ✪✘✯

✗✴ ✦✌✠ ☛✧❢✚✖ ❢✎ ❢✠✡✠❢☛❢☞✌✍ ✹✌✒ ✎✏✌✠ ❢✹✖ ✪✘✳✸

p: ❙7 ♥♦ ❡❨♣❴❱ q❳❪r❴ ❜❝s❞

q: ❙7 ♥♦ ❧t❴❴✉r q❳❪r❴ ❜❝s❞
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❜✡ ☛☞✌✡☞✌✍✍ ✎☞✌ ✏☞✑☛ ✒✓☞✔✕✖ ✗☞✕☞ ✘☞✌✙✚✡✌ ✛✌ ✜✡✢✡✜✣✜✤☞✥ ✎✦☞✡ ✧★☞✩✥ ✪☞✌✫☞

r: ❫7 ✬✭✮✯✰ ✱✯✲✳ ✱✴✯✯✵✶✷ ✸✯✹✺✯✹✻ ✻ ✼✽ ✾✿❀✯✳ ❀✽ ❁✻❂✶✯ ✼✲❃❄

❅✪ ❆✎ ✜❇❈ ✎✦☞✡ ✪✔❉

♠✧✕☞✌❊✥ ✧✜✕❋❋☞● ✛✌ ✜✡✢✡✜✣✜✤☞✥ ✧✜✕❍☞☞■☞☞ ✧★☞✩✥ ✪☞✌✥❏ ✪✔❑

✐▲▼◆❖❖P❖❖ 2 ❆✎ ✜❇❈ ✎✦☞✡ ◗✪ ✪✔❘ ✘☞✌ ☛☞✌ ❅☞ ☛☞✌ ✛✌ ✓✜❙✎ ❆✌✛✌ ✎✦☞✡☞✌✍ ✗☞✕☞ ❚✡☞ ✪☞✌❘ ❜✛ ✜❯✦☞✜✥

❇✌✍ ✧★❡❅✌✎ ✎✦☞✡ ✎☞✌ ❱☞❲✎ ✎✦☞✡ ✎✪✥✌ ✪✔✍❉

✓☞❜❆ ✓❚ ✪❇ ◗✈❳❨ ♠☛☞✪✕❩☞☞✌✍ ✧✕ ✜◗❋☞✕ ✎✕✌✍❉

❬❭❖❪▼❴❖ 4 ✜✡✢✡✜✣✜✤☞✥ ✜❇❈ ✎✦☞✡ ◗✌❳ ❱☞❲✎ ✎✦☞✡ ❢☞✥ ✎❏✜✘❆❉

(i) ✓☞✎☞✏☞ ✡❏✣☞ ✪✔ ✓☞✔✕ ❱☞☞✛ ✪✕❏ ✪✔❉

(ii) ◗■☞☞● ✪☞✌ ✕✪❏ ✪✔ ✓☞✔✕ ♦❩✙✎ ✪✔❉

(iii) ✛❍☞❏ ✧✜✕❇✌❅ ✛✍✤❅☞❆❧❘ ◗☞❯✥✜◗✎ ✛✍✤❅☞❆❧ ✪☞✌✥❏ ✪✔✍ ✓☞✔✕ ✛❍☞❏ ◗☞❯✥✜◗✎ ✛✍✤❅☞❆❧❘ ✛✜✢❇❈

✛✍✤❅☞❆❧ ✪☞✌✥❏ ✪✔✍❉

(iv) 0 ❆✎ ❙✡ ✛✍✤❅☞ ✪✔ ❅☞ ❆✎ ❵❩☞ ✛✍✤❅☞ ✪✔❉

❪❣ ❜✡❇✌✍ ✛✌ ✧★❡❅✌✎ ✧✕ ✪❇ ❚☞✕❏❛❚☞✕❏ ✛✌ ✜◗❋☞✕ ✎✕✌✍✫✌❉

(i) ❱☞❲✎ ✎✦☞✡ ❜✛ ✧★✎☞✕ ✪✔ ✍

p: ✱✯❀✯❝✯ ✺✽❞✯ ✼✲❃

q: ❤✯✯❁ ✼✳✽ ✼✲❃

✛✍❅☞✌✘✎ ✏☞✑☛ ✒✓☞✔✕✖ ✪✔❉

(ii) ❱☞❲✎ ✎✦☞✡ ✡❏❋✌ ✜☛❆ ✫❆ ✪✔✍❘

p: ✭✮✯✯❥ ✼✯✹ ✳✼✽ ✼✲❃

q: ❦✻♥❀ ✼✲❃

✛✍❅☞✌✘✎ ✏☞✑☛ ✒✓☞✔✕✖ ✪✔❉

(iii) ❱☞❲✎ ✎✦☞✡ ✡❏❋✌ ✜✣✤☞✌ ✪✔✍❘

p: ❁✴✯✽ ✾✬✳✰✹✶ ❁✻❂✶✯♣q ✭✯rs✬✭❀ ❁✻❂✶✯♣q ✼✯✹s✽ ✼✲✻❃

q: ❁✴✯✽ ✭✯rs✬✭❀ ❁✻❂✶✯♣q ❁✬t✰✉ ❁✻❂✶✯♣q ✼✯✹s✽ ✼✲✻❃

✛✍❅☞✌✘✎ ✏☞✑☛ ✒✓☞✔✕✖ ✪✔❉

(iv) ❱☞❲✎ ✎✦☞✡ ❜✛ ✧★✎☞✕ ✪✔✍❉

p: 0 ♣❀ ✇✺ ❁✻❂✶✯ ✼✲✻❃

q: 0 ♣❀ ②③✯ ❁✻❂✶✯ ✼✲❃

✛✍❅☞✌✘✎ ✏☞✑☛ ✒❅☞✖ ✪✔❉
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♠☎✆✝✞✟✆ 5 ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠ ✑✒✓ ✔✌✕✎ ✎✏✌✠ ✖✌✍ ✎✗❢✘✙ ✚✌✛✜ ✘✌✢❢✣✙ ❢✎ ✑✒ ✤✥✦ ✧✛★ ✦✌ ✠✧✗★✩

(i) ✙✎ ✑✱✪ ✙✎ ✣✍✫✬✌✫✪✘ ✧✌✒✍✌ ✧✛ ✚✌✛✜ ✭✤✎✗ ✣✌✜✌✒★★ ✬✌✫✘✌✙✢ ✮✜✌✮✜ ✧✌✒✍✗ ✧✛★✩

(ii) ✤✬✌✗ ✚✬✌✌❧✦ ✤★☞✦✌✙✢ ✦✌ ✍✌✒ ✤✯ ✦✌ ❢✑✰✌✯ ✧✌✒✍✗ ✧✛★✩

(iii) ✙✎ ✲✦❢✳✍✴ ❢✘✤✠✒ ✱❢✵✌✍ ✦✌ ✑★✓✶✦✷✕✜ ❢✑✖✌✠ ✎✌ ✣✦✠ ❢✎✦✌ ✧✛✴ ✑★✓✶✦✷✕✜ ✚✠✫✸✹✦✌✒✱ ✯✒★

▲✠✌✎✌✒✺✌✜ ❢✻✱✹✗ ✸✌✼✽✦✾✯ (MCA) ✯✒★ ✸✹✑✒❡✌ ☛✒ ✤✎✍✌ ✧✛✩

(iv) ✣★✻✗✱♣✿ ✧❢✜✵✌✌✵✌✌ ✚✌✛✜ ❀✺✌✜ ✸✹❁✒❡✌ ✎✗ ✜✌✘❂✌✠✗ ✧✛✩

(v) 2 ✙✎ ✸❢✜✯✒✦ ✤★☞✦✌ ✦✌ ✙✎ ✚✸❢✜✯✒✦ ✤★☞✦✌ ✧✛✩

(vi) 2✴ 4✴ ✚✌✛✜ 8 ✎✌ ✙✎ ✱✫✵✌✘ 24 ✧✛✩

✝❣ (i) ✦✧✌✢ ✔✌✕✎ ✎✏✌✠ ✭✤ ✸✹✎✌✜ ✧✛★✴

p: ❃❄❅ ❆❇❈ ❄❅ ❉❊❋●❍❋❈■ ❏❍❑❊❍ ❏▼◆

q: ❄❅ ❆❇❈ ❅❖ ❉❍P❍❑◗◗ ●❍❋■❍❄❘ ❙P❍❙P ❏❍❑❊❖ ❏▼◗◆

✧✯✒★ ✖✌✍ ✧✛ ❢✎ ❁✌✒✠✌✒★★ ✎✏✌✠ ✤✥✦ ✧✛★✩ ✦✧✌✢ ✸✜ ✤★✦✌✒✘✎ ❡✌❚❁ ❯✚✌✛✜❱ ✧✛✩

(ii) ✦✧✌✢ ✔✌✕✎ ✎✏✌✠ ✭✤ ✸✹✎✌✜ ✧✛★✴

p: ❲●❍❖ ❳●❍❍❨❩ ❲◗❬❩❍❄❘ ❲❭ ❏❍❑❊❖ ❏▼◗◆

q: ❲●❍❖ ❳●❍❍❨❩ ❲◗❬❩❍❄❘ ❪❆❫❍❭ ❏❍❑❊❖ ❏▼◗◆

✦✧ ❁✌✒✠✌★✒ ✎✏✌✠ ✚✤✥✦ ✧✛★✩ ✦✧✌✢ ✤★✦✌✒✘✎ ❡✌❚❁ ❯✦✌❱ ✧✛✩

(iii) ✦✧✌✢ ✔✌✕✎ ✎✏✌✠ ✠✗✣✒ ❢☛☞✌✒ ✧✛★✴

p: ❄❅ ❴❩❪❵❊❛ ❪■❲❜❑ ❇❪❝❍❊ ❅❍ ❉❩❜ ❪❅❩❍ ❏▼❛ ❄❭❞❲❖❞❄❞ ❭❑◗ ✐❤❆❑❥❍ ②❑ ❲❅❊❍ ❏▼◆

q: ❄❅ ❴❩❪❵❊❛ ❪■❲❜❑ ❆◗❦♥❩♦qP ❪❆r❍❜ ❅❍ ❉❩❜ ❪❅❩❍ ❏▼❛ ❄❭s❲❖s❄s ❭❑◗ ✐❤❆❑❥❍ ②❑ ❲❅❊❍ ❏▼◆

✦✧ ❁✌✒✠✌✒★ ★ ✧✗ ✎✏✌✠ ✤✥✦ ✧✛★✩ ✦✧✌✢ ✤★✦✌✒✘✎ ❡✌❚❁ ❯✦✌❱ ✧✛✩

(iv) ✦✧✌✢ ✔✌✕✎ ✎✏✌✠ ✭✤ ✸✹✎✌✜ ✧✛★✴

p: ❉◗t❖❇✉✈ ❏❪P❩❍❝❍❍ ❅❖ P❍■✇❍❜❖ ❏▼◆③

q: ❉◗t❖❇✉✈ ④⑤❍P ✐❤⑥❑❥❍ ❅❖ P❍■✇❍❜❖ ❏▼◆③

✭✤ ✸✹❡✠ ✯✒★ ✸✹✏✌✯ ✔✌✕✎ ✎✏✌✠ ✤✥✦ ✧✛ ✚✌✛✜ ❁✷✤✜✌ ✚✤✥✦ ✧✛✩ ✦✧✌✢ ✤★✦✌✒✘✎ ❡✌❚❁ ❯✚✌✛✜❱ ✧✛✩

(v) ✚✬✌✗✰✕ ✔✌✕✎ ✎✏✌✠ ✠✗✣✒ ❢☛☞✌ ✧✛★✴

p: 2 ❄❅ ✐❪P❭❑❩ ❲◗❬❩❍ ❏▼◆

q: 2 ❄❅ ❳✐❪P❭❑❩ ❲◗❬❩❍ ❏▼◆

✦✧✌✢ ✸✹✏✌✯ ✔✌✕✎ ✎✏✌✠ ✚✤✥✦ ✧✛ ✚✌✛✜ ❁✷✤✜✌ ✤✥✦ ✧✛✩ ✦✧✌✢ ✤★✦✌✒✘✎ ❡✌❚❁ ❯✦✌❱ ✧✛✩

(vi) ✭✤✯✒★ ✔✌✕✎ ✎✏✌✠ ✠✗✣✒ ❢☛☞✌✒ ✧✛ ★✴

p: 2 ❅❍ ❄❅ ❇❋❝❍■ 24 ❏▼◆

q: 4 ❅❍ ❄❅ ❇❋❝❍■ 24 ❏▼◆

r: 8 ❅❍ ❄❅ ❇❋❝❍■ 24 ❏▼◆
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❀✡ ☛☞✌✍✎✏ ✡☞ ✑✍✒✓ ✓✔✍✌ ✕✖❀ ✡✗✘ ❀✡✍✙ ✕✏❀✍✎✚✓ ✛✍✜✢ ✣✤✍✗✥✦ ✡✗✘

✤☛✈ ✡✧ ✢✎★✍☛✎ ✡✗✏ ✩✓ ✩✧✪ ✓✔✍✌ ✫✍✬☛✫ ✧✎✏ ✢✍✎ ❀✍ ✢✍✎ ✕✎ ✤✩✭✓ ✓✔✍✌✍✎✏ ✓✍✎ ✣✤✍✗✥✦✮ ✣❀✍✦ ✯✰✓✍✥

✫✎♦ ✛✍✜✢✍✎✏✏ ✱✍✥✍ ✚✍✎✲✳✌✎ ✕✎ ✴✌☛✎ ✡✗✏✘ ❀✎ ✛✍✜✢ ✵✩✶✍☛ ✧✎✏ ✩✫✩✛✍✷✒ ✧✡✖✫ ✥★✍☛✎ ✡✗✏✘ ✤✵✸✎ ✤✌✹✺✻✎✢ ✧✎✏ ✡✧

❜✌✫✎♦ ✴✍✥✎ ✧✎✏ ✯✩✥✼✼✍✽ ✓✥✎✏✵✎✘

✐✾✿❁❂❃❄❅ 14.2

1❆ ✩✌❢✌✩✸✩★✍☛ ✓✔✍✌ ✫✎♦ ✩✌✷✍✎✭✌ ✩✸✩★✍❇✈

(i) ✼✎♣❜✽✮ ☛✩✧✸✌✍✲✹ ✓☞ ✥✍✚✭✍✌☞ ✡✗✘

(ii) 2 ❇✓ ✕✩❢✧✪ ✕✏★❀✍ ✌✡☞✏ ✡✗✘

(iii) ✕❧✍☞ ✩❈✍❧✍✹✚ ✕✧✴✍✡✹ ✩❈✍❧✍✹✚ ✌✡☞✏ ✡✍✎☛✎ ✡✗✏✘

(iv) ✕✏★❀✍ 2 ✕✏★❀✍ 7 ✕✎ ✤✩✭✓ ✡✗✘

(v) ✯✰☛❀✎✓ ✯✰✍✫❉♦☛ ✕✏★❀✍ ❇✓ ✯❊✶✍✍❋✓ ✡✍✎☛☞ ✡✗✘

2❆ ●❀✍ ✩✌❢✌✩✸✩★✍☛ ✓✔✍✌ ❀✹❍✧ ■✓✔✍✌ ✫✎♦ ✚✍✎✲✳✎❏ ❇✓ ✢❊✕✥✎ ✫✎♦ ✩✌✷✍✎✭✌ ✡✗✏❑

(i) ✕✏★❀✍ x ❇✓ ✯✩✥✧✎❀ ✕✏★❀✍ ✌✡☞✏ ✡✗✘

✕✏★❀✍ x ❇✓ ✤✯✩✥✧✎❀ ✕✏★❀✍ ✌✡☞✏ ✡✗✘

(ii) ✕✏★❀✍ x ❇✓ ✯✩✥✧✎❀ ✕✏★❀✍ ✡✗✘

✕✏★❀✍ x ❇✓ ✤✯✩✥✧✎❀ ✕✏★❀✍ ✡✗✘

3❆ ✩✌❢✌✩✸✩★✍☛ ✩✧✪ ✓✔✍✌ ✫✎♦ ✑✍✒✓ ✓✔✍✌ ▲✍☛ ✓☞✩✚❇ ✤✍✗✥ ✚✍✙✩✼❇ ✩✓ ✫✎ ✕✖❀ ✡✗✏ ❀✍ ✤✕✖❀ ✡✗✏❑

(i) ✕✏★❀✍ 3 ✤❧✍✍▼❀ ✡✗ ❀✍ ✩✫✷✍✧ ✡✗✘

(ii) ✕✧✬☛ ■✕❧✍☞❏ ✯❊✶✍✍❋✓ ✭✌ ✡✗✏ ❀✍ ◆✶✍ ✡✗✏✘

(iii) ✕✏★❀✍ 100✮ ✕✏★❀✍✤✍✎✏ 3✮ 11 ✤✍✗✥ 5 ✕✎ ❧✍✍▼❀ ✡✗

14❖4 P❃✿❂◗❘❂ ✿❂❙❚❯❃❂❱❲❂❳✿❂  (Special WordsQ/Phrases)

✩✧✪ ✓✔✍✌ ✧✎✏ ✯✰❀✹●☛ ✣✤✍✗✥✦✮ ✣❀✍✦ ✯✰✓✍✥ ✫✎♦ ✫✹♦✻ ✕✏❀✍✎✚✓ ✛✍✜✢✍✎✏ ✏ ✓✍ ✯✰❀✍✎✵ ✴✡✹✭✍ ✵✩✶✍☛☞❀ ✓✔✍✌

✧✎✏ ✡✍✎☛✍ ✡✗✘ ❜❡✡✎✏ ✣❨❩❬❭❪❫❴✦ ✓✡☛✎ ✡✗✏✘ ✚✴ ✓❧✍☞ ✡✧ ✩✧✪ ✓✔✍✌ ✓✍ ✯✰❀✍✎✵ ✓✥☛✎ ✡✗✏ ☛✴ ❀✡ ✤✍✫✛❀✓

✡✍✎ ✚✍☛✍ ✡✗ ✩✓ ✡✧ ❜✌ ✛✍✜✢✍✎✏ ✏ ✓☞ ❧✍❊✩✧✓✍ ✕✧❣ ✕✫✎♦✏✘

❀✡✍✙ ✡✧ ❜✕ ✯✥ ✯✩✥✼✼✍✽ ✓✥✎✏✵✎✘

14❆4❆1 ❵❛❝❞❤❥❦ ♠♥❞qrs (The word 'And') ✕✏❀✍✎✚✓ ✣✤✍✗✥✦ ✫✎♦ ✯✰❀✍✎✵ ✱✍✥✍ ✴✌✎ ✩✌❢✌✩✸✩★✍☛

✩✧✪ ✓✔✍✌ ✯✥ ✩✫✼✍✥ ✓✥☛✎ ✡✗✏✈

p: t✉✇② t③④⑤⑥ ✉⑦ ⑧✉ ⑨⑩⑦⑦❶ ❷⑦❸❹⑦ ❷❺ ❻⑦❺❼ ❽✇✉② t⑨⑩⑦t❹ t❶❾⑦❿t❼❹ ✉② ➀⑦ ✇✉❹② ❷❺➁

❜✕ ✓✔✍✌ ✓✍✎ ✩✌❢✌✩✸✩★✍☛ ✢✍✎ ✑✍✒✓ ✓✔✍✌ ✧✎✏ ✩✫✑✍✩✒☛ ✩✓❀✍ ✚✍ ✕✓☛✍ ✡✗✈
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q: ❢☎✆✝ ❢✞✟✠✡ ☎☛ ☞☎ ✌✍☛☛✎ ✏☛✑✒☛ ✏✓✔

r: ♠✆☎✝ ❢✌✍☛❢✒ ❢✎✕☛✖❢✗✒ ☎✝ ✘☛ ✆☎✒✝ ✏✓✔

✙✚✛✜✢✣✤ ✥✜✢✦✜✢✧ ✧ ★✩✜✦ ✪✫✬ ✭✮✧✯

✱★ ✰✲✬ ★✩✜✦ ✚✛ ✳✴✵✜✛ ★✶✳✷✱✯

p: ✆✟❧✸☛ 42 ✆✟❧✸☛✹☛✑✟ 5❪ 6 ✹☛✓✗ 7 ✆✑ ✺☛☛✻✸ ✏✓✔

❜✪ ★✩✜✦ ★✜ ✳✴✼✜✽✦ ❜✪ ✚✾★✜✛ ✭✮❪

q: ✆✟❧✸☛ 42 ✆✟❧✸☛ 5 ✆✑ ✺☛☛✻✸ ✏✓✔

r: ✆✟❧✸☛ 42 ✆✟❧✸☛ 6 ✆✑ ✺☛☛✻✸ ✏✓✔

s: ✆✟❧✸☛ 42 ✆✟❧✸☛ 7 ✆✑ ✺☛☛✻✸ ✏✓✔

✬✭✜❀ ✭✿✢✧ ❁✜✤ ✭✮ ✳★ ✚✾✩✜✿ ★✩✜✦ ✰✪✫✬ ✭✮ ✰✜✮✛ ❂✜✢❃✜ ✥✜✢ ✪✫✬ ✭✮✧✯

✰✤✈ ✭✿✢✧ ✳✦❄✦✳❅✳❆✜✤ ✳✦✬✿ ✚✾✜❇✤ ✭✜✢✤✜ ✭✮

1❈ ✪✧✬✜✢✷★ ❉✰✜✮✛❊ ✴✢❋ ✚✾✬✜✢● ❍✜✛✜ ■✦✜ ✳✿❏ ★✩✜✦ ✪✫✬ ✭✜✢●✜ ✬✳✥ ✙✪✴✢❋ ✪❑✜✶ ✼✜✽★ ★✩✜✦

✪✫✬ ✭✜✢✧✯

2❈ ✪✧✬✜✢✷★ ❉✰✜✮✛❊ ✴✢❋ ✚✾✬✜✢● ❍✜✛✜ ■✦✜ ✳✿❏ ★✩✜✦ ✰✪✫✬ ✭✜✢●✜ ✬✳✥ ❜✪★✜ ✱★ ❑✜✶ ✼✜✽★

★✩✜✦ ✰✪✫✬ ✭✜✢ ❞❜✪✿✢✧ ✴✭ ✳▲✩✜✳✤ ❑✜✶ ✪✳❄✿✳❅✤ ✭✮ ✳✷✪✿✢✧ ❜✪✴✢❋ ✴▼❋◆ ✼✜✽★ ★✩✜✦ ✬✜

✪❑✜✶ ✼✜✽★ ★✩✜✦ ✰✪✫✬ ✭✜✢✧✯❖

P◗❘❙❚❯❘ 6 ✳✦❄✦✳❅✳❆✜✤ ✳✿❏ ★✩✜✦ ✴✢❋ ✼✜✽★ ★✩✜✦ ✳❅✳❆✜✱ ✰✜✮✛ ✷✜❀✳✵✱ ✳★ ✳✿❏ ★✩✜✦ ✪✫✬ ✭✮

✰✩✜✴✜ ✰✪✫✬ ✭✮✯

(i) ✱★ ✛✢❆✜✜ ✪✶❱✶ ✭✜✢✤✶ ✭✮ ✰✜✮✛ ✥✜✢✦✜✢ ✧✧ ✳✥❂✜✜✰✜✢✧ ✿✢ ✧ ✰✦✧✤ ✤★ ✳✴▲✤❲✤ ✭✜✢✤✶ ✭✮✯

(ii) 0 ✚✾✫✬✢★ ❱✦ ✚❳❨✜✜❩★ ✰✜✮✛ ✚✾✫✬✢★ ❬❨✜ ✚❳❨✜✜❩★ ✪✢ ★✿ ✭✜✢✤✜ ✭✮✯

(iii) ✚✾✫✬✢★ ✪✷✶✴ ✴✢❋ ✥✜✢ ✚✮✛ ✰✜✮✛ ✥✜✢ ✰✜❀❆✜✢✧ ✭✜✢✤✶ ✭✮✧✯

❙❣ (i) ✼✜✽★ ★✩✜✦ ✳✦❄✦✳❅✳❆✜✤ ✭✮✧❪

p: ☞☎ ✗✑❧☛☛ ✆✝✕✝ ✏☛✑✒✝ ✏✓✟✔❭

q: ☞☎ ✗✑❧☛☛ ✠☛✑✎☛✑✟ ✟ ❢✠❫☛☛✹☛✑✟ ❴✑✟ ✹✎✟✒ ✒☎ ❢❵✌✒❛✒ ✏☛✑✒✝ ✏✓✔

✙✚✛✜✢✣✤ ✥✜✢✦✜✢✧ ★✩✜✦ ✪✫✬ ✭✮✧ ✰✜✮✛ ❜✪✳❅✱ ✳✿❏ ★✩✜✦ ❑✜✶ ✪✫✬ ✭✮✯

(ii) ✬✭✜❀ ✼✜✽★ ★✩✜✦ ❜✪ ✚✾★✜✛ ✭✮✧❪

p: 0 ✐❝❡✸✑☎ ✕✎ ✐❤❥☛☛❦☎ ✆✑ ☎❴ ✏☛✑✒☛ ✏✓✔

q: 0 ✐❝❡✸✑☎ ♥❥☛ ✐❤❥☛☛❦☎ ✆✑ ☎❴ ✏☛✑✒☛ ✏✓✔

❜✦✿✢✧ ✪✢ ✥❳✪✛✜ ★✩✜✦ ✰✪✫✬ ✭✮✯ ✰✤✈ ✳✿❏ ★✩✜✦ ❑✜✶ ✰✪✫✬ ✭✮✯

(iii) ✰❑✜✶❃✽ ✼✜✽★ ★✩✜✦ ✦✶✵✢ ✳❅❆✜✢ ✭✮✧❪

♦✐❝❡✸✑☎ ✆✘✝❵ ❵✑♣ ✠☛✑ ✐✓✗ ✏☛✑✒✑ ✏✓✟✔❭

♦✐❝❡✸✑☎ ✆✘✝❵ ☎✝ ✠☛✑ ✹☛q❧☛✑✟ ✏☛✑✒✝ ✏✓ ✟✔❭
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❀✡ ☛☞✡✌☞✡✍✍ ✎✏ ✑✒☞✌ ✓✔✕❀ ✎✖✍✗ ✓✘✙ ✚✛✜ ✑✒☞✌ ✢☞✏ ✓✔✕❀ ✎✖✗

✓✈ ✚✌✣✌✚✤✚✥☞✘ ✑✒☞✌ ✦✧ ✚★✩☞✧ ✑✏✚✪✫✙

p: ✱✬✭✮✯✬✰✯✲✭ ✳✯✴✵ ✶✯✷✸ ✹✬✺ ✻✼✽✾✯ ✮✯✬ ✵✯✿✯❁✻✷✮ ✻✹✻❂❁✯✬❃ ❄✯✵✯ ✳✭❅❆✳✭❅ ✻✮❁✯ ❇✯ ✿✮❈✯ ✰✴❉❊

❜✔ ✑✒☞✌ ✑☞✡ ❋☞●☛ ❍✓☞✖✧■ ✔✡ ✦❏❀❑▲✘ ✚✛✜ ✑✒☞✌ ✌✎✏✍ ✛☞✌☞ ✪☞ ✔✑✘☞ ✎✖✗ ❀✎☞▼ ✦✧ ❋☞●☛ ❍✓☞✖✧■ ☛☞✡

★♦✘❑✓☞✡ ✍◆ ✫✡✤✑☞✡✎☞❖✤ ✘✒☞☞ ✦☞✌✏ ✑☞ P◗✤✡✥☞ ✑✧✘☞ ✎✖✗

❜✔✔✡ ✎✛ ✫✑ ✛✎✕★✦❘❙☞❚ ✚✌❯✑❯☞❚ ✚✌✑☞✤✘✡ ✎✖✍ ✪☞✡ ✌✏✩✡ ✚✤✥☞✏ ✚❱❲✦❙☞✏ ✛✡✍ ✚☛❀☞ ✎✖✙

❳❢❨❩❬❭❪❫ ❀✎ ✌✎✏✍ ✔✛❴✌☞ ✩☞✚✎✫ ✚✑ ❋☞●☛ ❵✓☞✖✧❛ ✔✡ ✦❏❀❑▲✘ ★☞▲❀ ✔☛✖★ ✫✑ ✚✛✜ ✑✒☞✌

✎☞✡✘☞ ✎✖ ✪✖✔☞ ✚✑ P✦✧☞✡▲✘ P☛☞✎✧❙☞ ✛✡✍ ♦✦❯❱ ✚✑❀☞ ❣❀☞ ✎✖✗ ❀✎☞▼ ✦✧ ❋☞●☛ ❵✓☞✖✧❛◆ ☛☞✡ ★☞▲❀☞✡ ✍ ★✡❝

✔✍❀☞✡✪✌ ★✡❝ ✚✤✫ ✦❏❀❑▲✘ ✌✎✏✍ ✎✖✗

14❞4❞2 ❡❤✐❥ ❦❧❤♠ ♥♣ qr❧st✉ ✇❤t❧ (The word 'Or') ✌✏✩✡ ✚✤✥☞✡ ✑✒☞✌ ✦✧ ✚★✩☞✧ ✑✏✚✪✫✗

p: ✱✮ ✿✼❈✭ ✶✵ ✻②③✯❈ ④✯✬ ✵✬⑤✯✯✱⑥ ❁✯ ❈✯✬ ✱✮ ④⑦✿✵✬ ✮✯✬ ✱✮ ✻⑧❃④⑨ ✶✵ ✮✯⑩❈✸ ✰✴❃ ❁✯

✹✬ ✿✼✯❃❈✵ ✰✯✬❈✸ ✰✴❃❉

✎✛✡✍ ❶☞✘ ✎✖ ✚✑ ❀✎ ✫✑ ✔✕❀ ✑✒☞✌ ✎✖✗ ❜✔✑☞ ▲❀☞ ✓✒☞❚ ✎✖❷ ❜✔✑☞ ✓✒☞❚ ❀✎ ✎✖ ✚✑ ✫✑ ✔✛✘✤

✦✧ ✚♦✒☞✘ ☛☞✡ ✧✡✥☞☞✫▼ ❀✚☛ ✫✑ ☛❘✔✧✡ ✑☞✡ ✑☞❱✘✏ ✎✖✍◆ ✘☞✡ ★✡ ✔✛☞✍✘✧ ✌✎✏✍ ✎✖✍✗ ❜✔★✡❝ ✚★✦✧✏✘ ❀✚☛ ✫✡✔✏ ☛☞✡✌☞✡ ✍✍

✧✡✥☞☞✫▼ ✔✛☞✍✘✧ ✌✎✏✍ ✎✖✍◆ ✘☞✡ ★✡ ✫✑ ☛❘✔✧✡ ✑☞✡ ✫✑ ✚✈✍☛❑ ✦✧ ✑☞❱✘✏ ✎✖❛◆ ✓✒☞☞❚✘❸❸ ❀✎ ✑✒☞✌ ☛☞✡✌☞✡✍✍ ✎✏ ✚♦✒☞✚✘❀☞✡✍

✛✡✍ ✔✕❀ ✎✖✗

❋☞●☛ ❵❀☞❛ ✔✡ ✦❏❀❑▲✘ ✑✒☞✌ ✔✛❴✌✡ ★✡❝ ✚✤✫ ✎✛ ✦✎✤✡ ❀✎ ☛✡✥☞✘✡ ✎✖✍ ✚✑ ✓✍❣❏✡❹☞✏ ✢☞☞❯☞☞ ✛✡✍ ❵❀☞❛

✑☞ ✦❏❀☞✡❣ ☛☞✡ ✦❏✑☞✧ ✔✡ ✚✑❀☞ ✪☞✘☞ ✎✖✗

✦✎✤✡ ✎✛ ✚✌✣✌✚✤✚✥☞✘ ✑✒☞✌ ✦✧ ✚★✩☞✧ ✑✧✡✍❣✡✙

❺✻✮✿✸ ✳✯✰✯✵ ❅❻✰ ❼✵✬②❈✯✵✯⑥❽ ✼✬❃ ✱✮ ❺③✯✯✭✸❊ ✹✬✺ ✿✯③✯ ✳✯❾✿❿✸✼ ❁✯ ✶✬➀✿✸ ➁✯✸ ➂✶✭➃❂ ✮✸

❇✯❈✸ ✰✴❉❊

❜✔✑☞ ✓✒☞❚ ❀✎ ✎❑✓☞ ✚✑ ✫✑ ➄❀✚▲✘ ✪☞✡ ✓☞❜✔➅✏✛ ✌✎✏✍ ✩☞✎✘☞ ★✎ ❵✒☞☞✤✏❛ ★✡❝ ✔☞✒☞ ✦✡❲✔✏

✤✡ ✔✑✘☞ ✎✖ ✓➆❀✒☞☞ ★✎ ❵✒☞☞✤✏❛ ★✡❝ ✔☞✒☞ ✓☞❜✔➅✏✛ ✤✡ ✔✑✘☞ ✎✖✗ ✓✒☞☞❚✘❸❸ ❀✚☛ ✪☞✡ ✦✡❲✔✏ ✌✎✏✍ ✩☞✎✘✡

★✡ ✓☞❜✔➅✏✛ ✤✡ ✔✑✘✡ ✎✖✍✗ ✚✑✍✘❑ ✫✑ ➄❀✚▲✘ ☛☞✡✌☞✡✍ ★♦✘❑✫▼ ✓✒☞☞❚✘❸❸ ✓☞❜✔➅✏✛ ✓☞✖✧ ✦✡❲✔✏ ✌✎✏✍ ✤✡ ✔✑✘☞✗

❀✎ ➇➈❬➉❢➊➋➌➍ ➇❀☞➍ ✑✎✤☞✘☞ ✎✖✗ ❀✎☞▼ ✫✑ ✓➆❀ ✑✒☞✌ ✦✧ ✚★✩☞✧ ✑✏✚✪✫✗

❺✱✮ ✻✹➎✯③✯✸➏➐ ✻❇✿✷✬ ❇✸✹✻✹➑✯✷ ❁✯ ✵✿✯❁✷ ✻✹➑✯✷ ✻✹➒✯❁✯✬❃ ✮✯ ➓❁✷ ✻✮❁✯ ✰✴ ✹✰ ✿⑦➔✼

❇✸✹✻✹➑✯✷ ✹✬✺ ②✷✯✮✯✬→✯✵ ✶✯➣↔❁❿✼ ✼✬❃ ✶↕✹✬➙✯ ✹✬✺ ✻✭✱ ✳✯✹✬④✷ ✮✵ ✿✮❈✯ ✰✴❉❊

❀✎☞▼ ✦✧ ✎✛ ❀✎ ✛☞✌✘✡ ✎✖ ✍ ✚✑ ★✡ ✚★➛☞✒☞✏❚ ✚✪➆✎☞✡✍✌✡ ✪✏★✚★❶☞✌ ✓☞✖✧ ✧✔☞❀✌ ✚★❶☞✌ ☛☞✡✌☞✡ ✍✍ ✎✏ ✚★❯☞❀☞✡✍ ✑☞

✩❀✌ ✚✑❀☞ ✎✖✗ ★✡ ✔❘➜✛ ✪✏★✚★❶☞✌ ✦☞➝❸❀➅✛ ✛✡✍ ✦❏★✡❋☞ ✤✡ ✔✑✘✡ ✎✖✍◆ ✔☞✒☞ ✎✏ ✔☞✒☞ ★✡ ✚★➛☞✒☞✏❚ ✚✪➆✎☞✡✍✌✡

❜✌ ✚★❯☞❀☞✡✍ ✛✡✍ ✔✡ ★✡❝★✤ ✫✑ ✚★❯☞❀ ✑☞ ✩❀✌ ✚✑❀☞ ✎✖ ★✡ ✢☞✏ ❜✔ ✦☞➝❸❀➅✛ ✛✡✍ ✦❏★✡❋☞ ✤✡ ✔✑✘✡ ✎✖ ✍✗
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❜☎ ✆✝✞✟✆✠ ✡☛☞ ✌✡ ✈✍✎✏✑✒✓✔ ✕❀✟✯ ✥✟ ✖✗❀✟☛✘ ✥✙ ✙✌☛ ✌✚☞✛

♠✖✙✟☛✜✠ ✢✟☛ ✖✗❀✟☛✘✟☛☞ ✥✟ ✣☞✠✙ ✤✟✦ ✧☛✦✟ ✡✌★✩✖✪✫✟✬ ✌✚ ✜❀✟☛☞✆✥ ✌✡ ❜☎✥✭ ✣✟✩✮❀✥✠✟ ♠☎ ☎✡❀ ✤✰

✌✡ ❀✌ ✤✟❣✱☛☞✘☛ ✆✥ ✥✟☛❜✬ ✥✞✟✦ ☎★❀ ✌✚ ✣✞✟✩✟ ✦✌✭☞✛

✣✟❜✲ ✌✡ ✲✥ ♠✢✟✌✙✫✟ ✖✙ ✆✩✱✟✙ ✥✙☛☞✛

✳✴✵✶✷✸✵ 7 ✆✦❢✦✆✧✆✹✟✠ ✖✗★❀☛✥ ✥✞✟✦ ✡☛☞ ✺✟✠ ✥✭✆✤✲ ✜❀✟ ✻✣☞✠✆✩✬✼✽✾ ✻❀✟✾ ✣✞✟✩✟ ✻✣✖✩✆✤✬✠✾

✻❀✟✾ ✥✟ ✖✗❀✟☛✘ ✆✥❀✟ ✘❀✟ ✌✚✛ ✣✖✦✟ ♠❫✟✙ ✥✟✙✫✟ ☎✆✌✠ ✰✠✧✟❜✲✛

(i) ✆✥☎✭ ✢☛✮✟ ✡☛☞ ✖✗✩☛✮✟ ✥✙✦☛ ✩☛✿ ✆✧✲ ✣✟✖✥✟☛ ✖✟☎✖✟☛✽✬ ❀✟ ✡✠✢✟✠✟ ✖✌✱✟✦✖❁✟ ✥✭ ✣✟✩✮❀✥✠✟

✖✐❂✠✭ ✌✚✛

(ii) ✣✩✥✟✮✟ ❀✟ ✙✆✩✩✟✙ ✩☛✿ ✆✢✦ ✆✩❃✟✧❀ ✰☞✢ ✙✌✠✟ ✌✚✛

(iii) ✢✟☛ ✙☛✹✟✟✲❣ ✲✥ ✢✪☎✙☛ ✥✟☛ ✲✥ ✆✰☞✢♥ ✖✙ ✥✟✽✠✭ ✌✚☞ ❀✟ ☎✡✟☞✠✙ ✌✟☛✠✭ ✌✚☞✛

(iv) ✠r✠✭❀ ❄✟✟✼✟✟ ✩☛✿ ❅✖ ✡☛☞ ✥✟☛❜✬ ✆✩❃✟✞✟✭✬ ✖✗☛☞✿✱ ❆✖✗✿✟☞☎✭☎✭❇ ❄✟✟✼✟✟ ❀✟ ☎☞✝✩r✿✠ ❄✟✟✼✟✟ ✥✟ ✱❀✦

✥✙ ☎✥✠✟ ✌✚✛

✶❈ (i) ❀✌✟❣ ✖✙ ✻❀✟✾ ✣☞✠✆✩✬✼✽ ✌✚❉ ✜❀✟☛☞✆✥ ✆✥☎✭ ✢☛✮✟ ✡☛☞ ✖✗✩☛✮✟ ✥✙✦☛ ✩☛✿ ✆✧✲ ✲✥ ❊❀✆✜✠ ✩☛✿

✖✟☎ ✖✟☎✖✟☛✽✬ ✣✟✚✙ ✡✠✢✟✠✟ ✖✌✱✟✦ ✖❁✟ ✢✟☛✦✟☛☞ ✌✭ ✌✟☛ ☎✥✠☛ ✌✚☞✛

(ii) ❀✌✟❣ ✖✙ ❄✟✭ ✻❀✟✾ ✣☞✠✆✩✬✼✽ ✌✚❉ ✜❀✟☛☞✆✥ ✆✩❃✟✧❀ ✣✩✥✟✮✟ ✩☛✿ ✆✢✦ ✣✟✚✙ ☎✟✞✟ ✌✭ ☎✟✞✟

✙✆✩✩✟✙ ✥✟☛ ✰☞✢ ✙✌✠✟ ✌✚✛

(iii) ❀✌✟❣ ✖✙ ✻❀✟✾ ✣✖✩✆✤✬✠ ✌✚ ✜❀✟☛☞✆✥ ✆✥ ✢✟☛✦✟☛☞☞ ✙☛✹✟✟✣✟☛☞ ✩☛✿ ✆✧✲ ❀✌ ☎☞❄✟✩ ✦✌✭☞ ✌✚ ✆✥ ✩☛

✲✥ ✢✪☎✙☛ ✥✟☛ ✥✟✽☛☞ ✣✟✚✙ ☎✟✞✟ ✌✭ ☎✟✞✟ ☎✡✟☞✠✙ ❄✟✭ ✌✟☛☞✛

(iv) ❀✌✟❣ ❄✟✭ ✻❀✟✾ ✣✖✩✆✤✬✠ ✌✚ ✜❀✟☛☞✆✥ ✥✟☛❜✬ ✆✩❃✟✞✟✭✬ ✠r✠✭❀ ❄✟✟✼✟✟ ✩☛✿ ❅✖ ✡☛☞ ✖✗☛☞✿✱ ✣✟✚✙ ☎☞✝✩r✿✠

✢✟☛✦✟☛☞ ✦✌✭☞ ✧☛ ☎✥✠✟ ✌✚✛

♠✖✙✟☛✜✠ ♠✢✟✌✙✫✟ ✩☛✿ ☎✪❋✡ ✆✦✙✭❋✟✫✟ ☎☛ ✆✦❢✦✆✧✆✹✟✠ ✆✦❀✡ ✖✗✟●✠ ✌✟☛✠✟ ✌✚✛

❧✍❍✵■❏❑ ▲❍✵▼ ◆❖❍P◗✎ ✏❘❙ ❑❚✵❯ ✑■❱ ✏❈❲ ✏❯❍❘

1❳ ✣☞✠✆✩✬✼✽ ✻❀✟✾ ✖✗❀♥✜✠ ✆✡❨ ✥✞✟✦ ☎★❀ ✌✟☛✠✟ ✌✚✛❉ ✤✰ ♠☎✥✟ ✥✟☛❜✬ ✲✥ ❩✟✽✥ ✥✞✟✦ ☎★❀

✌✟☛✾ ❀✟ ♠☎✩☛✿ ✢✟☛✦✟☛☞ ☞ ✌✭ ❩✟✽✥ ✥✞✟✦ ☎★❀ ✌✟☛☞✛

2❳ ✣☞✠✆✩✬✼✽ ✻❀✟✾ ✖✗❀♥✜✠ ✆✡❨ ✥✞✟✦ ✣☎★❀ ✌✟☛✠✟ ✌✚❉ ✤✰ ♠☎✩☛✿ ✢✟☛✦✟☛☞☞ ✌✭ ❩✟✽✥ ✥✞✟✦ ✣☎★❀

✌✟☛✠☛ ✌✚☞✛

♠✢✟✌✙✫✟ ✩☛✿ ✆✧✲ ✦✭✱☛ ✆✧✹✟☛ ✥✞✟✦ ✖✙ ✆✩✱✟✙ ✥✭✆✤✲❉ ✻✢✟☛ ✙☛✹✟✟✲❣ ✲✥ ✢✪☎✙☛ ✥✟☛ ✲✥ ✆✰☞✢♥ ✖✙

✥✟✽✠✭ ✌✚☞ ❀✟ ✩☛ ☎✡✟☞✠✙ ✌✚ ☞❞

❜☎✩☛✿ ❩✟✽✥ ✥✞✟✦ ✆✦❢✦✆✧✆✹✟✠ ✌✚☞❞

p : ❬❭❪ ❴❪❵❭❭❛❝ ❛❡ ❬❤❥❴❪ ❡❭❪ ❛❡ ❦♦♣❬q s❴ ❡❭t✉✇ ②③♣④

q : ⑤❪ ⑥❬❭❪ ❴❪❵❭❭❛❝⑦ ❥⑧❭♣✉❴ ②③♣④
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❀✡☛☞ ❀✌✍ p ❧✎❀ ✡✏✑ ✒☛✓ q ✈❧✎❀ ✡✏ ✈☛✏✔ ❀✌✍ p ✈❧✎❀ ✡✏ ✒☛✓ q ❧✎❀ ✡✏✕ ✈✒✖ ✌✗✘ ✙✚☛✛

❧✎❀ ✡✏✕

✱✙ ✈✜❀ ✙✚☛✛ ✢✔ ✌✣✤☛✔ ✙✥✌✦✱✕

❫✧★✩✪✫ 125❪ ✧★✩✪✫ 7 ✪✫ ✧★✩✪✫ 8 ✬✫ ✭✮✯✫✰ ✲✳✴✵

❜❧✣✓✶ ✷☛✸✙ ✙✚☛✛ ❜❧ ✢✹✙☛✔ ✡✏✑❪

p : ✧★✩✪✫ 125❪ ✧★✩✪✫ 7 ✬✫ ✭✮✯✫✰ ✲✳✴

q : ✧★✩✪✫ 125❪ ✧★✩✪✫ 8 ✬✫ ✭✮✯✫✰ ✲✳✴

❀✡☛☞ p ✈☛✏✔ q ✍☛✓✛☛✓✑ ✡✥ ✈❧✎❀ ✡✏✑✕ ✈✒✖ ✌✗✘ ✙✚☛✛ ♥☛✥ ✈❧✎❀ ✡✏✕

✱✙ ✈☛✏✔ ✙✚☛✛ ✢✔ ✌✣✤☛✔ ✙✥✌✦✱ ✦☛✓ ✛✥✤✓ ✌✍❀☛ ✡✏❪

❫✺✻✼✫✽✪ ✾★✿ ✲✳❁ ✪✺✿ ❂✫✰ ❂✻✬✫❃✫ ✬✫ ✺✿❄ ✲✳ ✪✫ ❅✺✻✻✫❅ ✲✳✴✵

❜❧✣✓✶ ✷☛✸✙ ✙✚☛✛ ✛✥✤✓ ✌✍✱ ✡✏✑❪

p : ✺✻✼✫✽✪ ✾★✿ ✲✳❁ ✪✺✿ ❂✫✰ ❂✻✬✫❃✫ ✬✫ ✺✿❄ ✲✳✴

q : ✺✻✼✫✽✪ ✾★✿ ✲✳❁ ✪✺✿ ❂✫✰ ❅✺✻✻✫❅ ✲✳✴

p ❂✫✳❅ q ✿✫❆❄✫❆★ ✲❇ ✧❈✪ ✲✳★✴ ❂❉❊ ✺❋● ✬❍✫❄ ✧❈✪ ✲✳✴

✱✙ ✈☛✏✔ ✙✚☛✛ ✢✔ ✌✣✤☛✔ ✙✥✌✦✱❪

❫❋✮★✾■❏ ✬✫❆✽✬✫❉✫ ✪✫ ✬❄✫❏❑✬ ✬❇ ❅✫✰▲✫❄❇ ✲✳✴✵

❜❧✣✓✶ ✷☛✸✙ ✛✥✤✓ ✌▼◆☛✓ ✡✏✑❪

p : ❋✮★✾■❏❁ ✬✫❆✽✬✫❉✫ ✬❇ ❅✫✰▲✫❄❇ ✲✳✴

q : ❋✮★✾■❏❁ ✬❄✫❏❑✬ ✬❇ ❅✫✰▲✫❄❇ ✲✳✴

♠✢✔☛✓❖✒ ✍☛✓✛☛✓✑✑ ✡✥ ✙✚☛✛ ✈❧✎❀ ✡✏✑✕ ✈✒✖ ✌✗✘ ✙✚☛✛ ♥☛✥ ✈❧✎❀ ✡✏✕

✈☛❜✱ ✈P ✡✗ ✣◗✶❘ ♠✍☛✡✔❙☛☛✓✑ ✢✔ ✌✣✤☛✔ ✙✔✓✑✖

❚❯❱❲❳❨❱ 8 ✌✛❢✛✌▼✌◆☛✒ ✙✚☛✛☛✓✑ ✗✓ ✑ ✢✡✤☛✌✛✱ ✌✙ ✌✙❧ ✢✹✙☛✔ ✣✓✶ ❩❀☛❬ ✙☛ ✢✹❀☛✓❭ ✌✙❀☛ ❭❀☛ ✡✏ ✈☛✏✔

✦☛☞✌✤✱ ✌✙ ✙✚☛✛ ❧✎❀ ✡✏ ✈✚☛✣☛ ✈❧✎❀ ✡✏✕

(i) 2 ✱✙ ✢✌✔✗✓❀ ❧✑◆❀☛ ✡✏ ❀☛ ✈✢✌✔✗✓❀ ❧✑◆❀☛ ✡✏✕

(ii) ✌✙❧✥ ❧☛✣❴✦✌✛✙ ✢◗❵✒✙☛▼❀ ✗✓✑ ✢✹✣✓❛☛ ✡✓✒◗ P❝✤☛✓✑ ✙☛✓ ✌✣❞☛▼❀ ❡☛✔☛ ✢✹✍❣☛ ✢✡✤☛✛ ✢❤☛ ❀☛

✌✣❞☛▼❀ ✈✌✐✙☛✌✔❀☛✓ ✑ ❡☛✔☛ ✌▼✌◆☛✒ ✢❤☛ ✙✥ ✈☛✣❛❀✙✒☛ ✢❥❦✒✥ ✡✏✕

(iii) ✈☛❀✒ ✱✙ ✤✒◗♥☛◗❴✦ ❀☛ ✱✙ ✢☛☞✤ ♥☛◗✦✥❀ P✡◗♥☛◗✦ ✡☛✓✒☛ ✡✏✕

❲♦ (i) ✷☛✸✙ ✙✚☛✛ ✛✥✤✓ ✌✍✱ ✡✏✑✕

p : 2 ♣✬ q✺❅❋❆✪ ✧★✩✪✫ ✲✳✴

q : 2 ♣✬ ❂q✺❅❋❆✪ ✧★✩✪✫ ✲✳✴

❀✡☛☞ ✡✗✓✑ r☛✒ ✡✏ ✌✙ ✢✹✚☛✗ ✙✚☛✛ ✈❧✎❀ ✡✏ ✈☛✏✔ ✌❡✒✥❀ ✙✚☛✛ ❧✎❀ ✡✏ ✈☛✏✔ ❜❧ ✢✹✙☛✔ ❩❀☛❬

✈✢✣✌✦❴✒ ✡✏✕
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(ii) ❄☎✆✝ ✝✞☎✟ ✠✟✡✟✠☛✠☞☎✌ ✍✎✏

p : ✠✝❢✑ ❢☎✒✓✔✠✟✝ ✕✖✗✌✝☎☛✘ ✙✚✏ ✕✛✒✚✜☎ ✍✚✌✖ ✢✣✤☎✚✏ ✝☎✚ ✠✒✥☎☛✘ ✦☎✧☎ ✕✛★✩☎ ✕✍✤☎✟ ✕✪☎ ✝✑

✈☎✒✜✘✝✌☎ ✕✫✬✌✑ ✍✎✭

q : ✠✝❢✑ ❢☎✒✓✔✠✟✝ ✕✖✗✌✝☎☛✘ ✙✚✏ ✕✛✒✚✜☎ ✍✚✌✖ ✢✣✤☎✚✏ ✝☎✚ ✠✒✥☎☛✘ ✈✠✮✝☎✠✧✘☎✚✏ ✦☎✧☎ ✠☛✠☞☎✌

✕✪☎ ✝✑ ✈☎✒✜✘✝✌☎ ✕✫✬✌✑ ✍✎✭

✘✍☎❀ ✕✖✗✌✝☎☛✘ ✙✚✏ ✕✛✒✚✜☎ ✒✚✯ ✠☛✰ ✢✣✤☎✚✏ ✒✚✯ ✕☎❢ ✘☎ ✌☎✚ ✕✍✤☎✟ ✕✪☎ ✍☎✚✟☎ ✤☎✠✍✰ ✈✞☎✒☎ ✠✒✥☎☛✘ ✒✚✯

✈✠✮✝☎✠✧✘☎✚✏ ✦☎✧☎ ✠☛✠☞☎✌ ✕✪☎ ✍☎✚✟☎ ✤☎✠✍✰ ✈✞☎✒☎ ★☎✚✟☎✚✏✏ ✝✑ ✕✛☛✚☞☎ ✱✝☎✲✔✬☎✌✳ ✍☎✚ ❢✝✌✚ ✍✎✏✭ ✈✌✴ ✘✍☎❀

✕✧ ✐✘☎✵ ✈✏✌✠✒✓✶✆ ✍✎✭

(iii) ✘✍☎❀ ✐✘☎✵ ✈✕✒✠✔✓✌ ✍✎✭ ❄☎✆✝ ✝✞☎✟☎✚✏ ✒✚✯ ✈☎✮☎✧ ✕✧ ✘✍ ✝✞☎✟ ❢✷✘ ✍✎✭

14✸4✸3 ✹✺✻✼✽✾✽✿✽❁❂ ✿✽❃❅✽❆❇✽ ❈❉❊✺❃❋● (Quantifiers Phrases) ➯❍■ ❍❏❑❏ ■▲ ▼◆❖P◗❘

❣❙❚ ▼▲❙❯ ➯❑❱▲❲ ❘❏❳ ◆❨❍❩❬❭◗❪❏■ ❘❏❳ ◆❨❍❚ ❫❴ ❵▲❏❴▲❏❛❛ ◆❘❜▲❏❝▲ ❘▲❞❪▲❛❜▲▲❏❛❛ ■▲❏ ❡❬◆❯❤▲❥▲❘▲❦■

❘▲❞❪▲❛❜▲ ■❣P❏ ❣❙♦

✲✠❧☎✌✑✘ ✝✞☎✟ ✙✚✏ ✢✍✖✮☎ ✈☎✟✚ ✒☎☛✚ ✒☎♠✘☎✏✜☎☎✏✚ ✙✚✏ ✰✝ ✒☎♠✘☎✏✜☎ ✐✰✝ ✰✚❢✚ ✝☎ ✈✠✗✌✷✒ ✍✎✵ ✍✎✭ ♥★☎✍✧❧☎

✒✚✯ ✠☛✰ ✝✞☎✟ ✐✰✝ ✰✚❢✚ ✈☎✘✌ ✝☎ ✈✠✗✌✷✒ ✍✎ ✠✔❢✝✑ ♣☎✖✔☎✰❀ ❢✙☎✟ ☛✏✢☎q✓ ✝✑ ✍✎✏✭✵ ✕✧ ✠✒✤☎✧

✝✑✠✔✰✭ q❢ ✝✞☎✟ ✝☎ ✌☎✷✕✘✓ ✍✎ ✠✝ ✝✙ ❢✚ ✝✙ ✰✝ ✰✚❢☎ ✈☎✘✌ ✍✎ ✠✔❢✝✑ ❢♣☎✑ ♣☎✖✔☎✈☎✚✏ ✝✑ ☛✏✢☎q✓

❢✙☎✟ ✍✎✭

✒☎♠✘☎✏✜☎ ✐✰✝ ✰✚❢✚ ✝☎ ✈✠✗✌✷✒✵ ❢✚ ✠✟✝✆✗✞☎ ✒☎♠✘☎✏✜☎ ✐✕✛✷✘✚✝ ✒✚✯ ✠☛✰ ✱✘☎ ❢♣☎✑ ✠✝ ✠☛✰✳✵ ✍✎✭

✈☎q✰ q❢ ✕✛✝☎✧ ✒✚✯ ✰✝ ✝✞☎✟ ✕✧ ✠✒✤☎✧ ✝✧✚✏r

✐✕✛✷✘✚✝ ✈♣☎☎s✘ ❢✏☞✘☎ p ✒✚✯ ✠☛✰r p  ✰✝ ✈✕✠✧✙✚✘ ❢✏☞✘☎ ✍✎✭✵

q❢✝☎ ✈✞☎✓ ✍✖✈☎ ✠✝ ✘✠★ S ✈♣☎☎s✘ ❢✏☞✘☎✈☎✚✏ ✝☎ ❢✙✖✣✤✘ ✍✎r ✌☎✚ ❢✙✖✣✤✘ S ✒✚✯ ❢♣☎✑ ✈✒✘✒ p

✒✚✯ ✠☛✰r p  ✰✝ ✈✕✠✧✙✚✘ ❢✏☞✘☎ ✍✎✭

t✘☎✕✝ ✉✕ ❢✚ ✠✝❢✑ ✲❧☎✌✑✘ ✝✞☎✟ ✙✚✏ ✐✕✛✷✘✚✝ ✒✚✯ ✠☛✰✵ ✒☎♠✘☎✏✜☎ ✒✚✯ ✕✛✘☎✚✲ ❢✚ ✘✍ ✈✞☎✓ ✍☎✚✌☎ ✍✎ ✠✝

✘✠★ ✠✝❢✑ ❢✙✖✣✤✘ ✙✚✏ ✝☎✚q✓ ✠✒✜☎✚✶☎✌☎ ✍✎ ✌☎✚ ♥❢ ❢✙✖✣✤✘ ✒✚✯ ❢♣☎✑ ✈✒✘✒☎✚✏ ✙✚✏ ✒✍ ✠✒✜☎✚✶☎✌☎ ✍☎✚✟✑

✤☎✠✍✰✭

✍✙✚✏ ✘✍ ♣☎✑ ✇✘☎✟ ★✚✟☎ ✤☎✠✍✰ ✠✝ q❢ ✢☎✌ ✝☎ ✔☎✟✟☎ ♣☎✑ ✙✍✷✒✕②❧☎✓ ✍✎ ✠✝ ✠✝❢✑ ✒☎♠✘ ✙✚✏ ❢✏✘☎✚✔✝

✝☎✚ ③✑✝④③✑✝ ✠✝❢ ✗✞☎☎✟ ✕✧ ✠☛☞☎✟☎ ✤☎✠✍✰✭ ♥★☎✍✧❧☎ ✒✚✯ ✠☛✰ ✠✟✡✟✠☛✠☞☎✌ ★☎✚ ✒☎♠✘☎✚✏ ✝✑ ✌✖☛✟☎

✝✑✠✔✰✴

1⑤ ✕✛✷✘✚✝ ✮✟ ✕②❧☎☎⑥✝ x ✒✚✯ ✠☛✰ ✰✝ ✰✚❢✚ ✮✟ ✕②❧☎☎⑥✝ y ✝☎ ✈✠✗✌✷✒ ✍✎ ✠✝ y < x

2⑤ ✰✝ ✮✟ ✕②❧☎☎⑥✝ y ✝☎ ✰✚❢☎ ✈✠✗✌✷✒ ✍✎ ✠✝ ✕✛✷✘✚✝ ✮✟ ✕②❧☎☎⑥✝ x ✒✚✯ ✠☛✰ y < x.

✘✥✠✕ ✰✚❢☎ ✕✛✌✑✌ ✍☎✚✌☎ ✍✎ ✠✝ ★☎✚✟☎✚✏ ✏ ✒☎♠✘☎✚✏ ✝☎ ✰✝ ✍✑ ✈✞☎✓ ✍✎ ✠✝✏✌✖ ✰✚❢☎ ✟✍✑✏ ✍✎✭ ✒☎✗✌✠✒✝✌☎

✌☎✚ ✘✍ ✍✎✭ ✠✝ ✝✞☎✟ ✱1✳ ❢✷✘ ✍✎ ✔✢✠✝ ✱2✳ ✈❢✷✘ ✍✎✭ ✠✝❢✑ ✲✠❧☎✌✑✘ ✒☎♠✘ ✱✝✞☎✟✳ ✒✚✯ ✈✞☎✓✕②❧☎✓

✍☎✚✟✚ ✒✚✯ ✠☛✰ ✕✛✌✑✝☎✚✏ ✱✒☎♠✘☎✜☎☎✚✏r ❢✏✘☎✚✔✝☎✚✏✳ ✝☎ ❢✍✑ ✗✞☎☎✟ ✕✧ ③✑✝④③✑✝ ✕✛✘☎✚✲ ✠✝✘☎ ✔☎✟☎

✈☎✒✜✘✝ ✍✎✭
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✬✡☛☞ ✌✍✡✎✏✑ ✒✓✡✡ ✔✕✡✖ ✗✘✕✡✙✚✛ ✛✜✢✡✒✙ ✜✎ ✒✓✡✡ ✌✣✛ ✣✙✗✡ ✛✡ ✍✤✥✒✦✧ ✜✎✑ ✍✡✎✏ ✌★✩✦✕✙✛ ✧✙✪ ✤✢✣✑

✛✡✙ ✐✫✭✮✯✰✯✱✯✲✳ ✱✯✴✵✯✶✷✯ ✛✜✒✙ ✜✎✘✸

❜✗ ★✩✛✡✏ ✜✹✺✙ ☞✙✻✡✡ ✤✛ ✍✺✙✛✡✙✘ ✼✤✽✡✒✾✕ ✛✓✡✺✡✙✘ ✹✙✘ ✧✿✪❀ ✤✧✤✬✡❁❂ ✬✡☛☞✡✙✘✘❃✧✡❄✕✡✘✬✡✡✙✘✘ ✛✡ ★✩✕✡✙✼ ✜✡✙✒✡

✜✎ ✤✚✺✧✙✪ ✍✓✡❣ ✛✡✙ ✗✹❅✺✡ ✹✜✦✧★❆✽✡❣ ✜✎❇ ✤✧✬✡✙❁✡ ❈★ ✗✙ ✚❉ ✜✹✙✘ ✤✧✤❊✡❋✺ ✛✓✡✺✡✙✘ ✛✾ ✧✎●✒✡ ✛✾ ✚✡❍■

✛✏✺✾ ✜✎✸

❏❑▲▼◆❖P◗ 14.3

1❘ ✤✺❢✺✤✢✤✻✡✒ ✤✹❙ ✛✓✡✺✡✙✘ ✹✙✘ ★✜✢✙ ✗✘✕✡✙✚✛ ✬✡☛☞✡✙✘ ✘ ✛✡✙ ★✜■✡✤✺✣ ✍✡✎✏ ✤★✪✏ ❚✺✛✡✙ ❯✡❂✛ ✛✓✡✺✡✙✘

✹✙✘ ✤✧❯✡✤❂✒ ✛✾✤✚✣❡

(i) ✗❊✡✾ ★✤✏✹✙✕ ✗✘✻✕✡✣❍ ✧✡✥✒✤✧✛ ✗✘✻✕✡✣❍ ✜✡✙✒✾ ✜✎✘ ✍✡✎✏ ✗❊✡✾ ✧✡✥✒✤✧✛ ✗✘✻✕✡✣❍ ✗✤❢✹❙

✗✘✻✕✡✣❍ ✺✜✾✘ ✜✡✙✒✾ ✜✎✘✸

(ii) ✤✛✗✾ ★❆✽✡✡❱✛ ✛✡ ✧✼❣ ●✺ ✕✡ ❲✽✡ ✜✡✙✒✡ ✜✎✸

(iii) ✏✙✒ ❥❉✡✢❆❳ ●❆★ ✹✙✘ ✬✡✾❯✡✩ ✼✹❣ ✜✡✙ ✚✡✒✾ ✜✎ ✍✡✎✏ ✏✡✤❨✡ ✹✙✘ ✬✡✾❯✡✩ ❩✘❬✾ ✺✜✾✘ ✜✡✙✒✾ ✜✎✸

(iv) x = 2 ✍✡✎✏ x = 3, ✗✹✾✛✏✽✡ 3x2 – x–10 = 0 ✧✙✪ ✹❆✢ ✜✎✘✸

2❘ ✤✺❢✺✤✢✤✻✡✒ ✛✓✡✺✡✙✘ ✹✙✘ ★✤✏✹✡✽✡✧✡■✛ ✧✡❄✕✡✘✬✡ ★✜■✡✤✺✣ ✍✡✎✏ ✛✓✡✺✡✙✘ ✧✙✪ ✤✺❁✡✙●✺ ✤✢✤✻✡✣❡

(i) ✣✛ ✣✙✗✾ ✗✘✻✕✡ ✛✡ ✍✤✥✒✦✧ ✜✎❇ ✚✡✙ ✍★✺✙ ✧✼❣ ✧✙✪ ❉✏✡❉✏ ✜✎✸

(ii) ★✩✦✕✙✛ ✧✡✥✒✤✧✛ ✗✘✻✕✡ x ✧✙✪ ✤✢✣❇ x, (x + 1) ✗✙ ✛✹ ✜✡✙✒✡ ✜✎✸

(iii) ❊✡✡✏✒ ✧✙✪ ✜✏ ✣✛ ✏✡❭✕❃★✩☞✙✬✡ ✧✙✪ ✤✢✣ ✣✛ ✏✡✚●✡✺✾ ✛✡ ✍✤✥✒✦✧ ✜✎✸

3❘ ✚✡❍✤■✣ ✤✛ ❄✕✡ ✺✾■✙ ✤✢✻✡✙ ✛✓✡✺✡✙✘ ✧✙✪ ✚✡✙❬t✙ ❥✕✿❪✹❳ ✣✛❫☞❆✗✏✙ ✧✙✪ ✤✺❁✡✙●✺ ✜✎✘✸ ✍★✺✙ ❚❴✡✏ ✧✙✪

✤✢✣ ✛✡✏✽✡ ❊✡✾ ❉✒✢✡❜✣❡

(i) ★✩✦✕✙✛ ✧✡✥✒✤✧✛ ✗✘✻✕✡✍✡✙✘ x ✍✡✎✏ y ✧✙✪ ✤✢✣ x + y = y + x ✗✦✕ ✜✎✸

(ii) ❵❛❝❞ ❤❦❧♠♥❤♦ ❝♣qr❦s❦❛♣ x s❦✉✈ y ♦❦ s♥❧♠✇❤ ②✉ ♥③④❤❛⑤ ♥⑥❵ x + y = y + x ❝✇r ②✉⑦

4❘ ❉✒✢✡❜✣ ✤✛ ✤✺❢✺✤✢✤✻✡✒ ✛✓✡✺✡✙✘ ✹✙✘ ★✩✕✿❄✒ ✔✕✡✖ ✔✍★✧✤✚❣✒✖ ✜✎ ✍✓✡✧✡ ✔✍✘✒✤✧❣❁❂✖ ✜✎✸ ✍★✺✙

❚❴✡✏ ✧✙✪ ✤✢✣ ✛✡✏✽✡ ❊✡✾ ❉✒✢✡❜✣❡

(i) ✗❆✕❣ ❚☞✕ ✜✡✙✒✡ ✜✎ ✕✡ ■✘☞✩✹✡ ✍✥✒ ✜✡✙✒✡ ✜✎✸

(ii) ❬⑧✡❜✤✧✘✼ ✢✡❜✗✙✘✗ ✧✙✪ ✍✡✧✙☞✺ ✜✙✒✿ ✍✡★✧✙✪ ★✡✗ ✏✡✬✡✺ ✛✡❬❣ ✕✡ ★✡✗★✡✙❂❣ ✜✡✙✺✡ ■✡✤✜✣✸

(iii) ✗❊✡✾ ★❆✽✡✡❱✛ ●✺ ✕✡ ❲✽✡ ✜✡✙✒✙ ✜✎✘✸

14❘5 ⑨✶⑩❶✯✯❷✱❸❹✐❺✫⑩❻✶❼ ✳❽✯❾ (Implications/Conditional Statements)

❜✗ ✍✺✿❿❀✙☞ ✜✹ ✍✘✒❊✡✡❣✧ ✌✕✤☞❫✒✡✙✑❇ ✌✧✙✪✧✢ ✕✤☞✑ ✍✡✎✏ ✌✕✤☞ ✍✡✎✏ ✧✙✪✧✢ ✕✤☞✑ ★✏ ✤✧■✡✏❫✤✧✹✬✡❣

✛✏✙✘✼✙✸

✌✕✤☞❫✒✡✙✑ ✗✙ ✕✿❄✒ ✛✓✡✺✡✙✘ ✛✡ ★✩✕✡✙✼ ❉✜✿✒ ✗✡✹✡❋✕ ✜✎✸ ❚☞✡✜✏✽✡ ✧✙✪ ✤✢✣ ✺✾■✙ ✤✢✻✡✙ ✛✓✡✺ ★✏

✤✧■✡✏ ✛✾✤✚✣



354 ①�✁✂✄

r: ❀☎✆ ✝✞✟✠✞ ✡☛☞ ☎✠✌✍ ✆✎✏✞ ☞✎✑ ✒✓✝✞ ✒✔✕ ✖✞✎ ✝✞✟ ✗✌ ✆✎✏✞ ✘✎✙ ✚✞✛☎✜✠ ✒✔✑✢ ✒☞ ✆✎✣✞✖✎ ✒✔✑ ☎✠

❀✒ ☎✚✤✚☎✥☎✣✞✖ ✆✞✎ ✠✦✞✚✞✎✑ p ✝✞✔✜ q ✘✎✙ ✌✆♦✏✞ ✒✔✕

p ✪ ✧★✩✫★ ✬✭✮ ✯✫✰✱ ✲✳✴★ ✮✳✵ ✶✷✧★ ✶✸✹

q ✪ ✧★✩ ✺✰ ✲✳✴★ ✻✳✼ ✽★✾✯✿✫ ✶✸✵✹

✖r ✠✦✞✚ ❁❀☎✆ p ✖✞✎ q➳ ❀✒ r✖✥✞✖✞ ✒✔ ☎✠ ✗✌ ✆✏✞✞ ☞✎✑ ✡r p ✌❧❀ ✒✞✎✕ ✖✞✎ q ✝☎✚✘✞❀✈

❂✟ ✌✎ ✌❧❀ ✒✞✎✛✞✢

✠✦✞✚ ❞❀☎✆ p ✖✞✎ q❃ ✌✎ ✌✑r✑☎❄✖ ❅✠ ✌r✌✎ ☞✒❧✘✟❆❇✞✈ ✖✦❀ ❀✒ ✒✔ ☎✠ ❀☎✆ p ✝✌❧❀ ✒✔ ✖✞✎

❀✒ q ✘✎✙ r✞✜✎ ☞✎✑ ✘✓✙❈ ✚✒✍✑ ✠✒✖✞✢ ✗✆✞✒✜❇✞✞✦✞✈ ✗✟✜✞✎❉✖ ✠✦✞✚ ☞✎✑ ❀☎✆ ✝✞✟✠✞ ✡☛☞ ☎✠✌✍ ✆✎✏✞ ☞✎✑

✚✒✍✑ ✒✓✝✞ ✒✔ ✖✞✎ ✝✞✟ q ✘✎✙ ✌✑r✑❄ ☞✎✑ ✘✓✙❈ ✚✒✍✑ ✠✒ ✌✠✖✎ ✒✔✑✢ ✆❆✌✜✎ ✏✞❊✆✞✎✑✑ ☞✎✑ p ✘✎✙ ❋✞☎●✖ ✚✒✍✑ ✒✞✎✚✎

✠✞ q ✘✎✙ ❋✞☎●✖ ✒✞✎✚✎ ✟✜ ✠✞✎❍✈ ✟■❏✞✞✘ ✚✒✍✑ ✟❑▲✖✞ ✒✔✢

✠✦✞✚ ❁❀☎✆ p, ✖✞✎ q▼❃ ✘✎✙ r✞✜✎ ☞✎✑ ❅✠ ✝☛❀ ✖✦❀ ❏✞✍ ✚✞✎● ✠✍☎✡❅ ☎✠ ❍✌ ✠✦✞✚ ☞✎✑ ❀✒

✝✑✖☎✚✈☎✒✖ ✚✒✍✑ ✒✔ ☎✠ p ❋✞☎●✖ ✒✞✎✖✞ ✒✔✢

✠✦✞✚ ❁❀☎✆ p, ✖✞✎ q➳ ✠✞✎ ✌☞◆✚✎ ✘✎✙ ✝✚✎✠ ✖✜✍✘✎✙ ✒✔✑✢ ✒☞ ❍✚ ✖✜✍✠✞✎✑ ✠✞✎ ☎✚✤✚☎✥☎✣✞✖ ✠✦✞✚

✘✎✙ ☞✞❖❀☞ ✌✎ P✟◗● ✠✜✎✑✛✎✢

❀☎✆ ✠✞✎❍✈ ✌✑✣❀✞ 9 ✠✍ ✛✓❇✞✡ ✒✔✕ ✖✞✎ ✘✒ 3 ✠✍ ❏✞✍ ✛✓❇✞✡ ✒✔✢

☞✞✚ ✥✍☎✡❅ ☎✠ p ✝✞✔✜ q ☎✚✤✚☎✥☎✣✞✖ ✠✦✞✚✞✎✑ ✠✞✎ ✟■✛● ✠✜✖✎ ✒✔✑✕

p : ✫★✳❘❙ ✰✵❚❯★ 9 ✫✱ ✾✷❱★✬ ✶✸✹

q : ✻✶ ✰✵❚❯★ 3 ✫✱ ❲★✱ ✾✷❱★✬ ✶✸✹

❍✌ ✟■✠✞✜ ✠✦✞✚ ❞❀☎✆ p, ✖✞✎ q▼ ☎✚✤✚☎✥☎✣✞✖ ✠✦✞✚✞✎✑ ✘✎✙ ✌☞✞✚ ✒✔❢

1❳ ❞p ✝✑✖❏✞✞✈✘ q❃ ✠✞✎ p ❨  q ✌✎ ✟■✠● ☎✠❀✞ ✡✞✖✞ ✒✔✢ ✟■✖✍✠ ❞❨ ❃ ✝✑✖❏✞✞✈✘ ❩✌✟■☎✖r✑❄

✠✦✞✚❬ ✘✎✙ ☎✥❅ ✟■❀✞✎✛ ☎✠❀✞ ✡✞✖✞ ✒✔✢ ❍✌✠✞ ✝✦✞✈ ❀✒ ☎✠ ✠✦✞✚ ❞✠✞✎❍✈ ✌✑✣❀✞ 9 ✠✍ ✛✓❇✞✡

✒✔❃ ☞✎✑ ❀✒ ✠✦✞✚ ✝✑✖☎✚✈☎✒✖ ✒✔ ☎✠ ❞✘✒ ✌✑✣❀✞ 3 ✠✍ ❏✞✍ ✛✓❇✞✡ ✒✔❃✢

2❳ ❞p ✟❀✞✈✐✖ ✟■☎✖r✑❄ ✒✔ q ✘✎✙ ☎✥❅❃✢ ❍✌✠✞ ✝✦✞✈ ✒✓✝✞ ☎✠ ❀✒ ❭✞✖ ✒✞✎✚✞ ☎✠ ✌✑✣❀✞ 9 ✠✍ ✛✓❇✞✡

✒✔✕ ✟❀✞✈✐✖ ✒✔ ❀✒ ☎✚◗✠◗✞✈ ☎✚✠✞✥✚✎ ✘✎✙ ☎✥❅ ☎✠ ✘✒ ✌✑✣❀✞ 3 ✠✍ ❏✞✍ ✛✓❇✞✡ ✒✔✢

3❳ ❞p ✘✎✙✘✥ ❀☎✆ q❃

❍✌✠✞ ✝✦✞✈ ✒✓✝✞ ☎✠ ✠✞✎❍✈ ✌✑✣❀✞ 9 ✠✍ ✛✓❇✞✡ ✒✔✕ ✘✎✙✘✥ ❀☎✆ ✘✒ ✌✑✣❀✞ 3 ✠✍ ❏✞✍ ✛✓❇✞✡ ✒✔✢

4❳ ❞q ✝☎✚✘✞❀✈ ✟■☎✖r✑❄ ✒✔ p ✘✎✙ ☎✥❅✢❃

❍✌✠✞ ✝✦✞✈ ✒✓✝✞ ☎✠ ✡r ✠✞✎❍✈ ✌✑✣❀✞ 9 ✠✍ ✛✓❇✞✡ ✒✔✕ ✖✞✎ ✘✒ ✌✑✣❀✞ ✝☎✚✘✞❀✈ ❂✟ ✌✎ 3 ✠✍

❏✞✍ ✛✓❇✞✡ ✒✔✢

5❳ ❞~ q ✝✑✖❏✞✞✈✘ ~ p❃

❍✌✠✞ ✝✦✞✈ ✒✓✝✞ ☎✠ ❀☎✆ ✠✞✎❍✈ ✌✑✣❀✞ 3 ✠✍ ✛✓❇✞✡ ✚✒✍✑ ✒✔✕ ✖✞✎ ✘✒ ✌✑✣❀✞ 9 ✠✍ ❏✞✍ ✛✓❇✞✡ ✚✒✍✑ ✒✔✢
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14✲5✲1 ✐✡☛☞✌✍✎✏✑✒ ✓✎✔✕ ☛✖✗✎✘✑ (Contrapositive and Converse) ✙✚✛✜✢✣✤✥✦✧ ★✤✩✪ ✛✫✬✤✭✦

✛✣✛❢✮✜ ✯✙ ✰✭ ✫✱✳✴ ★✵✶ ✧✷✤✣ ✸✩✹✺ ✛✻✵✸✭✹ ✫✤✼✶✤✹❢✤ ✽✶✛✾✿✜✤✭❀ ✰✭ ✙✚✶✱✼✜ ✧✷✤✣ ✰✭ ❁❂✤✪✤❃ ✪✛✮✜ ✛✧✶✤

✻✤ ✰✧✜✤ ✸✩t

♠✾✤✸✪❄✤✤✷✤❅ ✣❆✮✭ ✛✾❇ ✫✤✼✶✤✹❢✤ ✽✶✛✾✿✜✤✭❀ ✫✤✬✭ ✧✷✤✣ ✙✪ ✛✫✮✤✪ ✧❆✛✻❇✺

✶✛✾ ❍✤✤✩✛✜✧ ✫✤✜✤✫✪❄✤ ✦✭✹ ✙✛✪✫✜❅✣ ✸✤✭✜✤ ✸✩ ✜❣ ✻✩✛✫✧ ✫✤✜✤✫✪❄✤ ✙✛✪✫✛✜❅✜ ✸✤✭ ✻✤✜✤ ✸✩t

❜✰ ✧✷✤✣ ✧✤ ✙✚✛✜❈✤✣✤✥✦✧ ✧✷✤✣

✽✽✶✛✾ ✻✩✛✫✧ ✫✤✜✤✫✪❄✤ ✦✭✹ ✙✛✪✫✜❅✣ ✣✸❆✹ ✸✤✭✜✤ ✸✩ ✜❣ ❍✤✤✩✛✜✧ ✫✤✜✤✫✪❄✤ ✙✛✪✫✛✜❅✜ ✣✸❆✹ ✸✤✭✜✤ ✸✩t❀❀

✣✤✭✉ ✧❆✛✻❇ ✛✧ ✶✭ ✾✤✭✣✤✭✹✹ ✧✷✤✣ ❇✧ ✸❆ ❁✰✦✤✣❃ ★✷✤❅ ❉✶✼✜ ✧✪✜✭ ✸✩ ✹t

❜✰ ❣✤✜ ✧✤✭ ✰✦❊✣✭ ✫✭✳ ✛✬❇ ★✤❜❇ ✫✱✳✴ ★✤✩✪ ♠✾✤✸✪❄✤✤✭✹ ✙✪ ✛✫✮✤✪ ✧✪✭✹t

❋●■❏❑▲■ 9 ✛✣▼✣✛✬✛◆✤✜ ✧✷✤✣✤✭✹ ✫✭✳ ✙✚✛✜✢✣✤✥✦✧ ✧✷✤✣ ✛✬✛◆✤❇❖

(i) ✶✛✾ ❇✧ ✰✹◆✶✤ 9 ✰✭ ❍✤✤P✶ ✸✩✺ ✜✤✭ ✫✸ 3 ✰✭ ❍✤❆ ❍✤✤P✶ ✸✩t

(ii) ✶✛✾ ★✤✙ ❍✤✤✪✜ ✦✭✹ ✻✵✦✭ ✸✩ ✹✺ ✜✤✭ ★✤✙ ❍✤✤✪✜ ✫✭✳ ❇✧ ✣✤◗✛✪✧ ✸✩✹t

(iii) ✶✛✾ ❇✧ ✛❘✤❍✤✱✻ ✰✦❣✤✸✱ ✸✩✺ ✜✤✭ ✰✦✛❂❣✤✸✱ ❍✤❆ ✸✩t

❏❙ ♠✙✪✤✭✼✜ ✜❆✣ ✧✷✤✣✤✭✹ ✫✭✳ ✙✚✛✜✢✣✤✥✦✧ ✧✷✤✣ ❜✰ ✙✚✧✤✪ ✸✩✺

(i) ✶✛✾ ❇✧ ✰✹◆✶✤ 3 ✰✭ ❍✤✤P✶ ✣✸❆✹ ✸✩✺ ✜✤✭ ✫✸ 9 ✰✭ ❍✤❆ ❍✤✤P✶ ✣✸❆✹ ✸✩t

(ii) ✶✛✾ ★✤✙ ❍✤✤✪✜ ✫✭✳ ✣✤◗✛✪✧ ✣✸❆✹ ✸✩✹✺ ✜✤✭ ★✤✙ ❍✤✤✪✜ ✦✭✹ ✣✸❆✹ ✻✵✦✭ ✸✩✹t

(iii) ✶✛✾ ❇✧ ✛❘✤❍✤✱✻ ✰✦✛❂❣✤✸✱ ✣✸❆✹ ✸✩✺ ✜✤✭ ✫✸ ✰✦❣✤✸✱ ❍✤❆ ✣✸❆✹ ✸✩t

♠✙✪✤✭✼✜ ♠✾✤✸✪❄✤ ✾❢✤✤❅✜✭ ✸✩✹ ✛✧ ✧✷✤✣ ✽✶✛✾ p, ✜✤✭ q❀ ✧✤ ✙✚✛✜✢✣✤✥✦✧ ✧✷✤✣ ✽✶✛✾ q✿✣✸❆✹✺ ✜✤✭

p-✣✸❆✹❀ ★✷✤✤❅✜❚❚ ✽✶✛✾ ~ q, ✜✤✭ ~ p❀ ✸✩t ❜✰✫✭✳ ❣✤✾ ✸✦ ✽✛✫✬✤✭✦❀ ✧✸✬✤✣✭ ✫✤✬✭ ❇✧ ★✤✩✪ ✙✾ ✙✪

✛✫✮✤✪ ✧✪✭✹◗✭t

✛✾❇ ✸✱❇ ✧✷✤✣ ✽✶✛✾ p, ✜✤✭ q❀ ✧✤ ✛✫✬✤✭✦ ✧✷✤✣✺ ✶✛✾ q ✜❣ p ✸✩t

♠✾✤✸✪❄✤ ✫✭✳ ✛✬❇ ✧✷✤✣ p✽✶✛✾ ❇✧ ✰✹◆✶✤ 10 ✰✭ ❍✤✤P✶ ✸✩ ✜✤✭ ✫✸ ❁✰✹◆✶✤❃ 5 ✰✭ ❍✤❆ ❍✤✤P✶ ✸✩t❀

✧✤ ✛✫✬✤✭✦ ✧✷✤✣ q❀ ✶✛✾ ❇✧ ✰✹◆✶✤ 5 ✰✭ ❍✤✤P✶ ✸✩✺ ✜✤✭ ✫✸ ❁✰✹◆✶✤❃ 10 ✰✭ ❍✤❆ ❍✤✤P✶ ✸✩t❀

❋●■❏❑▲■ 10 ✛✣▼✣✛✬✛◆✤✜ ✧✷✤✣✤✭✹ ✫✭✳ ✛✫✬✤✭✦ ✛✬✛◆✤❇❖

(i) ✶✛✾ ❇✧ ✰✹◆✶✤ n ✰✦ ✸✩✺ ✜✤✭ n2 ❍✤❆ ✰✦ ✸✩t

(ii) ✶✛✾ ★✤✙ ✰❍✤❆ ✙✚❢✣✤✭✹ ✧✤✭ ✙✱✛❯✜✧✤ ✦✭✹ ✸✬ ✧✪✭✹✺ ✜✤✭ ★✤✙✧✤✭ ✧❱✤✤ ✦✭✹ A-◗✚✭❲ ✛✦✬✭◗✤t

(iii) ✶✛✾ ✾✤✭ ✙❳❄✤✤❨✧ a ★✤✩✪ b ❜✰ ✙✚✧✤✪ ✸✩✹ ✛✧ a > b✺ ✜✤✭ (a – b) ✰✾✩✫ ❇✧ ✢✣

✙❳❄✤✤❨✧ ✸✩t

❏❙ ❜✣ ✧✷✤✣✤✭✹ ✫✭✳ ✛✫✬✤✭✦ ✣❆✮✭ ✛✬◆✤✭ ✸✩ ✹✺

(i) ✶✛✾ ✰✹◆✶✤ n2 ✰✦ ✸✩✺ ✜✤✭ n ❍✤❆ ✰✦ ✸✩t

(ii) ✶✛✾ ★✤✙✧✤✭ ✧❱✤✤ ✦✭✹ A-◗✚✭❲ ✛✦✬✤ ✸✩✺ ✜✤✭ ★✤✙✣✭ ✰❍✤❆ ✙✚❢✣✤✭✹ ✧✤✭ ✙✱✛❯✜✧✤ ✦✭✹ ✸✬

✛✧✶✤ ✸✩t
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(iii) ❀☎✆ ✆ ✝ ✞ ✟✠✡ ✝✝ ☛☞ a ✈ ✝✌✍ b ❜ ✎ ✟✏ ☞✝✍ ✑ ✌✒ ☎ ☞ (a – b) ✎✆ ✌❧ ✓ ☞ ✔✕ ✟✠✡ ✝ ✝ ☛☞ ✑✌✖ ✗ ✝ ✞

a > b. ✈ ✝❜ ✓ ❧✥ ✘✙ ✈ ✝✌✍ ✚✆ ✝ ✑✍✡ ✝✝ ✞✒ ✟✍ ☎❧✛✝✍ ☞✍✞✒✜

♠ ✢✣ ✤✦✧✣ 11 ☎ ✕❢✕☎★☎ ✩ ✝✗ ☎✪✫ ☞✬ ✝ ✕✝ ✞✒ ✪ ✞✒ ✎✞ ✟✏✭❀ ✞☞ ❧✞✘ ☎★ ✓ ✟✑★ ✞ ✎✒ ✮✗ ✯✝ ✰☞ ☞✬ ✝ ✕ ✝ ✞✒ ☞✝ ✞ ✟✑✛✝☎ ✕✓

✈ ✝ ✌✍ ☎ ✟✘✍ ✱ ✝✲☎ ✛✓ ☎ ☞ ✳❀ ✝ ☞✬ ✝ ✕ ✎✭❀ ✑ ✌ ✈✬ ✝❧✝ ✕ ✑✴✒ ✜

(i) ❀☎✆ ☎✵ ✝✶ ✝✥✱ ABC ✎✪✷ ✝ ✑✥ ✑✌✖ ✗ ✝ ✞ ❧✑ ✸☎✵ ✝✶ ✝✥✱ ✹ ✎✪☎✺ ✷ ✝ ✑✥ ✑✌✜

(ii) ❀☎✆ a ✈ ✝ ✌✍ b ✟✠✡ ✝ ✝ ☛☞ ✑ ✌✒ ✖ ✗ ✝ ✞ ab ✓ ☞ ✟☎✍✪ ✞❀ ✎✒ ✩❀ ✝ ✑ ✌✜

✤❣ (i) ✯✝ ✰☞ ☞✬ ✝ ✕ ✕✴ ✛✞ ☎★ ✩ ✝ ✞✒ ✑✌✒ ✖

p : ✻✼✽ ✾✽ ✿ ❁ ABC ❂❃❄✽ ❅✿ ❅❆❇

q : ✻✼✽✾ ✽ ✿ ❁ ❂❃✻❈ ❄✽ ❅✿ ❅❆❇

✳❀ ✝✞✒☎ ☞ ✓ ☞ ✎✪✷ ✝ ✑✥ ☎✵ ✝✶ ✝✥✱ ✎✪☎✺ ✷ ✝✑✥ ✶ ✝✴ ✑ ✝✞✗ ✝ ✑✌✖ ✈✗ ❉ ☎✆ ❀ ✝ ✑✥✈ ✝ ☞✬ ✝ ✕ ✎✭❀ ✑ ✌✜

(ii) ❀ ✑✝✲ ✯✝ ✰☞ ☞✬ ✝ ✕ ❜ ✎ ✟✏☞✝✍ ✑✌✖

p : a ❊✽ ❆ ❋ b ●❍ ■✽ ✽ ❏ ❑ ❅❆ ▲❇

q : ab ▼❑ ● ✻❋❃◆❖ ❂▲P ❖✽ ❅❆ ❇

✳❀ ✝ ✞✒☎ ☞ ✆ ✝ ✞ ✟✠✡ ✝ ✝ ☛☞✝ ✞✒ ☞✝ ✮✥✡ ✝ ✕ ✟✘★ ✓ ☞ ✟✠✡ ✝ ✝☛ ☞ ✑ ✝ ✞✗ ✝ ✑ ✌ ✈ ✝ ✌✍ ❜ ✎☎★✓ ✓ ☞ ✟☎✍✪ ✞❀ ✎✒ ✩❀ ✝ ✶ ✝✴ ✑ ✝✞✗ ✝ ✑ ✌✖

✈ ✗❉ ☎✪✫ ☞✬ ✝ ✕ ✎✭❀ ✑ ✌✜

❧✝ ✳❀ ✝✒ ♦✝ ◗❀☎✆ ✈ ✝✌✍ ❧✞✘❧★ ❀☎✆ ❘ ✖ ✟✏✗✴ ☞  ✺ ✝✍ ✝ ✟✏☞✰ ☎ ☞❀ ✝ ✱ ✝✗ ✝ ✑✌ ✈ ✝ ✌✍ ☎✆ ✓ ✑✥✓ ☞✬ ✝ ✕ p ✈ ✝✌✍

q ❧✞✘ ☎★ ✓ ❜ ✎❧✞✘ ☎✕ ❢✕☎★☎ ✩ ✝✗ ✎✪✗ ✥❙❀ ❚ ✟ ✑ ✌✒✜

(i) ◗p ❀ ☎✆ ✈ ✝ ✌✍ ❧✞✘❧★ ❀☎✆ q❘

(ii) ◗q ❀ ☎✆ ✈ ✝ ✌✍ ❧✞✘❧★ ❀☎✆ p❘

(iii) ◗p ✈☎ ✕ ❧✝❀ ❯ ✈ ✝ ✌✍ ✟❀ ✝❯❱✗ ✟✏☎✗✷ ✒✔ ✑ ✌ q ❧✞✘ ☎★✓❘ ✈ ✝ ✌✍ ❜ ✎ ☞✝ ☎❧★ ✝ ✞✪ ✸ ✚★ ✰✝ ✹

(iv) p  q

❀ ✑✝✲ ☎✕ ❢✕☎★☎ ✩ ✝✗ ✚✆ ✝✑✍✡ ✝ ✟✍ ☎ ❧✛✝✍ ☞✍✗ ✞ ✑ ✌✒✜

♠ ✢✣ ✤✦✧✣ 12 ✕✴ ✛✞ ✆ ✝ ✞ ☞✬ ✝ ✕ ❀ ✥❲✪ ☎✆ ✓ ✑ ✌✒✜ ✟✏ ✭❀ ✞ ☞ ☞✬ ✝ ✕ ❀✥❲ ✪ ❧✝ ✳❀ ✝✒ ♦✝ ◗❀☎✆ ✈ ✝ ✌✍ ❧✞ ✘❧★ ❀☎✆ ❘ ❧✞✘

✟✏❀ ✝ ✞✮ ✺ ✝✍ ✝ ✎☎ ❢✪☎★ ✗ ☞✴☎✱✓✜

(i) p: ❀ ☎✆ ☞✝ ✞❜ ❯ ✈ ✝❀ ✗ ✓ ☞ ❧✮❯ ✑✌✖ ✗ ✝ ✞ ✚ ✎☞✴ ✛✝✍ ✝ ✞✒✒ ✶ ✝✥✱ ✝✓✲ ✷✍ ✝✷✍ ★ ✒✷ ✝❜ ❯ ☞✴ ✑ ✌✒✜

❀ ☎✆ ☎ ☞✎✴ ✈ ✝❀ ✗ ☞✴ ✛ ✝✍ ✝ ✞✒ ✒ ✶ ✝✥✱ ✝✓✲ ✷ ✍ ✝✷ ✍ ★ ✒✷ ✝❜ ❯ ☞✴ ✑ ✌✖ ✗ ✝ ✞ ✈ ✝❀ ✗ ✓ ☞ ❧✮❯ ✑✌✜

(ii) q: ❀☎✆ ☎ ☞✎✴ ✎✒ ✩❀ ✝ ❧✞✘ ✈✒ ☞✝ ✞✒ ☞✝ ❀ ✝ ✞✮✟✘★ 3 ✎✞ ✶ ✝✝ ❳❀ ✑✌✖ ✗ ✝✞ ❧✑ ✎✒ ✩❀ ✝ ✶ ✝✴ 3 ✎✞

✶ ✝ ✝❳❀ ✑ ✌✜

q: ❀☎✆ ✓ ☞ ✎✒ ✩❀ ✝ 3 ✎✞ ✶ ✝✝ ❳❀ ✑✌✖ ✗ ✝ ✞ ✚✎ ✎✒ ✩❀ ✝ ❧✞✘ ✈ ✒ ☞✝ ✞✒ ☞✝ ❀ ✝✞ ✮✟✘★ ✶ ✝✴ 3 ✎✞ ✶ ✝ ✝ ❳❀ ✑✌✜

✤❣ (i) ☞✝ ✞❜ ❯ ✈ ✝❀✗ ✓ ☞ ❧✮❯ ✑✌ ❀☎✆ ✈ ✝ ✌✍ ❧✞✘❧★ ❀☎✆ ✚✎☞✴ ✛✝✍ ✝ ✞✒✒ ✶ ✝✥✱ ✝✈ ✝ ✞✒ ☞✴ ★ ✒✷ ✝❜ ❯ ✷✍ ✝✷ ✍ ✑✌✜

(ii) ✓ ☞ ✎✒ ✩❀ ✝ 3 ✎ ✞ ✶ ✝✝ ❳❀ ✑✌ ❀☎✆ ✈ ✝ ✌✍ ❧✞✘❧★ ❀ ☎✆ ✚✎ ✎✒ ✩❀ ✝ ❧✞ ✘ ✈✒ ☞✝ ✞✒ ☞✝ ❀ ✝✞ ✮✟✘★ 3 ✎✞

✶ ✝ ✝ ❳❀ ✑✌✜



①�✁✂✄☎✆ �✝✝✞✟✠     357

✐✡☛☞✌✍✎✏ 14.4

1✲ ❢✑✒✑❢✓❢✔✕✖ ✗✘✕✑ ✗✕✙ ✚✕✛✜✕✢✣✕ ✤✜❢✥✦✖✕✙✧ ✗✕ ★✩✜✕✙✪ ✗✫✖✙ ✬✭✮ ★✕✯✰ ❢✚❢✱✕✳✑ ✴★ ✵✙✢ ✶✷ ★✩✗✕✫

❢✓❢✔✕✮ ❢✗ ✸✑✚✙✹ ✺✘✕✻ ✷✵✕✑ ✬✕✙✢✼

✜❢✥ ✮✗ ★✩✕✚❀✹✖ ✷✢✔✜✕ ❢✚✽✕✵ ✬✾ ✖✕✙ ✸✷✗✕ ✚✪✻ ✱✕✿ ❢✚✽✕✵ ✬✾✼

2✲ ❢✑✒✑❢✓❢✔✕✖ ✗✘✕✑✕✙✢ ✚✙✹ ★✩❢✖❁✑✕❂✵✗ ✺✕✾✫ ❢✚✓✕✙✵ ✗✘✕✑ ❢✓❢✔✕✮❃

(i) ✜❢✥ x ✮✗ ✺✱✕✕❄✜ ✷✢✔✜✕ ✬✾❅ ✖✕✙ x ❢✚✽✕✵ ✬✾✼

(ii) ✜❢✥ ✥✕✙ ✫✙✔✕✕✮✯ ✷✵✕✢✖✫ ✬✾✢❅ ✖✕✙ ✚✙ ✮✗ ✥❆✷✫✙ ✗✕✙ ✮✗ ✷✵✖✓ ✵✙✢ ✑✬✿✢ ✗✕❇✖✿ ✬✾✢✼

(iii) ❢✗✷✿ ✚❈✖✭ ✚✙✹ ❉✢❊✙ ✬✕✙✑✙ ✗✕ ✖✕❂★✜✻ ❋✺✢✖✱✕✕✻✚● ✬✾ ❢✗ ✸✷✗✕ ✖✕★❍✵ ✗✵ ✬✾✼

(iv) ✺✕★ ❄✜✕❢✵❢✖ ❢✚✽✕✜ ✗✕✙ ✺✕❂✵✷✕✖ ✑✬✿✢ ✗✫ ✷✗✖✙ ✜❢✥ ✺✕★✗✕✙ ✜✬ ✈✕✑ ✑✬✿✢ ✬✾ ❢✗

❢✑✪✵✑✕❂✵✗ ❢✚✚✙✰✑ ❢✗✷ ★✩✗✕✫ ❢✗✜✕ ■✕✖✕ ✬✾✼

(v) x ✮✗ ✷✵ ✷✢✔✜✕ ✬✾ ✷✙ ✖✕❂★✜✻ ❋✺✢✖✱✕✕✻✚● ✬✾ ❢✗ x ✷✢✔✜✕ 4 ✷✙ ✱✕✕❄✜ ✬✾✼

3✲ ❢✑✒✑❢✓❢✔✕✖ ✗✘✕✑✕✙✢ ✵✙✢ ✷✙ ★✩❂✜✙✗ ✗✕✙ ✤✜❢✥✦✖✕✙✧ ✴★ ✵✙✢ ❢✓❢✔✕✮❃

(i) ✺✕★✗✕✙ ✑✕✾✗✫✿ ❋✗✕✵● ❢✵✓✑✙ ✗✕ ✖✕❂★✜✻ ❋✺✢✖✱✕✕✻✚● ✬✾ ❢✗ ✺✕★✗✿ ❢✚✣✚✷❢✑✜✖✕

✺❏❑✿ ✬✾✼

(ii) ✚✙✹✓✙ ✗✕ ★✙❊♦ ★❆✹✓✙✪✕ ✜❢✥ ✚✬ ✮✗ ✵✕✬ ✖✗ ✪✫✵ ▲✑✕ ✫✬✙✼

(iii) ✮✗ ✰✖✭✱✕✭✻■ ✷✵✕✢✖✫ ✰✖✭✱✕✭✻■ ✬✾ ✜❢✥ ✸✷✚✙✹ ❢✚✗▼✕✻ ✮✗✦✥❆✷✫✙ ✗✕✙ ✷✵❢◆✱✕✕❢■✖ ✗✫✙✢✼

(iv) ✗❞✕✕ ✵✙✢ A ✪✩✙❊ ★✕✑✙ ✚✙✹ ❢✓✮ ✜✬ ✺❢✑✚✕✜✻ ✬✾ ❢✗ ✺✕★ ★✭❈✖✗ ✚✙✹ ✷✱✕✿ ★✩✣✑✕✙✢ ✗✕✙ ✷✫✓

✗✫ ✓✙✖✙ ✬✾✢✼

4✲ ✑✿✰✙ (a) ✺✕✾✫ (b) ✵✙✢ ★✩✥❖✕ ✗✘✕✑✕✙✢ ✵✙✢ ✷✙ ★✩❂✜✙✗ ✚✙✹ (i) ✵✙✢ ❢✥✮ ✗✘✕✑ ✗✕ ★✩❢✖❁✑✕❂✵✗ ✺✕✾✫

❢✚✓✕✙✵ ✗✘✕✑ ★✬✰✕❢✑✮✼

(a) ✜❢✥ ✺✕★ ❢✥P✓✿ ✵✙✢ ✫✬✖✙ ✬✾✢ ✖✕✙ ✺✕★✚✙✹ ★✕✷ ■✕❊♦✙ ✚✙✹ ✗★❊♦✙ ✬✾✢✼

(i) ✜❢✥ ✺✕★✚✙✹ ★✕✷ ■✕❊♦✙ ✚✙✹ ✗★❊♦✙ ✑✬✿✢ ✬✾✢❅ ✖✕✙ ✺✕★ ❢✥P✓✿ ✵✙✢ ✑✬✿✢ ✫✬✖✙ ✬✾✢✼

(ii) ✜❢✥ ✺✕★✚✙✹ ★✕✷ ■✕❊♦✙ ✚✙✹ ✗★❊♦✙ ✬✾✢❅ ✖✕✙ ✺✕★ ❢✥P✓✿ ✵✙✢ ✫✬✖✙ ✬✾✢✼

(b) ✜❢✥ ✮✗ ✰✖✭✱✕✭✻■ ✷✵✕✢✖✫ ✰✖✭✱✕✭✻■ ✬✾❅ ✖✕✙ ✸✷✚✙✹ ❢✚✗▼✕✻ ✮✗✦✥❆✷✫✙ ✗✕✙ ✷✵❢◆✱✕✕❢■✖

✗✫✖✙ ✬✾✢✼

(i) ✜❢✥ ❢✗✷✿ ✰✖✭✱✕✭✻■ ✚✙✹ ❢✚✗▼✕✻ ✮✗✦✥❆✷✫✙ ✗✕✙ ✷✵❢◆✱✕✕❢■✖ ✑✬✿✢ ✗✫✖✙ ✬✾✢❅ ✖✕✙ ✰✖✭✱✕✭✻■ ✮✗

✷✵✕✢✖✫ ✰✖✭✱✕✭✻■ ✑✬✿✢ ✬✾✢✼

(ii) ✜❢✥ ✰✖✭✱✕✭✻■ ✚✙✹ ❢✚✗▼✕✻ ✮✗ ✥❆✷✫✙ ✗✕✙ ✷✵❢◆✱✕✕❢■✖ ✗✫✖✙ ✬✾✢ ✖✕✙ ✚✬ ✷✵✕✢✖✫ ✰✖✭✱✕✭✻■ ✬✾✼

14◗6 ❘❙✌☞✌❚❯ ❘✏ ✍❱❲❳✌ ❘✌❚ ✐✡❨✌❩❬✌❳ ❭❧❪❫✌❩✐❳❴❘❵☞✌ (Validating Statements)

✶✷ ✺✑✭❏❑✙✥ ✵✙✢ ✬✵ ✶✷ ▲✕✖ ★✫ ❢✚✰✕✫ ✗✫✙✢✪✙ ❢✗ ✮✗ ✗✘✕✑ ❢✗✑ ❢❈✘✕❢✖✜✕✙✢ ✵✙✢ ✷❂✜ ✬✕✙✖✕ ✬✾✼ ✸★✫✕✙✛✖

★✩✣✑ ✗✕ ✸❖✕✫ ■✕✑✑✙ ✚✙✹ ❢✓✮ ✬✵✙✢ ❢✑✒✑❢✓❢✔✕✖ ★✩✣✑✕✙✢ ✗✕ ✸❖✕✫ ■✕✑✑✕ ✺✕✚✣✜✗ ✬✾✼

★✩✥❖✕ ✗✘✕✑ ✗✕ ✺✘✕✻ ✛✜✕ ✬✾✢❛ ✜✬ ✗✬✑✙ ✗✕ ✛✜✕ ✺✘✕✻ ✬✾ ❢✗ ✗▲ ✗✘✕✑ ✷❂✜ ✬✾ ✺✕✾✫ ✗▲

✺✷❂✜ ✬✾❛
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➴☎✆ ✝✞✟✠✡ ☎☛☞✌✠✡✍ ✎✡✏ ✑✒✠✆ ✓✔ ✕✠✖ ☎✆ ✝✌✗✠✘✆ ✙✆✖✡ ✚✛✍ ✝✙ ☎☛✜✒✠ ✙✢✠✌ ✣✡✍ ✤✥✠✛✆✦ ✖✢✠✠ ✧★✠✩

✣✡✍ ✔✡ ✔✍★✠✡❡✙ ☞✠✪✜ ✙✠ ✥✢✠✎✠ ✤★✝✜ ✥✠✛✆ ✎✡✏✎✞ ★✝✜✦ ✖✢✠✠ ✤★✝✜✫✖✠✡✦ ✣✡✍ ✔✡ ✝✙✔ ☎☛✝✖✕✍✬ ✙✠

✥✢✠✎✠ ✤☎☛✈★✡✙ ✎✡✏ ✝✞✭✦ ✖✢✠✠ ✤✭✙ ✭✡✔✠ ✙✠ ✥✝✮✖✈✎ ✚✛✦ ✣✡✍ ✔✡ ✝✙✔ ☎✝✆✣✠✯✠✎✠✰✙ ✎✠✱★✠✍☞✠ ✙✠

☎☛★✠✡✐ ✝✙★✠ ✐★✠ ✚✛✲

★✚✠❀ ☎✆ ✓✌ ✝✙✔✳ ✙✢✠✌ ✙✳ ✎✛✬✖✠ ✴✠✖ ✙✆✌✡ ✎✡✏ ✝✞✭ ✎✵✏✶ ☎☛✝✷★✠✥✠✡✍ ☎✆ ✝✎✰✠✆ ✙✆✡✍✐✡✲

✥✕ ✚✣ ★✚ ❡✠❀✰✌✡ ✎✡✏ ✝✞✭ ✝✙ ✙✠✡✓✘ ✙✢✠✌ ✔✈★ ✚✛ ★✠ ✌✚✳✍✸ ✎✵✏✶ ✔✠✣✠✹★ ✝✌★✣✠✡✍ ✙✳ ✔✺✰✳

✕✌✠✖✡ ✚✛ ✍✲

❢✻✼✽ 1 ★✝✜ p ✖✢✠✠ q ✐✝✯✠✖✳★ ✙✢✠✌ ✚✛✍✸ ✖✠✡ ★✚ ✝✔✾ ✙✆✌✡ ✎✡✏ ✝✞✭ ✝✙ ✙✢✠✌ ✤p ✥✠✛✆ q✦

✔✈★ ✚✛✸ ✚✣ ✝✌❧✌✝✞✝✟✠✖ ✰✆✯✠✠✡✍ ✙✠ ✥✌✵✔✆✯✠ ✙✆✖✡ ✚✛✍✲

♣✿❁❂ 1 ✜☞✠✠✘✓✭ ✝✙ ✙✢✠✌ p ✔✈★ ✚✛

♣✿❁❂ 2 ✜☞✠✠✘✓✭ ✝✙ ✙✢✠✌ q ✔✈★ ✚✛

❢✻✼✽ 2 ❫❃❄✼❅❆❇❈ ❫✼❅❉ ❃❆ ❊❋✼●❍■ ❈❏❅✻❉

★✝✜ p ✖✢✠✠ q ✐✝✯✠✖✳★ ✙✢✠✌ ✚✛✍✸ ✖✠✡ ✙✢✠✌ ✤p ★✠ q✦ ✙✠✡ ✔✈★ ✝✔✾ ✙✆✌✡ ✎✡✏ ✝✞✭

✚✣ ✝✌❧✌✝✞✝✟✠✖ ✝✮✢✠✝✖★✠✡✍ ✣✡✍ ✔✡ ✝✙✔✳ ✭✙ ✙✠✡ ✔✈★ ☎☛✣✠✝✯✠✖ ✙✆✖✡ ✚✛✍✲

❑▲▼❂❑◆ 1 ★✚ ✣✠✌✖✡ ✚✵✭ ✝✙ p ✥✔✈★ ✚✛✸ q ✙✠✡ ✥✝✌✎✠★✘✖❖ ✔✈★ ☎☛✣✠✝✯✠✖ ✙✳✝❡✭✲

❑▲▼❂❑◆ 2 ★✚ ✣✠✌✖✡ ✚✵✭ ✝✙ q ✥✔✈★ ✚✛✸ p ✙✠✡ ✥✝✌✎✠★✘✖❖ ✔✈★ ☎☛✣✠✝✯✠✖ ✙✳✝❡✭✲

❢✻✼✽ 3 ♦❅❍✼❅❄P❅ ❫❫✼❢◗❘■❅❆❉❉ ❃❆ ❊❋✼●❍■ ❈❏❅✻

✙✢✠✌ ✧★✝✜ p, ✖✠✡ q✩ ✙✠✡ ✔✈★ ✝✔✾ ✙✆✌✡ ✎✡✏ ✝✞✭ ✚✣ ✝✌❧✌✝✞✝✟✠✖ ✝✮✢✠✝✖★✠✡✍ ✣✡✍ ✔✡

✝✙✔✳ ✭✙ ✙✠✡ ✔✈★ ☎☛✣✠✝✯✠✖ ✙✆✖✡ ✚✛✍✲

❑▲▼❂❑◆ 1★✚ ✣✠✌✖✡ ✚✵✭ ✝✙ p ✔✈★ ✚✛✸ q ✙✠✡ ✥✝✌✎✠★✘✖❖ ✔✈★ ☎☛✣✠✝✯✠✖ ✙✳✝❡✭

❙☎☛✈★❚✠ ✝✎✝✬❯✲

❑▲▼❂❑◆ 2★✚ ✣✠✌✖✡ ✚✵✭ ✝✙ q ✥✔✈★ ✚✛✸ p ✙✠✡ ✗✠✳ ✥✝✌✎✠★✘✖❖ ✥✔✈★ ☎☛✣✠✝✯✠✖ ✙✳✝❡✭

❙☎☛✝✖✬✌✠✈✣✙ ✝✎✝✬❯✲

❢✻✼✽ 4 ♦❅❍✼❅❄P❅ ❱❊❋❢■❲❄❳❨ ❩✼❢◗ ❬❅❭❪ ♦❆❴♦❵ ✼❢◗❛ ❃❆ ❊❋✼●❍■ ❈❏❅✻

✙✢✠✌ ✤p, ★✝✜ ✥✠✛✆ ✎✡✏✎✞ ★✝✜ q✦ ✙✠✡ ✔✈★ ✝✔✾ ✙✆✌✡ ✎✡✏ ✝✞✭ ✚✣✡✍ ★✚ ☎☛✣✠✝✯✠✖

✙✆✌✡ ✙✳ ✥✠✎☞★✙✖✠ ✚✛ ✝✙✸

(i) ★✝✜ p ✔✈★ ✚✛ ✖✠✡ q ✔✈★ ✚✛ ✥✠✛✆ (ii) ★✝✜ q ✔✈★ ✚✛✸ ✖✠✡ p ✔✈★ ✚✛✲

✥✠✓✭ ✚✣ ✎✵✏✶ ✑✜✠✚✆✯✠✠✡✍ ☎✆ ✝✎✰✠✆ ✙✆✡✍❖

♠◗❅❜❪❝❅ 13  ❡✠❀✝✰✭ ✝✙ ✌✳✰✡ ✝✜★✠ ✐★✠ ✙✢✠✌ ✔✈★ ✚✛✍ ✥✢✠✎✠ ✌✚✳✍✲

★✝✜ x, y ❞ Z ✓✔ ☎☛✙✠✆ ✚✛✍ ✝✙ x ✖✢✠✠ y ✝✎❣✠✣ ✚✛✍✸ ✖✠✡ xy ✗✠✳ ✝✎❣✠✣ ✚✛✲
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❣✡ ❀☛☞✌ p : x, y ✍ Z, ❜✎ ✏✑✒☞✓ ☛✔✕ ✖✒ x r✗☞☞ y ✖✥✘☞✙ ☛✔✕✚

q : xy ✛✜✢✣✤ ✦✧★✩

✏✑✐✪☞ ✒✗☞✫ ✒✬ ✥✔✭r☞ ✒☞✮ ✯☞✌✰✫✮ ✥✮✱ ✖✲✳ ☛✙ ✖✫❀✙ 3 ✒✬ ✖✴✗☞✖r 1 ✒☞ ✏✑❀☞✮✵ ✒✓r✮ ☛✔✕ ✶✗☞☞✷r✸✸

❀☛ ✙☞✫r✮ ☛✹✳ ✖✒ p ✎✺❀ ☛✔ ☛✙ q ✒☞✮ ✶✖✫✥☞❀✷r✻ ✎✺❀ ✏✑✙☞✖✼☞r ✒✓r✮ ☛✔✕✚

p ✎✺❀ ☛✔ ✶✗☞☞✷r✸✸ x r✗☞☞ y ✖✥✘☞✙ ✏✽✼☞☞✾✒ ☛✔✕✚ ✶r✻

x = 2m + 1 ✖✒✎✬ ✏✽✼☞☞✾✒ m ✥✮✱ ✖✲✳✚

y = 2m + 1 ✖✒✎✬ ✏✽✼☞☞✾✒ n ✥✮✱ ✖✲✳✚

✶r✻

xy = (2m + 1) (2n + 1)

= 2(2mn + m + n) + 1

❜✎✎✮ ✴✏✘✿ ☛✔ ✖✒ xy ❁☞✬ ✖✥✘☞✙ ☛✔✚ ❜✎✖✲✳ ✏✑✐✪☞ ✒✗☞✫ ✎✺❀ ☛✔✚

✙☞✫ ✲✬✖✯✳ ✖✒ ☛✙ ✖✫❀✙ 3 ✒✬ ✖✴✗☞✖r 2 ✥✮✱ ✏✑❀☞✮✵ ❂☞✓☞ ✯☞✌✰ ✒✓✫☞ ✰☞☛r✮ ☛✔✕❃ r☞✮ ☛✙✮✕❃

✖✫❢✫✖✲✖❄☞r ✖✥✖✭ ✒☞ ✏✑❀☞✮✵ ✒✓✫☞ ✰☞✖☛✳✚

☛✙ ✙☞✫r✮ ☛✔✕ ✖✒ q ✎✺❀ ✫☛✬✕ ☛✔✚ ❜✎✒☞ r☞✺✏❀✷ ☛✔ ✖✒ ☛✙✮✕ ✒✗☞✫ q ✥✮✱ ✖✫✘☞✮✭✫ ✏✓ ✖✥✰☞✓ ✒✓✫☞

✰☞✖☛✳✚

❜✎ ✏✑✒☞✓ ✖✫❢✫✖✲✖❄☞r ✒✗☞✫ ✏✑☞❅r ☛☞✮r☞ ☛✔❃

~ q : ❆❇❈✣❉❊❋● x y ❍✤ ✦✧✩

❀☛ ✥✮✱✥✲ r❁☞✬ ✎✕❁☞✥ ☛✔ ✯■ x ✶✗☞✥☞ y ✎✙ ☛☞✮✕ ✖✯✎✎✮ ❀☛ ✏✑✙☞✖✼☞r ☛☞✮r☞ ☛✔ ✖✒ p ✎✺❀ ✫☛✬✕ ☛✔✚

✶r✻ ☛✙✫✮ ❀☛ ✐✈☞☞✷ ✖✐❀☞ ✖✒

~ q ❏ ~ p

❑▲▼◆❖P◗❘ ❙✏✓☞✮❚r ❙✐☞☛✓✼☞ ❀☛ ✴✏✘✿ ✒✓r☞ ☛✔ ✖✒ ✒✗☞✫  p ❏  q ✒☞✮ ✖✎❞ ✒✓✫✮ ✥✮✱ ✖✲✳

✒✗☞✫ ~ q ❏ ~ p ✖✎❞ ✒✓ ✐✮✫☞ ✏❀☞✷❅r ☛✔❃ ✯☞✮ ✖✒ ✏✑✐✪☞ ✒✗☞✫ ✒☞ ✏✑✖r✭✫☞✺✙✒ ✒✗☞✫ ☛✔✚

♠❯◗❣❱P◗ 14 ✖✫❢✫✖✲✖❄☞r ✒✗☞✫ ✥✮✱ ✏✑✖r✭✫☞✺✙✒ ✒✗☞✫ ✒☞ ✯☞✌✰ ✒✓ ❀☛ ❲☞r ✒✬✖✯✳ ✖✒ ✏✑✐✪☞
✒✗☞✫ ✎✺❀ ☛✔ ✶✗☞✥☞ ✶✎✺❀ ☛✔❳
❫❀✖✐ x, y ✍ Z ❜✎ ✏✑✒☞✓ ✖✒ xy ✖✥✘☞✙ ☛✔✕❃ r☞✮ x r✗☞☞ y ❁☞✬ ✖✥✘☞✙ ☛✔✚❨

❣✡ ✶☞❜✳ ☛✙ ✒✗☞✫☞✮✕ ✒☞✮ ✫✬✰✮ ✖✐✳ ✫☞✙ ✎✮ ✎✕■☞✮✖✭r ✒✓✮✕❃
p : x y ✛✜✢✣✤ ✦✧★✩

q : x ❩❬✣✣ y ❭✣❪❉✣❪★ ★ ✦❴ ✛✜✢✣✤ ✦✧★✩

☛✙✮✕ ✏✑✖r✭✫☞✺✙✒ ✒✗☞✫ ~ q ❏ ~ p ✒☞✮ ✯☞✌✰ ✒✓ ❲☞r ✒✓✫☞ ☛✔ ✖✒ ✒✗☞✫  p ❏  q ✎✺❀
☛✔ ✶✗☞✥☞ ✫☛✬✕✚

✶■❃ ~ q = ❀☛ ✶✎✺❀ ☛✔ ✖✒ x r✗☞☞ y ✐☞✮✫☞✮✕ ✕ ✖✥✘☞✙ ☛✔✚
❜✎✒☞ ✶✗☞✷ ❀☛✬ ☛✹✶☞ ✖✒ x ❵✶✗☞✥☞ y❛ ✎✙ ☛✔✚

r☞✮❃ x = 2n ✯☛☞✌ n ✳✒ ✏✽✼☞☞✾✒ ☛✔✚
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✈☎✆ xy = 2ny, ✥✝ ✞✟✠✠✡☎✠ ✝☛ ☞✌ xy ❧✍ ✝☛✎ ✈✏✠✠✡☎✑✑ ~ p ❧✒✥ ✝☛✎

❜❧ ✓✔✌✠✕ ✝✍✖✗ ~ q ✘ ~ p ✌✠✗ ☞❧❞ ✌✕ ☞✞✥✠ ✝☛✙ ✈☎✆ ✓✔✞✚✠ ✌✏✠✖ ❧✒✥ ✝☛✎

✈✛ ✝✍ ☞✜✢✠✕ ✌✕☎✗ ✝☛✣ ☞✌ ✤✛ ✦✌ ❧✓✔☞☎✛✣✧ ✌✏✠✖ ✈✠☛✕ ★❧✜✗✩ ☞✜✪✠✗✍ ✌✏✠✖ ✌✠✗ ☞✍✪✠☎✗

✝☛✣ ☎✠✗ ❣✥✠ ✝✠✗☎✠ ✝☛✎

☞✖❢✖☞✪☞✫✠☎ ✌✏✠✖✠✗✣ ✓✕ ☞✜✢✠✕ ✌✬☞✤✦

p : ✱✭ ✮✯✰✲✳ ✴✲✵✲ ✶✲✲✰✷ ✸✹✺

q : ✱✭ ✮✯✰✲✳ ✴✲✵✲ ✻✲✼✲ ✸✹✺

✝✍✗✣ ✽✠☎ ✝☛ ☞✌ ✥☞✞ ✓✝✪✠ ✌✏✠✖ ✾✠☞✿☎ ✝✠✗❀✠ ☎✠✗ ✞❁❧✕✠ ❂✠✬ ✾✠☞✿☎ ✝✠✗❀✠✎ ❜❧ ☎✏✥ ✌✠✗

☞✖❢✖☞✪☞✫✠☎ ✓✔✌✠✕ ❧✗ ❃✥❣☎ ✌✕ ❧✌☎✗ ✝☛✣✎

✥☞✞ ✦✌ ☞❀✪✠❧ ✈✠✧✠ ✫✠✠✪✬ ✝☛✙ ☎✠✗ ✜✝ ✈✠✧✠ ❂✠✕✠ ✝☛✙ ✥☞✞ ✦✌ ☞❀✪✠❧ ✈✠✧✠ ❂✠✕✠ ✝☛✙ ☎✠✗ ✜✝

✈✠❄✠✠ ✫✠✠✪✬ ✝☛✎ ✝✍ ❜✖ ✞✠✗✖✠✗✣ ✣ ✌✏✠✖✠✗✣ ✌✠✗ ☞✍✪✠☎✗ ✝☛✣ ✈✠☛✕ ☞✖❢✖☞✪☞✫✠☎ ✌✏✠✖ ✓✔✠❅☎ ✌✕☎✗ ✝☛✣✎

✦✌ ☞❀✪✠❧ ✈✠✧✠ ✫✠✠✪✬ ✝☛ ✥☞✞ ✈✠☛✕ ✜✗✩✜✪ ✥☞✞ ✥✝ ✈✠✧✠ ❂✠✕✠ ✝☛✎

❜❧✜✗✩ ✛✠✞ ✝✍ ✦✌ ✈❆✥ ☞✜☞✧ ✓✕ ☞✜✢✠✕ ✌✕✗✣❀✗✎

14❇6❇1 ❈❉❊❋●❍❋●❈■❏ ❑❋❊❋ (By Contradiction) ❜❧ ☞✜☞✧ ✍✗✣ ✥✝ ☞❧❞ ✌✕✖✗ ✜✗✩ ☞✪✦ ☞✌ ✌✠✗❜✡

▲✓✔✞✚✠▼ ✌✏✠✖ p ❧✒✥ ✝☛ ✝✍ ✥✝ ✍✠✖ ✪✗☎✗ ✝☛✣ ☞✌ p ❧✒✥ ✖✝✬✣ ✝☛✎ ✈✏✠✠✡☎✑✑ ~ p ❧✒✥ ✝☛✎ ❜❧ ✓✔✌✠✕

✝✍ ✦✌ ✦✗❧✗ ☞✖◆✌◆✠✡ ✓✕ ✓✝❖P✢☎✗ ✝☛✣ ✤✠✗ ✝✍✠✕✬ ✍✠❆✥☎✠ ▲✓❁✜✡✧✠✕◗✠✠▼ ✌✠ ✫✠✣❘✖ ✌✕☎✠ ✝☛✎ ✓☞✕◗✠✠✍☎✆ p

✌✠✗ ❧✒✥ ✝✠✗✖✠ ✢✠☞✝✦✎

✖✬✢✗ ❧✕✪ ☞✌✦ ★✞✠✝✕◗✠ ✌✠✗ ✞✗☞✫✠✦✆

♠❙❚❯❱❲❚ 15 ☞✜✕✠✗✧✠✗☞❣☎ ❳✠✕✠ ☞✖❢✖☞✪☞✫✠☎ ✌✏✠✖ ✌✠✗ ❧✒✥✠☞✓☎ ✌✬☞✤✦✙

❫ 7 ✦✌ ✈✓☞✕✍✗✥ ❧✣✫✥✠ ✝☛✎❨

❯❩ ❜❧ ☞✜☞✧ ✍✗✣ ✝✍ ✥✝ ✍✠✖ ✪✗☎✗ ✝☛✣ ☞✌ ✓✔✞✚✠ ✌✏✠✖ ✈❧✒✥ ✝☛✎ ✈✏✠✠✡☎✑✑ ❫ 7 ✦✌ ✈✓☞✕✍✗✥ ❧✣✫✥✠

✖✝✬✣ ✝☛✎❨ ☎✠✒✓✥✡ ✥✝ ✝❖✈✠ ☞✌ ❫ 7 ✓☞✕✍✗✥ ✝☛✎❨

✈☎✆ ✞✠✗ ✦✗❧✗ ✓❁◗✠✠❬✌ a ☎✏✠✠ b ✌✠ ✈☞❭☎✒✜ ✝☛ ☞✌ 7
a

b
❪ ✙ ✤✝✠P a ☎✏✠✠ b ✍✗✣ ✌✠✗❜✡ ❧✍✠✓✜☎✡✌

▲★❂✠✥☞✖◆❴ ❀❖◗✠✖✫✠✣❘▼ ✖✝✬✣ ✝☛✎

★✓✕✠✗❣☎ ❧✍✬✌✕◗✠ ✌✠ ✜❀✡ ✌✕✖✗ ✓✕

2

2
7

a

b
❵ ❛ a2 = 7b2  ❛ ❧✣✫✥✠ 7✙ ❧✣✫✥✠ a ✌✠✗ ☞✜❂✠✠☞✤☎ ✌✕☎✬ ✝☛✎ ❜❧☞✪✦ ✦✌ ✦✗❧✗ ✓❁◗✠✠❬✌ c

✌✠ ✈☞❭☎✒✜ ✝☛ ☞✌ a = 7c

❜❧ ✓✔✌✠✕ a2 = 49c2   ✈✠☛✕  a2 = 7b2



①�✁✂✄☎✆ �✝✝✞✟✠     361

✈✡☛ 7b2 = 49c2 ☞ b2 = 7c2 ☞❧✌✍✎✏ 7❪ ❧✌✍✎✏ b ✥✏✑ ✒✓✔✏✏✒✕✡ ✥✖✡✗ ✘✙✚ ✒✥✌✡✛ ✘✜✑✌ ✢✏✡

✘✙ ✒✥ ❧✌✍✎✏ 7❪ ❧✌✍✎✏ a ✥✏✑ ✔✏✗ ✒✓✔✏✏✒✕✡ ✥✖✡✗ ✘✙✚ ✣❧✥✏ ✡✏✤✦✎✧ ✘✛✈✏ ✒✥ ❧✌✍✎✏ 7❪ ❧✌✍✎✏✈✏✑✌

a ✡★✏✏ b ✥✏ ❧✜✏✦✓✡✧✥ ✘✙❪ ✕✏✑ ✘✜✏✖✗ ✜✏✩✎✡✏ ✒✥ ✪a ✡★✏✏ b ✜✑✌ ✥✏✑✣✧ ❧✜✏✦✓✧✡✥ ✫✘✗✌ ✘✙✬ ✥✏ ✍✏✌✭✫

✘✙✚ ✣❧❧✑ ❣✦✮✯ ✘✏✑✡✏ ✘✙ ✒✥ ✎✘ ✜✏✩✎✡✏ ✒✥ ✪ 7 ✦✒✖✜✑✎ ✘✙✬ ✈❧✤✎ ✘✙✚ ✈✡☛ ✦✰✱✲✏ ✥★✏✫ ✒✥ ✪ 7

✳✥ ✈✦✒✖✜✑✎ ❧✌✍✎✏ ✘✙✬ ❧✤✎ ✘✙✚

✣❧✓✑❜ ✴✦✖✏✌✡ ✘✜ ✳✥ ✈✏✙✖ ✒✓✒✵ ✦✖ ✒✓✶✏✖ ✥✖✑✌✷✑❪ ✒✕❧✓✑❜ ✸✏✖✏ ✘✜ ✒❧✹ ✥✖ ❧✥✡✑ ✘✙✌ ✒✥

✳✥ ✦✰✱✲✏ ✥★✏✫ ✈❧✤✎ ✘✙✚ ✣❧ ✒✓✒✵ ✜✑✌ ✘✜ ✳✥ ✳✑❧✗ ✱✺✏✏ ✻✒❣★✏✒✡✼ ✥✏ ✴✱✏✘✖✽✏ ✦✰❣✡✛✡ ✥✖✡✑ ✘✙✌❪

✒✕❧✜✑✌ ✦✰✱✲✏ ✥★✏✫ ✓✙✵ ✫✘✗✌ ✘✏✑✡✏ ✘✙✚ ✣❧ ✦✰✥✏✖ ✓✑❜ ✴✱✏✘✖✽✏ ✥✏✑ ✪✪✦✰✤✎✛✱✏✘✖✽✏✬✬ ✥✘✡✑ ✘✙✚ ✎✘ ✫✏✜

❣✓✎✌ ✘✗ ❧✌✓✑❜✡ ✥✖✡✏ ✘✙ ✒✥ ✎✘ ✴✱✏✘✖✽✏ ✦✰✱✲✏ ✥★✏✫ ✥✏ ✍✏✌✭✫✥✖✡✏ ✘✙✚

♠✾✿❀❁❂✿ 16 ✳✥ ✦✰✤✎✛✱✏✘✖✽✏ ✸✏✖✏ ✒❧✹ ✥✗✒✕✳ ✒✥ ✒✫❃✫✒❄✒✍✏✡ ✥★✏✫ ✈❧✤✎ ✘✙❪

✪✎✒✱ n ✳✥ ✒✓✮✏✜ ✦❅✽✏✏❆✥ ✘✙❪ ✡✏✑ n ✳✥ ✈✔✏✏❇✎ ❧✌✍✎✏ ✘✙✚✬

❀❈ ✦✰✱✲✏ ✥★✏✫ ✪✎✒✱ p, ✡✏✑ q✬ ✓✑❜ ❉✦ ✥✏ ✘✙✚ ✘✜✑✌ ✣❧✑ ✈❧✤✎ ✒❧✹ ✥✖✫✏ ✘✙ ✒✕❧✓✑❜ ✒❄✳ ✘✜✑✌

✎✘ ✱✺✏✏✧✫✏ ✘✙ ✒✥ ✪✎✒✱ p, ✡✏✑ ~ q✬ ✘✙✚ ✣❧✓✑❜ ✒❄✳ ✘✜✑✌ ✒✥❧✗ ✳✥ ✳✑❧✑ ✒✓✮✏✜ ✦❅✽✏✏❆✥ ✥✏✑ ✍✏✏✑✕✫✏

✘✙❪ ✕✏✑ ✈✔✏✏❇✎ ✫✘✗✌ ✘✏✑✚ ❧✌✍✎✏ 9 ✣❧ ✦✰✥✏✖ ✥✏ ✳✥ ✒✓✮✏✜ ✦❅✽✏✏❆✥ ✘✙✚ ✈✡☛ ❧✌✍✎✏ 9 ✳✥ ✦✰✤✎✛✱✏✘✖✽✏

✘✙ ✈✏✙✖ ✘✜ ✒✫✮✥✮✏✧ ✒✫✥✏❄✡✑ ✘✙✌ ✒✥ ✦✰✱✲✏ ✥★✏✫ ✈❧✤✎ ✘✙✚

✣❧ ✦✰✥✏✖ ✘✜✫✑✌ ✓✛❜❊ ✒✓✒✵✎✏✑✌ ✦✖ ✒✓✶✏✖ ✒✥✎✏ ✒✕✫✓✑❜ ✦✰✎✏✑✷ ✸✏✖✏ ✘✜ ✎✘ ✢✏✡ ✥✖✡✑ ✘✙✌ ✒✥

✳✥ ✦✰✱✲✏ ✥★✏✫ ❧✤✎ ✘✙ ✈★✏✓✏ ✫✘✗✌✚

❋❢●❍■❂✿❏ ✷✒✽✏✡ ✜✑✌ ✦✰✤✎✛✱✏✘✖✽✏✏✑✌ ✥✏ ✦✰✎✏✑✷ ✒✥❧✗ ✥★✏✫ ✥✏✑ ✈❣✓✗✥✏✖ ✥✖✫✑ ✓✑❜ ✒❄✳ ✒✥✎✏

✕✏✡✏ ✘✙✚ ✡★✏✏✒✦ ✒✥❧✗ ✥★✏✫ ✓✑❜ ✈✫✛✜✏✑✱✫ ✜✑✌ ✴✱✏✘✖✽✏✏✑✌ ✥✏✑ ✦✰❣✡✛✡ ✥✖✫✑ ❧✑ ✥★✏✫ ✥✗ ✓✙✵✡✏

✦✰✜✏✒✽✏✡ ✫✘✗✌ ✘✏✑✡✗ ✘✙✚

✐❑▲▼◆❖P◗ 14.5

1❘ ✒❧✹ ✥✗✒✕✳ ✒✥ ✥★✏✫ ✎✒✱ x ✳✥ ✳✑❧✗ ✓✏❣✡✒✓✥ ❧✌✍✎✏ ✘✙ ✒✥ x3 + 4x = 0, ✡✏✑ x = 0

(i) ✦✰✤✎❙✏ ✒✓✒✵ ✸✏✖✏ (ii) ✒✓✖✏✑✵✏✑✒❚✡ ✸✏✖✏ (iii) ✦✰✒✡✵✫✏✤✜✥ ✥★✏✫ ✸✏✖✏✚

2❘ ✦✰✤✎✛✱✏✘✖✽✏ ✸✏✖✏ ✒❧✹ ✥✗✒✕✳ ✒✥ ✥★✏✫ ❯✒✥❧✗ ✔✏✗ ✳✑❧✗ ✓✏❣✡✒✓✥ ❧✌✍✎✏✈✏✑ ✌

a ✈✏✙✖ b ✓✑❜ ✒❄✳❪ ✕✘✏❱ a2 = b2, ✥✏ ✡✏✤✦✎✧ ✘✙ ✒✥ a = b➳ ❧✤✎ ✫✘✗✌ ✘✙✚

3❘ ✦✰✒✡✵✫✏✤✜✥ ✒✓✒✵ ✸✏✖✏ ✒❧✹ ✥✗✒✕✳ ✒✥ ✒✫❃✫✒❄✒✍✏✡ ✥★✏✫ ❧✤✎ ✘✙❪

p: ❲❳❨ x ❩❬ ❭❫❴❵❵❛❬ ❝❞ ❡❵❞❤ x2 ❥❦ ❝❞♥ ♦❵♣ x q❵r ❥❦ ❝❞st

4❘ ✦✰✤✎✛✱✏✘✖✽✏ ✸✏✖✏ ✒❧✹ ✥✗✒✕✳ ✒✥ ✒✫❃✫✒❄✒✍✏✡ ✥★✏✫ ❧✤✎ ✫✘✗✌ ✘✙❪

(i) p: ✎✒✱ ✒✥❧✗ ✒✉✏✔✏✛✕ ✓✑❜ ✥✏✑✽✏ ❧✜✏✫ ✘✙✌❪ ✡✏✑ ✒✉✏✔✏✛✕ ✳✥ ✈✒✵✥ ✥✏✑✽✏ ✒✉✏✔✏✛✕ ✘✙✚

(ii) q: ❧✜✗✥✖✽✏ x2 – 1 = 0 ✓✑❜ ✜❅❄ 0 ✈✏✙✖ 2 ✓✑❜ ✇✗✶ ✒❣★✏✡ ✫✘✗✌ ✘✙✚
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5✲ ❢☎✆☎❢✝❢✞✟✠ ✡☛✟☎✟☞✌ ✍☞✌ ✎☞ ✡✟✏☎ ✎☞ ✎✑✒ ✓✏✌ ✔✟✏✕ ✡✟✏☎ ✎☞ ✔✎✑✒ ✓✏✌✖ ✗✘✑✒☞✡ ✙✚✟✟ ✍☞✌ ✔✗☎☞ ✛✜✟✕

♦☞✢ ❢✝✣ ♦✏✤ ✡✟✕✥✟ ✦✠✝✟✧✣★

(i) p: ❢✡✎✩ ♦✪✜✟ ✡✩ ✗✘✑✒☞✡ ❢✫✟✬✒✟ ♦✪✜✟ ✡✩ ✭✩♦✟ ✓✟☞✠✩ ✓✏✮

(ii) q: ❢✡✎✩ ♦✪✜✟ ✡✟ ♦☞✢✌✙✘ ♦✪✜✟ ✡✩ ✗✘✑✒☞✡ ✭✩♦✟ ✡✟☞ ✎✍❢✯✰✟✟❢✭✠ ✡✕✠✟ ✓✏✮

(iii) r: ✣✡ ♦✪✜✟✱ ❢✡✎✩ ✙✩✳✟✴♦✪✜✟ ✡✩ ✣✡ ❢♦✚✟☞✵✟ ❢✶☛✟❢✠ ✓✏✮

(iv) s: ✒❢✙ x ✔✟✏✕ y ✣☞✎☞ ✗✷✥✟✟✸✡ ✓✏ ❢✡ x > y, ✠✟☞ –x < –y ✓✏✮

(v) t: 11  ✣✡ ✗❢✕✍☞✒ ✎✌✞✒✟ ✓✏✮

✹✺✹✺✻ ✼✽✾✿❀❁✾

♠❂❃❄❅❆❃ 17 ✭✟t❢❇✣ ❢✡ ❢☎✆☎❢✝❢✞✟✠ ❢✍❈ ✡☛✟☎ ✍☞✌ ✗✘✒❉❊✠ ❋✒✟● ✔✗♦❢✭✴✠ ✓✏ ✔☛✟♦✟ ✔✌✠❢♦✴✵❍ ✓✏✮

✔✗☎☞ ✛✜✟✕ ✡✟☞ ✠♦✴✢ ✎✌✈✠ ■✛❢❇✠❏ ❢✎❑ ✡✩❢✭✣★

t: ✭✦ ♦✵✟✟✴ ✓✟☞✠✩ ✓✏✱ ✔✟✗ ✰✟✩✈ ✭✟✠☞ ✓✏✌✱ ✒✟ ✭✦ ✔✟✗ ☎✙✩ ✍☞✌ ✓✟☞✠☞ ✓✏✌✱ ✔✟✗ ✰✟✩✈ ✭✟✠☞ ✓✏✌✮●

✠✙✟☞✗✕✟✌✠ ❢✍❈ ✡☛✟☎ ♦☞✢ ✳✟❍✡ ✡☛✟☎ ❢✝❢✞✟✣ ✔✟✏✕ ✛☎✡✟ ✗✘✒✟☞✈ ✒✓ ✭✟t❇☎☞ ♦☞✢ ❢✝✣ ✡✩❢✭✣ ❢✡ ❢✍❈

✡☛✟☎ ✎✑✒ ✓✏ ✔☛✟♦✟ ☎✓✩✌✮

❄❣ ✗✘✙✜✟ ✡☛✟☎ ✍☞✌ ✗✘✒❉❊✠ ❋✒✟● ✔✌✠❢♦✴✵❍ ✓✏✱ ❊✒✟☞✌❢✡ ✒✓ ✎✌✰✟♦ ✓✏ ❢✡ ♦✵✟✟✴ ✓✟☞ ✕✓✩ ✓✏ ✔✟✏✕ ✔✟✗ ☎✙✩

✍☞✌ ✓✟☞✌✮

✗✘✙✜✟ ✡☛✟☎ ♦☞✢ ✳✟❍✡ ✡☛✟☎ ☎✩❇☞ ❢✙✣ ✓✏✌✱

p : ▲▼ ◆❖PP◗ ❘P❙❚❯ ❘❱ ❲P❳ ❨P❯❩ ▲P❚❙ ❘❱❬❭

q : ▲▼ ❲P❳ ❪❫❯ ❴❙❬ ❘P❙❚❙ ❘❱❬ ❲P❳ ❨P❯❩ ▲P❚❙ ❘❱❬❭

✒✓✟t ✙✟☞☎✟☞✌✌ ✳✟❍✡ ✡☛✟☎ ✎✑✒ ✓✏✌ ✔✟✏✕ ✧✎❢✝✣ ❢✍❈ ✡☛✟☎ ✰✟✩ ✎✑✒ ✓✏✮

♠❂❃❄❅❆❃ 18 ❢☎✆☎❢✝❢✞✟✠ ✡☛✟☎✟☞✌ ♦☞✢ ❢☎✵✟☞✤☎ ❢✝❢✞✟✣★

(i) p: ✗✘✑✒☞✡ ♦✟✶✠❢♦✡ ✎✌✞✒✟ x ♦☞✢ ❢✝✣✱ x2 > x

(ii) q: ✣✡ ✣☞✎✩ ✗❢✕✍☞✒ ✎✌✞✒✟ x ✡✟ ✔❢✶✠✑♦ ✓✏ ✠✟❢✡ x2 = 2

(iii) r: ✗✘✑✒☞✡ ✗❵✟✩ ♦☞✢ ✗✌✞✟ ✓✟☞✠☞ ✓✏✌✮

(iv) s: ✗✘✟✕✌❢✰✟✡ ✶✠✕ ✗✕ ✗✘✑✒☞✡ ❢♦❛✟☛✟✩✴ ✈❢✥✟✠ ✡✟ ✔❜✒✒☎ ✡✕✠✟ ✓✏✮

❄❣ ✍✟☎ ✝✩❢✭✣ ❢✡ ❢✙✣ ✈✣ ✡☛✟☎ ✡✟☞ p ❢☎❝❢✗✠ ❢✡✒✟ ✭✟✠✟ ✓✏✮ ✠✦ p ✡✟ ❢☎✵✟☞✤☎ ❋❋✒✓ ✔✎✑✒

✓✏ ❢✡ p ✎✑✒ ✓✏●● ✓✟☞✈✟✱ ✔☛✟✟✴✠❞❞ ✗✘❢✠✦✌✤ x2 > x ✗✘✑✒☞✡ ♦✟✶✠❢♦✡ ✎✌✞✒✟ ♦☞✢ ❢✝✣ ✝✟✈✷ ☎✓✩✌ ✓✟☞✠✟

✓✏✮ ✧✎ ✦✟✠ ✡✟☞ ✧✎ ✗✘✡✟✕ ❡✒❊✠ ✡✕ ✎✡✠☞ ✓✏✌✱

~p: ✣✡ ✣☞✎✩ ♦✟✶✠❢♦✡ ✎✌✞✒✟ x ✡✟ ✔❢✶✠✑♦ ✓✏ ✠✟❢✡ x2 < x ✓✏✮

(ii) ✍✟☎ ✝✩❢✭✣ ❢✡

q = ✣✡ ✣☞✎✩ ✗❢✕✍☞✒ ✎✌✞✒✟ x ✡✟ ✔❢✶✠✑♦ ✓✏ ❢✡ x2 = 2
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✈✡☛ ☞q = ✱✌✍✎ ✏✑✒✍✎✓ ✔✑✕✖✌✗ ✍✘✙✗✚ x ✒✚ ✈✑❞✡✛✜ ✢✣✎✘ ✣✤ ✑✒ x2 = 2

✑❢✍✌ ✥✍ ✔✦✒✚✕ ✧✚✎ ✑★✙✚✚ ❢✚ ✍✒✡✚ ✣✤✩

~p: ✔✦✛✗✌✒ ✏✍✧✚✎✓ ✔✑✕✖✌✗ ✍✘✙✗✚ x ✜✌✪ ✑★✱ x2 ✫ 2

(iii) ✔✦✐✬✚ ✒✭✚✢ ✒✚ ✑✢✮✚✌✯✢ ✢✎✰✌ ✑★✙✚✚ ✣✤✩

~r: ✱✒ ✱✌✍✌ ✔✲✚✎ ✒✚ ✈✑❞✡✛✜ ✣✤✩ ✑❢✍✜✌✪ ✔✘✙✚ ✢✣✎✘ ✣✚✌✡✌ ✣✤✘✳✴

(iv) ✔✦✐✬✚ ✒✭✚✢ ✒✚ ✑✢✮✚✌✯✢ ✥✍ ✔✦✒✚✕ ✣✤✩

~s: ✱✒ ✱✌✍✌ ✑✜✵✚✭✚✎✶ ✒✚ ✈✑❞✡✛✜ ✣✤ ❢✚✌ ✔✦✚✕✘✑✧✚✒ ❞✡✕ ✔✕ ✷✑✸✚✡ ✒✚ ✈✹✗✗✢ ✢✣✎✘

✒✕✡✚ ✣✤✳✴

♠✺✻✼✽✾✻ 19 ✜✚♦✗✚✘✿✚ ❀❀✈✑✢✜✚✗✶ ✈✚✤✕ ✔✗✚✶❁✡✴✴ ✒✚ ✔✦✗✚✌✷ ✒✕✜✌✪ ✑✢❂✢✑★✑✙✚✡ ✒✭✚✢ ✒✚✌ ✔❃✢☛

✑★✑✙✚✱✳ ✡✭✚✚ ✥✍✒✎ ✜✤✯✡✚ ✒✎ ❢✚❄✰ ✧✚✎ ✒✎✑❢✱✳

❀❀✔❫✸✚✚❅✒ n ✑✜✮✚✖ ✣✤ ✗✑✐ ✈✚✤✕ ✜✌✪✜★ ✗✑✐ n2 ✑✜✮✚✖ ✣✤✳✴✴

✼❣ ✔❫✸✚✚❅✒ n ✜✌✪ ✑✜✮✚✖ ✣✚✌✢✌ ✜✌✪ ✑★✱ ✈✑✢✜✚✗✶ ✈✚✤✕ ✔✗✚✶❁✡ ✔✦✑✡❆✘✯ ✣✤ ✑✒ n2 ✈✑✢✜✚✗✶✡☛ ✑✜✮✚✖ ✣✚✌✳

✖✚✢ ★✎✑❢✱ ✑✒ p ✡✭✚✚ q ✑✢❂✢✑★✑✙✚✡ ✒✭✚✢✚✌✘ ✒✚✌ ✑✢❇✑✔✡ ✒✕✡✌ ✣✤✘✩

p : ❈❉❊❋❋●❍ n ■❏❑❋▲ ▼◆❖

q : n2 ■❏❑❋▲ ▼◆❖

✡✚✌ ❀p ✗✑✐ ✈✚✤✕ ✜✌✪✜★ ✗✑✐ q✴ ✔✦✐✬✚ ✒✭✚✢ ✒✚✌ ✑✢❇✑✔✡ ✒✕✡✚ ✣✤ ✈✚✤✕ ✑❢✍✒✎ ✜✤✯✡✚ ❢✚❄✰✢✌ ✜✌✪

✑★✱ ✣✖✌✘ ✗✣ ❢✚❄✰✢✚ ✔P◗✌✷✚ ✑✒ ♦✗✚ ✒✭✚✢ ❀❀✗✑✐ p, ✡✚✌ q✴✴ ✡✭✚✚ ❀❀✗✑✐ q, ✡✚✌ p✴✴ ✍✛✗ ✣✤✳

❘❙❚✻❘❯ 1 ❀✗✑✐ p, ✡✚✌ q✴

✗✑✐ p, ✡✚✌ q ✒✭✚✢ ❀✗✑✐ ✔❫✸✚✚❅✒ n ✑✜✮✚✖ ✣✤✩ ✡✚✌ n2 ✑✜✮✚✖ ✣✤✳✴ ✒✚✌ ✑✢❇✑✔✡ ✒✕✡✚ ✣✤✳ ✣✖✌✘ ❱✚✡

✒✕✢✚ ✣✤ ✑✒ ♦✗✚ ✗✣ ✒✭✚✢ ✍✛✗ ✣✤✳

✖✚✢ ★✎✑❢✱ ✑✒ n ✑✜✮✚✖ ✣✤✳ ✡❆ n = 2k + 1 ❢✣✚❄ k ✱✒ ✔❫✸✚✚❅✒ ✣✤✳

✥✍ ✔✦✒✚✕ n2 = (2k + 1)2

= 4k2 + 4k + 1 = 2(2k2 + 2k) + 1

✈✡☛  n2 ✑✜✮✚✖ ✣✤✳

❘❙❚✻❘❯ 2 ✗✑✐ q, ✡✚✌ p

✒✭✚✢ ❀✗✑✐ n ✱✒ ✔❫✸✚✚❅✒ ✣✤ ✈✚✤✕ n2 ✑✜✮✚✖ ✣✤✩ ✡✚✌ n ✑✜✮✚✖ ✣✤✳✴ ✗✑✐ q, ✡✚✌ p ⑥✚✕✚ ✑✢❇✑✔✡ ✣✚✌✡✚

✣✤✳ ✣✖✌✘ ❱✚✡ ✒✕✢✚ ✣✤ ✑✒ ♦✗✚ ✗✣ ✒✭✚✢ ✍✛✗ ✣✤✳ ✥✍✌ ❱✚✡ ✒✕✢✌ ✜✌✪ ✑★✱ ✣✖ ✔✦✑✡✯✢✚✛✖✒ ✑✜✑✯

✒✚ ✔✦✗✚✌✷ ✒✕✌✘✷✌✳ ✏✈✭✚✚✶✡❲❲ ~ p  ❳  ~ q✓

❨✔✕✚✌♦✡ ✒✭✚✢ ✒✚ ✔✦✑✡✯✢✚✛✖✒ ✒✭✚✢ ✢✎✰✌ ✑★✙✚✚ ✣✤✩

❀✗✑✐ n ✱✒ ✍✖ ✔❫✸✚✚❅✒ ✣✤✩ ✡✚✌ n2 ✧✚✎ ✱✒ ✍✖ ✔❫✸✚✚❅✒ ✣✤✳✴

n ✱✒ ✍✖ ✔❫✸✚✚❅✒ ✣✤ ✥✍✑★✱ n = 2k, ❢✣✚❄ k ✱✒ ✔❫✸✚✚❅✒ ✣✤✳ ✈✡☛ n2 = 4k2 = 2(2k2) ✑✢✮✒✮✚✶✡☛

n2 ✍✖ ✣✤✳
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♠☎✆✝✞✟✆ 20 ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠ ✑✒✓ ❢☛✔ ✕❢✠✑✌✖✗ ✍✏✌✌ ✘✖✌✗✙✍ ✘✚❢✍✛✜✢✌✒✜ ✎✌✒ ✣✌✍ ✎✤❢✥✔✦

t: ✖❢❀ ✕✌✘ 80 km ✘✚❢✍ ✐✌✜✧✌ ✎✤ ✕❢✢✎ ★❢✍ ✩✒ ★✌✪✫✤ ✬☛✌✍✒ ✭✮✜ ✍✌✒ ✕✌✘✎✌✒ ✥✯✰✌✗✠✌ ☛★✒★✌✦

✝❣ ✰✌✠ ☛✤❢✥✔ ❢✎ p ✕✌✮✈ q ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠✌✒ ✜ ✎✌✒ ✘✚✎✧ ✎✈✍✒ ✭✮✜✦

p: ✱✲✳ ✴✵✶ 80 km ✶✷✲✸ ✹✵✺✻✵ ✼✽ ✴✲✾✼ ✿✲✸ ❁❂ ✿✵❃❄✽ ❅❆✵✸❂ ❇❈✺❉

q: ✴✵✶✼✵❂ ❊❋●✵❍■✵ ❇✵❂✿✵❉

✘✚❢✍✛✜✢ ✖❢❀ p ✍✌✒ q ❀♥✌✌✗✍✌ ✭✮ ❢✎ p, q ✑✒✓ ❢☛✔ ✘✖✌✗✙✍ ✘✚❢✍✛✜✢ ✭✮✦ ✕✏✌✌✗✍♦♦ ✥✯✰✌✗✠✌ ✭✌✒✠✒ ✑✒✓ ❢☛✔❏

80 ❢✎❑✰✤❑ ✘✚❢✍ ✐✌✜✧✌ ✎✤ ✕❢✢✎ ★❢✍ ✩✒ ★✌✪✫✤ ✬☛✌✠✌ ✘✖✌✗✙✍ ✎✏✌✠ ✭✮✦

✖✭✌▲ “80 km ✘✚❢✍✐✌✜✧✌ ✎✤ ✕❢✢✎ ★❢✍ ✩✒ ★✌✪✫✤ ✬☛✌✠✌” ✘✖✌✗✙✍ ✘✚❢✍✛✜✢ ✭✮✦

❜✩✤ ✘✚✎✌✈❏ ✖❢❀ p ✍✛ q ❀♥✌✌✗✍✌ ✭✮ ❢✎ q, p ✑✒✓ ❢☛✔ ✕❢✠✑✌✖✗ ✘✚❢✍✛✜✢ ✭✮✦ ✕✏✌✌✗✍♦♦ “✥✛ ✕✌✘

80 km ✘✚❢✍✐✌✜✧✌ ✎✤ ✕❢✢✎ ★❢✍ ✩✒ ★✌✪✫✤ ✬☛✌✍✒ ✭✮✜ ✍✌✒ ✕❢✠✑✌✖✗ ▼✘ ✩✒ ✕✌✘✎✌✒ ✥✯✰✌✗✠✌ ✭✌✒★✌✦” ✖✭✌▲

“✥✯✰✌✗✠✌ ✭✌✒✠✌” ✕❢✠✑✌✖✗ ✘✚❢✍✛✜✢ ✭✮✦

◆❖P◗P 14 ❘❙ ❚❯❚❯❱ ❘❲❳❨◗❯❩❬

1❭ ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠✌✒✜ ✑✒✓ ❢✠❪✌✒✢✠ ❢☛❢☞✌✔❫

(i) ✘✚❴✖✒✎ ✢✠ ✑✌❵✍❢✑✎ ✩✜☞✖✌ x ✑✒✓ ❢☛✔❏ ✩✜☞✖✌ x – 1 ❛✌✤ ✢✠ ✩✜☞✖✌ ✭✮✦

(ii) ✩❛✌✤ ❢✛❢❧☛✖✌▲ ☞✌✈✌✒✜✬✍✤ ✭✮✜✦

(iii)  ✘✚❴✖✒✎ ✑✌❵✍❢✑✎ ✩✜☞✖✌ x ✑✒✓ ❢☛✔ ✖✌ ✍✌✒ x  > 1 ✖✌ x < 1

(iv)  ✔✎ ✔✒✩✤ ✩✜☞✖✌ x ✎✌ ✕❢❵✍❴✑ ✭✮ ❢✎ 0 < x < 1

2❭ ❢✠✡✠❢☛❢☞✌✍ ✩✘✚❢✍✛✜✢ ✎✏✌✠✌✒✜ ❝✕✜✍❛✌✌✗✑❞ ✰✒✜ ✩✒ ✘✚❴✖✒✎ ✎✌ ❢✑☛✌✒✰ ✍✏✌✌ ✘✚❢✍✢✠✌❴✰✎ ✎✏✌✠

❢☛❢☞✌✔❫

(i) ✔✎ ✢✠ ✘❡❤✌✌❥✎ ✕❛✌✌❦✖ ✩✜☞✖✌ ✭✮ ✑✒✓✑☛ ✖❢❀ 1 ✕✌✮✈ ✘❡❤✌✌❥✎ ❵✑✖✜ ✑✒✓ ✕❢✍❢✈♣✍ q✩✎✌

✎✌✒❜✗ ✕r✖ ❛✌✌✥✎ ✠✭✤✜ ✭✮✦

(ii) ✰✮✜ ✩✰✯❀✚ ✍✧ ✘✈ ✥✌✍✌ ✭❡▲ ✥✛ ✎❛✌✤ ✢❡✘ ✑✌☛✌ ❢❀✠ ✭✌✒✍✌ ✭✮✦

(iii)  ✖❢❀ ✛✌✭✈ ★✈✰ ✭✮❏ ✍✌✒ ✕✌✘✎✌✒ ✙✖✌✩ ☛★✍✤ ✭✮✦

3❭ ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠✌✒ ✜ ✰✒✜ ✩✒ ✘✚❴✖✒✎ ✎✌✒ s✖❢❀ p, ✍✌✒ q➳ ✑✒✓ ▼✘ ✰✒✜ ❢☛❢☞✌✔✦

(i) ✩✑✗✈ ✘✈ ☛✌★ ✕✌✠ ✎✈✠✒ ✑✒✓ ❢☛✔ ✘✌✩✑✪✗ ✎✌ ✭✌✒✠✌ ✕✌✑♥✖✎ ✭✮✦

(ii) ✥✛ ✎❛✌✤ ✑❪✌✌✗ ✭✌✒✍✤ ✭✮ ✖✌✍✌✖✌✍ ✰✒✜ ✕✑✈✌✒✢ q❴✘r✠ ✭✌✒✍✌ ✭✮✦

(iii) ✕✌✘ ✑✒✛✩✌❜✧ ✰✒✜ ✘✚✑✒♥✌ ✎✈ ✩✎✍✒ ✭✮✜ ✑✒✓✑☛ ✖❢❀ ✕✌✘✠✒ ❢✠✢✌✗❢✈✍ ♥✌✯❧✎ ✎✌ ❛✌✯★✍✌✠

❢✎✖✌ ✭✌✒✦

4❭ ❢✠✡✠❢☛❢☞✌✍ ✎✏✌✠✌✒✜ ✰✒✜ ✩✒ ✘✚❴✖✒✎ ✎✌✒ “p ✖❢❀ ✕✌✮✈ ✑✒✓✑☛ ✖❢❀ q” ✑✒✓ ▼✘ ✰✒✜ ✘✯✠❫ ❢☛❢☞✌✔❫

(i) ✖❢❀ ✕✌✘ ❀❡✈❀♥✌✗✠ ❝✧✒☛✤❢✑✥✫✠❞ ❀✒☞✌✍✒ ✭✮✜❏ ✍✌✒ ✕✌✘✎✌ ✰✠ ✰✯♣✍ ✭✌✒✍✌ ✭✮ ✍✏✌✌ ✖❢❀ ✕✌✘✎✌

✰✠ ✰✯♣✍ ✭✮❏ ✍✌✒ ✕✌✘ ❀❡✈❀♥✌✗✠ ❀✒☞✌✍✒ ✭✮✜✦
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(ii) ✈✡☛☞✌✍ ✎✡✏✡ A✫✑✒✌✓ ☛✒✡✔✕ ✖✏✗✌ ☞✌✍ ✘✙✚ ✛✜ ✈✘✗☞✡✛✢ ✈✡✣✏ ☛✛✡✢✔✕ ✜✣ ✘✖ ✈✡☛ ✑✤✜✖✡✛✢

✘✗✛✘❢✕ ✥☛ ✦✌ ✖✏✕✌ ✜✣✧★

(iii)  ✛✘❀ ✚✖ ✩✕✪✬✡✪✢✭ ✦❢✡✗ ✖✡✌✘✮✡✖ ✜✣✯ ✕✡✌ ☞✜ ✚✖ ✈✡✛✕ ✜✡✌✕✡ ✜✣ ✕✰✡✡ ✛✘❀ ✚✖ ✩✕✪✬✡✪✢✭

✈✡✛✕ ✜✣✯ ✕✡✌ ☞✜ ✦❢✡✗ ✖✡✌✘✮✡✖ ✜✡✌✕✡ ✜✣★

5✲ ✗✉✩✌ ❀✡✌ ✖✰✡✗ ✘❀✚ ✜✣✧✯

p : 25 ✱✳✴✵✶ 5 ✷✶ ✸✷ ✹✺✻✶✼ ✽✾✿

q : 25 ✱✳✴✵✶ 8 ✷✶ ✸✷ ✹✺✻✶✼ ✽✾✿

♠☛✏✡✌❁✕ ✖✰✡✗✡✌✧ ✖✡ ✦✧✛✡✌✭✖ ❂✈✡✣✏❃ ✕✰✡✡ ❂✛✡❃ ✎✡✏✡ ✦✧✛✡✌✭✖ ✖✏☞✌✍ ✘❢❄ ✖✰✡✗ ✘✙✘❅✡✚★ ❀✡✌✗✡✌✧✧ ❀❆✡✡✈✡✌✧

❢✌✧ ☛✒✡✔✕ ✘❢❄ ✖✰✡✗✡✌✧ ✖✉ ☞✣❡✕✡ ✭✡❇✘✩✚★

6✲ ✗✉✩✌ ✘✙❅✡✌ ✖✰✡✗✡✌✧ ✖✉ ☞✣❡✕✡ ✖✉ ✭✡❇✩ ♠✗☞✌✍ ✦✡❢✗✌ ✘✙✘❅✡✕ ✘☞✘❡ ✎✡✏✡ ✖✉✘✭✚★

(i) p : ✚✖ ✈☛✘✏❢✌✛ ✦✧❅✛✡ ✈✡✣✏ ✚✖ ☛✘✏❢✌✛ ✦✧❅✛✡ ✖✡ ✛✡✌✑☛✍✙ ✈☛✘✏❢✌✛ ✜✡✌✕✡ ✜✣

❈✘☞✏✡✌❉✡✡✌✘❁✕ ✘☞✘❡❊★

(ii) q : ✛✘❀ n ❋● ❋❍■❏ ❑▲▼◆❖❑● ■P◗❘▲ ❙❚ ❖● n > 3, ✕✡✌ n2 >  9 ❯❖❑❱▲❍❲▲❍❖❳◆ ❖❑❖❲❨❩

7✲ ✘✗❬✗✘✙✘❅✡✕ ✖✰✡✗ ✖✡✌ ☛✡❇✩ ✘✬✡❭✗✫✘✬✡❭✗ ✕✏✉✖✡✌✧ ✦✌ ❪✦ ☛✒✖✡✏ ❫✛❁✕ ✖✉✘✭✚ ✘✖ ♠✗☞✌✍ ✈✰✡✢

✦❢✡✗ ✜✡✌✧✯

q :❴✵❵❛ ✸✷ ❵❜✶❝✶✺✼ ✱❞✶❣ ✷✶❤❵✻✶✷ ✽✾✐ ❥✶❤ ❦✽ ✸✷ ❧❵♥✷ ✷✶❤✻✶ ❵❜✶❝✶✺✼ ✽✾✿♦

♣qrqstq

❪✦ ✈❉✛✡✛ ❢✌✧ ✜❢✗✌ ✘✗❬✗✘✙✘❅✡✕ ✘✇✧❀✪✈✡✌✧ ✖✉ ❫✛✡❅✛✡ ✖✉ ✜✣②

③ ✑✘✮✡✕✉✛ ✥☛ ✦✌ ④☞✉✖✡✛✢ ✖✰✡✗ ✚✖ ✚✌✦✡ ☞✡❁✛ ✜✣ ✭✡✌ ✛✡ ✕✡✌ ✦⑤✛ ✜✡✌ ✛✡ ✈✦⑤✛ ✜✡✌★

③ ✘✗❬✗✘✙✘❅✡✕ ☛❀✡✌✧ ✖✉ ❫✛✡❅✛✡ ✖✉ ✜✣②

– ✘✖✦✉ ✖✰✡✗ ✖✡ ✘✗⑥✡✌❡✗ ② ✛✘❀ p ✚✖ ✖✰✡✗ ✜✣ ✕✡✌ ❂p ✈✦⑤✛ ✜✣❃ ✖✰✡✗ p ✖✡ ✘✗⑥✡✌❡

✗ ✜✣✯ ❪✦✖✡✌ ☛✒✕✉✖ ⑦ p ✦✌ ☛✒✖⑧ ✖✏✕✌ ✜✣✧★

– ✘❢❄ ✖✰✡✗ ✈✡✣✏ ✦✧✑✕ ⑨✡⑧✖ ✖✰✡✗②

❀✡✌ ✛✡ ✈✘❡✖ ✦✏✙ ✖✰✡✗✡✌✧ ☞✌✍ ✦✧✛✡✌✭✗ ✦✌ ✇✗✌ ✖✰✡✗ ✖✡✌ ✘❢❄ ✖✰✡✗ ✖✜✕✌ ✜✣✧★ ✦✏✙

✖✰✡✗✡✌✧ ✖✡✌ ✘❢❄ ✖✰✡✗ ☞✌✍ ⑨✡⑧✖ ✖✰✡✗ ✖✜✕✌ ✜✣✧★

– ✦✧✛✡✌✭✖ ❂✈✡✣✏❃ ✕✰✡✡ ❂✛✡❃ ✖✉ ✕✰✡✡ ☞✡❁✛✡✧❆✡ ❂✚✖ ✚✌✦✌ ✖✡ ✈✘④✕⑤☞ ✜✣❃ ✕✰✡✡ ❂☛✒⑤✛✌✖

☞✌✍ ✘✙✚❃ ✖✉ ✬✡⑩✘❢✖✡★

– ✈✧✕✬✡✡✢☞ ❈☛✒✘✕✇✧❡❊ ❂✛✘❀❃✯ ❂☞✌✍☞✙ ✛✘❀❃ ✕✰✡✡ ❂✛✘❀ ✈✡✣✏ ☞✌✍☞✙ ✛✘❀❃

✖✰✡✗ ❂✛✘❀❃ p ✕✡✌ q ✖✡✌ ✘✗❬✗✘✙✘❅✡✕ ✕✏✉✖✡✌✧ ✦✌ ✘✙❅✡✡ ✭✡ ✦✖✕✡ ✜✣✯

– p ✈✧✕✬✡✡✢☞ q (☛✒✕✉✖  p  ❶  q ✦✌ ✘✗✥✘☛✕)
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– p ✥☎✆✝✞✟ ✥✠✡✟☛☞✌ ✍✎ q ♦✏✑ ✡✒✓✔

– q ✕✡✖♦✆☎✝ ✥✠✡✟☛☞✌ ✍✎ p ♦✏✑ ✡✒✓✔

– p ♦✏✑♦✒ ☎✡✗ q

– ✘q ✕☞✟✙✆✆✝♦ ✘p

– ❞✚✆✖ p  ✛  q ❞✆ ✥✠✡✟✌✖✆✜✢❞ ❞✚✆✖ ✘ q ✛✘p

❞✚✆✖ p ✛  q ❞✆ ✡♦✒✆✏✢ ❞✚✆✖ q ✛  p ✍✎✔

❞✚✆✖ p ✛  q ✟✚✆✆ r✣♦✏✑ ✡♦✒✆✏✢ ❞✆✏ ✣☞☎✤✦✟ ✧✥ ✣✏ ❞✚✆✖ p ☎✡✗ ✕✆✎❀ ♦✏✑♦✒ ☎✡✗

q✯ ❞✍✟✏ ✍✎ ☞✔

★ ✡❞✣❢ ❞✚✆✖ ❞❢ ♦✎✌✟✆ ✩✆✟ ❞❀✖✏ ♦✏✑ ✡✒✓ ✡✖✪✖✡✒✡✫✆✟ ✡♦✡✌☎✆✏☞ ❞✆ ✥✠☎✆✏✬ ❞❀✟✏ ✍✎☞✔

(i) ✥✠✜☎✐✆ ✡♦✡✌

(ii) ✥✠✡✟✌✖✆✜✢❞ ✡♦✡✌

(iii) ✡♦❀✆✏✌✆✏✡✦✟ ✡♦✡✌

(iv) ✥✠✜☎✤✗✆✍❀✭✆ ♦✏✑ ✥✠☎✆✏✬ ❞❢ ✡♦✡✌

✱✮✰✲✳✴✰✵✶ ✷✸✹✺✻✴✼✰✽

✟♦✝✑✾✆✆✿❁✆ ✥❀ ✥✍✒✆ ✾✆✆✏✌❂✥✠☛❃✌ Aristotle ❄384 r✝❅ ✥❆❅❇322 r✝❅✥❆❅❈ ❉✆❀✆ ✡✒✫✆✆ ✬☎✆ ✚✆✆✔ ☎✍

✾✆✆✏✌❂✥✠☛❃✌ ✡✖✬✢✖✆✜✢❞ ✡♦♦✏❊✖ ♦✏✑ ✡✒✓ ✡✖☎✢✆✏☞ ❞✆ ✓❞ ✣☞✬✠✍ ✚✆✆❋ ✡●✣❞✆ ✕✡✙✆✥✠✆☎ ✩✆✖

❞❢ ✥✠✜☎✏❞ ✾✆✆✫✆✆ ♦✏✑ ✕❍☎☎✖ ✍✏✟✤ ✓❞ ✕✆✌✆❀ ✥✠✗✆✖ ❞❀✖✆ ✚✆✆✔ r✣♦✏✑ ☛✆✗ ✣❁✆✍♦❢☞ ✣✗❢ ✢✏☞ ●✢✝✖

✬✡✭✆✟✩ G. W. Leibnitz (1646 – 1716 r✝❅) ✖✏ ✡✖✬✢✖✆✜✢❞ ✡♦♦✏❊✖ ❞❢ ✥✠✡✉☎✆ ❞✆✏ ☎✆☞✡❁✆❞

☛✖✆✖✏ ♦✏✑ ✡✒✓ ✟♦✝✑✾✆✆✿❁✆ ✢✏☞ ✥✠✟❢❞✆✏☞ ♦✏✑ ✥✠☎✆✏✬ ❞❢ ❞❝✥✖✆ ❞❢ ✚✆❢✔ ■❃✖❢✣♦❢☞ ✣✗❢ ✢✏☞ ✕☞✬✠✏❏✆

✬✡✭✆✟✩ George Boole (1815–1864 r✝❅) ✟✚✆✆ Augustus De Morgan (1806–1871 r✝❅)

✖✏ ■✖❞❢ ❞❝✥✖✆ ❞✆✏ ✣✆❞✆❀ ✡❞☎✆ ✕✆✎❀ ✥✠✟❢❞✆✜✢❞ ✟♦✝✑✾✆✆✿❁✆ ✡♦❑✆☎ ❞❢ ✿✚✆✆✥✖✆ ❞❢✔

— ▲ —



�“Statistics may be rightly called the science of averages and their

estimates” – A.L.BOWLEY & A.L. BODDINGTON �

15.1 ✥✁✂✄☎✆✁ (Introduction)

❣✝ ✞✟✠✡☛ ❣☞✌ ✍✎ ✏✟✌✍✑✒✎✓ ✎✟ ✏✔✟☛✎✟✔ ✍✎✏✓ ✍✕✖✟☛✗✟ ✘✙☛✖✒ ✕☛✚ ✍✛✜
✜✎✍✱✟✡ ✢✟✣✎✤✦✟☛✌ ✏☛ ❣✟☛✡✟ ❣☞✧ ❣✝ ✢✟✣✎✤✦✟☛✌ ✎✟ ✍✕✖✛☛✗✟★✟ ✜✕✌ ✩✒✟✑✒✟
✎✔ ✘✠✕☛✚ ❞✟✔☛ ✝☛✌ ✍✠★✟✪✒ ✛☛✡☛ ❣☞✌✧ ❣✝✠☛ ✍✫✬✛✓ ✎✭✟✟✢✟☛✌ ✝☛✌ ✢✟✣✎✤✦✟☛✌ ✎✟☛
✢✟✛☛✍✑✟✎ ✜✕✌ ✏✟✔★✟✓❞✈ ✮✫ ✝☛✌ ✩✒✯✡ ✎✔✠☛ ✎✓ ✍✕✍✰✒✟☛✌ ✎✟
✢✲✒✒✠ ✍✎✒✟ ❣☞✧ ✒❣ ✍✠✮✫★✟ ✢✟✣✎✤✦✟☛✌ ✕☛✚ ✝❣✳✕✫✴★✟✪ ✵✶★✟✟☛✌ ✜✕✌
✍✕✖✟☛✗✟✡✟✢✟☛✌ ✎✟☛ ❢✖✟✟✪✡✟ ❣☞✧ ❣✝✠☛ ✍❢✜ ✵✜ ✢✟✣✎✤✦✟☛✌ ✎✟ ✜✎
✫✐✍✡✍✠✍✰✎ ✝✟✠ ✷✟✡ ✎✔✠☛ ✎✓ ✍✕✍✰✒✟☛✌ ✕☛✚ ❞✟✔☛ ✝☛✌ ✸✟✓ ✢✲✒✒✠ ✍✎✒✟
❣☞✧ ✹✏ ✝✴✺✒ ✎✟☛ ♦✻✼✽✾✿❀❁ ❂✿♦❃❄❅❆ ❇❀ ❈❆❂ ✎❣✡☛ ❣☞✌✧ ❉✝✔★✟ ✎✓✍✞✜
✍✎ ✝✟✲✒ ❊✏✝✟✌✡✔ ✝✟✲✒❋● ✝✟✍✲✒✎✟ ✢✟☞✔ ❞❣✶✛✎ ✕☛✌✚❢✐✓✒ ✫✐✕❍✍■✟ ✎✓
✡✓✠ ✝✟✫ ❣☞✌✧ ✕☛✌✚❢✐✓✒ ✫✐✕❍✍■✟ ✕☛✚ ✝✟✫ ❣✝☛✌ ✹✏ ❞✟✡ ✎✟ ✢✟✸✟✟✏ ✍❢✛✟✡☛
❣☞✌ ✍✎ ✢✟✣✎✤✦☛ ✍✎✏ ❉❏✟✟✠ ✫✔ ✕☛✌✚✍❢✐✡ ❣☞✌ ✍✕✌✚✡✶ ✢✟✣✎✤✦✟☛✌ ✕☛✚ ✏✝✶✍❑✡ ✢❏✟✪ ✍✕✕☛❑✠ ✕☛✚ ✍✛✜ ❣✝☛✌ ✒❣
✸✟✓ ✫✡✟ ❣✟☛✠✟ ❑✟✍❣✜ ✍✎ ✢✟✣✎✤✦✟☛✌ ✝☛✌ ✍✎✡✠✟ ✍❞✑✟✔✟✕ ❣☞ ✒✟ ✕☛ ✕☛✌✚❢✐✓✒ ✫✐✕❍✍■✟ ✎✓ ✝✟✫ ✕☛✚ ❑✟✔✟☛✌ ✢✟☛✔
✍✎✏ ✫✐✎✟✔ ✜✎✍✱✟✡ ❣☞✌✧

❢✟☛ ❞✺✛☛❞✟✞✟☛✌ ♥✟✔✟ ✍✫✬✛☛ ❢✏ ✝☞❑✟☛✌ ✝☛✌ ❞✠✟✜ ✵✜ ✔✠✟☛✌ ✫✔ ✍✕❑✟✔ ✎✔☛✌▲
❞✺✛☛❞✟✞ A ▲ ▼◆● ❖P● ◆● ◗❘● ❘❙● ❚◆● ▼◆● ❯● PP❱● ❱P
❞✺✛☛❞✟✞  B ▲ ❯▼● ❘◗● ❘❚● ❯◆● ❯▼● ❯▼● ❯❚● ◗◆● ❯❱● ❯❙

❉✫✗❲✡✒✟ ✢✟✣✎✤✦✟☛✌ ✎✟ ✝✟✲✒ ✕ ✝✟✍✲✒✎✟ ✍✠❳✠✍✛✍✑✟✡ ❣☞✌▲
❞✺✛☛❞✟✞ A ❞✺✛☛❞✟✞ B

✝✟✲✒ 53 53

✝✟✍✲✒✎✟ 53 53

❉✝✔★✟ ✎✓✍✞✜ ✍✎ ❣✝ ✫✐☛✭✟★✟✟☛✌ ✎✟ ✝✟✲✒ ❊ x ♥✟✔✟ ✍✠✮✍✫✡❋ ✘✠✕☛✚ ✒✟☛✵ ✎✟☛ ✘✠✎✓ ✏✌✑✒✟ ✏☛
✸✟✟✵ ❢☛✎✔ ✷✟✡ ✎✔✡☛ ❣☞✌●

15❨❩❬❭❬

❧❪❫❴❵❛❜❝ (Statistics)

Karl Pearson

(1857-1936 A.D.)
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✈☎✆✆✝✞✟
1

1 n

i

i

x x
n ✠

✡ ☛

❡✆☞✌✍✎✆ ✎✏ ✑✒✆✓✆ ✔✕✖ ☞✗✘ ✈✆✙✎✚✛✆✕✜ ✎✆✕ ✢✣✗✕ ✈✆✤✆✕✣✏ ✍✆ ✈✔✤✆✕✣✏ ✥❡ ❡✕✜ ✦✍✔☞✧☎✆✞ ☞✎✍✆

t✆✞✆ ✣★ ✈✆★✤ ☞✢✖✤ ☞✓✩✓☞✗☞✪✆✞ ☞✓✍❡ ✗✑✆✍✆ t✆✞✆ ✣★✫

✍☞❀ ✢✬✕✭✆✒✆✆✕✜ ✎✏ ✮✜✪✍✆ ☞✔✯✆❡ ✣★ ✞✆✕ ❡✆☞✌✍✎✆
1

2

n✰✱ ✲
✳ ✴
✵ ✶

✔✆✙ ✢✬✕✭✆✒✆ ✣✆✕✞✏ ✣★♦ ✍☞❀ ✢✬✕✭✆✒✆✆✕✜ ✎✏ ✮✜✪✍✆

✮❡ ✣★ ✞✆✕ ❡✆☞✌✍✎✆
2

n✷ ✸
✹ ✺
✻ ✼

✔✕✜ ✈✆★✤ 1
2

n✷ ✸
✹ ✺
✻ ✼
✽ ✔✕✜ ✢✬✕✭✆✒✆✆✕✜ ✎✆ ❡✆✌✍ ✣✆✕✞✏ ✣★♦

✣❡ ✢✆✞✕ ✣★✜ ☞✎ ❀✆✕✓✆✕✜ ❣✾✗✕❣✆t✆✕✜ A ✞☎✆✆ B ⑥✆✤✆ ❣✓✆✘ ✑✘ ✤✓✆✕✜ ✎✆ ❡✆✌✍ ✔ ❡✆☞✌✍✎✆ ❣✤✆❣✤ ✣★
✈☎✆✆✝✞✟ ✿❁ ✣★♦ ❂✍✆ ✣❡ ✎✣ ✮✎✞✕ ✣★✜ ☞✎ ❀✆✕✓✆✕✜ ❣✾✗✕❣✆t✆✕✜ ✎✆ ✢✬❀❃✆✝✓ ✮❡✆✓ ✣★❄ ✧✢✯❅✞✆ ✓✣✏✜♦ ❂✍✆✕✜☞✎
A ✔✕✖ ✤✓✆✕✜ ❡✕✜ ✢☞✤✔✞✝✓❃✆✏✗✞✆ ❆ ❇❈✍❉✓✞❡❊ ✮✕ ❋❋● ❇✈☞❍✎✞❡❊ ✞✎ ✣★♦ t❣☞✎ B ✔✕✖ ✤✓✆✕✜ ✎✆ ☞✔✧✞✆✤
■❏ ❇❈✍❉✓✞❡❊ ✮✕ ❏❆ ❇✈☞❍✎✞❡❊ ✞✎ ✣★♦

✈✆❑✘ ✈❣ ▲✢✍▼✝❂✞ ✧✎✆✕✤✆✕✜ ✎✆✕ ✘✎ ✮✜✪✍✆ ✤✕✪✆✆ ✢✤ ✈✜☞✎✞ ✎✤✕✜♦ ✣❡✕✜ ✓✏◆✕ ❀❃✆✆✝❑✝ ✑❑✝ ✈✆✔❖✖☞✞✍✆✙
✢✬✆✐✞ ✣✆✕✞✏ ✣★✜ ❇✈✆✔❖✖☞✞ ❋✿P❋ ✈✆★✤ ❋✿P◗❊♦

❣✾✗✕❣✆t A ✔✕✖ ☞✗✘

❘❙❚❯❱❲❳ 15.1

❣✾✗✕❣✆t B ✔✕✖ ☞✗✘

✣❡ ❀✕✪✆ ✮✎✞✕ ✣★✜ ☞✎ ❣✾✗✕❣✆t B ✔✕✖ ✮✜✑✞ ☞❣✜❀▼ ✘✎ ❀❉✮✤✕ ✔✕✖ ✢✆✮❨✢✆✮ ✣★✜ ✈✆★✤ ✔✕✜✖❀✬✏✍ ✢✬✔❖☞❩✆
✎✏ ❡✆✢ ❇❡✆✌✍ ✔ ❡✆☞✌✍✎✆❊ ✔✕✖ ❑❀✝ ☞✑❀✝ ✑▼☞❞❬✞ ✣★✜ t❣☞✎ ❣✾✗✕❣✆t A ✔✕✖ ✮✜✑✞ ☞❣✜❀▼✈✆✕✜ ❡✕✜
✈☞❍✎ ☞❣✪✆✤✆✔ ✣★ ✍✆ ✔✕ ✈☞❍✎ ✢★✖✗✕ ✣▼✘ ✣★✜♦

✈✞✫ ☞❀✘ ✑✘ ✈✆✙✎✚✛✆✕✜ ✔✕✖ ❣✆✤✕ ❡✕✜ ✮✜✢❉✒✆✝ ✮❉◆✓✆ ❀✕✓✕ ✔✕✖ ☞✗✘ ✔✕✜✖❀✬✏✍ ✢✬✔❖☞❩✆ ✎✏ ❡✆✢ ✢✍✆✝✐✞
✓✣✏✜ ✣★✜♦ ✢☞✤✔✞✝✓❃✆✏✗✞✆ ✘✎ ✈❈✍ ✉✆❅✎ ✣★ ☞t✮✎✆ ✈✌✍✍✓ ✮✆✜☞✪✍✎✏ ✔✕✖ ✈✜✞✑✝✞ ☞✎✍✆ t✆✓✆ ◆✆☞✣✘♦

✔✕✜✖❀✬✏✍ ✢✬✔❖☞❩✆ ✎✏ ❡✆✢ ✎✏ ✞✤✣ ✣✏ ✣❡✕✜ ✢☞✤✔✞✝✓❃✆✏✗✞✆ ✔✕✖ ✔✒✆✝✓ ✔✕✖ ☞✗✘ ✘✎✗ ✮✜✪✍✆ ◆✆☞✣✘♦
❑✮ ✮✜✪✍✆ ✎✆✕ ❜❭❪❫❴❵❙❛❝ ❫❴ ❢❙❭ (Measure of dispersion)❤ ✎✣✆ t✆✞✆ ✣★♦ ❑✮ ✈✌✍✆✍ ❡✕✜ ✣❡
✢✬✎✏✒✆✝✓ ✎✏ ❡✆✢ ✔✕✖ ❡✣❥✔ ✔ ▲✓✎✏ ✔✑✏✝✔❖✖✞ ✘✔✜ ✈✔✑✏✝✔❖✖✞ ✈✆✙✎✚✛✆✕✜ ✔✕✖ ☞✗✘ ✑✒✆✓✆ ✎✏
☞✔☞❍✍✆✕✜ ✔✕✖ ❣✆✤✕ ❡✕✜ ✢❦✛✕✜✑✕♦

❘❙❚❯❱❲❳ 15.2
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15.2 ✐✞✟✠✡☛☞✌ ✟✠ ✍☛✐ (Measures of dispersion)

✈✎✏✑✒✓✎✔✕ ✖✔✕ ✗✘✑✙✚✎✛✜ ✢✎ ✣✤✥✎✔✗✚✎ ✑✎ ✖✎✗ ✗✘✔✥✎✚✎✎✔✕ ✤ ✤✦✎✏ ✗✘✢✧★✩ ✤✔✕✪✫✘✙✢ ✗✘✤✬✣✭✎ ✑✙ ✖✎✗ ✤✔✪ ✈✎✮✎✯ ✗✯

✣✑✢✎ ❢✎✩✎ ✦✰✱

✗✘✑✙✚✎✛✜ ✤✔✪ ✣✜✲✜✣✳✣✴✎✩ ✖✎✗ ✦✰✕✵

(i) ✗✣✯✶✯ (Range) (ii) ♣✩✧✷✎✛✑ ✣✤♣✳✜ (Quartile deviation) (iii) ✖✎❡✢ ✣✤♣✳✜ (Mean

deviation) (iv) ✖✎✜✑ ✣✤♣✳✜ (Standard deviation).

❜✶ ✈❡✢✎✢ ✖✔✕ ✦✖✸ ♣✩✧✷✎✛✑ ✣✤♣✳✜ ✤✔✪ ✈✣✩✣✯★✩ ✈✹✢ ✶✺✎✙ ✖✎✗✎✔✕ ✑✎ ✈❡✢✢✜ ✑✯✔✕✻✔✱

15.3 ✐✼✽✾✽ ✿Range❀

▲✖✯✚✎ ✑✙✣❢❁ ✣✑ ✫✎✔ ❂❃✳✔❂✎❢✎✔✕ A ✩✷✎✎ B ⑥✎✯✎ ❂✜✎❁ ✻❁ ✯✜✎✔✕ ✤✔✪ ❄✫✎✦✯✚✎ ✖✔✕ ✦✖✜✔ ▲✑✎✔✯✎✔✕ ✖✔✕

✣❂✴✎✯✎✤✸ ✗✘❅✢✔✑ ❆✎✬✕✴✎✳✎ ✤✔✪ ✈✣✮✑✩✖ ❁✤✕ ✹✢❇✜✩✖ ✯✜✎✔✕ ✤✔✪ ✈✎✮✎✯ ✗✯ ✣✤♣✎✯ ✣✑✢✎ ✷✎✎✱ ❜✶✖✔✕ ❁✑✳

✶✕✴✢✎ ❈✎✩ ✑✯✜✔ ✤✔✪ ✣✳❁ ✦✖ ✗✘❅✢✔✑ ❆✎✬✕✴✎✳✎ ✤✔✪ ✈✣✮✑✩✖ ✤ ✹✢❇✜✩✖ ✖❇❃✢✎✔✕ ✖✔✕ ✈✕✩✯ ✗✘✎❉✩ ✑✯✩✔

✦✰✕✱ ❜✶ ✈✕✩✯ ✑✎✔ ❊❋●❍● ✑✦✎ ❢✎✩✎ ✦✰✱

❂❃✳✔❂✎❢ A ✤✔✪ ✣✳❁ ✗✣✯✶✯ = 117 – 0 = 117

✈✎✰✯ ❂❃✳✔❂✎❢ B, ✤✔✪ ✣✳❁ ✗✣✯✶✯ = 60 – 46 = 14

▲✗■❏✩✢✎ ✗✣✯✶✯ A > ✗✣✯✶✯ B, ❜✶✣✳❁ A  ✤✔✪ ▲✑✎✔✯✎✔✕ ✖✔✕ ✗✘✑✙✚✎✛✜ ✢✎ ✣❂✴✎✯✎✤ ✈✣✮✑ ✦✰ ❢❂✣✑

B ✤✔✪ ▲✑✎✔✯ ❁✑ ✫❇✶✯✔ ✤✔✪ ✈✣✮✑ ✗✎✶ ✦✰✕✱

✈✩✵ ❁✑ ❆✎✬✕✴✎✳✎ ✑✎ ✗✣✯✶✯ = ✈✣✮✑✩✖ ✖✎✜ – ✹✢❇✜✩✖ ✖✎✜

✈✎✏✑✒✓✎✔✕ ✑✎ ✗✣✯✶✯ ✦✖✔✕ ✣❂✴✎✯✎✤ ✢✎ ✗✘✑✙✚✎✛✜ ✑✎ ✖✎✔❏✎❑✖✎✔❏✎ (rough) ❈✎✜ ✫✔✩✎ ✦✰✸ ✣✤✕✪✩✧ ✤✔✕✪✫✘✙✢

✗✘✤✬✣✭✎ ✑✙ ✖✎✗✸ ✣✤♣✯✚✎ ✤✔✪ ❂✎✯✔ ✖✔✕ ✤✧✪▼ ✜✦✙✕ ❂✩✎✩✎ ✦✰✱ ❜✶ ❄◆✔❖✢ ✤✔✪ ✣✳❁ ✦✖✔✕ ✗✘✑✙✚✎✛✜ ✤✔✪ ✈✹✢

✖✎✗ ✑✙ ✈✎✤❖✢✑✩✎ ✦✰✱ ▲✗■❏✩✢✎ ❜✶ ✗✘✑✎✯ ✑✙ ✖✎✗ ✗✘✔✥✎✚✎✎✔✕ ✑✙ ✤✔✕✪✫✘✙✢ ✗✘✤✬✣✭✎ ✶✔ ✈✕✩✯ P✢✎ ✣✤♣✳✜◗

✗✯ ✈✎✮✎✣✯✩ ✦✎✔✜✙ ♣✎✣✦❁✱

✤✔✕✪✫✘✙✢ ✗✘✤✬✣✭✎ ✶✔ ✗✘✔✥✎✚✎✎✔✕ ✤✔✪ ✈✕✩✯ ✤✔✪ ✈✎✮✎✯ ✗✯ ❈✎✩ ✑✙ ❢✎✜✔ ✤✎✳✙ ✗✘✑✙✚✎✛✜ ✑✙ ✖✦❅✤✗❇✚✎✛

✖✎✗ ✖✎❡✢ ✣✤♣✳✜ ✤ ✖✎✜✑ ✣✤♣✳✜ ✦✰✕✱ ✈✎❜❁ ❜✜ ✗✯ ✣✤▲✩✎✯ ✶✔ ♣♣✎✛ ✑✯✔✕✱

15.4 ✍☛❘❙ ✼❚❯❱✌ (Mean deviation)

✢✎✫ ✑✙✣❢❁ ✣✑ ✗✘✔✥✎✚✎ x ✑✎ ✣▲✷✎✯ ✖✎✜ a ✶✔ ✈✕✩✯ (x – a)  ✗✘✔✥✎✚✎ x ✑✎ a ✶✔ ❋❲❳❨❩ ✑✦✳✎✩✎

✦✰✱ ✗✘✔✥✎✚✎ x ✑✎ ✤✔✕✪✫✘✙✢ ✖❇❃✢ 'a' ✶✔ ✗✘✑✙✚✎✛✜ ❈✎✩ ✑✯✜✔ ✤✔✪ ✣✳❁ ✦✖ a ✶✔ ✣✤♣✳✜ ✗✘✎❉✩ ✑✯✩✔ ✦✰✕✱

❜✜ ✣✤♣✳✜✎✔✕ ✑✎ ✖✎❡✢ ✗✘✑✙✚✎✛✜ ✑✙ ✣✜✯✗✔✥✎ ✖✎✗ ✦✎✔✩✎ ✦✰✱ ✖✎❡✢ ❈✎✩ ✑✯✜✔ ✤✔✪ ✣✳❁ ✦✖✔✕ ✣✤♣✳✜✎✔✕ ✑✎

✢✎✔✻ ✗✘✎❉✩ ✑✯✜✎ ♣✎✣✦❁✸ ✣✤✕✪✩✧ ✦✖ ❢✎✜✩✔ ✦✰✕ ✣✑ ✤✔✕✪✫✘✙✢ ✗✘✤✬✣✭✎ ✑✙ ✖✎✗ ✗✘✔✥✎✚✎✎✔✕ ✤✔✪ ✶✖✧❬♣✢ ✑✙

✈✣✮✑✩✖ ✩✷✎✎ ✹✢❇✜✩✖ ✖❇❃✢✎✔✕ ✤✔✪ ✖❡✢ ✣▲✷✎✩ ✦✎✔✩✎ ✦✰✱ ❜✶✣✳❁ ✤✧✪▼ ✣✤♣✳✜ ❭✚✎✎❅✖✑ ✩✷✎✎ ✤✧✪▼

✮✜✎❅✖✑ ✦✎✔✕✻✔✱ ✈✩✵ ✣✤♣✳✜✎✔✕ ✑✎ ✢✎✔✻ ❖✎❇✹✢ ✦✎✔ ✶✑✩✎ ✦✰✱ ❜✶✤✔✪ ✈✣✩✣✯★✩ ✖✎❡✢ x ✶✔ ✣✤♣✳✜✎✔✕ ✑✎

✢✎✔✻ ❖✎❇✹✢ ✦✎✔✩✎ ✦✰✱
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0
0

n
☎ ☎

❢✆✝②✉✞✟✠ ❞✞ ❀✞✡✠
❧✞❋✞ ❣❤ ❢✆✝②✉✞✟✠ ❞✞ ✥✞è❀ ➽

✐☛④✠ ✞✳✞✞✠✟ ❞❤ ❧✟❬❀✞

✈☞✌ ✍✎✏✑ ✒✓✔ ✕✎✖✓✗✎ ✍✎✏✑ ✘✒✙✚✛ ✜✎☞ ✢✣✛✓ ✢✎ ✢✎✓✤✦ ✈✎✧✘✙★✑ ✛✩✪✫ ✩✧✬
▲✍✣✭✎ ✢✪✘✮✯ ✘✢ ✖✰✢✪✭✎✦✛ ✢✪ ✱✖✑✲✦✴☞ ✍✎✖ ✜✎☞ ✢✣✛✓ ✒✓✔ ✘✚✯ ✩✍✓✫ ✖✰★✑✓✢ ✍✎✛ ✢✪ ✒✓✫✔✵✰✪✑

✖✰✒✶✘✷✎ ✢✪ ✍✎✖ ✑✎ ✘✢✕✪ ✘▲✸✎✣ ✕✫✹✑✎ 'a' ✕✓ ✵✺✣✪ ✜✎☞ ✢✣✛✪ ✩✎✓☞✪ ✩✧✬ ✑✎✵ ✢✪✘✮✯ ✘✢ ✘✢✻✩✪✫ ✵✎✓
✕✫✹✑✎✈✎✓✫ ✒✓✔ ✈✫☞✣ ✢✎ ✘✛✣✖✓✗✎ ✍✎✛ ✱✛ ✕✫✹✑✎✈✎✓✫ ✼✎✣✎ ✕✫✹✑✎ ✣✓✹✎✎ ✖✣ ✽✑✴☞ ✘✾✫✵✲✈✎✓✫ ✒✓✔ ✾✪✙ ✢✪ ✵✺✣✪
✢✎✓ ✵✿✎✎✦☞✎ ✩✧✬ ✈☞✌ ✘▲✸✎✣ ✕✫✹✑✎ 'a' ✕✓ ✘✒✙✚✛✎✓✫ ✒✓✔ ✘✛✣✖✓✗✎ ✍✎✛✎✓✫ ✢✎ ✍✎✏✑ ✜✎☞ ✢✣☞✓ ✩✧✫✬ ✤✕ ✍✎✏✑
✢✎✓ ❁❡❂❃❄ ❅❆❇❈❉❊ ✢✩☞✓ ✩✧ ✫✬ ✈☞✌ ✒✓✫✔✵✰✪✑ ✖✰✒✶✘✷✎ 'a' ✒✓✔ ✕✎✖✓✗✎ ✍✎✏✑ ✘✒✙✚✛ ✖✰✓✗✎✭✎✎✓✫ ✢✎ 'a' ✕✓
✘✒✙✚✛✎✓ ✫ ✒✓✔ ✘✛✣✖✓✗✎ ✍✎✛✎✓✫ ✢✎ ✍✎✏✑ ✩✎✓☞✎ ✩✧✬ 'a' ✒✓✔ ✕✎✖✓✗✎ ✍✎✏✑ ✘✒✙✚✛ ✢✎✓ M.D. (a) ✼✎✣✎ ✖✰✢●
✘✢✑✎ ✮✎☞✎ ✩✧✬

M.D. (a) 
' 'a

❍
■s ❏♦♣❑▼◆s❖ ♦◗s ❏▼P❘❙s ◆ ❚◆▼ ❯◆ ❱◆s❲

❘③❙s ◆❳◆◆❖s ❯❨ ■❩❖ ❱◆

❭❪❫❴❵❛❜ ✍✎✏✑ ✘✒✙✚✛ ✒✓✫✔✵✰✪✑ ✖✰✒✶✘✷✎ ✢✪ ✘✢✕✪ ❝✎✪ ✍✎✖ ✕✓ ✜✎☞ ✘✢✑✎ ✮✎ ✕✢☞✎ ✩✧✬ ✘✒✫✔☞✲
✕✎✫✘✹✑✢✪✑ ✈✏✑✑✛ ✍✓✫ ✕✎✍✎✻✑☞✌ ✍✎✏✑ ✈✎✧✣ ✍✎✘✏✑✢✎ ✒✓✔ ✕✎✖✓✗✎ ✍✎✏✑ ✘✒✙✚✛ ✢✎ ✱✖✑✎✓❥ ✘✢✑✎
✮✎☞✎ ✩✧✬

15.4.1 ❦♠♥❜q♠rt✇ ❦❛⑤⑥⑦❛⑧⑨ ♠⑧t ❭⑩❶ ❷❛❸❹ ❭♠❺⑩❻ (Mean deviation for ungrouped

data) ✍✎✛ ✚✪✘✮✯ ✘✢ n ✖✰✓✗✎✭✎✎✓✫ ✒✓✔ ✈✎❼✢❽❾✓ x
1
, x

2
, x

3
, ..., x

n
 ✘✵✯ ❥✯ ✩✧✫✬ ✍✎✏✑ ✑✎ ✍✎✘✏✑✢✎ ✒✓✔

✕✎✖✓✗✎ ✍✎✏✑ ✘✒✙✚✛ ✢✪ ❥✭✎✛✎ ✍✓✫ ✘✛❿✛✘✚✘✹✎☞ ✙✣✭✎ ✖✰✑✲✴☞ ✩✎✓☞✓ ✩✧✫✌

❇➀➁❂➂1 ✱✕ ✒✓✫✔✵✰✪✑ ✖✰✒✶✘✷✎ ✢✪ ✍✎✖ ✢✎✓ ✜✎☞ ✢✪✘✮✯ ✘✮✕✕✓ ✩✍✓✫ ✍✎✏✑ ✘✒✙✚✛ ✖✰✎➃☞ ✢✣✛✎ ✩✧✬ ✍✎✛
✚✪✘✮✯ ✑✩ ‘a’ ✩✧✬

❇➀➁❂➂2 ✖✰★✑✓✢ ✖✰✓✗✎✭✎ x
i 
✢✎ a ✕✓ ✘✒✙✚✛ ✈✸✎✎✦☞➄ x

1
– a, x

2
– a, x

3
– a,. . . , x

n
– a ✜✎☞ ✢✣✓✫✬

❇➀➁❂➂3 ✘✒✙✚✛✎✓ ✫ ✢✎ ✘✛✣✖✓✗✎ ✍✎✛ ✜✎☞ ✢✣✓✫ ✈✸✎✎✦☞➄ ✑✘✵ ✘✒✙✚✛✎✓✫ ✍✓ ✫ ➅✭✎ ✘✙➆ ✚❥✎ ✩✧ ☞✎✓ ✱✕✓ ✩●✎

✵✓ ✫ ✈✸✎✎✦☞➄ axaxaxax n ➇➇➇➇ ....,,,, 321 ✜✎☞ ✢✣✓✫✬

❇➀➁❂➂4 ✘✒✙✚✛✎✓✫ ✒✓✔ ✘✛✣✖✓✗✎ ✍✎✛✎✓✫ ✢✎ ✍✎✏✑ ✜✎☞ ✢✣✓✫✬ ✑✩✪ ✍✎✏✑ 'a'  ✒✓✔ ✕✎✖✓✗✎ ✍✎✏✑ ✘✒✙✚✛ ✩✧✬

✈✸✎✎✦☞➄ 1M.D.( )

n

i

i

x a

a
n

➈
➉

➊
➋

✈☞✌        M.D. ( x ) = ➌
➍

➎
n

i

i xx
n 1

1
, ✮✩✎❼  x = ✍✎✏✑
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r✞✟✟ M.D. (M) =
1

1
M

n

i

i

x
n ✠

✡☛ , t☞✟✌  M = ❡✟✍✎✏✑✟

✒❢✓✔✕✖✗✘ ✥✙ ✚✎✏✟✏ ❡✛✜ ❡✟✍✎✏✑✟ ✑✟✛ ✍✢✣ M ✤✟✦✟ ✍✧★✍✩r ✍✑✏✟ ✪✏✟ ☞✫ t✬ r✑ ✍✑

✚✈✏✞✟✟ ✧☞✭✜ ✑☞✟ ✪✏✟ ☞✟✛✮ ✚✟✥✯ ✚✬ ✰✩✏✱✲✳r ✢✦✴✟✟✛✜ ✑✟✛ ✙❡✵✧✛ ✶✛✷ ✍✸✯ ✍✧✹✧✍✸✍✺✟r
✰♠✟☞✦✴✟ ✸✛✜✻

✼✽✗✾✿✖✗❀❁ ✍✧✹✧✍✸✍✺✟r ✚✟✌✑❂❃✟✛✜ ✶✛✷ ✍✸✯ ❡✟✎✏ ✶✛✷ ✙✟✩✛❄✟ ❡✟✎✏ ✍✶✢✸✧ ❅✟r ✑✭✍t✯✻
❆❇ ❈❇ ❉❊❇ ❉❋❇ ❉●❇ ❍❇ ■❇ ❉❋

✾❣ ☞❡ ❏❡✬❑ ✚✟✪✛ ✬▲❃r✛ ☞✱✯ ✍✧✹✧✍✸✍✺✟r ✩▼✟◆r ✑✦r✛ ☞✫✜✻

♣✿✖✗ ❁ ✍♠✯ ✪✯ ✚✟✌✑❂❃✟✛✜ ✑✟ ❡✟✎✏

6 7 10 12 13 4 8 12 72
9

8 8
x

❖ ❖ ❖ ❖ ❖ ❖ ❖
P P P  ☞✫✮

♣✿✖✗ ◗ ✩▼✛❄✟✴✟✟✛✜ ✶✛✷ ❡✟✎✏ x ✙✛ ❏❡❘✟✻ ✍✶✢✸✧ x
i
– x

✚✞✟✟✲r❙ 6 – 9, 7 – 9, 10 – 9, 12 – 9, 13 – 9, 4 – 9, 8 – 9, 12 – 9 ☞✫✜✮

✏✟ –3, –2, 1, 3, 4, –5, –1, 3 ☞✜✫✮

♣✿✖✗ ❚ ✍✶✢✸✧✟✛✜ ✶✛✷ ✍✧✦✩✛❄✟ ❡✟✧ ix x✡

3, 2, 1, 3, 4, 5, 1, 3  ☞✜✫✮

♣✿✖✗ ❯ ❡✟✎✏ ✶✛✷ ✙✟✩✛❄✟ ❡✟✎✏ ✍✶✢✸✧ ✍✧✹✧✍✸✍✺✟r ☞✫✻

❱ ❲M.D. x  =

8

1

8

i

i

x x
❳

❨❩

=
3 2 1 3 4 5 1 3 22

8 8

❖ ❖ ❖ ❖ ❖ ❖ ❖
P  = 2.75

✒❢✓✔✕✖✗✘ ✩▼❬✏✛✑ ✬✟✦ ✢✦✴✟✟✛✜ ✑✟✛ ✍✸✺✟✧✛ ✶✛✷ ❭✞✟✟✧ ✩✦ ☞❡❇ ✢✦✴✟✟✛✜ ✑✟ ✶✴✟✲✧ ✍✑✯ ✍✬✧✟ ☞✭
❏❡✟✧✱✙✟✦ ✩✍✦✑✸✧ ✑✦ ✙✑r✛ ☞✫✜✮

✼✽✗✾✿✖✗ ◗ ✍✧✹✧✍✸✍✺✟r ✚✟✌✑❂❃✟✛✜ ✶✛✷ ✍✸✯ ❡✟✎✏ ✶✛✷ ✙✟✩✛❄✟ ❡✟✎✏ ✍✶✢✸✧ ❅✟r ✑✭✍t✯✻

12, 3, 18, 17, 4, 9, 17, 19, 20, 15, 8, 17, 2, 3, 16, 11, 3, 1, 0, 5

✾❣ ☞❡✛✜ ✍♠✯ ✪✯ ✚✟✌✑❂❃✟✛✜ ✑✟ ❡✟✎✏ ( x ) ❅✟r ✑✦✧✟ ☞✟✛✪✟✮
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20

1

1

20
i

i

x x
☎

✆ ✝  = 
200

20
  =  10

❡✞✟✠ ✡☛ ☞✌✍✎✏✞☛✑ ✌☛✒ ☞✏✓✔☛✕✞ ❡✞✏ ✖✗✞✞✘✙✚ xxi ✛  ❜✡ ✔✜✢✞✓ ✣✤✑✥

2, 7, 8, 7, 6, 1, 7, 9, 10, 5, 2, 7, 8, 7, 6, 1, 7, 9, 10, 5

❜✡☞✎✦ 124
20

1

✧★✩
✪i

i xx

✖✞✤✓ M.D. ( x ) =  
20

124
  =  6.2

♠✫✬✭✮✯✬ 3 ☞✏❢✏☞✎☞✰✞✙ ✖✞✱✢✲✳✞☛✑ ✡☛ ❡✞☞✟✠✢✞ ✌☛✒ ✡✞✔☛✕✞ ❡✞✟✠ ☞✌✍✎✏ ✴✞✙ ✢✵☞✶✦✥
3, 9, 5, 3, 12, 10, 18, 4, 7, 19, 21

✭❣ ✠✣✞✱ ✔✜✕✞☛❀✞✞☛✑ ✢✵ ✡✑✰✠✞ ✷✷ ✣✤ ✶✞☛ ☞✌✸✞❡ ✣✤✹ ✖✞✱✢✲✳✞☛✑ ✢✞☛ ✖✞✓✞☛✣✵ ✺❡ ❡☛✑ ☞✎✰✞✏☛ ✔✓ ✣❡☛✑ 3, 3, 4,

5, 7, 9, 10, 12, 18, 19, 21 ✔✜✞✐✙ ✣✞☛✙✞ ✣✤✹

✖❝ ❡✞☞✟✠✢✞  = 
11 1

2

✻✼ ✽
✾ ✿
❁ ❂

✌✞✱ ✠✞ ♦✌✞✱ ✔✜☛✕✞❀✞ = 9 ✣✤✤✹

☞✌✍✎✏✞☛✑ ✢✞ ✺❡❃✞✥ ☞✏✓✔☛✕✞ ❡✞✏ Mix  ❜✡ ✔✜✢✞✓ ✡☛ ✣✤✹

6, 6, 5, 4, 2,0, 1, 3, 9, 10, 12

❜✡☞✎✦
11

1

M 58i

i

x
☎

❄ ✆✝

✙✗✞✞ ❅ ❆
11

1

1 1
M.D. M M 58 5.27

11 11
i

i

x
☎

✆ ❄ ✆ ❇ ✆✝

15.4.2 ❈❉❊❋❈●❍■ ❏❑▲▼◆❖❑P◗ ❈P❍ ❘❙❚ ❯❑❱❲ ❘❈❳❙❨ (Mean deviation  for grouped data)

✣❡ ✶✞✏✙☛ ✣✤✑ ☞✢ ✖✞✱✢✲✳✞☛✑ ✢✞☛ ❩✞☛ ✔✜✢✞✓ ✡☛ ✌❬✵✘✌❭✒✙ ☞✢✠✞ ✶✞✙✞ ✣✤✹
(a) ✖✡✙✙ ❝✞✓✑❝✞✓✙✞ ❝✑✈✏ (Discrete frequency distribution)

(b) ✡✙✙ ❝✞✓✑❝✞✓✙✞ ❝✑✈✏ ❧Continuous frequency distribution)

✖✞❜✦ ❜✏ ❩✞☛✏✞☛✑ ✔✜✢✞✓ ✌☛✒ ✖✞✱✢✲✳✞☛✑ ✌☛✒ ☞✎✦ ❡✞✟✠ ☞✌✍✎✏ ✴✞✙ ✢✓✏☛ ✢✵ ☞✌☞❪✠✞☛✑ ✔✓ ✍✍✞✘ ✢✓☛✑✹

(a) ❫❴❵❵ ❛✬✮❞❛✬✮❵✬ ❛❞❤❥ ❡✞✏ ✎✵☞✶✦ ☞✢ ☞❩✦ ❬✦ ✖✞✱✢✲✳✞☛✑ ❡☛✑ n ☞❦✞♥✏ ✔☛✜✕✞❀✞ x
1
, x

2
, ..., x

n
 ✣✤✑

☞✶✏✢✵ ❝✞✓✑❝✞✓✙✞✦✑✱ ✺❡❃✞✥ f
1
, f

2 
, ..., f

n
 ✣✤✑✹ ❜✏ ✖✞✱✢✲✳✞☛✑ ✢✞☛ ✡✞✓❀✞✵❝♣ q✔ ❡☛✑ ☞✏❢✏☞✎☞✰✞✙ ✔✜✢✞✓ ✡☛

r✠s✙ ☞✢✠✞ ✶✞ ✡✢✙✞ ✣✤ ☞✶✡☛ ❫❴❵❵ ❛✬✮❞❛✬✮❵✬ ❛❞❤❥ ✢✣✙☛ ✣✤✑✥
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x : x
1

x
2
     x

3
 ... x

n

f : f
1

f
2
      f

3
 ... f

n

(i) ❡✞✟✠ ✡☛☞ ✌✞✍☛✎✞ ❡✞✟✠ ✏✡✑✒✓ ✥✔✕✖✗✘✙✚ ✛✚ ✜✢✣ ✤✣ ✦✙✧★✩✪✙✫✬ ★✙ ✜✭✮✭✜✯✜✰✙✱ ✥✲✳✙ ✴✙✵✙ ✚✙✶✷

x ✸✙✱ ★✵✱✫ ✛✹✬✺

1

1

1

1

N

n

i i n
i

i in
i

i

i

x f

x x f

f

✻
✻

✻

✼ ✼
✽

✽
✽

,

t✛✙✧
1

n

i i

i

x f
✾
✿  ✖✗✫✐✙❀✙✙✫✬ x

i 
★✙ ❞✭★❁ ❂✚❃✙✺ ❄✙✵✬❄✙✵✱✙ f

i
 ✥✫ ✤❅❀✙✭✖❆✯✙✫✬ ★✙ ✷✙✫✤ ✖✗★❇ ★✵✱✙ ✛✹❈

✱✘✙✙
1

N
n

i

i

f
✾

❉✿  ❄✙✵✬❄✙✵✱✙✦✙✫✬ ★✙ ✷✙✫✤ ✛✹❈

✱❄ ✛✚ ✖✗✫✐✙❀✙✙✫✬  x
i 
★✙ ✚✙✶✷ x ✥✫ ✜✔❊✯✭ ✸✙✱ ★✵✱✫ ✛✹✬ ✦✙✹✵ ❞✭★✙ ✜✭✵✖✫✐✙ ✚✙✭ ✯✫✱✫ ✛✹✬ ✦✘✙✙✕✱

✥❋✙❁ i =1,2,..., n ✔✫❆ ✜✯✣ xxi ● ✸✙✱ ★✵✱✫ ✛✹✬❈

❜✥✔✫❆ ✖❃❊✙✱❍ ✜✔❊✯✭✙✫✬ ✔✫❆ ✜✭✵✖✫✐✙ ✚✙✭ ★✙ ✚✙✶✷ ✸✙✱ ★✵✱✫ ✛✹✬■ t✙✫✜★ ✚✙✶✷ ✔✫❆ ✥✙✖✫✐✙ ✔✙✬✜❏✱
✚✙✶✷ ✜✔❊✯✭ ✛✹❈

✦✱✺ 1M.D. ( )

n

i i

i

i

f x x

x
f

❑
▲

▼
◆

◆
  = 

1

1

N

n

i i

i

f x x
✾

❖✿

(ii) ❡✞✏✟✠P✞ ✡☛☞ ✌✞✍☛✎✞ ❡✞✟✠ ✏✡✑✒✓ ✚✙✜✶✷★✙ ✔✫❆ ✥✙✖✫✐✙ ✚✙✶✷ ✜✔❊✯✭ ✸✙✱ ★✵✭✫ ✔✫❆ ✜✯✣ ✛✚
✜✢✣ ✤✣ ✦✥✱✱ ❄✙✵✬❄✙✵✱✙ ❄✬❇✭ ★❁ ✚✙✜✶✷★✙ ✸✙✱ ★✵✱✫ ✛✹✬❈ ❜✥✔✫❆ ✜✯✣ ✖✗✫✐✙❀✙✙✫✬ ★✙✫ ✦✙✵✙✫✛❁ ❂✚ ✚✫✬
◗✷✔✜❘✘✙✱ ★✵✱✫ ✛✹✬❈ ❜✥✔✫❆ ✖❃❊✙✱❍ ✥✬❊✷❁ ❄✙✬✵❄✙✵✱✙✣✧ ✸✙✱ ★❁ t✙✱❁ ✛✹ ✬❈ ✱❄ ❞✥ ✖✗✫✐✙❀✙ ★✙

✜✭❢✙✕✵❀✙ ★✵✱✫ ✛✹✬ ✜t✥★❁ ✥✬❊✷❁ ❄✙✬✵❄✙✵✱✙
N

2
, ✔✫❆ ✥✚✙✭ ✷✙ ❜✥✥✫ ✘✙✙✫✩✪❁ ✦✜❢★ ✛✹❈ ✷✛✙✧ ❄✙✵✬❄✙✵✱✙✦✙✫✬

★✙ ✷✙✫✤ N ✥✫ ✢❃✙✙✕✷✙ ✤✷✙ ✛✹❈ ✖✗✫✐✙❀✙✙✫✬ ★✙ ✷✛ ✚✙✭ ✦✙✧★✩✪✙✫✬ ✔✫❆ ✚✶✷ ✜❘✘✙✱ ✛✙✫✱✙ ✛✹ ❜✥✜✯✣ ✷✛ ✦✖✫✜✐✙✱
✚✙✜✶✷★✙ ✛✹❈ ✚✙✜✶✷★✙ ✸✙✱ ★✵✭✫ ✔✫❆ ❄✙✢ ✛✚ ✚✙✜✶✷★✙ ✥✫ ✜✔❊✯✭✙✫✬ ✔✫❆ ✜✭✵✖✫✐✙ ✚✙✭✙✫✬ ★✙ ✚✙✶✷ ✸✙✱
★✵✱✫ ✛✹✬❈ ❜✥ ✖✗★✙✵

1

1
M.D.(M) M

N

n

i i

i

f x
✾

❉ ❖✿
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♠☎✆✝✞✟✆ 4  ❢✠✡✠❢☛❢☞✌✍ ✎✌✏✑✒✓✌✔✕ ✖✔✗ ❢☛✘ ✙✌✚✛ ✖✔✗ ✜✌✢✔✣✌ ✙✌✚✛ ❢✖✤☛✠ ✥✌✍ ✑✦❢✧✘★

x
i

2 5 6 8 10 12

f
i

2 8 10 7 8 5

✝❣ ✎✌✈✘ ❢✩✘ ✪✘ ✎✌✏✑✒✓✌✔✕ ✑✦ ✜✌✫✬✌✦ ✭✮✯✭ ✰✠✌✑✫ ✎✱✛ ✲✍✕✳✌ ✢❢✫✑☛✠ ✖✔✗ ✰✌✩ ☛✪✌✘✏

❧✆✞✟✆✴ 15.1

x
i

f
i

f
i
x

i
xxi ✵ f

i
xxi ✵

2 2 4 5.5 11

5 8 40 2.5 20

6 10 60 1.5 15

8 7 56 0.5 3.5

10 8 80 2.5 20

12 5 60 4.5 22.5

40 300     92

40N
6

1

✶✶ ✷
✸i

if ,   300
6

1

✶✷
✸i

ii xf ,   92
6

1

✶✹✷
✸

xxf i

i

i

✈✜❢☛✘
6

1

1 1
300 7.5

N 40
i i

i

x f x
✺

✻ ✻ ✼ ✻✽

✎✌✾✫
6

1

1 1
M.D. ( ) 92 2.3

N 40
i i

i

x f x x
✺

✻ ✿ ✻ ✼ ✻✽

♠☎✆✝✞✟✆ 5 ❢✠✡✠❢☛❢☞✌✍ ✎✌✏✑✒✓✌✔✕ ✖✔✗ ❢☛✘ ✙✌❢✚✛✑✌ ✖✔✗ ✜✌✢✔✣✌ ✙✌✚✛ ❢✖✤☛✠ ✥✌✍ ✑✦❢✧✘★

x
i

3 6 9 12 13 15 21 22

f
i

3 4 5 2 4 5 4 3

✝❣ ❢✩✘ ✪✘ ✎✌✏✑✒✓✔ ✢❀☛✔ ❀✦ ✎✌✫✌✔❀✦ ❁✙ ✙✔✕ ❀✾✕❂ ✈✠ ✎✌✏✑✒✓✌✔✕ ✙✔✕ ✜✕✪✍ ✜✕✤✛✦ ✰✌✫✕✰✌✫✍✌ ✑✦ ✘✑ ✑✍✌✫

✎✌✾✫ ☛✪✌✍✔ ❀✾✕ ❃✜✌✫✬✌✦ ✭✮✯❄❅❂
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✞✟✠✡✟☛ 15.2

x
i

3 6 9 12 13 15 21 22

f
i

3 4 5 2 4 5 4 3

c.f. 3 7 12 14 18 23 27 30

✈☞, N = 30 ❣✌ ✍✎✏ ✑✒ ✑✓✔✕✎ ❣✌,
❜✑✖✗✘ ✒✎✖✙✕✚✎ ✛✜✢✣✓ ✢ ✛✤✢✣✓ ✥✦✏✧✎★✎✎✏✓ ✚✎ ✒✎✙✕ ❣✌✩ ✕❣ ✪✎✏✫✎✏✓ ✥✦✏✧✎★✎ ✑✓✬✕✣ ☞✎✭✓☞✎✭✮✎ ✛✯ ✒✏✓ ✖✰✱✎✮

❣✌✓ ✖✍✑✚✎ ✑✓✲✮ ✥✦✏✧✎★✎ ✛✳ ❣✌✩

15 16 13 13
M 13

2 2

✴ ✴
✵ ✵ ✵

♦✶✷ ♦✶✷✐✸s✹ ❦✺❦ ✐✹s✸❦✺❦
✻✼❢②✽ ❡❦❢è✾❞❦

✈☞ ✒✎✖✙✕✚✎ ✑ ✏ ✖✢✬✗✫ ✎ ✏ ✓ ✚✎ ✖✫✭✥ ✏✧✎ ✒ ✎✫ ✈✱✎✎ ✿✮ ❀ Mix  ✖✫❁✫ ✖✗✖✔✎✮

✑✎✭★✎✣ ✛✜❂✳ ✒✏✓ ✪❃✎✎✿✘ ✲✘ ❣✌
✞✟✠✡✟☛ 15.3

Mix ❄ 10 7 4 1 0 2 8 9

f
i

3 4 5 2 4 5 4 3

f
i

Mix ❄ 30 28 20 2 0 10 32 27

8 8

1 1

30    M 149i i i

i i

f f x
❅ ❅

❆ ❇ ❆❈ ❈❉❊❙❥

❜✑✖✗✘ M. D. (M) =

8

1

1
M

N
i i

i

f x
❋

❄●

=
1

149
30

❍  = 4.97

(b)   ✞■■ ❏✟✠❑❏✟✠■✟ ❏❑▲▼ ✘✚ ✑✮✮ ☞✎✓✭☞✎✭✮✎ ☞✓◆✫ ✢❣ ❖✎P✓✔✎✗✎ ❣✎✏✮✣ ❣✌ ✖✍✑✒✏✓ ✈✎◗✚❘❚✎✏✓ ✚✎✏ ✖✢✖❯✎❱✫
✖☞✫✎ ✈✓✮✭ ✢✎✗✏ ✢✲✎✏❲ ✒✏✓ ✢✲✣✿✢P❳✮ ✖✚✕✎ ✍✎✮✎ ❣✌ ✈✎✌✭ ❨✫✚✣ ❩✒❃✎❬ ☞✎✭✓☞✎✭✮✎ ✖✗✔✎✣ ✍✎✮✣ ❣✌✩
❨✪✎❣✭★✎ ✢✏❳ ✖✗✘ ✛♠♠ ❭✎❪✎✎✏✓ ❫✎✭✎ ✥✦✎❴✮✎✚✎✏✓ ✚✎✏ ✑✮✮ ☞✎✓✭☞✎✭✮✎ ☞✓◆✫ ✒✏✓ ✖✫❁✫✖✗✖✔✎✮ ✥✦✚✎✭ ✑✏ ❵✕❛✮
✖✚✕✎ ✲✕✎ ❣✌❬

✥✦✎❴✮✎✓✚ 0-10 10-20 20-30 30-40 40-50 50-60

❭✎❪✎✎✏✓ ✚✣ ✑✓✔✕✎ 12 18 27 20 17 6
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(i) ✥☎✆✝ ✞✟✠ ✡☎☛✟☞☎ ✥☎✆✝ ✌✞✍✎✏ ✑✒ ✓✔✔ ✕✖✗✘✕✖✘✔✖ ✕✗✙✚ ✛✜✢ ✣✖✤✦ ✒✧ ★✩✖✚✖ ✛✜✢ ✓✣✦ ✪✣✚✜

✦✪ ✣✖✚✖ ❀✖✖ ✫✒ ✬✭✮✦✜✒ ✛★✯ ✰Class ✱ ✒✧ ✕✖✘✗✕✖✘✔✖ ✲✓✛✜✢ ✣✤✦✳✫✕✗✴✵ ✬✘ ✛✜✗✢✫✴✭✔ ✪✖✜✔✧ ✪✶✷ ✦✪✖✸ ✹✖✧

✪✣ ✬✭✮✦✜✒ ✛★✯ ✒✖ ✣✤✦✳✫✕✗✴✵ ✫❣✺✖✔✜ ✪✶✗ ✻✖✶✘ ✻✓✔✔ ✕✖✘✗✕✖✘✔✖ ✕✗✙✚ ✒✧ ✔✘✪ ✣✖✤✦ ✫✛✼❣✚ ✽✖✔

✒✘✔✜ ✪✶✗✷

✻✖✈✑ ✫✚✾✚✫❣✫✺✖✔ ✲✴✖✪✘✩✖ ✴✜✺✖✜✗

♠✿☎❁❂❃☎ ❄ ✫✚✾✚✫❣✫✺✖✔ ✻✖✸✒❅❆✖✜✗ ✛✜✢ ✫❣✑ ✣✖✤✦ ✛✜✢ ✓✖✬✜❇✖ ✣✖✤✦ ✫✛✼❣✚ ✽✖✔ ✒✧✫❈✑❉

✬✭✖✐✔✖✗✒ 10-20 20-30 30-40 40-50 50-60 60-70 70-80

◆✖❊✖✖✜✗ ✒✧ ✓✗✺✦✖ 2 3 8 14 8 3 2

❁✎ ✫✴✑ ★✑ ✻✖✸✒❅❆✖✜✗ ✓✜ ✫✚✾✚ ✓✖✘✩✖✧ ❢❋●❍ ✕✚✖✔✜ ✪✶ ✗✷

✡☎❂❃☎❧ 15.4

✬✭✖✐✔✖✗✒ ◆✖❊✖✖✜ ✗ ✒✧ ✣✤✦✳✫✕✗✴✵ f
i
x

i
xxi ■  f

i
xxi ■

✓✗✺✦✖

f
i

x
i

10-20 2 15 30 30 60

20-30 3 25 75 20 60

30-40 8 35 280 10 80

40-50 14 45 630 0 0

50-60 8 55 440 10 80

60-70 3 65 195 20 60

70-80 2 75 150 30 60

40 1800 400

✦✪✖✸
7 7 7

1 1 1

N 40 1800 400i i i i i

i i i

f , f x , f x x
❏ ❏ ❏

❑ ❑ ❑ ▲ ❑▼ ▼ ▼

✈✓✫❣✑
7

1

1 1800
45

N 40
i i

i

x f x
❏

❑ ❑ ❑▼
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✈✞✟✠ ✡ ☛
7

1

1 1
M.D. 400 10

N 40
i i

i

x f x x
☞

✌ ✍ ✌ ✎ ✌✏

❡✑✒✓ ✔✕✖ ✗✑✘✕✙✑ ❡✑✒✓ ✚✔✛✜✢ ✣✑✤ ✥✦✢✕ ✥✧ ✜★✑✩ ✚✔✚✪  ❣✫ ✬✭ ✮✯✰✱✲ ✮✯✮✳ (Step-

deviation method) ❞✞ ✬✴✵✞✶✷ ❞✠✯✶✸ x ✯✶✸ ❞✮✹✲ ✬✮✠❞✱✲ ✺✶ ✻✰ ✺❞✼✶ ❣✟✽✾ ✿✫✠❀✞ ❞❁✮❂❃ ✮❞

❜✺ ✮✯✮✳ ✫✶✽ ❣✫ ✈✞❄❞❅❆✞✶✽ ✯✶✸ ✫❇✵ ✵✞ ❈✺✯✶✸ ✮✻❉✯❊✸✱ ✬✞✺ ✮❞✺❁ ✬✴✶❋✞❀✞ ❞✞✶ ✥✚●✘✤ ❡✑✒✓ ✱✶✼✶ ❣✟✽✾

✼✻ ✬✴✶❋✞❀✞✞✶✽ r✵✞ ✮✯✮❍✞■✲ ✯✷✞✶❏ ✯✶✸ ✫❇✵❑✮✻✽✭❊✈✞✶✽▲ ❞✞ ❜✺ ❞✮❉✬✼ ✫✞❇✵ ✺✶ ✮✯✰✱✲ ▼✞✼ ❞✠✼✶ ❣✟✽✾ ✵❣

✮✯✰✱✲ ✺✽❢✵✞ ✠✶❢✞✞ ✬✠ ✫◆✱ ✮✻✽✭❊ (origin) ❞✞✶ ❖✞◆■✵ ✺✶ ✬✴✮✼✿P✞✞✮✬✼ ❞✠ ❞✮❉✬✼ ✫✞❇✵ ✬✠ ✱✶ ❂✞✲✞

❣❁ ❣✞✶✼✞ ❣✟◗ ❂✟✺✞ ✮❞ ✈✞✯❘✸✮✼ ❙❚❯❱ ✫✶✽ ✭❖✞✞✵✞❲ ✷✵✞ ❣✟✾

✵✮✭ ✺❍✞❁ ✮✯✰✱✲✞✶✽ ✫✶✽ ❞✞✶❜❲ ✺✞✯❲ ✷❊❀✞✲❢✞✽❅ rcommon factor▲ ❣✟ ✼✞✶ ✮✯✰✱✲✞✶✽ ❞✞✶ ✺✠✱

❞✠✲✶ ✯✶✸ ✮✱❃ ❜■❣✶✽ ❜✺ ✺✞✯❲ ✷❊❀✞✲❢✞✽❅ ✺✶ ❍✞✞✷ ✭✶✼✶ ❣✟✽✾ ❜✲ ✲❃ ✮✯✰✱✲✞✶✽ ❞✞✶ ✘✐ ✚✔✛✜✢ ❞❣✼✶ ❣✟✽✾

✬✭ ✮✯✰✱✲ ✱✶✲✶ ❞❁ ✬✴✮❳✵✞ ✺✽❢✵✞ ✠✶❢✞✞ ✬✠ ✬✟✫✞✲✶ ❞✞ ✬✮✠✯✼❲✲ ❣✞✶✼✞ ❣✟◗ ❂✟✺✞ ✮❞ ✈✞✯❘✸✮✼ ❙❚❯❨ ✫✶✽

✭❖✞✞❲✵✞ ✷✵✞ ❣✟✾

✮✯✰✱✲ ✈✞✟✠ ✬✭ ✮✯✰✱✲ ✬✴✶❋✞❀✞✞✶✽ ✯✶✸ ✈✞❞✞✠ ❞✞✶ ❩✞✶❬✞ ❞✠ ✭✶✼✶ ❣✟✽◗ ✮❂✺✺✶ ✷❊❀✞✲ ❂✟✺❁ ✷❀✞✲✞❃❄

✺✠✱ ❣✞✶ ❂✞✼❁ ❣✟✽✾ ✫✞✲ ✱❁✮❂❃ ✲✵✞ ✰✠
h

ax
d i

i

❭
❪ ❣✞✶ ❂✞✼✞ ❣✟◗ ❂❣✞❄  ‘a’ ❞✮❉✬✼ ✫✞❇✵ ❣✟ ✯ h

✺✞✯❲ ✷❊❀✞✲❢✞✽❅ ❣✟✾ ✼✻ ✬✭ ✮✯✰✱✲ ✮✯✮✳ ❫✞✠✞ x ✮✲❴✲✮✱✮❢✞✼ ✺◆❵✞ ✺✶ ▼✞✼ ✮❞✵✞ ❂✞✼✞ ❣✟❛

❝✑✔❤✖✚✤ 15.3

❝✑✔❤✖✚✤ 15.4
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◆☎✆☎☎✝✞ ✟✠

❧✞✡☛☎
✐☞☎✌✍☎✞✟

  
1

N

n

f di i
ix a h

✎
✏✏ ✑ ✒

✈☎✓✔ ✕✖☎✗✘✙☎ ✚ ✛✝✜ ✈☎✢✟✣✤☎✝✞ ✛✝✜ ✥✦✔ ✐✖ ✥✛✧✦★ ✥✛✥✩ ✦✪☎✔✢✫ ✗✬ ✟✥✭✐✍ ✬☎✮☛ a = 45

✈☎✯✘ h = 10, ✦✝✍✝ ✗✯✞ ✈☎✯✘ ✥★②★✥✦✥✡☎✍ ❧☎✘✙☎✠ ✰✱✲✱ ✳★☎✍✝ ✗✯✞✫

✴✵✶✷✵✸ 15.5

✬✮☛❡✥✳✞✖✹
45

10

i
i

x
d

✺
✻

i if d xxi ✼ f
i

xxi ✼

f
i

x
i

10-20 2 15 – 3 – 6 30 60

20-30 3 25 – 2 – 6 20 60

30-40 8 35 – 1 – 8 10 80

40-50 14 45 0 0 0 0

50-60 8 55 1 8 10 80

60-70 3 65 2 6 20 60

70-80 2 75 3 6 30 60

40 0 400

✓❧✥✦✔ x =

7
  

1
f di i

ia h
N

✽
✾✿ ❀  = 

0
45 10 45

40
❁ ❂ ❃

✈☎✯✘
7

1

1 400
M D ( ) 10

N 40
i i

i

x f x x
❄

✏ ❅ ✏ ✏❆. .

❇❢❈❉❊✷✵✸  ✐✖ ✥✛✧✦★ ✥✛✥✩ ✟☎ ✕✐☛☎✝✪ x ❑☎✍ ✟✘★✝ ✛✝✜ ✥✦✔ ✥✟☛☎ ❋☎✍☎ ✗✯✫ ●☎✝❍☎ ✐☞✥■☛☎

✛✯❧✠ ✗✠ ✗✯✫

(ii) ❏✵❢▲▼❖✵ P◗❘ ✴✵❊◗❙✵ ❏✵▲▼ ❢P❚❯❱ ✥✖✔ ✪✔ ✈☎✢✟✣✤☎✝✞ ✛✝✜ ✥✦✔ ✬☎✥✮☛✟☎ ❧✝ ✬☎✮☛ ✥✛✧✦★ ❑☎✍

✟✘★✝ ✟✠ ✐☞✥■☛☎ ✛✯❧✠ ✗✠ ✗✯ ❋✯❧✠ ✥✟ ✗✬★✝ ✬☎✮☛ ✛✝✜ ❧☎✐✝❞☎ ✬☎✮☛ ✥✛✧✦★ ❑☎✍ ✟✘★✝ ✛✝✜ ✥✦✔ ✟✠

❲☎✠✫ ✓❧✬✝✞ ✥✛●☎✝❍☎ ✈✞✍✘ ✛✝✜✛✦ ✥✛✧✦★ ✦✝★✝ ✛✝✜ ❧✬☛ ✬☎✮☛ ✛✝✜ ❳❲☎☎★ ✐✘ ✬☎✥✮☛✟☎ ✦✝★✝ ✬✝✞ ✗☎✝✍☎ ✗✯✫
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✈✞✟✠ ✡☛☛ ☞✞✌✍☞✞✌☛✞ ☞✎✍✏ ✑✒✓ ✔✕✠ ✖✞✔✗✘✙✞ ✚✞☛ ✙✌✏✒ ✙✛ ✜✢✔✣✘✞ ✙✞ ✤✖✌✥✞ ✙✌✒✍✍✦ ✈✞✧✙★✩✞✒✍

✙✞✒ ✜❞✕✒ ✈✞✌✞✒❞✛ ✣✖ ✖✒✍ ✪✘✑✔✤✫✞☛ ✙✌☛✒ ❞✬✍✦ ☛☞ ✡☛☛ ☞✞✌✍☞✞✌☛✞ ☞✍✎✏ ✙✛ ✖✞✔✗✘✙✞ ✚✞☛ ✙✌✏✒ ✑✒✓
✔✕✠ ✜❞✕✒ ❢✡ ✑✭✮ ✙✞✒ ✔✏✯✞✮✔✌☛ ✙✌☛✒ ❞✬✍ ✔✰✡✖✒✍ ✖✞✔✗✘✙✞ ✔✤✫✞☛ ❞✞✒☛✛ ❞✬ ✱✟✡ ✑✭✮ ✙✞✒ ❡✲✳✴✵✶✲

♦✷✸ ✙❞☛✒ ❞✬✍✹ ✈✞✬✌ ☛☞ ✔✏✺✏✔✕✔✻✞☛ ✡✼✽✞ ✕✭✞☛✒ ❞✬✍✾

N
C

2l h
f

✿
❀ ❁ ❂❃❄❅è❆❇❄

✰❞✞✧ ✖✞✔✗✘✙✞ ✑✭✮ ✑❞ ✑✭✮ ❞✬ ✔✰✡✙✛ ✡✍t✘✛ ☞✞✌✍☞✞✌☛✞
N

2
 ✑✒✓ ☞✌✞☞✌ ✘✞ ❢✡✡✒ ✫✞✞✒★✩✛ ✈✔✯✙ ❞✞✒❈

☞✞✍✌☞✞✌☛✞✈✞✒✍ ✙✞ ✘✞✒✭ N , ✖✞✔✗✘✙✞ ✑✭✮ ✙✛ ✔✏✺✏ ✡✛✖✞ l❈ ✖✞✔✗✘✙✞ ✑✭✮ ✙✛ ☞✞✍✌☞✞✌☛✞ f ❈  ✖✞✔✗✘✙✞

✑✭✮ ✡✒ ✡✎✛✙ ✜❞✕✒ ✑✞✕✒ ✑✭✮ ✙✛ ✡✍t✘✛ ☞✞✌✍☞✞✌☛✞ C ✈✞✬✌ ✖✞✔✗✘✙✞ ✑✭✮ ✙✞ ✔✑✤☛✞✌ h ❞✬✦ ✖✞✔✗✘✙✞

✚✞☛ ✙✌✏✒ ✑✒✓ ✜❑t✞☛❉ ✜✢❊✘✒✙ ✑✭✮ ✑✒✓ ✖✗✘❋✔☞✍●❍✈✞✒✍ x
i
 ✙✞ ✖✞✔✗✘✙✞ ✡✒ ✔✑t✕✏✞✒✍ ✙✞ ✔✏✌✜✒■✞ ✖✞✏ ✈✫✞✞✮☛❉

Mix ❏  ✜✢✞✐☛ ✙✌☛✒ ❞✬✍✦

☛☞
1

M.D. (M) M
N 1

n
f xi i

i
▲ ▼◆

▲

✟✡ ✜✢✔✣✘✞ ✙✞✒ ✔✏✺✏✔✕✔✻✞☛ ❢●✞❞✌✥✞ ✡✒ ✤✜❜✎ ✔✙✘✞ ✭✘✞ ❞✬✾

♠❖✲P◗❘✲ ❙  ✔✏✺✏✔✕✔✻✞☛ ✈✞✧✙★✩✞✒✍ ✑✒✓ ✔✕✠ ✖✞✔✗✘✙✞ ✑✒✓ ✡✞✜✒■✞ ✖✞✗✘ ✔✑t✕✏ ✚✞☛ ✙✛✔✰✠✦

✑✭✮ 0-10 10-20 20-30 30-40 40-50 50-60

☞✞✌✍☞✞✌☛✞ 6 7 15 16 4 2

P❣ ✔●✠ ✭✠ ✈✞✧✙★✩✞✒✍ ✡✒ ✔✏✺✏ ✡✞✌✥✞✛ ❚❯❱❲ ☞✏✞☛✒ ❞✬✍✾

❳✲◗❘✲❨ ❩❬❭❪

  ✑✭✮ ☞✞✌✍☞✞✌☛✞ ✡✍t✘✛ ☞✞✌✍☞✞✌☛✞ ✖✗✘❋✔☞✍●❍ Med.xi ❫ f
i

Med.xi ❫

f
i

       (c.f.) x
i

0-10 6 6 5 23 138

10-20 7 13 15 13 91

20-30 15 28 25 3 45

30-40 16 44 35 7 112

40-50 4 48 45 17 68

50-60 2 50 55 27 54

50 508
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❀☎✆✝ N = 50, ❜✞✟✠✡
N

 
2

♦☛☞ ❀✆ 25♦☛☞ ✌✍ ✎✏✑✒✏ ♦✓✔ ✌✕☞ ☎✖☞✗ ❜✞✟✠✡ ✎✏✑✒✏ ✌✆✟✘❀✙✆ ♦✓✔ ☎✖✗

☎✌ ❣✆✚✛✕ ☎✖☞ ✟✙

✌✆✟✘❀✙✆ = 

N

2
C

l h
f

❀☎✆✝  l = 20, C=13,  f = 15,  h = 10 ✈✆✖✜ N = 50

❜✞✟✠✡✢ ✌✆✟✘❀✙✆ 10
15

1325
20 ✣

✤
✥✦  = 20 + 8 = 28

✈✛✧✢ ✌✆✟✘❀✙✆ ♦✕★ ✞✆✩✕✪✆ ✌✆✘❀ ✟♦✫✠✚

M.D. (M)     = 

6

1

1
M

N
i i

i

f x
✬

✭✮  =  508
50

1
✯      =  10.16 ☎✖✗

✐✰✱✲✳✴✵✶ 15.1

✩✷✸✚ ✹ ♦ ✎ ✌✕☞ ✟✍✡ ✓✡ ✈✆✝✙✺✻✆✕☞ ♦✕★ ✟✠✡ ✌✆✘❀ ♦✕★ ✞✆✩✕✪✆ ✌✆✘❀ ✟♦✫✠✚ ✼✆✛ ✙☛✟❣✡✗

1. 4, 7, 8, 9, 10, 12, 13, 17

2. 38, 70, 48, 40, 42, 55, 63, 46, 54, 44

✩✷✸✚ ✒ ♦ ✽ ♦✕★ ✈✆✝✙✺✻✆✕☞ ♦✕★ ✟✠✡ ✌✆✟✘❀✙✆ ♦✕★ ✞✆✩✕✪✆ ✌✆✘❀ ✟♦✫✠✚ ✼✆✛ ✙☛✟❣✡✗

3. 13, 17, 16, 14, 11, 13, 10, 16, 11, 18, 12, 17

4. 36, 72, 46, 42, 60, 45, 53, 46, 51, 49

✩✷✸✚ ✾ ♦ ✿ ♦✕★ ✈✆✝✙✺✻✆✕☞ ♦✕★ ✟✠✡ ✌✆✘❀ ♦✕★ ✞✆✩✕✪✆ ✌✆✘❀ ✟♦✫✠✚ ✼✆✛ ✙☛✟❣✡✗
5. x

i
5 10 15 20 25

f
i

7 4 6 3 5

6. x
i

10 30 50 70 90

f
i

4 24 28 16 8

✩✷✸✚ ❁ ♦ ❂ ♦✕★ ✈✆✝✙✺✻✆✕☞ ♦✕★ ✟✠✡ ✌✆✟✘❀✙✆ ♦✕★ ✞✆✩✕✪✆ ✌✆✘❀ ✟♦✫✠✚ ✼✆✛ ✙☛✟❣✡✗

7. x
i

5 7 9 10 12 15

f
i

8 6 2 2 2 6
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8. x
i

15 21 27 30 35

f
i

3 5 6 7 8

✐✞✟✠ ✡ ☛ ☞✌ ☛✍✎ ✏✑✒✓✔✕✑✍✖ ☛✍✎ ✗✘✙ ✚✑✛✜ ☛✍✎ ✢✑✐✍✣✑ ✚✑✛✜ ✗☛✤✘✠ ✥✑✦ ✓✧✗★✙✩

9. ✏✑✜     0-100 100-200 200-300 300-400 400-500 500-600 600-700 700-800

✐✞✗✦✗✪✠

❖✜✗✫✦✜✑✍✖       4          8   9       10 7     5        4           3

✓✧ ✢✖❞✜✑

10. ➴✒✤✑✬✭ 95-105 105-115 115-125 125-135 135-145 145-155

✮✢✍✚✧ ✚✍✖✯

✘✔✕✓✑✍✖ ✓✧ 9 13 26 30 12 10

✢✖❞✜✑

11. ✗✠❢✠✗✘✗❞✑✦ ✏✑✒✓✔✕✑✍✖ ☛✍✎ ✗✘✙ ✚✑✗✛✜✓✑ ☛✍✎ ✢✑✐✍✣✑ ✚✑✛✜ ✗☛✤✘✠ ✥✑✦ ✓✧✗★✙✰

✏✖✓ 0-10 10-20 20-30 30-40 40-50 50-60

✘✔✕✗✓✜✑✍✖ ✓✧ 6 8 14 16 4 2

✢✖❞✜✑

12. ✠✧✤✍ ✗✪✙ ✉✙ ☞✌✌ ❖✜✗✫✦✜✑✍✖ ✓✧ ✏✑✜✱ ☛✍✎ ✲✖✳✠ ✓✧ ✚✑✗✛✜✓✑ ✏✑✜✱ ☛✍✎ ✢✑✐✍✣✑ ✚✑✛✜ ✗☛✤✘✠

✓✧ ✉✴✑✠✑ ✓✧✗★✙✰

✏✑✜✱ 16-20 21-25 26-30 31-35 36-40 41-45 46-50 51-55

✢✖❞✜✑ 5 6 12 14 26 12 16 9

[✵✶✷✸✹✺ ✐✞✻✜✍✓ ☛✉✭ ✓✧ ✗✠❢✠ ✢✧✚✑ ✚✍✖ ✢✍ ✌✼✽ ✾✑✳✑ ✓✿ ☛ ❀✢✓✧ ❀❁✤ ✢✧✚✑ ✚✍✖ ✌✼✽ ★✑✍✔✕ ✓✿ ✗✪✙

✉✙ ✏✑✒✓✔✕✑✍✖ ✓✑✍ ✢✦✦ ✲✑✿✖✲✑✿✦✑ ✲✖✳✠ ✚✍✖ ✲✪✗✘✙]

15.4.3 ❡❂❃❄ ❅❆❇❈❉ ❊❋ ●❅❍■❋❡❂❏❑ (Limitations of mean deviation) ✲❝✱✦ ✏✗▲✓ ✗☛✤✿✴✑

✜✑ ✗✲❞✑✿✑☛ ☛✑✘✧ ▼✑◆✖❞✑✘✑✏✑✍✖ ✚✍✖ ✚✑✗✛✜✓✑ ☛✍✖✎✪✞✧✜ ✐✞☛◆✗P✑ ✓✧ ❀✐✜✱✫✦ ✚✑✐ ✠❝✧✖ ❝✑✍✦✧ ❝◗✩ ✏✦✰ ✬✢ ✪✟✑✑

✚✍✖ ✚✑✗✛✜✓✑ ☛✍✎ ✢✑✐✍✣✑ ✚✑✛✜ ✗☛✤✘✠ ✐✿ ✐❘✿✧ ✦✿❝ ✗☛✟☛✑✢ ✠❝✧✖ ✗✓✜✑ ★✑ ✢✓✦✑ ❝◗✩

✚✑✛✜ ✢✍ ✗☛✤✘✠✑✍✖ ✓✑ ✜✑✍✉ ✮❙✴✑ ✗✤❚ ✓✑✍ ❯✑✍✔✕✓✿✯ ✚✑✗✛✜✓✑ ✢✍ ✗☛✤✘✠✑✍✖ ☛✍✎ ✜✑✍✉ ✢✍ ✏✗▲✓

❝✑✍✦✑ ❝◗✩ ✬✢✗✘✙ ✚✑✛✜ ☛✍✎ ✢✑✐✍✣✑ ✚✑✛✜ ✗☛✤✘✠ ✏✗▲✓ ☛◗✥✑✗✠✓ ✠❝✧✖ ❝◗✩ ✏✦✰ ✓✬✭ ✪✟✑✑✏✑✍✖ ✚✍✖ ✚✑✛✜

✗☛✤✘✠ ✏✢✖✦✑✍❱✑★✠✓ ✐✗✿✴✑✑✚ ✪✍ ✢✓✦✑ ❝◗✩ ✢✑❲✑ ❝✧ ✚✑✛✜ ✗☛✤✘✠ ✓✑✍ ✗☛✤✘✠✑✍✖ ☛✍✎ ✗✠✿✐✍✣✑ ✚✑✠ ✐✿

✥✑✦ ✗✓✜✑ ★✑✦✑ ❝◗✩ ✬✢✗✘✙ ✜❝ ✏✑◗✿ ✲✧★✉✗✴✑✦✧✜ ✉✴✑✠✑✏✑✍✖ ☛✍✎ ✜✑✍❳✜ ✠❝✧✖ ❝✑✍✦✑ ❝◗✩ ✬✢✓✑ ✏✗❨✑✐✞✑✜

❝◗ ✗✓ ❝✚✍✖ ✐✞✓✧✴✑✭✠ ✓✧ ✏❣✜ ✚✑✐ ✓✧ ✏✑☛✟✜✓✦✑ ❝◗✩ ✚✑✠✓ ✗☛✤✘✠ ✐✞✓✧✴✑✭✠ ✓✧ ✙✍✢✧ ❝✧

✙✓ ✚✑✐ ❝◗✩
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15.5  ✐☎✆✝✞✟ ✈✟✠✝ ✡✟☛☞ ✌✍✎✏☛ (Variance and Standard Deviation)

❀✑✒ ✓✔✕✖✗ ✕✓ ✘✙✚✛✒✜✔❀ ✢✜✘✣✕✤✑ ✓✔ ✥✑✢ ✘✙✛ ✦✑✢✙✧✑ ✥✑★❀ ✕✘✩✪✫ ✬✑✭ ✓✮✫✙ ✘✙✛ ✕✪✗ ✯✥✫✙ ✕✘✩✪✫✑✙✚

✘✙✛ ✕✫✮✢✙✧✑ ✥✑✫✑✙✚ ✓✑ ❀✑✙♦ ✕✓❀✑ ✰✑✑✱ ✗✙✦✑ ✥✑★❀ ✕✘✩✪✫ ✓✑✙ ✦✑✰✑✲✓ ✳✫✑✫✙ ✘✙✛ ✕✪✗ ✕✓❀✑ ✰✑✑✴ ✵✶❀✰✑✑

✕✘✩✪✫✑✙ ✚ ✓✑ ❀✑✙♦ ❢✑✷✶❀ ✯✑✙ ✖✑✭✑ ✯✸✱

✕✘✩✪✫✑✙ ✚ ✘✙✛ ✕✩✹✑✙✚ ✘✙✛ ✓✑✮✺✑ ✻✼✢✽ ✾✦ ✦✥✿❀✑ ✓✑✙ ✕✘✩✪✫✑✙ ✚ ✘✙✛ ✘♦✲ ✪✙✓✮ ❁✑✔ ✒✷✮ ✕✓❀✑ ✖✑

✦✓✭✑ ✯✸✱ ✕✫✦✚✒✙✯ ❀✯ ✿✢❧❂ ✯✸ ✕✓ ✕✘✩✪✫✑✙✚ ✘✙✛ ❀✯ ✘♦✲ ❃✺✑✙✭✮ ✯✑✙✭✙ ✯✸✚✱

✥✑✫✑  x
1
, x

2
, x

3
, ..., x

n
 , n ✢✜✙✧✑✺✑ ✯✸✚ ✭✰✑✑ x  ✻✫✓✑ ✥✑★❀ ✯✸✱ ✭✳

2

2 2 2 2

1

1

( ) ( ) ....... ( ) ( )
n

n i

i

x x x x x x x x .

❀✕✒ ❀✯ ❀✑✙♦ ❢✑✷✶❀ ✯✑✙ ✭✑✙ ✢✜✼❀✙✓ )( xxi ❄ ❢✑✷✶❀ ✯✑✙ ✖✑✗♦✑✱ ✾✦✓✑ ✵✰✑✲ ✯✸ ✕✓ ✕✓✦✔ ✢✜✓✑✮

✓✑ ✕✘✩✮✺✑ ✫✯✔✚ ✯✸ ❞❀✑✙✚✕✓ ✭✳ ✦❁✑✔ ✢✜✙✧✑✺✑ x ✘✙✛ ✳✮✑✳✮ ✯✑✙ ✖✑✭✙ ✯✸✚✱ ❀✕✒ ❅
❆

❇
n

i

i xx
1

2)( ◆✑✙❂✑ ✯✸ ✭✑✙

❀✯ ✾✚✕♦✭ ✓✮✭✑ ✯✸ ✕✓ ✢✜✙✧✑✺✑ x
1
, x

2
, x

3
,...,x

n
✴ ✥✑★❀ x ✘✙✛ ✕✫✓❂ ✯✸✚ ✭✰✑✑ ✢✜✙✧✑✺✑✑✙✚ ✓✑ ✥✑★❀ x ✘✙✛

✦✑✢✙✧✑ ✕✘✩✮✺✑ ✓✥ ✯✸ ✱ ✾✦✘✙✛ ✕✘✢✮✔✭ ❀✕✒ ❀✯ ❀✑✙♦ ✳❈❉✑ ✯✸ ✭✑✙ ✢✜✙✧✑✺✑✑✙✚ ✓✑ ✥✑★❀ x ✘✙✛ ✦✑✢✙✧✑ ✕✘✩✮✺✑

✵✕❊✓ ✯✸✱ ❞❀✑ ✯✥ ✓✯ ✦✓✭✙ ✯✸✚ ✕✓ ❀✑✙♦ ❋
●

❍
n

i

i xx
1

2)(  ✦❁✑✔ ✢✜✙✧✑✺✑✑✙✚ ✓✑ ✥✑★❀ x ✘✙✛ ✦✑✢✙✧✑

✢✜✓✔✺✑✲✫ ❀✑ ✕✘✩✮✺✑ ✓✔ ✥✑✢ ✓✑ ✗✓ ✦✚✭✑✙❧✑✖✫✓ ✢✜✭✔✓ ✯✸■

✵✑✾✗ ✾✦✘✙✛ ✕✪✗ ◆❏ ✢✜✙✧✑✺✑✑✙✚ 5, 15, 25, 35, 45, 55 ✓✑ ✗✓ ✦✥❑▲✩❀ A ✪✙✭✙ ✯✸✚✱ ✾✫ ✢✜✙✧✑✺✑✑✙✚ ✓✑ ✥✑★❀

▼❖ ✯✸✱ ✾✦ ✦✥❑▲✩❀ ✥✙✚ x ✦✙ ✕✘✩✪✫✑✙ ✚ ✘✙✛ ✘♦✲ ✓✑ ❀✑✙♦ ✕✫P✫✕✪✕◗✑✭ ✯✸❏

❋
●

❍
6

1

2)(
i

i xx = (5–30)2 + (15–30)2 + (25–30)2  + (35–30)2 + (45–30)2 +(55–30)2

= 625 + 225 + 25 + 25 + 225 + 625 = 1750

✗✓ ✵✶❀ ✦✥❑▲✩❀ B ✪✙✭✙ ✯✸✚ ✕✖✦✘✙✛ ▼② ✢✜✙✧✑✺✑ ✕✫P✫✕✪✕◗✑✭ ✯✸✚❏

15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37,

38, 39, 40, 41, 42, 43, 44, 45.

✾✫ ✢✜✙✧✑✺✑✑✙✚ ✓✑ ✥✑★❀ y = 30 ✯✸✱

✒✑✙✫✑✙✚ ✦✥❑▲✩❀✑✙ ✚ A ✭✰✑✑ B ✘✙✛ ✥✑★❀ ▼❖ ✯✸✱

✦✥❑▲✩❀ B ✘✙✛ ✢✜✙✧✑✺✑✑✙ ✚ ✘✙✛ ✕✘✩✪✫✑✙✚ ✘✙✛ ✘♦✑✙❘ ✓✑ ❀✑✙♦ ✕✫P✫✕✪✕◗✑✭ ✯✸✱
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✞
✟

✠
31

1

2)(
i

i yy = (15–30)2 +(16–30)2 + (17–30)2  + ...+ (44–30)2 +(45–30)2

=  (–15)2 +(–14)2 + ...+ (–1)2 + 02 + 12 + 22 + 32 + ...+ 142 + 152

=  2 [152 + 142 + ... + 12]

= 
15 (15 1) (30 1)

2
6

✡ ☛ ☛
✡ = 5 × 16 × 31 = 2480

(❉☞✌✍✎✏✑ ✒✓✔✌✕ n ✒✓✌✐✖✗✘ ✙✎✚☞✌✛✌✍✎ ✐✍✗ ✐✜✌✍✢ ✑✌ ☞✌✍✜ = 
6

)12()1( ✣✣ nnn
 ❣✌✍✘✌ ❣✤✥ ☞❣✌✦ n = 15 ❣✤)

☞✏❀ ✞
✟

✠
n

i

i xx
1

2)(  ❣✧ ✕✌★☞ ✐✍✗ ✙✌✒✍✩✌ ✒✓✑✧✪✌✫✬ ✑✧ ✕✌✒ ❣✌✍ ✘✌✍ ❣✕ ✑❣✬✍ ✐✍✗ ✏✭✮ ✒✓✍✏✯✘ ❣✌✍✎✜✍

✏✑ ❢✰ ✒✓✍✩✌✪✌✌✍✎ ✐✍✗ ✙✕✱✲✳☞ B ✑✌✥ ❞ ✒✓✍✩✌✪✌✌✍✎ ✐✌✭✍ ✙✕✱✲✳☞ A ✑✧ ✛✒✍✩✌✌ ✕✌★☞ ✐✍✗ ✙✌✒✍✩✌ ✛✏✴✑
✒✓✑✧✪✌✫✬ ❣✤ ☞✵✏✒ ✙✕✱✲✳☞ A ✕✍✎ ❞ ✒✓✍✩✌✪✌✌✍✎ ✑✌ ✕✌★☞ x ✐✍✗ ✙✌✒✍✩✌ ✏♦✚✌✯✌✐ ✶✏✐✳✭✬✌✍✎ ✑✌ ✒✏✯✙✯ ✷✸✹
✙✍ ✸✹ ❣✤✺ ✙✕✱✲✳☞ B ✑✧ ✛✒✍✩✌✌ ✶✏✐✳✭✬✌✍✎ ✑✌ ✒✏✯✙✯ ✷✰✹ ✙✍ ✰✹ ❣✤✺ ✛✏✴✑ ❣✤✻ ☞❣ ✬✧✳✍ ✏❀✮
✜✮ ✏✳①✌✌✍✎ ✙✍ ✼✌✧ ✽✒✾✿ ❣✤❁
✙✕✱✲✳☞ A, ✐✍✗ ✏✭✮ ❣✕ ✛✌✐✖✗✏✘ ✰✹❂✹ ✒✌✘✍ ❣✤✎✻

✙✕✱✲✳☞ B, ✐✍✗ ✏✭✮ ✛✌✐✖✗✏✘ ✰✹❂❞ ❣✕ ✒✌✘✍ ❣✤✎

✛✘❁ ❣✕ ✑❣ ✙✑✘✍ ❣✤✎ ✏✑ ✕✌★☞ ✙✍ ✏✐✳✭✬✌✍✎ ✐✍✗ ✐✜✌✍✢ ✑✌ ☞✌✍✜ ✒✓✑✧✪✌✫✬ ✑✧ ✈✒☞✱❉✘ ✕✌✒ ✬❣✧✎ ❣✤✻

❜✙ ✑✏❃✬✌❜✫ ✑✌✍ ❀❄✯ ✑✯✬✍ ✐✍✗ ✏✭✮ ❣✕ ✏✐✳✭✬✌✍✎ ✐✍✗ ✐✜✌✍✢ ✑✌ ✕✌★☞ ✭✍✎ ✛✔✌✌✫✘❅ ❣✕  ❆
❇

❈
n

i

i xx
n 1

2)(
1

.

✭✍✎✻ ✙✕✱✲✳☞ A, ✐✍✗ ✏✭✮ ❣✕ ✒✌✘✍ ❣✤✎✥

❊❋●❍■❏❑ 15.5

❊❋●❍■❏❑ 15.6
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❡☎✆✝
1

6
✞ × 1750 = 291.6 ❣✟ ✠☎✟✡ ☛❡☞✌✍✝ B, ♦✎✏ ✑✒✓ ✝❣ 

31

1
× 2480 = 80 ❣✟✔

✝❣ ❀✕✑✖✗ ✘✡✗☎ ❣✟ ✑✘ ☛❡☞✌✍✝ A ❡✎✕ ✑✙✚☎✡☎♦ ✝☎ ✑♦✍✡✛☎ ☛❡☞✌✍✝ B ✘❞ ✠✜✎✢☎☎ ✠✑✣✘ ❣✟ ✤☎✎ ✥☎✎✦☎✎✕

☛❡☞✌✍✝☎✎✕ ♦✎✏ ✠✜✎✑✢☎✗ ✜✑✡✛☎☎❡ ♦ ❧✝☎✑❡✑✗✝ ✑✦✧✜✛☎ ☛✎ ❡✎✒ ✚☎☎✗☎ ❣✟✔

✠✗✈ ❣❡ ★ ✩ 2)(
1

xx
n

i ✘☎✎ ✜✪✘❞✛☎✫✦ ✘❞ ✬✜✝☞✭✗ ❡☎✜ ♦✎✏ ✧✜ ❡✎✕ ✒✎ ☛✘✗✎ ❣✟ ✕✔ ✝❣ ☛✕✚✝☎

✠✮☎☎✫✗✯ ❡☎✆✝ ☛✎ ✑♦✍✒✦☎✎✕ ♦✎✏ ♦✖☎✎✰ ✘☎ ✱✲✳✴ ✐✵✶✷✸✲ (variance) ✘❣✒☎✗☎ ❣✟ ✠☎✟✡ 2✹ (✑☛✖❡☎ ✘☎

♦✖✫ ✜✺✻☎ ✤☎✗☎ ❣✟✼ ☛✎ ✥✽☎☎✫✗✎ ❣✟✕✔

✠✗✈ n ✜✪✎✢☎✛☎☎✎✕ x
1
, x

2
,..., x

n
 ✘☎ ✜✪☛✡✛☎

2 2

1

1
( )

n

i

i

x x
n

✾
✿

❁ ❂❃ ❣✟✔

15.5.1 ❄❅❆❇ ❈❉❊❋❆ (Standard Deviation) ✜✪☛✡✛☎ ✘❞ ✖✛☎✦☎ ❡✎✕ ❣❡ ✜☎✗✎ ❣✟✕ ✑✘ ●✝✑✭✗✖✗

✜✪✎✢☎✛☎☎✎✕ x
i
 ✗✮☎☎ x ✘❞ ❀✘☎❀✫ ✜✪☛✡✛☎ ✘❞ ❀✘☎❀✫ ☛✎ ✑❍☎■✦ ❣✟❏ ✭✝☎✎✕✑✘ ✜✪☛✡✛☎ ❡✎✕ (x

i
– x ) ♦✎✏ ♦✖☎✎✰ ✘☎

☛❡☎♦✎✽☎ ❣✟❏ ❀☛❞ ✘☎✡✛☎ ✜✪☛✡✛☎ ♦✎✏ ✣✦☎❑❡✘ ♦✖✫❡▲✒ ✘☎✎ ✜✪✎✢☎✛☎☎✎✕ ✘☎ ❡☎✆✝ ♦✎✏ ☛☎✜✎✢☎ ✜✪✘❞✛☎✫✦ ✘❞

✝✮☎☎✎✑✍✗ ❡☎✜ ♦✎✏ ✧✜ ❡✎✕ ●✝✭✗ ✑✘✝☎ ✤☎✗☎ ❣✟ ✠☎✟✡ ✬☛✎ ❡☎✦✘ ✑♦✍✒✦ ✘❣✗✎ ❣✟✕✔ ❡☎✦✘ ✑♦✍✒✦ ✘☎✎

☛☎❡☎■✝✗✈ ▼, ⑥☎✡☎ ✜✪✥✑✽☎✫✗ ✑✘✝☎ ✤☎✗☎ ❣✟ ✗✮☎☎ ✑✦◆✦✑✒✑✚☎✗ ✜✪✘☎✡ ☛✎ ✑✥✝☎ ✤☎✗☎ ❣✟✈

2

1

1 n

i

i

( x x )
n

❖
P

◗ ❘❙ ... (1)

✠☎❀✓ ✠♦✖❞✫♦❚✏✗ ✠☎❯✘❱✻☎✎✕ ✘☎ ✜✪☛✡✛☎ ♦ ❡☎✦✘ ✑♦✍✒✦ ❲☎✗ ✘✡✦✎ ♦✎✏ ✑✒✓ ♦☞✏❳ ✬✥☎❣✡✛☎
✒✎✗✎ ❣✟✕✔

♠❨✲❩✷✸✲ ❬  ✑✦◆✦✑✒✑✚☎✗ ✠☎❯✘❱✻☎✎✕ ♦✎✏ ✑✒✓ ✜✪☛✡✛☎ ✗✮☎☎ ❡☎✦✘ ✑♦✍✒✦ ❲☎✗ ✘❞✑✤✓✈

6, 8, 10, 12, 14, 16, 18, 20, 22, 24

❩❭  ✑✥✓ ✖✓ ✠☎❯✘❱✻☎✎✕ ✘☎✎ ✑✦◆✦✑✒✑✚☎✗ ✜✪✘☎✡ ☛✎ ☛☎✡✛☎❞ ❢❪❫❴ ❡✎✕ ✑✒✚☎ ☛✘✗✎ ❣✟✕✔ ❡☎✆✝ ✘☎✎ ✜✥

✑♦✍✒✦ ✑♦✑✣ ⑥☎✡☎ ❢❵ ✘☎✎ ✘✑❛✜✗ ❡☎✆✝ ✒✎✘✡ ❲☎✗ ✑✘✝☎ ✖✝☎ ❣✟✔ ✜✪✎✢☎✛☎☎✎✕ ✘❞ ☛✕✚✝☎  n = 10 ❣✟✔
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❡✞✟✠ ✡☛ ☞✌✍✎✏
(x

i
– x )

✑✒✓✔✒✕ 15.7

x
i

14

2

i
i

x
d

✖
✗ (x

i
– x )

6 –4 –9 81

8 –3 –7 49

10 –2 –5 25

12 –1 –3 9

14 0 –1 1

16 1 1 1

18 2 3 9

20 3 5 25

22 4 7 49

24 5 9 81

5 330

❜✡☞✎✘✙ ❡✞✟✠ x = ❞☞✚✛✜ ❡✞✟✠ + h
n

d
n

i

i

✢
✣
✤1

=
5

14 2 15
10

✥ ✦ ✧

✈✞❙❥ ✛✐✡❥★✞ ✩2  =

10
2

1

1
( )i

i

x x
n ✪

✫✬ = 
1

330
10

✭ =  33

✈✜✮ ❡✞✏❞ ☞✌✍✎✏ ✩ = 33  = 5.74

15.5.2 ✱✯ ✰✲✳✳ ✴✵✶✷✴✵✶✳✵ ✴✷✸✹ ✯✵ ✺✵✹✯ ✻✼✽✾✹ (Standard deviation of a

discrete frequency distribution) ❡✞✏ ✎☛✿ ☞❀✠✞ ❁✠✞ ✈✡✜✜ ❂✿❃✏ ☞✏❄✏☞✎☞❅✞✜ ❆❙✮
x : x

1
,   x

2
,     x

3
 ,. . . , x

n

f : f
1
,    f

2
,     f

3
 ,. . . ,  f

n

❜✡ ❂✿❃✏ ✌☛❇ ☞✎✘ ❡✞✏❞ ☞✌✍✎✏  2

1

1
( )

N

n

i i

i

f x x❈
❉

❊ ❋● , ... (2)



386 ①�✁✂✄

t☎✆✝
1

N
n

i

i

f
✞

✟✠ .

✈✆✡☛ ☞✌✍✌☞✎☞✏✆✑ ✒✓✆☎✔✕✆ ✎✖✗✘

♠✙✚✛✜✢✚ 9  ☞✌✍✌☞✎☞✏✆✑ ✈✆✝❢✣✤✆✖✗ ✥✖✦ ☞✎☛ ✧★✩✔✕✆ ✥ ✪✆✌❢ ☞✥✫✎✌ ✬✆✑ ❢✭☞t☛✮

x
i

4 8 11     17      20      24      32

f
i

3 5  9  5  4  3  1

✛❣ ✈✆✝❢✣✤✆✖✗ ❢✆✖ ✩✆✔✕✆✭ ✥✖✦ ✯✧ ✪✖✗ ☞✎✏✆✌✖ ✧✔ ☎✪✖✗ ☞✌✍✌☞✎☞✏✆✑ ✩✆✔✕✆✭ ✰✱✲✳ ✧★✆✴✑ ☎✆✖✑✭ ☎✵✮

❧✚✜✢✚✶ 15.8

x
i

f
i

f
i 
x

i
x

i 
– x

2)( xxi ✷ f
i

2)( xxi ✸

4 3 12 –10 100 300

8 5 40 –6 36 180

11 9 99 –3 9 81

17 5 85 3 9 45

20 4 80 6 36 144

24 3 72 10 100 300

32 1 32 18 324 324

30 420 1374

N = 30, ✹ ✺
7 7

2

1 1

420, 1374i i i i

i i

f x f x x
✞ ✞

✟ ✻ ✟✠ ✠

✡✩☞✎☛

7

1 1
420 14

N 30

i i

i

f x

x ✼✽ ✽ ✾ ✽
✿

✈✑ ✧★✩✔✕✆ 2( )❀  =

7
2

1

1
( )

N
i i

i

f x x
✞

✻✠

=
1

30
 × 1374 = 45.8

✈✆✵✔ ✪✆✌❢ ☞✥✫✎✌ 45.8❁ ✟  = 6.77
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15.5.3 ✱✞ ✟✠✠ ✡☛☞✌✡☛☞✠☛ ✡✌✍✎ ✞☛ ✏☛✎✞ ✑✒✓✔✎ (Standard deviation of a continuous

frequency distribution) ✥✕✖ ✗✖ ✘✙✙ ✚✛✜✢✚✛✜✙✛ ✚✢✣✤ ✦✧★ ✘✩✛✪ ✦✗✛✧✫ ✦✧★ ✬✭✮ ✬✛✤ ✯✧✰✜ ✲✘✧

✈✘✙✙ ✚✛✜✢✚✛✜✙✛ ✚✢✣✤ ✬✧✢ ✥✤✳✥✴✙ ✰✜ ✘✰✙✧ ✵✶✢✷ ✙✚ ✈✘✙✙ ✚✛✜✢✚✛✜✙✛ ✚✢✣✤ ✦✧★ ✥✯✖ ✈✴✤✛✸✹ ✗✸✹ ✥✦✥✺

⑥✛✜✛ ✬✛✤✰ ✥✦✻✯✤ ✼✛✙ ✥✰✮✛ ✽✛✙✛ ✵✶✷

✮✥✕ ✖✰ n ✦✗✛✧✫ ✦✛✯✛ ✚✛✜✢✚✛✜✙✛ ✚✢✣✤ ✥✽✘✬✧✢ ✴♦✾✮✧✰ ✈✢✙✜✛✯ ✲✘✦✧★ ✬✭✮✬✛✤ x
i
 ✙r✛✛ ✚✛✜✢✚✛✜✙✛

f
i
, ⑥✛✜✛ ✴✥✜✩✛✛✥✿✛✙ ✥✰✮✛ ✗✮✛ ✵✶❀ ✙✚ ✬✛✤✰ ✥✦✻✯✤ ✥✤❁✤✥✯✥❂✛✙ ✘❃❄✛ ⑥✛✜✛ ✴♦✛❅✙ ✥✰✮✛ ✽✛✖✗✛❆

2

1

1
( )

N

n

i i

i

f x x
❇

❈ ❉❊❋  ,

✽✵✛t x ❀ ✚✢✣✤ ✰✛ ✬✛✭✮ ✵✶ ✈✛✶✜
1

N
n

i

i

f
●

❍ ■ .

❡❏❑▲ ▼◆❖P❑ ◆◗❘ ▼P❙ ❚❯❱ ❲❳❨❏ ✵✬✧✢ ✼✛✙ ✵✶ ✥✰

✴♦✘✜✐✛ 2( )❩  =
2

1

1
( )

N

n

i i

i

f x x
●

❬■ = 
2 2

1

1
( 2 )

N

n

i i i

i

f x x x x
●

❭ ❬■

=
2 2

1 1 1

1
2

N

n n n

i i i i i

i i i

f x x f x f x
❪ ❪ ❪

❫ ❴
❵ ❛❜ ❝

❞ ❢
❣ ❣ ❣

 =
2 2

1 1 1

1
2

N

n n n

i i i i i

i i i

f x x f x x f
❤ ❤ ❤

❥ ❦
♠ ♥♣ q

s ✉
✇ ✇ ✇

=
2

1

1
N 2 . N

N

n

i i

i

f x x x x
❪

❫ ❴
❵ ❛❜ ❝

❞ ❢
❣  

1 1

1
N

N

n n

i i i i

i i

x f x x f x
❪ ❪

❫ ❴
① ①❜ ❝

❞ ❢
❣ ❣②③④⑤ ⑦④

= 
22 2

1

2
1

N

n

i i

i

x xf x
●

⑧ ⑨■  
22

1

1

N

n

i i

i

xf x
●

⑩ ⑨■

✮✛ 2❶ =

2

2

2 2=1

2
1 1 =1

1 1
N

N N N

n

i in n n
i

i i i i i i

i i i

f x

f x f x f x
❷ ❸

❹ ❺
❻ ❼ ❽ ❾❹ ❺❻ ❼ ❿ ➀➁ ➂ ➁ ❻ ❼❻ ❼ ❿ ➀➃ ➄➅ ➆❻ ❼
➃ ➄

➇
➇ ➇ ➇
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✈☎✆ ✝✞✟✠ ✡☛☞✌✟ ✍ =

2

2

1 =1

1
N

N

n n

i i i i

i i

f x f x

✎
✏ ✑ ✒
✓ ✔
✕ ✖

✗ ✗ ... (3)

♠✘✙✚✛✜✙ 10 ✡✟❢✟✡✌✡✢✞☎ ✣✤✥✟ ☛✦✧ ✡✌★ ✝✞✩✪✫ ✬✭✮✯✰✞ ✈✞✱✯ ✝✞✟✠ ✡☛☞✌✟ ✲✞☎ ✠✳✡✴★✆

☛♦✵ 30-40 40-50 50-60 60-70 70-80 80-90 90-100

✣✞✯✤✣✞✯☎✞     3     7         12     15          8        3           2

✚❣ ✡✶★ ♦★ ✈✞✷✠✸✹✞✦✤ ✮✦ ✡✟❢✟✡✌✡✢✞☎ ✮✞✯✰✞✳ ✺✻✼✽ ✣✟✞☎✦ ✾✱✤✿

❧✙✛✜✙❀ 15.9

☛♦✵ ✣✞✯✤✣✞✯☎✞ ✝✩✪❡✡✣✤✶❁ f
i
x

i
(x

i
– x )2 f

i
(x

i
– x )2

(f
i
) (x

i
)

30-40 3 35 105 729 2187

40-50 7 45 315 289 2023

50-60 12 55 660 49 588

60-70 15 65 975 9 135

70-80 8 75 600 169 1352

80-90 3 85 255 529 1587

90-100 2 95 190 1089 2178

50 3100 10050

✈☎✆ ( )x❂❦❃❄  =

7

1

1 3100
62

N 50
i i

i

f x
❅

❆ ❆❇

✬✭✮✯✰✞ (✍2) =

7
2

1

1
( )

N
i i

i

f x x
❈

❉❊

=
1

10050
50

❋  = 201

✈✞✱✯ ✝✞✟✠ ✡☛☞✌✟ ✍ = 201  = 14.18
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♠✞✟✠✡☛✟ 11 ✥☞✌☞✥✍✥✎✏✑ ✒✏✓✔✕✖✏✗✘ ✙✗✚ ✥✍✛ ✜✏☞✔ ✥✙✢✍☞ ✣✏✑ ✔✤✥✦✛✧

x
i

3  8 13 18 23

f
i

7 10 15 10   6

✠❣ ★✜ ✒✏✓✔✕✖✏✗✘ ✩✗ ✥☞✌☞✥✍✥✎✏✑ ✩✏✪✫✏✤ ✬✭✮✬✯ ✰☞✏✑✗ ★✱✘✧

✲✟✡☛✟✳ 15.10

x
i

f
i

f
i
x

i
x

i

2 f
i
x

i

2

3 7 21 9 63

8 10 80 64 640

13 15 195 169 2535

18 10 180 324 3240

23 6 138 529 3174

      48     614 9652

✒✰ ✩✈✴✏ ✵✶✷ ✸✏✪✏

✹  = ✺ ✻
221

N
N

i i i if x f x✼✽ ✽

=
21

48 9652 (614)
48

✾ ✼

=
1

463296 376996
48

✿

=
1

293 77
48

.✾  = 6.12

❜✩✥✍✛❀ ✜✏☞✔ ✥✙✢✍☞ ❁ = 6.12

15.5.4. ✐❂❃❄❅❆ ❇ ❈❆❉❊ ❋❇●❍❉ ■❆❏ ❊❄❉❑ ❇❑▲ ❋❍▼ ❍◆❆❖ ❋❇❋P  (Shortcut method to find

variance and standard deviation) ✔❞✏✤◗✔❞✏✤ ✛✔ ✰✏✪✘✰✏✪✑✏ ✰✘❘☞ ✙✗✚ ❙❚✗❯✏✫✏✏✗✘ x
i
 ✒❱✏✙✏

✥✙✥❞✏❢☞ ✙❲✏✗❳ ✙✗✚ ✜❨❩✜✏☞  x
i
 ✙✗✚ ✜✏☞ ✰★♦✑ ✰✕✖✗ ★✏✗✑✗ ★✱ ✘ ✑✏✗ ✜✏❨❩ ✑❱✏✏ ❙❚✩✪✫✏ ✣✏✑ ✔✪☞✏ ✔✥❬☞ ★✏✗

✦✏✑✏ ★✱ ✑❱✏✏ ✒✥t✔ ✩✜❩ ✍✗✑✏ ★✱❭ ✛✗✩✗ ✰✏✪✘✰✏✪✑✏ ✰✘❘☞❀ ✥✦✩✜✗✘ ✙❲❪◗✒✘✑✪✏✍ ✩✜✏☞ ★✏✗✘❀ ✙✗✚ ✥✍✛ ❙❫

✥✙✢✍☞ ✥✙✥t ✸✏✪✏ ❜✩ ❙❚✥❴❩✏ ✔✏✗ ✩✪✍ ✰☞✏❩✏ ✦✏ ✩✔✑✏ ★✱❭
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❡☎ ✆ ✝ ✞✟✠✡ ✟☛ ☛✟☞✌✍ ❡☎ ✎✏ ‘A’ ❣ ✑ ✒☎ ✑✓ ❡☎ ✌☛ ✏☎ ✌✑❡☎ ✆✔ ☛☎ ✔
h

1
 ✕✖ ✆☎ ✗☎ ✔✘☎ ✟☛✏☎ ✕✏☎ ❣ ✑

✭ ✏❣ ☎ ✙ h ♦✕✚ ✒✛ ✍ ✓☎✝ ❣ ✑✜ ✢ ❡☎ ✆ ✝ ✔✛ ✟☛ ✌✣ ✟♦✤✝ ✆ ✏☎ ✆✏☎ ✤ ✓ y
i
 ❣ ✑✢

✒✈☎☎ ✚✍✥
A

i

i

x
y

h

✦
✧   ✏☎  x

i
 = A + hy

i
... (1)

❣❡ ✠☎ ✆ ✍✔ ❣ ✑✛ ✟☛ 1

N

n

i i

i

f x

x
★✩

✪
... (2)

(1) ✫✔  x
i
 ☛☎ ✔ (2) ❡ ✔✛ ✓✬☎ ✆ ✔ ✌✓ ❣ ❡ ✔✛ ✌✮☎ ✯ ✍ ❣☎ ✔✍☎ ❣ ✑

x  = 1

A )

N

n

i i

i

f ( hy

★
✰✪

=
1 1

1
A

N

n n

i i i

i i

f h f y

✱ ✱
✲✳ ✴

✵ ✶
✷ ✸

✹ ✹ = 
1 1

1

N
A

n n

i i i

i i

f h f y

✱ ✱
✲✳ ✴

✵ ✶
✷ ✸

✹ ✹

= 1N
A

N N

n

i i

i

f y

. h ✺✻
✼

       
1

N

n

i

i

f

✱
✽✳ ✴

✵ ✶
✷ ✸

✹❉✾ ❦ s✿❀ ❞

✒✍❁ x = A + h y ... (3)

✒❂❃ ✤ ✓  x ☛☎ ✌✮✫✓❄☎ ❃   
2 2

1

1
)

N

n

x i i

i

f ( x x❅
❆

❇ ❈❊

=
2

1

1
(A A )

N

n

i i

i

f hy h y
❆

❋ ❈ ❈❊ [(1) ✒☎ ✑✓ (3) ● ☎ ✓☎]

=
2 2

1

1
( )

N

n

i i

i

f h y y
❆

❈❊

=

2
2

1

( )
N

n

i i

i

h
f y y

❍
■❏ = h2 ✤ ✓ y

i 
☛☎ ✌✮✫✓❄☎

✒✈☎☎ ✚✍✥ 2

x❅ =
22

yh ❑

✏☎ x▲ = yh❅ ... (4)



 ❧�✁✂✄☎✆✝            391

(3) ✈✞✟✠ (4), ✡☛ ☞✌☛✍ ✎✏✞✑✒ ☞✞☛✒✞ ☞✟ ✓✔

x✕ =

2

2

1 1

N
N

n n

i i i i

i i

h
f y f y

✖ ✖

✗ ✘
✙ ✚ ✛
✜ ✢

✣ ✣ ... (5)

✈✞✤✥ ✦✧✞☞✠★✞ ✩✩ ✪☛✫ ✈✞✬✔✭✮✞☛✍ ✌☛✍ ✡✯✰✞ ✱✲✳ ✪☛✫ ✦✎✴✞☛✵ ✶✞✠✞ ✷✸✞✹ ✓✪✓✺ ✡☛ ✌✞✻✴✼ ✎✏✡✠★✞ ✪ ✌✞✽✔
✓✪❢✷✽ ✾✞✒ ✔✠☛✍✿

♠❀❁❂❃❄❁ 12  ✓✽❅✽✓✷✓❆✞✒ ❇✍❈✽ ✪☛✫ ✓✷✥ ✌✞✻✴✼ ✎✏✡✠★✞ ✪ ✌✞✽✔ ✓✪❢✷✽ ✾✞✒ ✔❉✓❊✥❋

 ✪✵♦ 30-40 40-50 50-60 60-70 70-80 80-90 90-100

❇✞✠✍❇✞✠✒✞ 3 7 12 15 8 3 2

❂❣ ✌✞✽ ✷☛✍ ✔✓❡✎✒ ✌✞✻✴ A = 65 ☞✟✿ ✴☞✞✬ h = 10

✓✧✥ ✵✥ ✈✞✬✔✭✮✞☛✍ ✡☛ ✓✽❅✽✓✷✓❆✞✒ ✡✞✠★✞❉ ✩✲●✩✩ ✎✏✞✑✒ ☞✞☛✒❉ ☞✟✿

❍❁❃❄❁■ 15.11

✪✵♦ ❇✞✠✍❇✞✠✒ ✌✻✴❏✓❇✍✧✹ y
i
= 

65

10

ix ❑
y

i

2 f
i  

y
i

f
i 
y

i

2

f
i

x
i

30-40 3 35 – 3 9 – 9 27

40-50 7 45 – 2 4 – 14 28

50-60 12 55 – 1 1 – 12 12

60-70 15 65 0 0 0 0

70-80 8 75 1 1 8 8

80-90 3 85 2 4 6 12

9 0-100 2 95 3 9 6 18

 N=50 – 15 105

✤✡✓✷✥
15

A 65 10 62
50 50

i if y
x h▲ ▼ ◆ ▲ ❖ ◆ ▲P

✎✏✡✠★✞ ◗ ❘
2

2 22 N
2N

i i

h
f y f yi i❙

❚ ❯
❱ ❲❳ ❳❨ ❩

❬ ❭
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= 
☎ ✆

2
10 250 105 ( 15)

2(50)

✝ ✞✟ ✠ ✠✡ ☛☞ ✌

= 
1

[5250 225] 201
25

✍ ✎

✈✏✑✒ ❡✏✓✔ ✕✖✗✘✓ 201✙ ✚    = 14.18

✐✛✜✢✣✤✥✦ 15.2

✧★✩✓ ✪ ✫✬ ✭ ✮✔ ✖✬✯ ✈✏✰✔✱✲✏✬✳ ✖✬✯ ✕✘✴ ❡✏✵✶ ✖ ✧★✫✒✷✏ ✸✏✮ ✔✹✕✺✴✻

  1. 6, 7, 10, 12, 13, 4, 8, 12

  2. ✧★✼✏❡ n ✧★✏✖✽✯✮ ✫✳✾✶✏✴✰

  3. ✮✹✓ ✖✬✯ ✧★✼✏❡ ✪r ✿❀✷✏✺

  4. x
i

6 10 14 18 24 28 30

f
i

2 4 7 12 8 4 3

  5. x
i

92 93 97 98 102 104 109

f
i

3 2 3 2 6 3 3

  6. ✘②✏❀ ✕✖✕❁ ❂✏✒✏ ❡✏✵✶ ✖ ❡✏✓✔ ✕✖✗✘✓ ✸✏✮ ✔✹✕✺✴✻

x
i

60 61 62 63 64 65 66 67 68

f
i

2 1 12 29 25 12 10 4 5

✧★✩✓ ❃ ✖ ❄ ❡✬✳ ✕❅✴ ✿✴ ❆✏✒✳❆✏✒✮✏ ❆✳❇✓ ✖✬✯ ✕✘✴ ❡✏✵✶ ✖ ✧★✫✒✷✏ ✸✏✮ ✔✹✕✺✴✻

  7. ✖✿♦ 0-30 30-60 60-90 90-120 120-150 150-180 180-210

❆✏✒✳❆✏✒✮✏ 2 3 5 10 3 5 2

  8. ✖✿♦ 0-10 10-20 20-30 30-40 40-50

❆✏✒✳❆✏✒✮✏ 5 8 15 16 6
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  9. ② ✞✟✠ ✡☛✡☞ ✌ ✟✍ ✟ ✎✟ ✏✑✒ ✓✔ ✕✍ ✖✟ ☛ ✎✟✗ ✘ ✡☛✙② ✗ ✚ ✟✛ ✘✜✡✢ ✣✤

➴✥✙✟✦✧ 70-75 75-80 80-85 85-90 90-95 95-100 100-105105-110 110-115

(✕★ ✎✜ ✎★ ✩✪

❝ ✫✙✟★✩ ✘✜ 3 4 7 7 15 9 6 6 3

✕✩✬ ✑ ✟

10. ✣✘ ✡✱ ✭ ✟✟✦ ✗ ✎★ ✩ ❝ ✗ ✟✣ ✮ ✣ ☛ ✯✰ ✟✟★✩ ☛★ ✲ ✳✑ ✟ ✕ ✴✡ ✎✎✜ ✎★✩✪ ✗ ✜✙★ ✡✵ ✣ ✮ ✣ ✶✷✩✩ ✩✤

 ✳✑ ✟✕ 33-36 37-40 41-44 45-48 49-52

 ☛ ✯✰✟ ✟★✩ ✕✩✬ ✑ ✟ 15 17 21 22 25

☛✯ ✰✟✟★✩ ☛★ ✲ ✳✑ ✟ ✕✟★ ✩ ✘✟ ✎✟ ✗ ✘ ✡☛ ✙② ✗ ☛ ✎✟ ✏✑ ✳✑ ✟✕ ✚ ✟✛ ✘✜✡✢ ✣✤

[ ✸✹✺✻✼✽ ✓✶②★ ✾✟✥ ✘✱ ✿✟★✩ ✘✟★ ✕✛✛ ❝ ✗✟ ②★✩✤ ☛✮✟★ ❀ ✘✟★ 32.5-36.5, 36.5-40.5, 40.5-44.5, 44.5 - 48.5,

48.5 - 52.5 ② ★✩ ✾✟✷✍ ✡ ✓✲✍ ✾ ✟✮★ ❝ ❁ ✿★ ✩ ]

15.6 ❂❃ ❄❅❂❃ ❄❆❃ ❂ ❅❇❈❃ ❉ ❅ ❊❃ ❋ ●❍■ ❉❏❃ ❑❃ (Analysis of Frequency Distributions)

✦ ✕ ✾✏✑ ✟✑ ☛★ ✲ ✓❜☛✧ ✾✗✠▲ ✟ ✟✮ ✟★✩ ✎★✩ ✶✎✗★ ✓✔ ✘✜✖✟✧ ✗ ✘✜ ☛✠ ✲▼ ✎✟ ✓✟★ ✩ ☛★ ✲ ❝ ✟✍★ ✎★✩ ✓❁ ✿✟ ✶✷✤ ✎✟ ✏✑ ☛ ✎✟ ✗ ✘

✡☛ ✙② ✗ ✘✜ ☛ ✶ ✜ ✦ ✘✟✦ ✧ ✶✟★✛ ✜ ✶✷ ✡✢ ✕✎★ ✩ ✾✟✥ ✘✱ ✿★ ✡✵ ✣ ✮ ✣ ✶✟★✛ ★ ✶✷✩✤ ✢❝ ✶✎★ ✩ ✵ ✟★ ✡☛✡▲ ✟❢ ✗ ✦ ✘✟✦✑ ✟★✩ ☛ ✟②★

❝✩ ◆✗ ✟★✩ ✘✜ ✛✠ ② ✗ ✟ ✘✍ ✗ ✜ ✶ ✟★ ✛ ✟★ ☛★ ✲☛② ✓✔ ✘✜✖✟✧ ✗ ✘✜ ✎✟ ✓✟★ ✩ ✘✜ ✮ ✖✟✗ ✟ ✶ ✜ ✓✑ ✟✧ ❖✛ ✗ ✶ ✜✩ ✶ ✟★ ✛ ✜ ✶✷ ✾✡ ✓✛✠ ✣✘

✣★ ✕✜ ✎✟ ✓ ✘✜ ✾✟☛P✑ ✘✛ ✟ ✶✟★✛ ✜ ✶✷ ✢ ✟★ ✦ ✘✟✦✧ ✕★ ◗☛✛ ✩ ❘✟ ✶✟★✤ ✦ ✘✟✦✧ ✕★ ◗☛✛ ✩ ❘✟✒ ✡☛ ✙✍ ✖✟ ✘✜ ✎✟ ✓ ✘✟★

❙ ✺❚ ❯❱ ❲ ❳❨❱ ❲ ❲✹❩ ✴coefficient of variation) ✘✶✛ ★ ✶✷✩ ✾✟✷✍ C.V. ✌ ✟✍✟ ✵ P ✟ ✟✧✛ ★ ✶✷✩ ✤

✡☛ ✙✍ ✖✟ ✮✠ ✖✟ ✟✩ ✘ ✘✟★ ✡ ✗❬ ✗✡② ✡✬ ✟✛ ✓✔ ✘✟✍ ✕★ ✓✡✍▲ ✟ ✟✡ ❭✟✛ ✘✍✛★ ✶✷✩ ❪

100C.V.
x

❫
❴ ❵ , 0❛x

✑ ✶✟✥ ❞ ✾✟✷✍ x Ø✎P ✟ ❪ ✾ ✟✥ ✘✱ ✿✟★✩ ☛★ ✲ ✎✟ ✗✘ ✡☛ ✙② ✗ ✛ ❡ ✟ ✟ ✎✟ ✏✑ ✶✷✩✤

✵ ✟★ ♥ ✟✯✩✬ ✟② ✟ ✾✟★✩ ✎★✩ ✡☛ ✙✍ ✖✟ ✘✜ ✛ ✠② ✗ ✟ ☛★ ✲ ✡② ✣ ✶ ✎ ✓✔❣✑★ ✘ ♥✟ ✯✩✬ ✟② ✟ ✘✟ ✡☛ ✙✍ ✖✟ ✮✠ ✖✟ ✟✩ ✘ ✚ ✟✛ ✘✍✛★

✶✷✩✤ ✵ ✟★ ✗ ✟★✩ ✎★✩ ✕★ ❝✱ ✿★ ✡☛ ✙✍ ✖✟ ✮✠ ✖✟✟✩ ✘ ☛ ✟② ✜ ♥ ✟✯✩✬ ✟② ✟ ✘✟★ ✾✡ ☞✘ ✡☛ ✙✍ ✖✟ ✑ ✟ ✡❝✬ ✟✍ ✟☛ ☛✟② ✜ ♥✟ ✯✩ ✬ ✟② ✟ ✘✶✛★

✶✷✩✤ ✘✎ ✡☛ ✙✍ ✖✟ ✮✠ ✖✟✟✩ ✘ ☛✟② ✜ ♥✟ ✯✩✬ ✟② ✟ ✘✟★ ✵ ❜ ✕✍ ✜ ✕★ ✾✡ ☞✘ ✕✩✮✛ ✴consistent✪ ✘✶✛ ★ ✶✷✩✤

15.6.1 ❤ ✐❥ ❦♠✐♦ ♠✐♣ q r ✐s❥ t ✐✉✈t ✐ ✉✇ ✐ t✈ ①♦ ✐❥✈ ③ ④ ✇⑤s ♦ ✐   (Comparison of two frequency

distributions with same mean)    ✎✟ ✗ ② ★✩  
1x ✛ ❡ ✟ ✟ ❞

1
✓✶② ★ ❝✩ ◆✗ ☛★ ✲ ✎✟ ✏✑ ✛❡ ✟✟ ✎✟ ✗ ✘

✡☛ ✙② ✗ ✶✷✩ ✾✟✷✍
2x ✛❡ ✟✟  ❞

2
 ✵ ❜ ✕✍★ ❝✩ ◆✗ ☛★★ ✲ ✎✟✏✑ ✾ ✟✷ ✍ ✎✟✗ ✘ ✡☛ ✙② ✗ ✶✷✩✤
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r☎ C.V. (✐✆✝✞ ☎✟✠✡) = 100
1

1 ☛
x

☞

✈✞✌✍ C.V. (♥✎✏✍✞ ☎✟✠✡) = 100
2

2
✑

x

✒

❢♥✓✞ ✆✌
1x = 

2x  = x  (❡✞✡ ✝✔✟)

❜✏❢✝✕ C.V. (✐✆✝✞ ☎✟✠✡) = 1001 ✖
x

✗
... (1)

✈✞✌✍ C.V. (♥✎✏✍✞ ☎✟✠✡) = 1002 ✖
x

✗
... (2)

(1) ✈✞✌✍ (2) ✏✔ ✓✆ ❧✐✘✠ ✆✌ ❢✙ ♥✞✔✡✞✔✟ C.V. ✙❞ r✚✝✡✞ ✛
1
 ✈✞✌✍ ✛

2
 ♦✔✜ ✈✞✢✞✍ ✐✍ ✆❞ ✙❞ ✣✞ ✏✙r❞

✆✌❣ ✈r✤ ✆❡ ✙✆ ✏✙r✔ ✆✌✟ ❢✙ ✏❡✞✡ ❡✞✥✓ ♦✞✝❞ ✦✞✧✟★✞✝✞✈✞✔✟ ❡✔✟ ✏✔ ✈❢✢✙ ❡✞✡✙ ❢♦✩✝✡ ✪✓✞

✐✫✏✍✬✞✭ ♦✞✝❞ ✦✞✧✟★✞✝✞ ✙✞✔ ✈❢✢✙ ✐✫✮✞✔❢✐r ✙✆✞ ✣✞r✞ ✆✌❣ ✏✞✯✞ ✆❞ ✰✞✔✠❞ ❡✞✡✙ ❢♦✩✝✡ ✪✓✞ ✐✫✏✍✬✞✭

♦✞✝❞ ✦✞✧✟★✞✝✞ ✙✞✔ ♥✎✏✍❞ ✙❞ ✈✐✔✮✞✞ ✈❢✢✙ ✏✟✱r ✙✆✞ ✣✞r✞ ✆✌❣

✈✞❜✕ ❢✡✲✡❢✝❢★✞r ✳♥✞✆✍✬✞ ✝✔✟❣

♠✴✵✶✷✸✵ ✹✺ ♥✞✔ ✙✞✍★✞✞✡✞✔✟ A r✯✞✞ B ❡✔✟ ✙❡✻✩✞❢✍✓✞✔✟ ✙❞ ✏✟★✓✞ ✈✞✌✍ ✳✡♦✔✜ ♦✔r✡ ✡❞✩✔ ❢♥✕ ✱✕ ✆✌✟❣

A B

✙❡✻✩✞❢✍✓✞✔✟ ✙❞ ✏✟★✓✞ 5000 6000

✈✞✌✏r ❡✞❢✏✙ ♦✔r✡ 2500 ✿ 2500 ✿

♦✔r✡✞✔✟ ♦✔✜ ☎✟✠✡ ✙✞ ✐✫✏✍✬✞ 81 100

❖✓❢✼r✱r ♦✔r✡✞✔✟ ❡✔✟ ❢✙✏ ✙✞✍★✞✞✡✔ A ✈✯✞♦✞ B ❡✔✟ ✈❢✢✙ ❢♦✩✍✬✞ ✆✌✽

✶✾ ✙✞✍★✞✞✡✔ A ❡✔✟ ♦✔r✡✞✔✟ ♦✔✜ ☎✟✠✡ ✙✞ ✐✫✏✍✬✞ (✛
1
2) = 81

❜✏❢✝✕❀ ✙✞✍★✞✞✡✔ A ❡✔✟ ♦✔r✡✞✔✟ ♦✔✜ ☎✟✠✡ ✙✞ ❡✞✡✙ ❢♦✩✝✡ (✛
1
) = 9

✏✞✯✞ ✆❞ ✙✞✍★✞✞✡✔ B ❡✔✟ ♦✔r✡✞✔✟ ♦✔✜ ☎✟✠✡ ✙✞ ✐✫✏✍✬✞ (✛
2
2) = 100

❜✏❢✝✕❀ ✙✞✍★✞✞✡✔ B ❡✔✟ ♦✔r✡✞✔✟ ♦✔✜ ☎✟✠✡ ✙✞ ❡✞✡✙ ❢♦✩✝✡ (✛
2
) = 10

✼✓✞✔✟❢✙❀ ♥✞✔✡✞✔✟ ✙✞✍★✞✞✡✞✔✟ ❡✔✟ ✈✞✌✏r ✪❡✞✥✓✭ ♦✔r✡ ✏❡✞✡ ✆✌ ✈✯✞✞✻r ❉❁❂❂ ✿ ✆✌❀ ❜✏❢✝✕ ☎❃❄✔ ❡✞✡✙

❢♦✩✝✡ ♦✞✝✔ ✙✞✍★✞✞✡✔ ❡✔✟ ✈❢✢✙ ❢☎★✞✍✞♦ ✓✞ ❢♦✩✝✡ ✆✞✔✱✞❣ ✈r✤ ✙✞✍★✞✞✡✔ B ❡✔✟ ❖✓❢✼r✱r ♦✔r✡✞✔✟

❡✔✟ ✈❢✢✙ ❢♦✩✍✬✞ ✆✌❣
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♠✞✟✠✡☛✟ ☞✌ ♥✍✎ ✏✎✑✒✍✎✓ ✔✍ ✕✏✖✗✘✍ ✙✚✘✍✍✓✔ 60 ✑r✍✍ 70 ❣✛ ✜✍✛✗ ✢✒✏✎✣ ✤✍✒✔ ✕✏✖✥✒ ✦✤✧✍★ ✩✪ ✜✍✛✗

✪✶ ❣✛✫ ✢✒✏✎✣ ✤✍✬✭ ✮✭✍ ❣✛✓✯

✠✰ ✕♥✭✍ ❣✛ C.V. (✐❣✥✍ ✱✓✲✒) = 60, 
1✳ = 21

C.V. (♥✴✵✗✍ ✱✓✲✒) = 70, 
2✷  = 16

✤✍✒ ✥✎✓ 
1x ✜✍✛✗ 2x ✦✤✧✍★ ✐❣✥Ø ✏ ♥✴✵✗Ø ✱✓✲✒ ✏✎✣ ✤✍✬✭ ❣✛✸ ✑✱

C.V. (✐❣✥✍ ✱✓✲✒) = 
1

1

x

✹
× 100

❜✵✕✥✺ 60 = 
1

1

21 21
100   100 35

60
x

x
✻ ✼ ✻ ✼❀ ✽

✜✍✛✗ C.V. (♥✴✵✗Ø ✱✓✲✒) = 
2

2

x

✹
×100

✜r✍✍✈✑✾ 70 = 2

2

16 16
100 100 22.85

70
x

x
✻ ✼ ✻ ✼❀ ✽

✜✑★ 1x = ✿❁ ✜✍✛✗ 2x = ✩✩❂❃❁

♠✞✟✠✡☛✟ ☞❄ ✔❞✍✍ ✪✪ ✏✎✣ ✺✔ ✵✎✮✧✍✒ ✤✎✓ ❅✍❆✍✍✎✓ ✔Ø ❇❈✖✍❜✈ ✑r✍✍ ❉✍✍✗ ✏✎✣ ✕✥✺ ✕✒❊✒✕✥✕❋✍✑ ✐✕✗✔✥✒

✕✔✺ ✙✺ ❣✛✓★

❇❈✖✍❜✈ ❉✍✍✗

✤✍✬✭ 162.6 ✵✎✤Ø 52.36 ✕✔✙❢✍❂

✐❢✵✗✘✍ 127.69 ✵✎✤Ø2 23.1361 ✕✔✙❢✍❂2

✮✭✍ ❣✤ ✔❣ ✵✔✑✎ ❣✛✓ ✕✔ ❉✍✍✗✍✎✓ ✤✎✓ ❇❈✖✍❜✈ ✔Ø ✑✚✥✒✍ ✤✎✓ ✜✕●✔ ✕✏✖✗✘✍ ❣✛✯

✠✰ ✕✏✖✗✘✍✍✎✓ ✔Ø ✑✚✥✒✍ ✏✎✣ ✕✥✺ ❣✤✎✓ ✕✏✖✗✘✍ ✙✚✘✍✍✓✔✍✎✓ ✔Ø ✙✘✍✒✍ ✔✗✒Ø ❣✛✫

✕♥✭✍ ❣✛ ❇❈✖✍❜✭✍✎✓ ✤✎✓ ✐❢✵✗✘✍ = 127.69 ✵✎✤Ø2

❜✵✕✥✺ ❇❈✖✍❜✭✍✎✓ ✔✍ ✤✍✒✔ ✕✏✖✥✒ = 127.69cm = 11.3 ✵✎✤Ø

✐✚✒★ ❉✍✍✗✍✎✓ ✤✎✓ ✐❢✵✗✘✍ = 23.1361 ✕✔✙❢✍❂2

❜✵✕✥✺ ❉✍✍✗✍✎✓ ✔✍ ✤✍✒✔ ✕✏✖✥✒ = 23.1361  ❍■❏❦③ ❑  = 4.81 ✕✔✙❢✍❂

✜✱✸ ❇❈✖✍❜✭✍✎✓ ✔✍ ✕✏✖✗✘✍ ✙✚✘✍✍✓✔ 100▲ ▼
❡◆✉❖ P♦♣②✉

❡◆◗❘
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=
11.3

100 6.95
162.6

☎ ✆

✈❦❙❥ ❍❦❦❥❦✝✞ ✟❦ ✠✡☛❥☞❦ ✌✍☞❦❦✞✟ =
4 81

100
52 36

.

.
✎ = 9.18

▲✏✑✒✓✔❦ ❍❦❦❥❦✝✞ ✟❦ ✠✡☛❥☞❦ ✌✍☞❦❦✞✟ ✕✖☛❦✗✔❦✝✞ ✡✝✘ ✠✡☛❥☞❦ ✌✍☞❦❦✞✟ ✙✝ ✚✛✜❦ ✢❙✣

✗✙✠❜✤ ✢✥ ✟✢ ✙✟✓✝ ✢❙✞ ✠✟ ❍❦❦❥❦✝✞ ✥✝✞ ✕✖☛❦✗✔❦✝✞ ✟✦ ✈✏✝✧❦❦ ✈✠★✟ ✠✡☛❥☞❦ ✢❙✣

✐✩✪✫✬✭✮✯ 15.3

1. ✠❢✰❢✠❜✠✱❦✓ ✈❦✖✟✛✜❦✝✞ ✙✝ ✚✓❦✗✤ ✠✟ A ✔❦ B ✥✝✞ ✙✝ ✠✟✙ ✥✝✞ ✈✠★✟ ✠✚✱❦❥❦✡ ✢❙❡

✈✞✟ 10-20 20-30 30-40 40-50 50-60 60-70 70-80

✙✥❧✢ A 9 17 32 33 40 10 9

✙✥❧✢ B 10 20 30 25 43 15 7

2. ✲❦✝✔❥❦✝✞ X ✈❦❙❥ Y ✡✝✘ ❢✦☛✝ ✠♦✤ ✌✤ ✥❧✳✔❦✝✞ ✙✝ ✚✓❦✗✤ ✠✟ ✠✟✙ ✡✝✘ ✥❧✳✔❦✝✞ ✥✝✞ ✈✠★✟ ✠▲✴❦❥✓❦ ✢❙✵

X 35 54 52 53 56 58 52 50 51 49

Y 108 107 105 105 106 107 104 103 104 101

3. ✤✟ ✟❦❥✱❦❦❢✝ ✟✦ ♦❦✝ ✏✘✥❦✝✶ A ✈❦❙❥ B, ✡✝✘ ✟✥✷☛❦✠❥✔❦✝✞ ✟❦✝ ✠♦✤ ✥❦✠✙✟ ✡✝✓❢ ✡✝✘ ✠✡✲❜✝✑❦☞❦ ✟❦

✠❢✰❢✠❜✠✱❦✓ ✏✠❥☞❦❦✥ ✢❙✞❡

✏✘✥✷  A ✏✘✥✷  B

✡✝✓❢ ✏❦❢✝ ✡❦❜✝ ✟✥✷☛❦✠❥✔❦✝✞ ✟✦ ✙✞✱✔❦ 586 648

✥❦✠✙✟ ✡✝✓❢❦✝✞ ✟❦ ✥❦✸✔ 5253 ✹ 5253 ✹

✡✝✓❢❦✝✞ ✡✝✘ ✚✞✒❢❦✝✞ ✟❦ ✏✺✙❥☞❦ 100 121

(i) A ✈❦❙❥ B ✥✝✞ ✙✝ ✟❦❙❢ ✙✦ ✏✘✥✷ ✈✏❢✝ ✟✥✷☛❦✠❥✔❦✝✞ ✟❦✝ ✡✝✓❢ ✡✝✘ ✻✏ ✥✝✞ ✈✠★✟ ❥❦✠✲❦

♦✝✓✦ ✢❙✵

(ii) ❖✔✠✼✓✌✓ ✡✝✓❢❦✝✞ ✥✝✞ ✠✟✙ ✏✘✥✷  A ✔❦ B, ✥✝✞ ✈✠★✟ ✠✡☛❥☞❦ ✢❙?

4. ✒✦✥ A ⑥❦❥❦ ✤✟ ✙✽❦ ✥✝✞ ✱❦✝❜✝ ✌✤ ✏✍✘✒✚❦❜ ✥❙☛❦✝✞ ✡✝✘ ✈❦✖✟✛✜✝ ❢✦☛✝ ✠♦✤ ✌✤ ✢❙✞❡

✠✟✤ ✌✤ ✌❦✝❜❦✝✞ ✟✦ ✙✞✱✔❦ 0 1 2 3 4

✥❙✞☛❦✝ ✟✦ ✙✞✱✔❦ 1 9 7 5 3
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❱✞✟ B, ⑥✠✡✠ ☛✠☞✌☞ ✍✎ ✟✏✑✠☞✒ ✟☞ ✒ ✓✔✠✎ ✍✎ ✍✠☞✌✠☞ ✒ ✕✠ ✟✠✖✗ ✘ ✙✚✛✜ ✟✏✑ ✢✠✏✡ ✍✠☞✌✠☞✒ ✕✠ ✟✠✔✕
✛❢✑✌✔ ✣✤✘✥ ✦✠✠✧ ✛✕★ ❱✞✟ ✕✠☞ ✢✛✩✕ ★✒✍✜ ✪consistent✮★✟✫✠ ✬✠✔✠ ✑✠✛✠✭✎✯

5. ✙✑✠★ ❢✔✐✙✛✜ ✰✱✙✠✲✠☞✒ ✕✞ ✌✒✓✠✳✴ x (★☞✟✞ ✟☞✒) ✢✠✏✡ ✈✠✠✡ y (✍✚✠✟ ✟☞✒) ❢☞♦ ✗✠☞✍ ✢✠✏✡ ❢✍✠☞✵ ❢☞♦ ✗✠☞✍
✔✞✑☞ ✛✲✎ ✍✎ ✭✏✒✉

212
50

1

✶✷
✸i

ix ,  

50
2

1

902.8i

i

x
✹

✺✻ ,  261
50

1

✶✷
✸i

iy , 

50
2

1

1457.6i

i

y
✼

✽✾

✌✒✓✠✳✴ ✗✠ ✈✠✠✡ ✟☞✒ ✛✕★✟☞✒ ✢✛✩✕ ✛❢✑✡②✠ ✭✏✯

✿❀✿❀❁ ❂❃❄❅❆❇❄

♠❈❉❊❋●❉ 16 ✘❍ ✙✚☞■✠②✠✠☞ ✒ ✕✠ ✙✚★✡②✠ ✥ ✭✏✧ ✗✛✲ ✙✚✱✗☞✕ ✙✚☞■✠②✠ ✕✠☞ ✘ ★☞ ✍❏②✠✠ ✛✕✗✠ ✍✗✠ ✭✠☞ ✜✠☞ ✙✚✠❑✜
✙✚☞■✠②✠✠☞ ✒ ✕✠ ✙✚★✡②✠ ▲✠✜ ✕✞✛✬✎✧

❊❣ ✟✠✔ ✌✞✛✬✎ ✛✕ ✙✚☞■✠②✠ x
1
, x

2
, ..., x

20
 ✢✠✏✡ x  ✰✔✕✠ ✟✠✖✗ ✭✏✧ ✛✲✗✠ ✍✗✠ ✭✏ ✙✚★✡②✠ = 5 ✢✠✏✡

n = 20. ✭✟ ✬✠✔✜☞ ✭✏✒ ✛✕

✙✚★✡②✠ 2

20
2

1

1
( )i

i

x x
n

▼
✼

✽ ◆✾ , ✢✦✠✠✴✜❖ 
20

2

1

1
5 ( )

20
i

i

x x
✼

✽ ◆✾

✗✠ ✷
✸

P
20

1

2)(
i

i xx = 100 ... (1)

✗✛✲ ✙✚✱✗☞✕ ✙✚☞■✠②✠ ✕✠☞ ✘ ★☞ ✍❏②✠✠ ✛✕✗✠ ✬✠✎◗ ✜✠☞ ✙✛✡②✠✠✟✞ ✙☞✚☞■✠②✠  y
i 
, ✭✏✒✧

✐✙❘❱✜✗✠ y
i
 = 2x

i
 ✢✦✠✠✴✜❖ x

i
 = iy

2

1

✳★✛✌✎ ❙❙
❚❚

❯❯
20

1

20

1

2
20

11

i

i

i

i xy
n

y =  ❙
❚

20

120

1
.2

i

ix

✢✦✠✠✴✜❖ y = 2 x    or   x = y
2

1

 x
i
 ✢✠✏✡ x  ❢☞♦ ✟✠✔ ✪✣✮ ✟☞✒ ✙✚✛✜✐✦✠✠✛✙✜ ✕✡✔☞ ✙✡ ✭✟☞✒ ✙✚✠❑✜ ✭✠☞✜✠ ✭✏✧

220

1

1 1
100

2 2
i

i

y y
❲

❳ ❨❩ ❬❭ ❪
❫ ❴

❵ , ✢✦✠✠✴✜❖ ✷
✸

✶P
20

1

2 400)(
i

i yy

✢✜✉ ✔✎ ✙☞✚■✠②✠✠☞ ✒ ✕✠ ✙✚★✡②✠  = 
21

400 20 2 5
20

❛ ❜ ❜ ❛
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☎❢✆✝✞✟✠✡ ✥☛☞✌ ✍✎☛✏ ✑✒✓ ✔✌ ✎✔✑ ✥✕✖✎✒✌ ✥✕✒✗☛✘☛ ✌☛✒ k, ❧✒ ✙✚✘☛☛ ✔✌✎☛ ✛☛✜✢ ✣☛✒ ✏✜ ✤✏✒ ✥✕✒✗☛✘☛☛✒✓

✌☛ ✥✕❧❞✘☛✢ ✥✦✧★ ✥✕❧❞✘☛ ✌☛ k2 ✙✚✏☛ ✩☛✒ ✛☛✣☛ ✩✪✫

♠✬✠✭✮✟✠ 17 ✥☛✐✯ ✥✕✒✗☛✘☛☛✒✓ ✌☛ ✰☛✍✎ ✱✲✱ ✩✪ ✣✳☛☛ ✴✏✌☛ ✥✕❧❞✘☛ ✵✲✶✱ ✩✪✫ ✎✔✑ ✣✷✏ ✥✕✒✗☛✘☛ ✸✢ ✶ ✣✳☛☛

✻ ✩✪✓✢ ✣☛✒ ✹✺✎ ✑☛✒ ✥✕✒✗☛✘☛ ✼☛✣ ✌✷✔✛✜✫

✭❣ ✰☛✏☛ ❡☛✒✽☛ ✑☛✒ ✥✕✒✗☛✘☛ x ✣✳☛☛ y ✩✪✓✫

❜❧✔✾✜✢ ✿☛❀✓❁☛✾☛ 1, 2, 6, x,  y ✩✪✫

✹✤✢ ✰☛✍✎ x  = 4.4 = 
1 2 6

5

x y❂ ❂ ❂ ❂

✎☛ 22 =  9 + x + y

❜❧✔✾✜ x + y = 13 ... (1)

❧☛✳☛ ✩✷ ✥✕❧❞✘☛ = 8.24 = 
2

5

1

)(
1

xx
n i

i❃
❄

❅

✹✳☛☛★✣✈ 8.24 ❆ ❇ ❆ ❇ ❆ ❇ ❆ ❇
2 2 2 22 21

3.4 2.4 1.6 2 4.4 ( ) 2 4.4
5

x y x y❈ ❉❊ ❂ ❂ ❂ ❂ ❋ ● ❂ ❂ ●❍ ■
✎☛ 41.20 = 11.56 + 5.76 + 2.56 + x2 + y2 –8.8 × 13 + 38.72

❜❧✔✾✜ x2 + y2  = 97 ... (2)

✾✒✔✌✏ (1) ❧✒, ✩✰✒✓ ✥✕☛❏✣ ✩☛✒✣☛ ✩✪

x2 + y2  + 2xy = 169 ... (3)

(2) ✹☛✪❞ (3), ❧✒ ✩✰✒✓ ✥✕☛❏✣ ✩☛✒✣☛ ✩✪

2xy = 72 ... (4)

(2) ✰✒✓ ❧✒ (4), ❑☛▲☛✏✒ ✥❞✢

x2 + y2  –  2xy = 97 – 72  ✹✳☛☛★✣✈  (x – y)2 = 25

✎☛ x – y = ▼ 5 ... (5)

✹✤ (1) ✹☛✪❞ (5) ❧✒✢ ✩✰✒✓ ✥✕☛❏✣ ✩☛✒✣☛ ✩✪

x = 9, y = 4 ✛✤ x – y = 5

✎☛ x = 4, y = 9 ✛✤ x – y = – 5

✹✣◆ ❡☛✒✽☛ ✑☛✒ ✥✕✒✗☛✘☛ ✱ ✣✳☛☛ r ✩✪✓✫

♠✬✠✭✮✟✠ ❖P ✎✔✑ ✥✕✖✎✒✌ ✥✕✒✗☛✘☛  x
1
, x

2
, ...,x

n 
✌☛✒ ‘a’, ❧✒ ✤◗❘☛✎☛ ✛☛✜ ✛✩☛✐ a ✜✌ ❙✘☛☛✖✰✌ ✎☛

❚✏☛✖✰✌ ❧✓❁✎☛ ✩✪✢ ✣☛✒ ✔✑❁☛☛❜✜ ✔✌ ✥✕❧❞✘☛ ✹✥✔❞✧✔✣★✣ ❞✩✒✙☛✫
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❣✞ ❡✟✠ ✡☛☞ ✌✍☛✎✟✏✟ x
1
, x

2
, ...,x

n 
❞✟ ❡✟✑✒ x ✓✔✕ ✖✟☛ ✗✠❞✟ ✌✍✘✙✏✟

2)(
1

1

2

1 xx
n

n

i

i✚
✛

✜✢✣ ⑥✟✙✟ ✤✥✒✟ ✦✟✖✟ ✓✔✧

✒✤✥ ✌✍❀✒☛❞ ✌✍☛✎✟✏✟ ❡☛☞ a  ✦✟☛t★✟ ✦✟✩ ✖✟☛ ✠✩ ✌✍☛✎✟✏✟ ✓✟☛☞✪☛

y
i
 = x

i
 + a ... (1)

❡✟✠ ✡✫✤✦✩ ✠✩ ✌✍☛✎✟✏✟✟☛☞ ❞✟ ❡✟✑✒ y  ✓✔ ✖✬

y  =
1 1

1 1
( )

n n

i i

i i

y x a
n n✭ ✭

✮ ✯✰ ✰

=
1 1

1 n n

i

i i

x a
n ✱ ✱

✲ ✳
✴✵ ✶

✷ ✸
✹ ✹ = ax

n

na
x

n

n

i

i ✺✻✺✼
✽1

1

✈✾✟✟✿✖❁ y = x + a ... (2)

✈✖❂ ✠✩ ✌✍☛✎✟✏✟✟☛☞ ❞✟ ✌✍✘✙✏✟

2

2❃  =
2

1

1
( )

n

i

i

y y
n ✭

❄✰ = 
2)(

1

1

axax
n

n

i

i ✜✜❅✚
✛

    ((1) ✈✟✔✙ (2)♦☛❆ ✗✌✒✟☛✪ ✘☛)

=
2

1

1
( )

n

i

i

x x
n ✭

❄✰ = 
2

1❇

✈✖❂ ✠✩ ✌✍☛✎✟✏✟✟☛☞ ❞✟ ✌✍✘✙✏✟ ♦✓✫ ✓✔ ✦✟☛ ❡❈✡ ✌✍☛✎✟✏✟✟☛☞ ❞✟ ✾✟✟✧

❉❢❊❋●❍■❏  ✑✒✟✠ ✥✫✤✦✩ ✤❞ ✌✍☛✎✟✏✟✟☛☞ ♦☛❆ ✤❞✘✫ ✘❡❈✓ ❡☛☞ ✌✍❀✒☛❞ ✌✍☛✎✟✏✟ ❡☛☞ ❞✟☛è✿ ✩❞ ✘☞❑✒✟ ✦✟☛t★✠☛
✈✾✟♦✟ ▲✟▼✟✠☛ ✌✙ ✌✍✘✙✏✟ ✈✌✤✙♦✤✖✿✖ ✙✓✖✟ ✓✔✧

♠◆■❣❖❍■ 19 ✩❞ ✤♦P✟✾✟✫✿ ✠☛ ◗❘❘ ✌✍☛✎✟✏✟✟☛☞ ❞✟ ❡✟✑✒ ❙❘ ✈✟✔✙ ❡✟✠❞ ✤♦❚✡✠ ❯❱◗ ❲✟✖ ✤❞✒✟✕ ✦✬✤❞
✗✘✠☛ ✪✡✖✫ ✘☛ ✌✍☛✎✟✏✟ ❙❘ ♦☛❆ ❳✾✟✟✠ ✌✙ ❯❘ ✡☛ ✤✡✒✟ ✾✟✟✧ ✘✓✫ ❡✟✑✒ ✈✟✔✙ ❡✟✠❞ ✤♦❚✡✠ ❨✒✟ ✓✔❩

❣✞ ✤✥✒✟ ✓✔✕ ✌✍☛✎✟✏✟✟☛☞ ❞✫ ✘☞❑✒✟ (n) = 100

✪✡✖ ❡✟✑✒  ( x ) = 40,

✪✡✖ ❡✟✠❞ ✤♦❚✡✠  (❬ ) = 5.1
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❣☎ ✆✝✞✟✠ ❣✡☛ ☞✌  ✍
✎

✏
n

i

ix
n

x
1

1

✈✑✝✝✒✟✓
100

1

1
40

100
i

i

x
✔

✕ ✖   ❀✝    

100

1

i

i

x
✔
✖ = 4000

✈✑✝✝✒✟✓ ✐✠✗✘✝✙✝✝✠☛ ✌✝ ✚✛✟ ❀✝✠✚ = 4000

✈✟✪ ✐✠✗✘✝✙✝✝✠☛ ✌✝ ✜❣✢ ❀✝✠✚ = ✚✛✟ ❀✝✠✚  –50 +40

= 4000 – 50 + 40 = 3990

❜✜☞✛✣ ✜❣✢ ☎✝❧❀  =
3990

100 100
✤

✥✦❤ ✧ ❦★s
= 39.9

✜✝✑✝ ❣✢ ☎✝✞✌ ☞❢✩✛✞ ✫ =

2

2

2
1 1

1 1n n

i i

i i

x x
n n✬ ✬

✭ ✮
✯ ✰ ✱

✲ ✳
✴ ✴

= ✵ ✶2

1

21
xx

n

n

i

i ✷✸
✹

✈✑✝✝✒✟✓ 5.1 = 
2 2

1

1
(40)

100

n

i

i

x
✺

✻✼ ✽✾✿r

❀✝ 26.01 = 
2

1

1
 

100

n

i

i

x
❁

❂ ❃❄❅❆ – 1600

❜✜☞✛✣ 2

1

n

i

i

x
✔
✖★❇❈ = 100 (26.01 + 1600)  = 162601

✈❝ ✜❣✢   
2

1

n

i

i

x
✔
✖ = ✚✛✟  ✍

✎

n

i

ix
1

2

– (50)2 + (40)2

         = 162601 – 2500 + 1600 =  161701

❜✜☞✛✣ ✜❣✢ ☎✝✞✌ ☞❢✩✛✞

= 

2

2
( )

i
x

n
❉❊❋●❍

❋●❍ ❡■è❏
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= 
2161701

(39 9)
100

.✞

= 1617 01 1592 01. .✟ = 25   =  5

✈ ✠✡☛ ✡ ☞✌ ✍✎ ✏ ✑✏ ✑✒ ✍✓ ✔✕☛ ✑✖✗

1. ✘✙ ✚ ✛✜✢ ✣✙ ✤✙ ✙ ✜ ✥ ✦✙ ✧✙ ★ ✩ ✪ ✫✙ ✙ ✛✢ ✬✭✤✙ ✮✧ ✯✙ ✰ ✱ ✘✙ ✲✭ ✱ ✳✴ ✵ ✶ ✲✥✷ ✩✸✹ ✺ ✻✧✜ ✥ ✬✜ ✼ ✰ ✛✢✜ ✣✙ ✤✙ ✽✾ ✿ ✾ ❀ ❁✾

❀✴ ✾ ❀✴ ✘ ✙ ✲✭ ❀ ❂ ✶✲ ✥✾ ✪ ✙ ✜ ✯✙✜ ❃✙ ✹✙ ✜ ✛✜✢ ✣✙ ✤✙ ❄✙ ✪ ✦❅✸❆❇✷

2. ✬✙✪ ✛✢✜ ✣✙ ✤✙✙ ✜ ✥ ✦✙ ✧✙★ ✩ ✪ ✫✙ ✙ ✛✢ ✬✭✤✙ ✮✧ ✯✙ ✰ ❈ ✪ ✫✙ ✙ ❀ ✽ ✶ ✲✥✷ ✩✸✹ ✺ ✻✧✜ ✥ ✬✜ ✛✙ ❉❊ ✛✢✜ ✣✙ ✤✙ ✴ ✾ ❋✾ ❀❁ ✾

❀✴ ✾ ❀ ❋ ✶ ✲✥ ✪ ✙ ✜ ✯✙ ✜❃✙ ✹ ✙ ✜ ✛✜ ✢ ✣✙ ✤✙ ❄✙ ✪ ✦❅✸❆❇✷

3. ✼ ✰ ✛✜✢ ✣✙ ✤✙ ✙ ✜ ✥ ✦✙ ✧✙ ★ ✩ ✪ ✫✙✙ ✧✙ ✻ ✦ ✸◆❊ ● ✻ ✮✧ ✯✙ ✰ ❈ ✪ ✫✙ ✙ ❋ ✶✲✥ ✷ ✩✸✹ ✛✢ ❍✩✜ ✦ ✛✜✢ ✣✙ ✤✙ ✦✙ ✜ ✪ ❅✻ ✬✜

①■ ✤✙✙ ✦✭ ✸✹ ✩✙ ❆✙ ❇ ✪ ✙ ✜ ✛ ✸✭✤✙ ✙✧ ❅ ✛✢ ✜ ✣✙ ✤✙ ✙✜ ✥ ✦✙ ✧✙ ★ ✩ ◆ ✧✙ ✻✦ ✸◆❊ ● ✻ ❄✙ ✪ ✦❅✸❆❇✷

4. ✩✸✹ n ✛✢ ✜ ✣✙ ✤✙ ✙ ✜ ✥ x
1
, x

2
, ...,x

n
 ✦✙ ✧✙ ★ ✩ x ✪ ✫✙ ✙ ✛✢ ✬✭✤✙ ❏2 ✶✲✥ ✪✙ ✜ ✸✬❑ ✦❅✸❆❇ ✸✦ ✛✢✜ ✣✙ ✤✙ ✙ ✜ ✥ ax

1
,

ax
2
, ax

3
, ...., ax

n
  ✦✙ ✧✙ ★ ✩ ✘ ✙ ✲✭ ✛✢ ✬✭✤✙ ✮✧ ✯✙ ✰  a x  ✪ ✫✙ ✙  a2❏2 (a ▲ 0) ✶ ✲✥✷

5. ❝ ❅✬ ✛✢✜ ✣✙ ✤✙ ✙ ✜ ✥ ✦✙ ✧✙★ ✩ ✪ ✫✙ ✙ ✧✙ ✻✦ ✸◆❊ ● ✻ ✮✧ ✯✙ ✰ ❀ ❁ ✪ ✫✙ ✙ ✴ ✶ ✲✥✷ ❆✙ ❉❊ ✦✭✻✜ ✛ ✭ ✩ ✶ ✛✙ ✩✙ ① ✩✙

✸✦ ✛✢✜ ✣✙ ✤✙ ❈ ① ●✪ ✶ ✲✷ ✸✻❢ ✻ ✧✜ ✥ ✬✜ ✛✢ ❍✩✜ ✦ ✦✙ ✬✶❅ ✧✙ ★ ✩ ✪ ✫✙ ✙ ✧✙ ✻✦ ✸◆❊ ● ✻ ❄✙ ✪ ✦❅✸❆❇ ✩ ✸✹

(i) ①●✪ ✛✢✜ ✣✙ ✤✙ ✶▼✙ ✸✹ ✩✙ ❆✙ ❇✷

(ii) ♠ ✬✜ ❀ ✴ ✬✜ ❝✹ ● ✸✹ ✩✙ ❆✙ ❇✷

6. ❇✦ ✦✣✙ ✙ ◆✜ ❖ ✛❊✙ ✬ ✼✙ P✙ ✙✜ ✥ ◗✙ ✭✙ ✪ ❅✻ ✸◆❃✙ ✩✙ ✜ ✥ ① ✸✤✙ ✪ ✾ ❘✙ ✙ ✲✸✪ ✦ ✯✙ ✙ ❙P✙ ◆ ✭✬✙ ✩ ✻ ✯✙ ✙ ❙P✙ ✧ ✥✜ ✛✢✙ ❚✪✙ ✥✦✙ ✜ ✥

✦✙ ✧✙ ★ ✩ ◆ ✧✙ ✻ ✦ ✸◆❊ ●✻ ✻ ❅❊ ✜ ✸✹ ❇ ① ❇ ✶✥✲ ✰

❯❱❲ ❳❨ ❩❯❬❳❭ ❪❳❳❫❯ ❭❴ ❥❵❳❨❛

✧✙★ ✩ 42 32 40.9

✧✙ ✻ ✦ ✸◆❊ ● ✻ 12 15 20

✸✦✬ ✸◆❃✙ ✩ ✧✜ ✥ ✬❝ ✬✜ ✘ ✸❜ ✦ ✸◆❊ ●✻ ✶ ✲ ✪ ✫✙ ✙ ✸✦✬✧✜ ✥ ✬❝ ✬✜ ✦✧ ✸◆❊ ●✻ ✶ ✲❞

7. ❀❁ ❁ ✛✜ ✢ ✣✙ ✤✙ ✙✜ ✥ ✦✙ ✧✙ ★ ✩ ✘✙ ✲✭ ✧✙ ✻ ✦ ✸◆❊ ● ✻ ✮✧ ✯✙ ✰ ✴ ❁ ✘✙ ✲✭ ❂ ✶ ✲✥✷ ❝✙ ✹ ✧✜ ✥ ✩ ✶ ✛✙ ✩✙ ① ✩✙ ✸✦
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�Where a mathematical reasoning can be had, it is as great a folly to

make use of any other, as to grope for a thing in the dark, when

you have a candle in your hand.– JOHN ARBUTHNOT �
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✕✍✘☞☞❂✓ ✠✝☞ ✻☞✔☞ ✝✩ ✻❧ ✝✎✟✍ ✓✝ ✒✗✢✗☞✕ ✠✚✏✟ ✠☞ ✠☞✟❃✈ ✠☞✚✱☞ ✏ ✝☞✟ ✒✠ ✫✠ ✐✒✚✱☞☞✎ ✗✟✤ ✾☞✒✿✔
✝☞✟✏✟ ✠✡ ✕✍✘☞☞✗✏☞ ❜❁✕✚✟ ✕✟ ✌✒◆✠ ✝✩✪ ❜❁✕✚✟ ✢☞❬❜☞✟✍ ✎✟✍✵ ✝✎ ✓✝ ✎☞✏✔✟ ✝✩✍ ✒✠ ✕✘☞✡ ✐✒✚✱☞☞✎☞✟✍ ✗✟✤ ✾☞✒✿✔
✝☞✟✏✟ ✠✡ ✕✍✘☞☞✗✏☞ ✲✐✑☞✒✓✠✔☞✳ ✕✎☞✏ ✝✩✪ ✌✔✽ ✝✎✏✟ ✐✑☞✒✓✠✔☞ ✠☞✟ ✐✒✚✘☞☞✒❭☞✔ ✠✚✏✟ ✗✟✤ ✒✞✫ ✕✎

16❪❫❴❵❴

❛❝❡❢❤❥❦❡ (Probability)

Kolmogorove

(1903-1987 A.D.)
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✝✞✟✠✡☛☞✟ ✡✟ ✌✍ ✌✎✏✟✟✑✡ ✝✠✒✓✟✟✍✟✔✎ ☛✟ ✕✝✡✟✔✖ ✠☛✡✟ ✗✘✙ ✡✗ ☞✟✚☛☛ ✛✜✠✢✣ ✌✔ ✤✥☛ ✝✠✒✏✟✟✢✟✟ ✦✗✥✎ ✗✘✙

❜✌✠✧★ ✩✌ ✪✔✫ ✖✠✓✟☞✬ A.N.Kolomogrove ✦✔ ★☛ ✭✮✡ ✝✞✟✠✡☛☞✟ ✠✌✯✟✎☞ ☛✟ ✠✪☛✟✌ ✠☛✡✟✙

✕✮✗✟✎✔✦✔ ♠✰✱✱ ✍✔✎ ✝✞☛✟✠✲✟☞ ✭✝✦✥ ✝✳✴☞☛ ✵✝✞✟✠✡☛☞✟ ☛✟ ✭✟✶✟✒✷ ✸Foundation of  Probability✹ ✍✔✎

✝✞✟✠✡☛☞✟ ☛✥ ✑✡✟✺✡✟ ✪✔✫ ✠✧★ ✪✳✫✻ ✴✪☞✼ ✝✞✍✟✠✓✟☞ ☞✽✡ ✸✭✠✏✟✖✜✗✥☞✹ ✠✦✶✟✾✠✒☞ ✠☛★✙ ❜✌ ✭✿✡✟✡

✍✔✎ ✗✍ ✝✞✟✠✡☛☞✟ ✪✔✫ ❜✌✥ ✛✜✠✢✣☛✟✔✓✟❡ ✠❀✌✔ ✝✞✟✠✡☛☞✟ ☛✟ ✭✠✏✟✖✜✗✥☞✥✡ ✛✜✠✢✣☛✟✔✓✟ (Axiomatic

approach of probability) ☛✗☞✔ ✗✘✎❡ ☛✟ ✭✿✡✡✦ ☛✒✔✖✔✎✙ ❜✌ ✛✜✠✢✣☛✟✔✓✟ ☛✟✔ ✌✍❁✦✔ ✪✔✫ ✠✧★ ✪✳✫✻

✍❂✧ ✲✟❃✛✟✔✎ ☛✟✔ ❀✟✦✦✟ ✭✟✪✲✡☛ ✗✘❡ ❀✘✌✔ ✠☛ ✡✟✛✜✠❄✻☛ ✝✒✥❅✟✓✟ ✸Random experiment✹❡ ✝✞✠☞✛✲✟✾

✌✍✠✢✣ ✸Sample space✹❡ ❆✟✣✦✟★❇ ✸events✹ ❜❈✡✟✠✛✙ ✭✟❜★ ❜✦✪✔✫ ❉✟✒✔ ✍✔✎ ✭✟✖✔ ✭✟✦✔ ✪✟✧✔ ✭✦✳✏✟✟✖✟✔✎

✍✔✎ ✭✿✡✡✦ ☛✒✔✎✔✙

16.2 ❊❋●❍■❏❑▲ ▼◆❖P❋◗❋ (Random Experiment)

✛✘✠✦☛ ❀✥✪✦ ✍✔✎ ✗✍ ★✔✌✔ ☛❜✾ ✠♥✡✟☛✧✟✝ ☛✒☞✔ ✗✘✎ ✠❀✦✪✔✫ ✝✠✒✓✟✟✍ ✌✛✘✪ ★☛ ✗✥ ✗✟✔☞✔ ✗✘✎ ❘✟✗✔ ✕✮✗✎✔

✠☛☞✦✥ ❉✟✒ ✏✟✥ ✛✟✔✗✒✟✡✟ ❀✟★✙ ✕✛✟✗✒✓✟ ✪✔✫ ✠✧★❡ ✠☛✌✥ ✠✛★ ✖★ ✠❢✟✏✟✳❀ ✪✔✫ ☛✟✔✓✟✟✔✎ ☛✟ ✍✟✦ ✦ ❀✟✦☞✔

✗✳★ ✏✟✥ ✗✍ ✠✦✠✲❘☞ ✩✝ ✌✔ ☛✗ ✌☛☞✔ ✗✘✎ ✠☛ ☛✟✔✓✟✟✔✎ ☛✟ ✡✟✔✖ ♠❣❙➦✗✟✔✖✟✙

✗✍ ❜✌ ✝✞☛✟✒ ✪✔✫ ✏✟✥ ☛❜✾ ✝✞✟✡✟✔✠✖☛ ✠♥✡✟☛✧✟✝ ☛✒☞✔ ✗✘✎ ✠❀✮✗✔✎ ✌✍✟✦ ✝✠✒✠✴✽✟✠☞✡✟✔✎ ✍✔✎ ✛✟✔✗✒✟✦✔

✝✒ ✏✟✥ ✝✠✒✓✟✟✍ ✌✛✘✪ ★☛ ✌✟ ✦✗✥✎ ✗✟✔☞✟ ✗✘✙ ✕✛✟✗✒✓✟ ✪✔✫ ✠✧★ ❀❉ ★☛ ✠✌❚✪✔✫ ☛✟✔ ✕✻✟✧✟ ❀✟☞✟ ✗✘

☞✟✔ ✠❘r✟ ✸head✹ ✭✟ ✌☛☞✟ ✗✘ ✡✟ ✝✣❯ ✸tail✹ ✭✟ ✌☛☞✟ ✗✘ ✧✔✠☛✦ ✗✍ ✡✗ ✠✦✠✲❘☞ ✦✗✥✎ ☛✒ ✌☛☞✔

✗✘✎ ✠☛ ✪✟✴☞✠✪☛ ✝✠✒✓✟✟✍ ❜✦ ✛✟✔✦✟✔✎ ✍✔✎ ✌✔ ❚✡✟ ✗✟✔✖✟❱ ❜✌ ✝✞☛✟✒ ✪✔✫ ✝✒✥❅✟✓✟ ☛✟✔ ✡✟✛✜✠❄✻☛ ✝✒✥❅✟✓✟ ☛✗✟

❀✟☞✟ ✗✘✙ ✭☞✼ ★☛ ✝✒✥❅✟✓✟ ☛✟✔ ✡✟✛✜✠❄✻☛ ✝✒✥❅✟✓✟ ☛✗✟ ❀✟☞✟ ✗✘ ✡✠✛ ✡✗ ✠✦t✦✠✧✠✺✟☞ ✛✟✔ ✝✞✠☞❉✎✶✟✔✎

☛✟✔ ✌✎☞✳✢✣ ☛✒☞✟ ✗✘✼

(i) ❜✌✪✔✫ ★☛ ✌✔ ✭✠✶☛ ✌✎✏✟✟✠✪☞ ✝✠✒✓✟✟✍ ✗✟✔✎✙

(ii) ✝✒✥❅✟✓✟ ✪✔✫ ✝❂✓✟✾ ✗✟✔✦✔ ✌✔ ✝✗✧✔ ✝✠✒✓✟✟✍ ❉☞✟✦✟ ✌✎✏✟✪ ✦ ✗✟✔✙

❀✟❇❘ ☛✥✠❀★ ✠☛ ★☛ ✝✟✌✟ ☛✟✔ ✝✔✎✫☛✦✔ ☛✟ ✝✒✥❅✟✓✟ ✡✟✛✜✠❄✻☛ ✗✘ ✡✟ ✦✗✥✎❱

❜✌ ✭✿✡✟✡ ✍✔✎ ★☛ ✡✟✛✜✠❄✻☛ ✝✒✥❅✟✓✟ ☛✟✔ ✪✔✫✪✧ ✝✒✥❅✟✓✟ ☛✗✟ ✖✡✟ ✗✘ ❀❉ ☞☛ ✠☛ ✭✮✡✽✟✟

✑✡❚☞ ✦ ✠☛✡✟ ✖✡✟ ✗✟✔✙

16.2.1 ❲❳❨❩❬❬❭ ❪❬❫❨ ❲❴❳❵❛❝❬❞ ❤❭❳❥❦ ❧Outcomes and sample space♦ ✠☛✌✥ ✡✟✛✜✠❄✻☛

✝✒✥❅✟✓✟ ✪✔✫ ✠☛✌✥ ✌✏✟✟✎✠✪☞ ✦☞✥❀✔ ☛✟✔ ♣qs✉✈✈✇ ☛✗☞✔ ✗✘✎✙

★☛ ✝✟✌✟ ✝✔✫☛✦✔✎ ✪✔✫ ✝✒✥❅✟✓✟ ✝✒ ✠✪❘✟✒ ☛✒✔✎✙ ✡✠✛ ✗✍ ✝✟✌✔ ✪✔✫ ①✝✒✥ ✝✫✧☛ ✝✒ ✭✎✠☛☞ ✠❉✎✛✳✭✟✔✎

☛✥ ✌✎✺✡✟ ✍✔✎ ②✠❘ ✒✺✟☞✔ ✗✘✎ ☞✟✔ ❜✌ ✝✒✥❅✟✓✟ ✪✔✫ ✝✠✒✓✟✟✍ ♠❡ ③❡ ✱❡ ④❡ ⑤ ✡✟ ⑥ ✗✘✎✙ ✌✏✟✥ ✝✠✒✓✟✟✍✟✔✎ ☛✟

✌✍✳❄❘✡ {1, 2, 3, 4, 5, 6} ❜✌ ✝✒✥❅✟✓✟ ☛✟ ✝✞✠☞✛✲✟✾ ✌✍✠✢✣ ☛✗✧✟☞✟ ✗✘✙

✭☞✼ ✠☛✌✥ ✡✟✛✜✠❄✻☛ ✝✒✥❅✟✓✟ ✪✔✫ ✌✏✟✥ ✌✎✏✟✟✠✪☞ ✝✠✒✓✟✟✍✟✔✎ ☛✟ ✌✍✳❄❘✡ ✕✌ ✝✒✥❅✟✓✟ ☛✟

♣⑦q⑧⑨⑩✈❶ ❷✇q❸❹ ☛✗✧✟☞✟ ✗✘✙ ✝✞✠☞✛✲✟✾ ✌✍✠✢✣ ☛✟✔ ✌✎✪✔✫☞ S ❺✟✒✟ ✝✞☛✣ ✠☛✡✟ ❀✟☞✟ ✗✘✙
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✐☎✆✝ ✞✟ ✠✡ ☛☞✆✌✍ ✎ ✠ ✐ ☎✏ ✑✒✎ ✓✔✑ ✔ ✕✎ ✖✗ ✘✙✚ ✛✜ ✢ ✘✣✤✚ ✥ ✎✦✧ ✠✝ ✠ ✦★✩ ✞ ✪☛✫✒ ✟ ✠✬ ✞ ✠✒ ✭ ☞✒ ✭✮ ✑✠ ✞ ✯✆ ✰✱✎

✐✫✲✳✠ ✴✠ ✎ ✠ ✐ ☎✏ ✑✒✎ ✐✆ ✫✴✠ ✠☞ ✵ ✠ ✲ ✖✗ ✘✙ ✚ ✛✜ ✢ ✘ ✣✤✚ ✥ ✎ ✦✧ ✠ ✝ ✠ ✦★✩

✓✠✈✕ ✔✶ ✷✱ ✸ ✞ ✠ ✦✫✴✠ ✠✒ ✭ ✐ ✫ ✆ ✔✹ ✠ ✫ ✎ ✫✒ ✭✩

♠✚ ✜ ✺✻✼✜ ✽  ✞✠✒ ✆ ☛♥✎ ✠✒ ✭ ✾✕✎ ✿ ❀ ✎ ✠ ✝❁✠ ✠ ✞ ✪☛✫✠ ❂ ❀ ✎ ✠❃ ✎ ✠✒ ✕✎ ❄ ✠✫ ✸ ✱ ✠✧ ✠ ❅ ✑✠ ✦★ ✩ ✐ ☎✆ ✝ ✞✟ ✠✡

☛☞✆✌✍ ❧ ✠ ✝ ✎ ✲✆ ❆✕✩

✺❣  ▲✐✌✍✝ ❇ ✆ ☛♥ ✔✒ ✷ ✈ ☛ ✓❁✠✡ ☞✒ ✭ ✆ ✔✵ ✠✒ ❈ ✦★ ✭ ✆✎ ✦ ☞ ✸ ❉✎ ✠✒ ✐ ✦✧ ✠ ✆ ☛♥✎ ✠ ✓✠★ ✫ ✞ ✪☛✫✠ ✆☛♥✎ ✠

☛✭❄✠✒✆❊ ✝ ✎ ✫ ☛✎ ✝✒ ✦★ ✭ ♥ ✑✠✒ ✭✆✎ ✞ ✠✒ ❉ ✠✒ ✭ ✆ ☛♥✎ ✠✒ ✭ ☞✒ ✭ ☛✒ ✆✎ ☛✲ ✐ ✫ ✆✹ ❋✠ ✾H❃ ✑ ✠ ✐✍● ✾T❃ ✐ ☎✎ ✍ ✦ ✠✒ ☛✎✝✒

✦★ ✭✮ ✈ ☛✆✧ ✕ ☛✭✵ ✠ ✔ ✐✆ ✫✴✠ ✠ ☞ ✆❉ ❍❉✆✧✆ ■ ✠ ✝ ✦ ✠✒ ☛✎✝✒ ✦ ✭★ ❇

✞ ✠✒ ❉ ✠✒ ✭ ✆ ☛♥✎ ✠✒ ✭ ✐ ✫ ✆✹ ❋✠ = (H,H) = HH

✐✦✧ ✒ ✆ ☛♥ ✔✒ ✷ ✐ ✫ ✆✹ ❋✠ ✓✠★ ✫ ✞✪ ☛✫✒ ✐ ✫ ✐ ✍●  = (H,T) = HT

✐✦✧ ✒ ✆ ☛♥ ✔✒ ✷ ✐ ✫ ✐ ✍● ✓✠★ ✫ ✞✪ ☛✫✒ ✐ ✫ ✆✹ ❋✠  = (T,H) = TH

✞✠✒ ❉ ✠✒ ✭ ✆ ☛♥✎ ✠✒ ✭ ✐ ✫ ✐ ✍● = (T,T) = TT

✓✝✕ ✔✮ ✆✞✕ ✦✶✕ ✐ ✫✲✳ ✠✴✠ ✎✠ ✐ ☎✆ ✝✞✟ ✠✡ ☛☞✆ ✌✍

S = {HH, HT, TH, TT}✦★ ✩

❏ ✘❢❑✖✼✜ ▼ ✐ ✫✲✳ ✠✴✠ ✔✒ ✷ ✐✆ ✫✴✠ ✠ ☞ H ✝ ❁✠✠ T ✔✒ ✷ ♦✆ ☞✝ ✑✶ ◆☞ ✦★ ✭✩ ☛✫✧ ✝✠ ✔✒ ✷ ✆✧ ✕ ♦✆ ☞✝ ✑✶ ◆☞ ☞✒ ✭

✆ ▲❁✠ ✝ ✓❖✡ P✆ ✔✫✠ ☞  (comma) ✎ ✠✒ ✱ ✠✒❞ ◗ ✆ ✞ ✑✠ ❅ ✑✠ ✦★✩

♠✚ ✜ ✺✻✼✜ 2 ✐ ✠ ☛✠✒ ✭ ✔✒ ✷ ❆ ✠✒ ❞◗✒ ✾✆ ❆☛☞✒ ✭ ✕✎ ✧ ✠✧ ✫✭❅ ✎ ✠ ✓ ✠★ ✫ ✞✪ ☛✫✠ ❉ ✲✧ ✒ ✫✭❅ ✎ ✠ ✦★❃ ✎ ✠✒ ✕✎ ❄ ✠ ✫

✐✒ ✷✭✎ ❉✒ ✔✒ ✷ ✐ ✫✲✳✠ ✴✠ ✎ ✠ ✐ ☎✆ ✝ ✞✟ ✠✡ ☛☞✆ ✌✍ ❧ ✠ ✝ ✎ ✲✆ ❆✕✩ ✐ ☎✆ ✝✞✟ ✠✡ ☛☞✆ ✌✍ ✔✒ ✷ ✓ ✔✑✔✠✒ ✭ ✎ ✲ ☛✭■ ✑✠ ✵ ✠✲

❧ ✠ ✝ ✎ ✲✆ ❆✕✩

✺ ❣ ☞✠ ❉ ✧ ✲✆ ❆✕ ✆✎ ❉ ✲✧✒ ✫✭❅ ✔✒ ✷ ✐ ✠☛✒ ✐ ✫ ✿ ✓ ✠★ ✫ ✧ ✠✧ ✫✭❅ ✐ ✫ ❂ ✐ ☎✎ ✍ ✦ ✠✒ ✝✠ ✦★ ✩ ✦ ☞ ✈ ☛ ✐✆ ✫✴✠ ✠☞

✎ ✠✒ ♦✆ ☞✝ ✑✶ ◆☞ ✾✿ ✮ ❂❃ ❘ ✠ ✫✠ ✆ ❉❙✆✐ ✝ ✎ ✫✝✒ ✦★ ✭✩ ✈ ☛✲ ✐ ☎✎ ✠ ✫✮ ✑✆ ✞ ❉ ✲✧ ✒ ✐ ✠ ☛✒ ✐ ✫ ❚ ✓✠★ ✫ ✧ ✠✧ ✐ ✫

❯ ✐ ☎✎ ✍ ✦ ✠✒ ✝✠ ✦★ ✮ ✝✠✒ ✈ ☛ ✐✆ ✫✴✠✠ ☞ ✎ ✠✒ ✾❚ ✮ ❯❃ ❘ ✠ ✫✠ ✆ ❉❙✆✐ ✝ ✎✫✝✒ ✦★ ✭✩

❱ ✑✠✐✎ ❙ ✐ ☛✒ ✐ ☎✏ ✑✒ ✎ ✐✆ ✫✴✠ ✠ ☞ ✎ ✠✒ ♦✆ ☞✝ ✑✶ ◆ ☞ (x, y), ❘ ✠✫✠ ✆ ❉❙ ✆✐ ✝ ✆✎ ✑✠ ❆✠ ☛✎ ✝ ✠ ✦★ ❆✦✠ ⑥

x ❉ ✲✧ ✒ ✫✭❅ ✔✒ ✷ ✐ ✠ ☛✒ ✐ ✫ ✓✠★ ✫ y ✧ ✠✧ ✐ ✠ ☛✒ ✐ ✫ ✐ ☎✎ ✍ ✦ ✠✒ ❉✒ ✔✠✧ ✲ ☛✭■ ✑ ✠✕ ⑥ ✦★ ✭✩ ✓✝✕ ✔✮ ✐ ☎✆ ✝✞✟ ✠✡ ☛☞✆✌✍

✆❉ ❍❉✆✧✆ ■ ✠ ✝ ✦★ ❇

S = {(x, y): x ❉✲✧ ✒ ✐ ✠ ☛✒ ✐ ✫ ✐ ☎✎ ✍ ☛✭■ ✑ ✠ ✓✠★ ✫  y ✧ ✠✧ ✐ ✠☛✒ ✐ ✫ ✐ ☎✎ ✍ ☛✭■ ✑✠ ✦★ }

✈ ☛ ✐ ☎✆ ✝ ✞✟ ✠✡ ☛☞✆ ✌✍ ✔✒ ✷ ✓✔✑✔✠✒ ✭ ✎ ✲ ☛✭■ ✑✠ ❜ × ❜ = ❚ ❜ ✦★ ✓ ✠✒ ✫ ✐ ☎✆ ✝✞✟ ✠✡ ☛☞✆ ✌✍ ❉ ✲✹✒ ✐ ☎✞ ❋✠ ✦★ ❇

{(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6),

(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}
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♠✝✞✟✠✡✞ 3 ❢☛☞☛❢✌❢✍✎✏ ✑✒✓✔✕✖ ✑✗✘✙✎✚✎ ✛✕✜ ❢✌✢ ✣✑✔✤✥✏ ✑✒❢✏✦✧✎★ ✩✪❢✫✬ ✖✎ ✣✭✌✕✍✎ ✖✘❢✮✢

(i) ✢✖ ✱✎✌✖ ✖✘ ✮✕✱ ✪✕✯ ✢✖ ✰ ✲✳ ✢✖ ✴ ✲ ✛ ✢✖ ✵ ✲ ✛✕✜ ❢✩✥✛✕✜ ✶✷✯✸ ✛✶ ✹✑☛✘ ✮✕✱

✩✕ ✢✖ ✛✕✜ ✱✎✦ ✢✖ ✦✎✕ ❢✩✥✛✕✕✜ ❢☛✖✎✌✏✎ ✶✷✸

(ii) ✢✖ ✺✔❢✥✏ ❢✖✩✘ ✺✔✻✏ ✗✎✮✪✎✼★ ✑✗ ✢✖ ✛✫✎★ ✪✕✯ ✶✎✕☛✕ ✛✎✌✘ ✦✤✽✎★✬☛✎✹✎✕✯ ✖✘ ✩✯✍✔✎

❢✌✍✎✏✎ ✶✷✸

✟❣ (i) ✪✎☛ ✌✘❢✮✢ ✰ ✲ ✖✎ ❢✩✥✖✎ Q ✩✕✳ ✴ ✲ ✖✎ ❢✩✥✖✎ H ✩✕ ✏❧✎✎ ✵ ✾ ✖✎ ❢✩✥✖✎ R ✩✕

❢☛✾❢✑✏ ✶✎✕✏✕ ✶✷✯✸ ✣✩✛✕✜ ✿✎✗✎ ✮✕✱ ✩✕ ❢☛✖✎✌✎ ✼✔✎ ✑✶✌✎ ❢✩✥✖✎ ✏✘☛ ❢✩✥✖✎✕✯ ✪✕✯ ✩✕ ✖✎✕❀★ ❁✎✘ ✢✖

❢✩✥✖✎ Q, H ✔✎ R ✶✎✕ ✩✖✏✎ ✶✷✸ ✑✶✌✕ ❢✩✥✛✕✜ Q ✛✕✜ ✩✯✼✏ ✦❂✩✗✘ ✱✎✗ ❢☛✖✎✌✎ ✼✔✎ ❢✩✥✖✎ H ✔✎

R ✶✎✕ ✩✖✏✎ ✶✷✸ ✹✏❃ ✦✎✕ ❢✩✥✛✕✜ ❢☛✖✎✌☛✕ ✖✎ ✑❢✗✚✎✎✪ QH ✔✎ QR ✶✎✕ ✩✖✏✎ ✶✷✸ ❀✩✘ ✑✒✖✎✗✳ H

✛✕✜ ✩✯✼✏ ✦❂✩✗✘ ✱✎✗ ❢☛✖✎✌✎ ✼✔✎ ❢✩✥✖✎ Q ✔✎ R ✶✎✕ ✩✖✏✎ ✶✷✸ ❀✩❢✌✢✳ ✑❢✗✚✎✎✪ HQ ✔✎ HR

✶✎✕ ✩✖✏✎ ✶✷✸ ✹✯✏✏❃ R ✛✕✜ ✩✯✼✏ ✦❂✩✗✘ ✱✎✗ ❢☛✖✎✌✎ ✼✔✎ ❢✩✥✖✎ H ✔✎ Q ✶✎✕ ✩✖✏✎ ✶✷✸ ❀✩❢✌✢

✑❢✗✚✎✎✪ RH ✔✎ RQ ✶✎✕✼✎✸

✹✏❃ ✑✒❢✏✦✧✎★ ✩✪❢✫✬  S={QH, QR, HQ, HR, RH, RQ}✶✷✸

(ii) ❢✖✩✘ ✺✔✻✏ ✗✎✮✪✎✼★ ✑✗ ✦✤✽✎★✬☛✎✹✎✕✯ ✖✘ ✩✯✍✔✎ ❄ ❅❢✖✩✘ ✦✤✽✎★✬☛✎ ✛✕✜ ☛ ✶✎✕☛✕ ✑✗❆ ✔✎ ✰ ✔✎

✴✳ ✔✎ ✖✎✕❀★ ❁✎✘ ❇☛ ✑❂✚✎✎❈✖ ✶✎✕ ✩✖✏✎ ✶✷✸

✹✏❃ ❀✩ ✑✗✘✙✎✚✎ ✛✕✜ ❢✌✢ ✑✒❢✏✦✧✎★ ✩✪❢✫✬ S = {0,1,2,...} ✶✷❃

♠✝✞✟✠✡✞ 4 ✢✖ ❢✩✥✖✎ ✣❉✎✌✎ ✮✎✏✎ ✶✷✸ ✔❢✦ ✣✩ ✑✗ ❢❊❋✎ ✑✒✖✬ ✶✎✕ ✏✎✕ ✶✪ ✢✖ ❧✎✷✌✘✳ ❢✮✩✪✕✯

● ☛✘✌✘ ✢✛✯ ❍ ✩✑■✕✜✦ ✼✯✕✦ ✶✷✯✳ ✪✕✯ ✩✕ ✢✖ ✼✕✯✦ ❢☛✖✎✌✏✕ ✶✷✯✸ ✔❢✦ ❢✩✥✛✕✜ ✑✗ ✑✬❏ ✑✒✖✬ ✶✎✕✏✎ ✶✷ ✏✎✕ ✶✪

✢✖ ✑✎✩✎ ✑✕✜✯✖✏✕ ✶✷✯✸ ❀✩ ✑✗✘✙✎✚✎ ✛✕✜ ✑✒❢✏✦✧✎★ ✩✪❢✫✬ ✖✎ ✛✚✎★☛ ✖✘❢✮✢✸

✟❣ ✪✎☛ ✌✘❢✮✢ ✶✪ ☛✘✌✘ ✼✕✯✦✎✕✯ ✖✎✕ B
1
, B

2
, B

3
 ✹✎✷✗ ✩✑■✕✜✦ ✼✕✯✦✎✕✕ ✯ ✖✎✕ W

1
, W

2
, W

3
, W

4
 ✩✕ ❢☛✾❢✑✏

✖✗✏✕ ✶✷✯✸ ❀✩ ✑✗✘✙✎✚✎ ✖✎ ✑✒❢✏✦✧✎★ ✩✪❢✫✬

S = { HB
1
, HB

2
, HB

3
, HW

1
, HW

2
, HW

3
, HW

4
, T1, T2, T3, T4, T5, T6}✶✷✸

✔✶✎❑ HB
i
 ✖✎ ✹❧✎★ ✶✷ ❢✖ ❢✩✥✛✕✜ ✑✗ ❢❊❋✎ ✶✷ ✹✎✷✗ ✼✕✯✦  B

i
 ❢☛✖✎✌✘ ✼❀★ ✶✷✸ HW

i
 ✖✎ ✹❧✎★ ✶✷ ❢✖

❢✩✥✛✕✜ ✑✗ ❢❊❋✎ ✶✷ ✹✎✷✗ ✼✕✯✦ W
i
 ❢☛✖✎✌✘ ✼❀★ ✶✷✸ ❀✩✘ ✑✒✖✎✗ T

i
 ✖✎ ✹❧✎★ ✶✷ ❢✖ ❢✩✥✛✕✜ ✑✗ ✑✬❏ ✹✎✷✗

✑✎✩✕ ✑✗ ✩✯✍✔✎ i ✑✒✖✬ ✶✤❀★ ✶✷✸

♠✝✞✟✠✡✞ 5 ✢✖ ✢✕✩✕ ✑✗✘✙✎✚✎ ✑✗ ❢✛❊✎✗ ✖✘❢✮✢ ❢✮✩✪✕✯ ✢✖ ❢✩✥✛✕✜ ✖✎✕ ✱✎✗▲✱✎✗ ✏✱ ✏✖ ✣❉✎✌✏✕

✗✶✏✕ ✶✷✯ ✮✱ ✏✖ ✣✩ ✑✗ ❢❊❋✎ ✑✒✖✬ ☛ ✶✎✕ ✮✎✢✸ ❀✩✖✘ ✑✒❢✏✦✧✎★ ✩✪❢✫✬ ✖✎ ✛✚✎★☛ ✖✘❢✮✢✸

✟❣ ❀✩ ✑✗✘✙✎✚✎ ✪✕✯ ❢❊❋✎ ✑✒❧✎✪ ✣❉✎✌ ✔✎ ❢✿✏✘✔ ✣❉✎✌ ✔✎ ✏▼✏✘✔ ✣❉✎✌ ❀✓✔✎❢✦ ✪✕✯ ✩✕ ❢✖✩✘ ✪✕✯

❁✎✘ ✑✒✖✬ ✶✎✕ ✩✖✏✎ ✶✷✸

✹✏❃✳ ✛✎✯❢❉✏ ✑✒❢✏✦✧✎★ ✩✪❢✫✬ S = {H, TH, TTH, TTTH, TTTTH,...} ✶✷✸
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✐☎✆✝✞✟✠✡ 16.1

❢☛☞☛❢✌❢✍✎✏ ✑✒✓☛✎✔✕ ✖ ✗✔ ✘✙ ✚✔✕ ✑✒✛✜✔✢ ✚✔✕ ❢☛❢✣✤✥✦ ✑✧★✩✎✪✎ ✢✎ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦ ✫✎✏ ✢★❢✬✭✮

1. ✭✢ ❢✗✱✯✔✰ ✢✎✔ ✏★☛ ✲✎✧ ✳✴✎✌✎ ✵✜✎ ✶✷✮

2. ✭✢ ✑✎✗✎ ✣✎✔ ✲✎✧ ✑✕✔✰✢✎ ✵✜✎ ✶✷✮

3. ✭✢ ❢✗✱✢✎ ✸✎✧ ✲✎✧ ✳✴✎✌✎ ✵✜✎ ✶✷✮

4. ✭✢ ❢✗✱✢✎ ✳✴✎✌✎ ✵✜✎ ✶✷ ✹✎✷✧ ✭✢ ✑✎✗✎ ✑✔✕✰✢✎ ✵✜✎ ✶✷✮

5. ✭✢ ❢✗✱✢✎ ✳✴✎✌✎ ✵✜✎ ✶✷ ✹✎✷✧ ✯✔✰✯✌ ✳✗ ✣✓✎✎ ✚✔ ✕✙ ✬✲ ❢✗✱✯✔✰ ✑✧ ❢✸✺✎ ✑✒✢✦ ✶✎✔✏✎ ✶✷ ✭✢

✑✎✗✎ ✑✔✰✕✢✎ ✬✎✏✎ ✶✷✮

6. X ✢✚✧✔ ✚✔✕ ❡ ✌✻✼✯✔✰ ✹✎✷✧ ❡ ✌✻✼❢✢✜✎✽ ✶✷✕ ✏✾✎✎ Y ✢✚✧✔  ✚✔✕ ✖ ✌✻✼✢✎ ✹✎✷✧ ✿ ✌✻✼❢✢✜✎✽ ✶✷✕✮ ✳✗

✑✧★✩✎✪✎ ✢✎ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦ ✫✎✏ ✢★❢✬✭ ❢✬✗✚✔✕ ✑✶✌✔ ✭✢ ✢✚✧✎ ✸❀☛✎ ✬✎✏✎ ✶✷ ❢✑✰✧ ✭✢ ✲❁✸✎

✸❀☛✎ ✬✎✏✎ ✶✷✮

7. ✭✢ ✑✎✗✎ ✌✎✌ ✧✕✵ ✢✎✙ ✭✢ ✗✑✼ ✔✰✣ ✧✕✵ ✢✎ ✹✎✷✧ ✭✢ ✹❂✜ ✑✎✗✎ ☛★✌✔ ✧✕✵ ✢✎ ✭✢ ✾✎✷✌✔ ✚✔✕ ✧✍✎✔

✶✷✕✮ ✭✢ ✑✎✗✎ ✜✎✣❣❁✴✜✎ ✸❀☛✎ ✵✜✎ ✹✎✷✧ ✳✗✔ ✑✔✰✕✢✎ ✵✜✎ ✶✷✙ ✑✎✗✔ ✢✎ ✧✕✵ ✹✎✷✧ ❃✗✯✔✰ ❄✑✧ ✯✔✰

✑✰✌✢ ✑✧ ✑✒✎❅✏ ✗✕✍✜✎ ✢✎✔ ❢✌✍✎✎ ✵✜✎ ✶✷✮ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦ ✢✎ ✯✪✎✤☛ ✢★❢✬✭✮

8. ✭✢ ✑✧★✩✎✪✎ ✚✔✕ ❡ ✲❁✸✎✔✕ ✯✎✌✔ ✑❢✧✯✎✧✎✔✕ ✚✔✕ ✗✔ ✑✒✛✜✔✢ ✚✔✕ ✌✻✼✯✔✰❆✌✻✼❢✢✜✎✔✕ ✢★ ✗✕✍✜✎✹✎✔✕ ✢✎✔ ❢✌✍✎✎

✬✎✏✎ ✶✷✮

(i) ✜❢✣ ✶✚✎✧★ ❇❢✸ ❃✗ ✲✎✏ ✢✎✔ ✬✎☛☛✔ ✚✔✕ ✶✷ ❢✢ ✬❂✚ ✯✔✰ ❈✚ ✚✔✕ ✲❁✸✎ ✌✻✼✢✎ ✜✎ ✌✻✼✢★

✶✷ ✏✎✔ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦ ✱✜✎ ✶✎✔✵★❉

(ii) ✜❢✣ ✶✚✎✧★ ❇❢✸ ❢✢✗★ ✑❢✧✯✎✧ ✚✔✕ ✌✻✼❢✢✜✎✔✕ ✢★ ✗✕✍✜✎ ✬✎☛☛✔ ✚✔✕ ✶✷ ✏✎✔ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦

✱✜✎ ✶✎✔✵★❉

9. ✭✢ ❢✻❊✲✔ ✚✔✕ ✖ ✌✎✌ ✹✎✷✧ ✭✢ ✬✷✗★ ✿ ✗✑✼ ✔✰✣ ✵✔✕✣ ✧✍✎★ ✵❃✤ ✶✷✕✮ ✣✎✔ ✵✔ ✕✣ ✳✺✎✧✎✔✏✧ ❋in

succession● ❢✲☛✎ ✑✒❢✏❍✾✎✎❢✑✏ ❢✢✭ ✜✎✣❣❁✴✜✎ ❢☛✢✎✌★ ✬✎✏★ ✶✷✮ ❃✗ ✑✧★✩✎✪✎ ✢✎ ✑✒❢✏✣✓✎✤

✗✚❢✥✦ ✫✎✏ ✢★❢✬✭✮

10. ✭✢ ✑✧★✩✎✪✎ ✚✔ ✕ ✭✢ ❢✗✱✯✔✰ ✢✎✔ ✳✴✎✌✎ ✬✎✏✎ ✶✷ ✹✎✷✧ ✜❢✣ ✳✗ ✑✧ ❢✸✺✎ ✑✒✢✦ ✶✎✔✏✎ ✶✷ ✏✎✔ ✳✗✔

✑❀☛■ ✳✴✎✌✎ ✬✎✏✎ ✶✷✮ ✜❢✣ ✑✶✌★ ✲✎✧ ✳✴✎✌☛✔ ✑✧ ✑✦❏ ✑✒✎❅✏ ✶✎✔✏✎ ✶✷ ✏✎✔ ✭✢ ✑✎✗✎ ✑✔✰✕✢✎ ✬✎✏✎

✶✷✮ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦ ✫✎✏ ✢★❢✬✭✮

11. ✚✎☛ ✌★❢✬✭ ❢✢ ✲❑✲✎✔✕ ✯✔✰ ✭✢ ▲✔✧ ✚✔✕ ✗✔ ✿ ✲❑✲ ✜✎✣❣❁✴✜✎ ❢☛✢✎✌✔ ✬✎✏✔ ✶✷✕✮ ✑✒✛✜✔✢ ✲❑✲ ✢✎✔✔

✬✎✽✸✎ ✬✎✏✎ ✶✷ ✹✎✷✧ ✳✗✔ ✍✎✧✎✲ (D) ✜✎ ▼★✢ (N) ✚✔✕ ✯✵★✤✯❣✰✏ ✢✧✏✔ ✶✷✕✮ ❃✗ ✑✧★✩✎✪✎ ✢✎ ✑✒❢✏✣✓✎✤

✗✚❢✥✦ ✫✎✏ ✢★❢✬✭✮

12. ✭✢ ❢✗✱✢✎ ✳✴✎✌✎ ✬✎✏✎ ✶✷✮ ✜❢✣ ✑❢✧✪✎✎✚ ❢✸✺✎ ✶✎✔ ✏✎✔ ✭✢ ✑✎✗✎ ✑✔✕✰✢✎ ✬✎✏✎ ✶✷✮ ✜❢✣ ✑✎✗✔ ✑✧

✭✢ ✗✚ ✗✕✍✜✎ ✑✒✢✦ ✶✎✔✏★ ✶✷ ✏✎✔ ✑✎✗✔ ✢✎✔ ✑❀☛■ ✑✔✕✰✢✎ ✬✎✏✎ ✶✷✮ ❃✗ ✑✧★✩✎✪✎ ✢✎ ✑✒❢✏✣✓✎✤ ✗✚❢✥✦

✫✎✏ ✢★❢✬✭✮
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13. ❞✝✞✟✝ ❞✠ ✡✝☛ ☞✌✡✍✎✝✏✑ ☞☛ ✒✑✓✎✝✔✕ ✖✗ ✘✗ ✙ ✚✝✛☛ ✜ ✚✢✞✣✚✢✞ ✌✢✓✝✠ ✞✤✍ ✥✛✑✦ ✤✧ ☞✌✡✍✎✝✏ ✑

❞✝✏ ✔❞ ✌★✩✪✏ ✫✏ ✑ ☛✓✝ ❞☛ ✬✝✢✠✣✬✝✝✕✌✭ ✌✫✢✝✎✝ ✞✎✝ ✥✛✦ ✔❞ ✮✎✌✯✭ ✌★✩✪✏ ✫✏✑ ✒✏ ✰✝✏ ☞✌✡✍✎✝✕ ✔❞

♦✏✱ ✪✝✰ ✰✲✒☛✠ ✌✪✧✝ ☞✳✌✭✴✵✝✝✌☞✭ ✌❞✔ ✌✧❞✝✢✭✝ ✥✛✦ ✤✒ ☞☛✠✶✝✷✝ ❞✝ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ✻✝✭

❞✠✌✼✔✦

14. ✔❞ ☞☛✠✶✝✷✝ ✫✏ ✑ ✔❞ ☞✝✒✝ ☞✏✑✱❞✝ ✼✝✭✝ ✥✛ ✚✝✛☛ ✎✌✰ ☞✝✒✏ ☞☛ ☞✳✝✽✭ ✒✑✓✎✝ ✒✫ ✥✛ ✭✝✏ ✔❞ ✌✒✯❞✝

✔❞ ✪✝☛ ✾✿✝✢✝ ✼✝✭✝ ✥✛✦ ✎✌✰ ☞✝✒✏ ☞☛ ☞✳✝✽✭ ✒✑✓✎✝ ✌♦✹✝✫ ✥✛✗ ✭✝✏ ✌✒✯♦✏✱ ❞✝✏ ✰✝✏ ✪✝☛ ✾✿✝✢✭✏

✥✛✑✦ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ✌✢✌✓✝✔✦

15. ✔❞ ✌✒✯❞✝ ✾✿✝✢✝ ✞✎✝✦ ✎✌✰ ✾✒ ☞☛ ☞✺❀ ☞✳❞✺ ✥✝✏✭✝ ✥✛ ✭✝✏ ✔❞ ✌★✩✪✏ ✫✏ ✑ ✒✏ ✌✼✒✫✏✑ ✘ ✢✝✢

✚✝✛☛ ✙ ❞✝✢✠ ✞✏✑✰✑✏ ☛✓✝✠ ✥✛✑✗ ✔❞ ✞✏✑✰ ✌✧❞✝✢✭✏ ✥✛✑✦ ✎✌✰ ✌✒✯♦✏✱ ☞☛ ✌✡✈✝ ☞✳❞✺ ✥✝✏✭✝ ✥✛ ✭✝✏ ✔❞

☞✝✒✝ ☞✏✑✱❞✝ ✼✝✭✝ ✥✛✦ ✤✒ ☞☛✠✶✝✷✝ ❞✝ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ✌✢✌✓✝✔✦

16. ✔❞ ☞✝✒✝ ❞✝✏ ✪✝☛✣✪✝☛ ✭✪ ✭❞ ☞✏✑✱❞✝ ✼✝✭✝ ✥✛ ✼✪ ✭❞ ✾✒ ☞☛ ❁ ☞✳❞✺ ✧ ✥✝✏ ✼✝✔✦ ✤✒ ☞☛✠✶✝✷✝

❞✝ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ✯✎✝ ✥✛❂

16.3 ❃❄❅❆❄ ❇Event❈

✥✫✧✏ ✎✝✰❣✌❉✿❞ ☞☛✠✶✝✷✝ ✚✝✛☛ ✾✒♦✏✱ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ♦✏✱ ✪✝☛✏ ✫✏✑ ☞❊❋✝ ✥✛✦ ✌❞✒✠ ☞☛✠✶✝✷✝ ❞✝ ☞✳✌✭✰✸✝✍

✒✫✌✹✺ ✾✒ ☞☛✠✶✝✷✝ ✒✏ ✒✑✪✑✌❧✭ ✒✬✝✠ ☞✳✸✧✝✏✑ ♦✏✱ ✌✢✔ ✒✝♦✍✌●✝❞ ✒✫❍❉✡✎ ■Universal set❏ ✥✝✏✭✝ ✥✛✦

✔❞ ✌✒✯♦✏✱ ❞✝✏ ✰✝✏ ✪✝☛ ✾✿✝✢✧✏ ♦✏✱ ☞☛✠✶✝✷✝ ☞☛ ✌♦✡✝☛ ❞✠✌✼✔✦ ✒✑✪✑✌❧✭ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺

S = {HH, HT, TH, TT} ✥✛✦

✚✪✗ ✫✝✧ ✢✠✌✼✔ ✌❞ ✥✫✝☛✠ ❑✌✡ ✾✧ ☞✌☛✷✝✝✫✝✏✑ ✫✏ ✑ ✥✛ ✼✝✏ ✭✵✎✭▲ ✔❞ ✌✡✈✝ ☞✳❞✺ ✥✝✏✧✏ ♦✏✱

✚✧❍❞✲✢ ✥✝✏✭✏ ✥✛✑✦ ✥✫ ☞✝✭✏ ✥✛✑ ✌❞ ✤✒ ▼✝✺✧✝ ♦✏✱ ✥✝✏✧✏ ♦✏✱ ✚✧❍❞✲✢ S ♦✏✱ ✚♦✎♦ ♦✏✱♦✢ HT ✚✝✛☛ TH

✥✛✑✦ ✎✥ ✰✝✏ ✚♦✎♦ ✔❞ ✒✫❍❉✡✎ E = {HT, TH} ✪✧✝✭✏ ✥✛✑✦

✥✫ ✼✝✧✭✏ ✥✛✑ ✌❞ ✒✫❍❉✡✎ E ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ S ❞✝ ✾☞✒✫❍❉✡✎ ✥✛✦ ✤✒✠ ☞✳❞✝☛ ✥✫ ☞✝✭✏ ✥✛✑ ✌❞

✌♦✌✬✝❢✧ ▼✝✺✧✝✚✝✏✑ ✚✝✛☛ S ♦✏✱ ✾☞✒✫❍❉✡✎✝✏✑ ✫✏✑ ✌✧◆✧✌✢✌✓✝✭ ✒✑✞✭✭✝ ✥✛▲

❖P◗❘P ❙P ❚❯P❱❘ ‘S’ ❙P ❲❳❨❩ ❬❭❲❪❫❴❵❛

☞✺✝✏ ✑ ❞✠ ✒✑✓✎✝ ✭✵✎✭▲ ✰✝✏ ✥✛ A = {TT}

☞✺✝✏✑ ❞✠ ✒✑✓✎✝ ❞✫ ✒✏ ❞✫ ✖ ✥✛ B = {HT, TH, TT}

✌✡✈✝✝✏✑ ❞✠ ✒✑✓✎✝ ✚✌❧❞✭✫ ✖ ✥✛ C = {HT, TH, TT}

✌❜✭✠✎ ✾✿✝✢ ✫✏✑ ✌✡✈✝ ✧✥✠✑ ✥✛ D = { HT, TT}

✌✡✈✝✝✏✑ ❞✠ ✒✑✓✎✝ ✚✌❧❞✭✫ ✰✝✏ ✥✛ S  =  {HH, HT, TH, TT}

✌✡✈✝✝✏✑ ❞✠ ✒✑✓✎✝ ✰✝✏ ✒✏ ✚✌❧❞ ✥✛ ❝ .

✾☞✎❍✍✯✭ ✡✡✝✍ ✒✏ ✎✥ ✴☞✹✺ ✥✛ ✌❞ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ♦✏✱ ✌❞✒✠ ✾☞✒✫❍❉✡✎ ♦✏✱ ✒✑✞✭ ✔❞ ▼✝✺✧✝

✥✝✏✭✠ ✥✛ ✚✝✛☛ ✌❞✒✠ ▼✝✺✧✝ ♦✏✱ ✒✑✞✭ ☞✳✌✭✰✸✝✍ ✒✫✌✹✺ ❞✝ ✔❞ ✾☞✒✫❍❉✡✎ ✥✝✏✭✝ ✥✛✦ ✤✒♦✏✱ ✒✑✰✬✝✍ ✫✏✑ ✔❞

▼✝✺✧✝ ❞✝✏ ✌✧◆✧✌✢✌✓✝✭ ☞✳❞✝☛ ✒✏ ☞✌☛✬✝✝✌✹✝✭ ✌❞✎✝ ✼✝✭✝ ✥✛▲
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✐☎✆✝✞✞✟✞✞ ✥✠✡☛☞✌✍✎ ✏✑✡✒✓ S ❞✍ ❞✍✔✕✎ ✖✥✏✑✗✘✙✚ ✛❞ ❄✞✜✢✞ ❞✣✤ ✦✍☛✤ ✣✧★

16.3.1 ✱✩ ✪✫✬✭✫ ✩✫ ✪✫✮✬✯ ✰✫✲✭✫ (Occurrence of an event) ✛❞ ✥✍✏✍ ❞✍✔ ✥✔✳✴❞✵✔ ✶✔✴

✥✷✤✸✍✹✍ ✥✷ ✡✶✙✍✷ ❞✤✡✦✛★ ✑✍✵ ✺✤✡✦✛ ✡❞ ✻✍✓✵✍ ✼✥✍✏✍ ✥✷ ✽ ✏✔ ✾✍✔✓✤ ✏✳✿✚✍ ✥✠❞✓ ✣✍✔✵✍❀ ❞✍✔ E

✏✔ ✡✵❧✡✥☛ ✡❞✚✍ ✦✍☛✍ ✣✧★ ✚✡☞ ✥✍✏✍ ✥✷ ✶✍❁☛✶ ✑✔✳ ✼❂❀ ✥✠❞✓ ✣✍✔☛✍ ✣✧ ☛✍✔ ✣✑ ❞✣ ✏❞☛✔ ✣✧✳ ✡❞ ✻✍✓✵✍

E ✻✍✡✓☛ ✣✗✕✎ ✣✧★ ✶❁☛✗☛❃ ✚✡☞ ✥✡✷✹✍✍✑ ❅ ✚✍ ❆ ✣✧✳ ☛✍✔ ✣✑ ❞✣☛✔ ✣✧✳ ✡❞ ✻✍✓✵✍ E ✻✍✡✓☛ ✣✗✕✎ ✣✧★

✈☛❃ ✡❞✏✤ ✥✷✤✸✍✹✍ ✶✔✴ ✥✠✡☛☞✌✍✎ ✏✑✡✒✓ S ❞✤ ✻✍✓✵✍ E ✻✍✡✓☛ ✣✗✕✎ ❞✣✤ ✦✍☛✤ ✣✧ ✚✡☞ ✥✷✤✸✍✹✍ ❞✍

✥✡✷✹✍✍✑ ❇ ✕✏ ✥✠❞✍✷ ✣✧ ✡❞ ❇ ❈ E. ✚✡☞ ✥✡✷✹✍✍✑ ❇ ✛✔✏✍ ✣✧ ✡❞ ❇ ❉  E,☛✍✔ ✣✑ ❞✣☛✔ ✣✧✳ ✡❞

✻✍✓✵✍ E ✻✍✡✓☛ ✵✣✤✳ ✣✗✕✎ ✣✧★

16.3.2 ✪✫✬✭✫❊✫✲❋ ●✲❍ ■❏✩✫❑ (Types of events) ✻✍✓✵✍✈✍✔✳ ❞✍✔ ✖✵✶✔✴ ✈✶✚✶✍✔✳ ✶✔✴ ✈✍▲✍✷ ✥✷ ✡✶✡▼✍◆✵

✥✠❞✍✷✍✔✳ ✑✔✳ ✶❖✤✎✶P✴☛ ✡❞✚✍ ✦✍ ✏❞☛✍ ✣✧★

1. ◗❘❙✝✞❚ ❚ ☎✢☎❯❱❲ ❄✞✜✢✞❳❨ ❩Impossible and Sure Events❬ ✡✷❭☛ ✏✑✗✘✙✚ ❪ ✈✍✧✷

✥✠✡☛☞✌✍✎ ✏✑✡✒✓ S ▼✍✤ ✻✍✓✵✍✈✍✔✳ ❞✍✔ ❫✚❭☛ ❞✷☛✔ ✣✧✳★ ✶✍❁☛✶ ✑✔✳ ❪ ❞✍✔ ✈✏✳▼✍✶ ✻✍✓✵✍ ✈✍✧✷ S ✈❴✍✍✎☛❵ ✥❛✹✍✎

✥✠✡☛☞✌✍✎ ✏✑✡✒✓ ❞✍✔ ✡✵✡✌✙☛ ✻✍✓✵✍ ❞✣☛✔ ✣✧✳★

✕◆✣✔✳ ✏✑❜✵✔ ✶✔✴ ✡✺✛ ✈✍✕✛ ✥✍✏✍ ✥✔✳✴❞✵✔ ✶✔✴ ✥✷✤✸✍✹✍ ✥✷ ✡✶✙✍✷ ❞✷✔✳★ ✕✏ ✥✷✤✸✍✹✍ ❞✍ ✥✠✡☛☞✌✍✎

✏✑✡✒✓ S = {1,2,3,4,5,6} ✣✧★

✑✍✵ ✺✤✡✦✛ E  ✻✍✓✵✍ ✼✥✍✏✔ ✥✷ ✥✠❞✓ ✏✳✿✚✍ ❝ ❞✍ ❖✗✹✍✦ ✣✧❀ ❞✍✔ ✡✵❧✡✥☛ ❞✷☛✍ ✣✧★ ❭✚✍ ✈✍✥

✻✍✓✵✍ E ✶✔✴ ✏✳❖☛ ✖✥✏✑✗✘✙✚ ✡✺✿✍ ✏❞☛✔ ✣✧✳♦

❁✥✒✓☛✚✍ ✥✷✤✸✍✹✍ ❞✍ ❞✍✔✕✎ ▼✍✤ ✥✡✷✹✍✍✑ ✻✍✓✵✍ E ✶✔✴ ✥✠✡☛❡✳▲ ❞✍✔ ✏✳☛✗✒✓ ✵✣✤✳ ❞✷☛✍ ✣✧ ✈❴✍✍✎☛❵

✥✠✡☛☞✌✍✎ ✏✑✡✒✓ ❞✍ ❞✍✔✕✎ ▼✍✤ ✈✶✚✶ ✻✍✓✵✍ E ✶✴✍ ✻✍✡✓☛ ✣✍✔✵✔ ❞✍✔ ✡✵✡✌✙☛ ✵✣✤✳ ❞✷☛✍ ✣✧✳★ ✈☛❃ ✣✑

❞✣ ✏❞☛✔ ✣✧✳ ✡❞ ✶✔✴✶✺ ✡✷❭☛ ✏✑✗✘✙✚ ✣✤ ✻✍✓✵✍ E ✶✔✴ ✏✳❖☛ ✏✑✗✘✙✚ ✣✧★ ☞❛✏✷✔ ✌✍❢☞✍✔✳ ✑✔✳❣ ✣✑ ❞✣

✏❞☛✔ ✣✧✳ ✡❞ ✥✍✏✔ ✶✔✴ ❤✥✷✤ ✥✴✺❞ ✥✷ ❝ ❞✍ ❖✗✹✍✦ ✥✠❞✓ ✣✍✔✵✍ ✈✏✳▼✍✶ ✣✧★

✕✏ ✥✠❞✍✷ ✻✍✓✵✍ E =  ❪ ✛❞ ✈✏✳▼✍✶ ✻✍✓✵✍ ✣✧★

✈✍✕✛ ✈❡ ✣✑ ✛❞ ✈◆✚ ✻✍✓✵✍ F ✼✥✍✏✍ ✥✷ ✥✠✍❥☛ ✏✳✿✚✍ ✚✍ ☛✍✔ ✏✑ ✣✧ ✚✍ ✡✶✒✍✑❀ ✥✷ ✡✶✙✍✷

❞✷✔✳★ ❁✥✒✓☛✚✍ F = {1,2,3,4,5,6,} = S.

✈❴✍✍✎☛❵ ✏▼✍✤ ✥✡✷✹✍✍✑ ✻✍✓✵✍ F ✶✔✴ ✻✍✡✓☛ ✣✍✔✵✔ ❞✍✔ ✡✵✡✌✙☛ ❞✷☛✔ ✣✧✳★ ✈☛❃ F = S ✛❞ ✡✵✡✌✙☛

✻✍✓✵✍ ✣✧★

2. ❘✆❦ ❄✞✜✢✞ (Simple Event)  ✚✡☞ ✡❞✏✤ ✻✍✓✵✍ E ✑✔✳ ✶✔✴✶✺ ✛❞ ✣✤ ✥✠✡☛☞✌✍✎ ✡❡✳☞✗ ✣✍✔❣ ☛✍✔ ✻✍✓✵✍

E ❞✍✔ ❘✆❦ ♠✞ ✐♥✞✆☎♣✝✞q ❄✞✜✢✞ ❞✣☛✔ ✣✧✳★ ✛✔✏✍ ✥✷✤✸✍✹✍ ✡✦✏✶✔✴ ✥✠✡☛☞✌✍✎ ✏✑✡✒✓ ✡✦✏✑✔✳ n ✥P❴✍❞

✈✶✚✶ ✣✍✔✳❣ ✑✔✳ n ✏✷✺ ✻✍✓✵✍✛r ✡✶s✑✍✵ ✣✍✔☛✤ ✣✧✳★

✖☞✍✣✷✹✍ ✶✔✴ ✡✺✛❣ ✛❞ ✡✏❭✶✴✍ ✶✔✴ ☞✍✔ ✖✾✍✺✍✔✳ ✶✍✺✔ ✥✷✤✸✍✹✍ ❞✍ ✥✠✡☛☞✌✍✎ ✏✑✡✒✓

S={HH, HT, TH, TT} ✣✧★
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❀✝ ✞ ✟ ✠✡ ☛ ③☞✌✍ ✎ ✞✏ ✡ ✑☞✒✓ ✔✕ ✖ ✞✗ ✡ ✗✘ ✙✞ ✓✚ ✞✛✟ ✝ ✜ ✢✣ ✤✞ ✥ ☞✚✦ ✚☞✘ ☞✧ ✞ ✌ ✝✜ ✢★

E
1
= {HH}, E

2
={HT}, E

3
= { TH} ✈ ✞✜ ✗ E

4
={TT}.

3. ❢✩ ✪ ✫✬ ✭ ✮✬ (Compound Events)  ❀ ☞✍ ☞✔✡✕ ✙ ✞✓✚ ✞ ✑✥✢ ✛ ✔ ✡ ✥ ✈ ☞✯✔ ☛ ③☞✌✍ ✎✞ ✏ ☞✰ ✢✍ ✱ ✝ ✞ ✥✌ ✥

✝✜ ✢✣ ✌✞ ✥ ❣✡ ✥ ❢✩ ✪ ✫✬ ✭✮✬ ✔✝ ✌ ✥ ✝ ✜ ✢✲ ❣ ✍ ✞✝ ✗✳✞ ✴ ✥✵ ☞✘✛ ✛ ✔ ☞✡✶✴ ✥✵ ✔✕ ✌✕✚ ❣ ✷ ✞ ✘✞ ✥✢ ✴ ✥✵ ☛ ✗✕ ✸✞✳ ✞ ✑✥ ✢

☞✚✦ ✚ ☞✘ ☞✧ ✞✌ ✙ ✞ ✓✚ ✞✛ ✟ ☞✑✹ ✙ ✞ ✓✚ ✞✛ ✟ ✝✜ ✢★

E: ✌r❀ ✌ ★ ✛ ✔ ☞✖✺✞ ☛ ③✔✓ ✝ ✞ ✥✚ ✞

F: ❯❀ ✻✚ ✌ ✑ ✛ ✔ ☞✖✺✞ ☛ ③✔✓ ✝ ✞ ✥✚ ✞

G: ✈ ☞✯✔✌ ✑ ✛ ✔ ☞✖✺✞ ☛ ③✔✓ ✝ ✞ ✥✚ ✞✣ ✠✼❀ ✞ ☞✍ ✲

✠ ✚ ✙ ✞✓✚ ✞✈ ✞ ✥✢ ✴ ✥✵ ✡ ✢❜✌ S ✴ ✥✵ ❣ ☛✡ ✑✱♦ ✖❀ ☞✚✦ ✚☞✘ ☞✧ ✞ ✌ ✝✜ ✢ ★

E={HTT,THT,TTH}

F={HTT,THT, TTH, HHT, HTH, THH, HHH}

G= {TTT, THT, HTT, TTH}

❣☛❀ ✱✏✶ ✌ ☛ ③ ✼❀ ✥✔ ❣☛✡ ✑✱♦ ✖❀ ✑✥ ✢ ✛ ✔ ✡ ✥ ✈ ☞✯✔ ☛ ③☞✌✍ ✎✞ ✏ ☞✰ ✢✍ ✱ ✝ ✜ ✢ ✠✡ ☞✘✛ ❀ ✝ ✡✰ ☞✑✹

✙✞ ✓✚✞✛ ✟ ✝✜ ✢✲

16.3.3 ❄✽ ✾ ✿✽ ❁✽ ❂ ❃ ❅✽ ❆❇❈ ❉❊❋✽ ● (Algebra of Events)  ✡ ✑✱♦ ✖❀ ✞✥ ✢ ✴✥✵ ✈ ❧❀ ✞❀ ✑✥ ✢ ✝ ✑✚ ✥ ✍ ✞✥ ❀ ✞

✈ ☞✯✔  ✡ ✑✱♦ ✖❀ ✞ ✥✢ ✴✥✵ ✡ ✢❀ ✞ ✥✤✚ ✴ ✥✵ ☞✴☞❍ ✞❯ ✚ ✌ ✗✕ ✔✞ ✥✢ ✴✥✵ ✰ ✞ ✗✥ ✑✥✢ ☛ ■❏ ✞ r✞✞ ✈ r✞✞ ✏✌ ❑ ✡ ☞✦ ✑✘ ✚ ▲union▼ ✣

✡ ✴✏ ☞✚ ✒◆ ▲intersection), ✈ ✢ ✌✗ ▲difference)✣ ✡ ✑✱♦ ✖❀ ✔✞ ☛ ✻ ✗✔ ▲Complement of a set▼ ✣

✠ ✼❀ ✞ ☞✍ ✴✥✵ ✰ ✞ ✗✥ ✑✥✢ ✡ ✑❖ ✞ r✞✞ ✲ ✠✡✕ ☛ ③✔✞ ✗ ✝ ✑ ✙✞ ✓✚✞✈ ✞ ✥✢ ✔✞ ✡ ✢❀ ✞✥✤✚ ✡ ✑✱♦ ✖❀ ✡ ✢✴✥✵✌ ✚✞ ✥✢ ✴✥✵ ✡✍ P✎✞ ❣ ☛❀ ✞✥❜

⑥ ✞ ✗✞ ✔✗ ✡ ✔✌ ✥ ✝✜ ✢ ✲

✑ ✞✚ ✘✕ ☞✤✛  A,B,C ✛ ✥✡ ✥ ☛ ③❀ ✞ ✥❜ ✡ ✥ ✡ ✢✰ ◗ ✙ ✞ ✓✚ ✞✛✟ ✝✜ ✢ ☞✤✡ ✔✕ ☛ ③☞✌✍ ✎✞ ✏ ✡ ✑☞✒✓ S ✝ ✜ ✲

1. ❘❙❚❱ ✫✬ ✭ ✮✬ (Complementary Event) ☛ ③✼❀ ✥ ✔ ✙ ✞✓✚ ✞ A ✴ ✥✵ ✡ ✞☛ ✥ ✸✞ ✛✔ ✈ ❯❀ ✙✞ ✓✚ ✞ A❲ ✝ ✞✥✌✕

✝✜ ☞✤✡ ✥ ✙ ✞ ✓✚ ✞ A ✔✕ ❘❙❚❱ ✫✬ ✭ ✮✬ ✔✝ ✌ ✥ ✝✜ ✢ ✲ A❳ ✔✞ ✥ ✫✬ ✭ ✮✬ ❨A–✮✉❩ ❬❭ ❍ ✞✕ ✔✝ ✞ ✤✞ ✌ ✞ ✝ ✜ ✲

❣ ✍ ✞✝ ✗✳ ✞ ✴ ✥✵ ☞✘✛ ♠✛ ✔ ☞✡✶ ✴ ✥✵ ✔✕ ✌✕ ✚ ❣ ✷ ✞ ✘✞ ✥✢❪ ✴✥✵ ☛ ✗✕ ✸✞✳ ✞ ✔✞ ✥ ✘✥ ✢✲ ✠✡ ✔✞ ☛ ③☞✌✍ ✎✞ ✏ ✡ ✑☞✒✓

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} ✝✜ ✲

✑ ✞✚ ✘✕ ☞✤✛  A={HTH, HHT, THH} ✙✞ ✓✚ ✞ ♠✴ ✥✵✴ ✘ ✛✔ ☛ ✓ ✔✞ ☛ ③✔✓ ✝ ✞ ✥✚ ✞ ❪ ✔✞ ✥ ✍ ✎✞ ✞✏ ✌✞ ✝✜ ✲

☛ ☞✗✳ ✞ ✞ ✑ HTT ✴ ✥✵ ✝ ✞ ✥✚ ✥ ☛ ✗ ✙ ✞✓✚ ✞ A ✙ ✞ ☞✓✌ ✚✝✕ ✢ ✝ ✱ ✠✏ ✝ ✜ ✲ ☞✔✢✌✱ ✝ ✑ ✔✝ ✡ ✔✌ ✥ ✝✜ ✢ ☞✔ ✙ ✞ ✓✚✞ ♠A–✚✝✕ ✢❪

✙✞ ☞✓✌ ✝ ✱✠ ✏ ✝✜ ✲ ✠✡ ☛ ③✔✞✗✣ ☛ ③✼❀ ✥✔ ☛ ☞✗✳ ✞✞ ✑ ✴ ✥✵ ☞✘✛ ✤✞ ✥ A ✑✥✢ ✚✝✕ ✢ ✝ ✜ ✢ ✝ ✑ ✔✝ ✌ ✥ ✝✜ ✢ ☞✔ ♠A❫✚✝ ✕✢ ❪ ✙ ✞ ☞✓✌

✝ ✱✠ ✏ ✝✜ ✲ ✠✡ ☛ ③✔✞ ✗ ✙ ✞ ✓✚ ✞ A ✴ ✥✵ ☞✘✛ ☛ ✻✗✔ ✙✞ ✓✚ ✞ ♠A–✚✝ ✕ ✢❪ ✈ r✞ ✞ ✏✌ ❑

A❳= {HHH, HTT, THT, TTH, TTT}

❀✞ A❳= {❴ : ❴ ❵  S ✈ ✞✜ ✗ ❴  ❛ A} = S – A ✝ ✜ ✲
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2. ❄☎✆✝☎ ✞A ❀☎ B✯ (Event A or B) ✥✟✠✡☛ ☞✌✍✎✏ ✍☞ ✑☛✒ ✓✟✔✕✖✗☛✒✘ A ✈☛✙✠ B ☞☛ ✓✍❞✟✚✛

A ✜ B ⑥☛✠☛ ✍✛✢✍✣✤ ✍☞✗☛ ✎☛✤☛ ✦✙ ✍✎✓✟✒✘ ✧✦ ✓★ ✈✧✗✧ ✓✍❞✟✍✚✤ ✦☛✒✤✒ ✦✙✘ ✎☛✒ ✗☛ ✤☛✒ A ✟✒✘ ✦✙✘ ✗☛

B ✟✒✘ ✦✙ ✗☛ ✑☛✒✛☛✒✘ ✟✒✘ ✦✙✘❡

✎★ ✓✟✔✕✖✗ A ✈☛✙✠ B ✍☞✓✌ ✣❢✍✤✑✩☛✪ ✓✟✍✫✬ ✓✒ ✓✘★✘✍✭✤ ✑☛✒ ✮☛✬✛☛✏✰ ✦☛✒✘ ✤☛✒ ‘A ✜ B’ ✮☛✬✛☛

A ✗☛ B ✗☛ ✑☛✒✛☛✒✘ ☞☛✒ ✍✛✢✍✣✤ ☞✠✤☛ ✦✙❡ ❄☎✆✝☎ ‘A ✜✜✜✜ B’ ☞☛✒ ‘A ❀☎ B’ ❍☛✌ ☞✦☛ ✎☛✤☛ ✦✙❡

❜✓✍✚✏ ✮☛✬✛☛ ‘A ✗☛ B’ = A ✜ B = {✱: ✱✲A ✗☛ ✳ ✲ B}

3. ❄☎✆✝☎ 'A ✴☎✵✶ B' (Event A and B) ✦✟ ✎☛✛✤✒ ✦✙✘ ✍☞ ✑☛✒ ✓✟✔✕✖✗☛✒✘ ☞☛ ✓✧✪✍✛✫✷

A ✸ B ✧✦ ✓✟✔✕✖✗ ✦☛✒✤☛ ✦✙ ✍✎✓✟✒✘ ✧✒ ✈✧✗✧ ✦☛✒✤✒ ✦✙✘ ✎☛✒ A ✈☛✙✠ B ✑☛✒✛☛✒✘ ✟✒✘ ✹❍☛✗✍✛✫✷ ✦☛✒✤✒ ✦✙✘ ✈✺☛☛✪✤✻

✎☛✒ A ✈☛✙✠ B ✑☛✒✛☛✒✘ ✟✒✘ ✦☛✒✤✒ ✦✙✘❡

✗✍✑ ‘A ✈☛✙✠ B’ ✑☛✒ ✮☛✬✛☛✏✰ ✦☛✒✘ ✤☛✒ ✓✟✔✕✖✗ A ✼ B ✮☛✬✛☛ ‘A ✈☛✙✠ B’ ☞☛✒ ✑✩☛☛✪✤☛ ✦✙❡

❜✓ ✣❢☞☛✠✽ A ✸ B = {✱ : ✱ ✲ A ✈☛✙✠  ✱ ✲ B}

✹✑☛✦✠✡☛ ✧✒♠ ✍✚✏ ✏☞ ✣☛✓☛ ☞☛✒ ✑☛✒ ★☛✠ ✣✒✘♠☞✛✒ ✧✒♠ ✣✠✌✾☛✡☛ ✟✘✒ ✟☛✛ ✚✌✍✎✏ ✮☛✬✛☛ A ❫✣✦✚✌ ✣✒✘♠☞

✟✒✘ ✓✘✿✗☛ ❁ ✣❢☞✬ ✦☛✒✤✌ ✦✙❂ ✈☛✙✠ ✮☛✬✛☛ B ❫✑☛✒ ✣✒✘♠☞☛✒✘ ✣✠ ✣❢☞✬ ✓✘✿✗☛✈☛✒✘ ☞☛ ✗☛✒❃ ❅✗❆✛✤✟ ❇❇ ✦☛✒✤☛

✦✙❂ ☞☛✒ ❣✗❈✤ ☞✠✤✌ ✦✙✘❡ ✤★

A = {(6,1), (6,2}, (6,3), (6,4), (6,5), (6,6)} ✈☛✙✠  B = {(5,6), (6,5), (6,6)}

❜✓✍✚✏   A ✸ B = {(6,5), (6,6)}

✛☛✒✬ ☞✌✍✎✏ ✍☞ ✓✟✔✕✖✗ A ✸ B = {(6,5), (6,6)}✽ ✮☛✬✛☛ ❫✣✦✚✌ ✣✒✘♠☞ ✣✠ ❁ ✣❢☞✬ ✦☛✒✤☛ ✦✙ ✈☛✙✠

✑☛✒✛☛✒✘ ✣✒✘♠☞☛✒✘ ✣✠ ✣❢☞✬ ✓✘✿✗☛✈☛✒✘ ☞☛ ✗☛✒❃ ❅✗❆✛✤✟ ❇❇ ✦☛✒✤☛ ✦✙❂ ☞☛✒ ❣✗❈✤ ☞✠✤☛ ✦✙❡

4. ❄☎✆✝☎ ✞A ❉❊❋●■ B ✝❏❑❋✯ (Event A but not B) ✦✟ ✎☛✛✤✒ ✦✙✘ ✍☞ A – B ✹✛ ✓❍☛✌ ✈✧✗✧☛✒✘

☞☛ ✓✟✔✕✖✗ ✦☛✒✤☛ ✦✙ ✎☛✒ A ✟✒✘ ✤☛✒ ✦✙✘ ✚✒✍☞✛ B ✟✒✘ ✛✦✌✘ ✦✙✘❡ ❜✓✍✚✏✽ ✓✟✔✕✖✗ 'A – B' ✮☛✬✛☛ ‘A

❉❊❋●■ B ✝❏❑❋’ ☞☛✒ ❣✗❈✤ ☞✠ ✓☞✤☛ ✦✙❡ ✦✟ ✎☛✛✤✒ ✦✙✘ ✍☞  A – B = A ✸ B▲

▼◆☎❏✶❖☎ P ✏☞ ✣☛✓☛ ✣✒✘♠☞✛✒ ✧✒♠ ✣✠✌✾☛✡☛ ✣✠ ✍✧✖☛✠ ☞✌✍✎✏❡ ✮☛✬✛☛ ❫✏☞ ✈❍☛☛◗✗ ✓✘✿✗☛ ✣❢☛❘✤ ✦☛✒✛☛❂

☞☛✒ A ✓✒ ✈☛✙✠ ✮☛✬✛☛ ❫✏☞ ✍✧✫☛✟ ✓✘✿✗☛ ✣❢☛❘✤ ✦☛✒✛☛❂ ☞☛✒ B ✓✒ ✍✛✢✍✣✤ ✍☞✗☛ ❃✗☛ ✦✙❡ ✍✛❞✛✍✚✍✿☛✤

✮☛✬✛☛✈☛✒✘  (i) A ✗☛  B (ii) A ✈☛✙✠ B (iii)  A ✍☞✘✤✔ B ✛✦✌✘ (iv) ‘A–✛✦✌✘’ ☞☛✒ ✍✛✢✍✣✤ ☞✠✛✒ ✧☛✚✒

✓✟✔✕✖✗ ✍✚✍✿☛✏❡

❏❙ ✗✦☛✰  S = {1,2,3,4,5,6}, A = {2,3,5} ✈☛✙✠ B = {1,3,5}

✣❢✐✗✾☛✤❚

(i) ‘A ✗☛ B’ = A ✜ B =  {1,2,3,5}

(ii) ‘A ✈☛✙✠ B’ = A ✸ B = {3,5}

(iii) ‘A ✍☞✘✤✔ B ✛✦✌✘’ =  A – B =  {2}

(iv) ‘A–✛✦✌✘’ = A´ = {1,4,6}
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16.3.4 ✝❥▲✝❥ ✞✝✟✠✡☛ ☞✌✍✎✌✏✑ (Mutually exclusive events) ✒✓✔✓ ✒✕✖✗✘✙✕ ✚✕✗ ✒✛✜✢✓✣✓ ✘✓

✒✤✥✦✧★✓✩ ✔✪✥✫✬ S = {1, 2, 3, 4, 5, 6} ❣✭✮ ✪✓✙ ❡✜✥✯✰ ✱✓✬✙✓ A ✲✰✘ ✥✚✫✓✪ ✔✖✳✴✓ ✘✓ ✒✤✘✬ ❣✓✕✙✓✵

✈✓✭✛ ✱✓✬✙✓ B ✲✰✘ ✔✪ ✔✖✳✴✓ ✘✓ ✒✤✘✬ ❣✓✕✙✓✵ ✘✓✕ ✶✴✷✦ ✘✛✦✕ ❣✭✖✮

✸✒✫✬✦✴✓ ✱✓✬✙✓ A, ✱✓✬✙✓ B ✘✓✕ ✈✒✚✥✯✩✦ ✘✛ ✛❣✜ ❣✭ ✦❞✓✓ ✹✔✘✓ ✥✚❡✓✕✪ ✺✓✜ ✔✻✴ ❣✭✮ ✧✼✔✛✕

★✓✽✧✓✕✖ ✪✕✖✾ ✰✕✔✓ ✘✓✕✹✩ ✒✥✛✣✓✓✪ ✙❣✜✖ ❣✭ ✯✓✕ ✱✓✬✙✓ A ✈✓✭✛ B ✚✕✗ ✰✘ ✔✓❞✓ ✱✓✥✬✦ ❣✓✕✙✕ ✘✓✕ ✥✙✥★♦✦ ✘✛✦✓

❣✭ ✴❣✓✿

A = {1, 3, 5} ✈✓✭✛ B = {2, 4, 6}

✸✒✫✬✦✴✓ A ❀ B = ❁  ✈❞✓✓✩✦❂ A ✈✓✭✛ B ✈✔✖✴❃✷✦ ✔✪❃❄♦✴ ❣✭✖✮

✶✴✓✒✘✦❖ ✧✓✕ ✱✓✬✙✓✰✿  A ✈✓✭✛ B ❅❆❇❅❆ ❈❅❉❊❋● ❍■❏❑■▼◆ ✘❣✜ ✯✓✦✜ ❣✭✖✾ ✴✥✧ ✹✙✪✕✖ ✔✕ ✥✘✔✜

✰✘ ✘✓ ✱✓✥✬✦ ❣✓✕✙✓ ✧✼✔✛✜ ✚✕✗ ✱✓✥✬✦ ❣✓✕✙✕ ✘✓✕ ✈✒✚✥✯✩✦ ✘✛✦✓ ❣✭ ✈❞✓✓✩✦❂ ✚✕ ✰✘ ✔✓❞✓ ✱✓✥✬✦ ✙❣✜✖ ❣✓✕

✔✘✦✜ ❣✭✖✖✮ ✹✔ ✧★✓✓ ✪✕✖ ✔✪❃❄♦✴ A ✈✓✭✛ B ✈✔✖✴❃✷✦ ❣✓✕✦✕ ❣✭✖✮

✒❃✙❖ ✰✘ ✒✓✔✕ ✘✓✕ ✒✕✖✗✘✙✕ ✚✕✗ ✒✛✜✢✓✣✓ ✪✕✖ ✱✓✬✙✓ A ✲✰✘ ✥✚✫✓✪ ✔✖✳✴✓ ✒✤✘✬ ❣✓✕✙✓✵ ✈✓✭✛ ✱✓✬✙✓

B ✲❫ ✔✕ P✓✕✬✜ ✔✖✳✴✓ ✒✤✘✬ ❣✓✕✙✓✵ ✒✛ ✥✚♦✓✛ ✘✜✥✯✰✮

✒✤✻✴✢✓✦❖  A = {1, 3, 5} ✈✓✭✛ B = {1, 2, 3}

✈◗ 3 ❘ A ✦❞✓✓ ✔✓❞✓ ❣✜ 3 ❘ B

✹✔✥❡✰ A ✈✓✭✛ B ✈✔✖✴❃✷✦ ✙❣✜✖ ❣✭✮ ✈✦❖ A ✈✓✭✛ B ✒✛✸✒✛ ✈✒✚✯✜✩ ✱✓✬✙✓✰✿ ✙❣✜✖ ❣✭✖✮

❢✍✝❙❚✌✡ ✰✘ ✒✤✥✦✧★✓✩ ✔✪✥✫✬ ✘✜ ✔✛❡ ✱✓✬✙✓✰✿ ✔✧✭✚ ✒✛✸✒✛ ✈✒✚✯✜✩ ❣✓✕✦✜ ❣✖✭✮

16.3.5 ❢✎❯❱✌❲❳✌ ☞✌✍✎✌✏✑ (Exhaustive events) ✰✘ ✒✓✔✕ ✘✓✕ ✒✕✖✗✘✙✕ ✚✕✗ ✒✛✜✢✓✣✓ ✒✛ ✥✚♦✓✛

✘✜✥✯✰✮ ❣✪ ✒✓✦✕ ❣✭✖ S = {1, 2, 3, 4, 5, 6}.

✈✓✹✰ ✥✙❨✙✥❡✥✳✓✦ ✱✓✬✙✓✈✓✕✖ ✘✓✕ ✒✥✛✺✓✓✥✫✓✦ ✘✛✕✖❖

 A: ‘❫ ✔✕ P✓✕✬✜ ✔✖✳✴✓ ✒✤✘✬ ❣✓✕✙✓’,

 B: ‘❩ ✔✕ ◗❬❭✜ ✥✘✖✦❃ ❪ ✔✕ P✓✕✬✜ ✔✖✳✴✓ ✒✤✘✬ ❣✓✕✙✓’

✈✓✭✛ C:‘❫ ✔✕ ◗❬❭✜ ✔✖✳✴✓ ✒✤✘✬ ❣✓✕✙✓’.

✦◗  A = {1, 2, 3}, B = {3,4} ✈✓✭✛ C = {5, 6}. ❣✪ ✧✕✳✓✦✕ ❣✭✖ ✥✘

A ❴ B ❴ C = {1,2,3} ❴ {3,4} ❴  {5, 6} = S.

✰✕✔✜ ✱✓✬✙✓✈✓✕✖ A, B ✈✓✭✛ C ✘✓✕ ❵❑❛❜■❝❤■ ❍■❏❑■▼◆ ✘❣✦✕ ❣✭✖✮ ✶✴✓✒✘ ❦✒ ✔✕ ✴✥✧ E
1
, E

2
, ..., E

n
 ✥✘✔✜

✒✤✥✦✧★✓✩ ✔✪✥✫✬ S ✘✜ n ✱✓✬✙✓✰✿ ❣✭✖ ✈✓✭✛ ✴✥✧

1 2 3
1

E E E ... E E S
n

n i
i❧

♠ ♠ ♠ ♥ ♠ ♥

✦◗ E
1
, E

2
, ..., E

n
 ✘✓✕ ✥✙❖★✓✕✫✓ ✱✓✬✙✓✰✿ ✘❣✦✕ ❣✭✖✮ ✧✼✔✛✕ ★✓✽✧✓✕✖ ✪✕✖✾ ✱✓✬✙✓✰✿ E

1
, E

2
, ..., E

n 
✥✙❖★✓✕✫✓

✘❣❡✓✦✜ ❣✭✖ ✴✥✧ ✒✛✜✢✓✣✓ ✚✕✗ ✘✛✙✕ ✒✛ ✹✙✪✕✖ ✔✕ ✘✪ ✔✕ ✘✪ ✰✘ ✱✓✬✙✓ ✈✚★✴ ❣✜ ✱✓✥✬✦ ❣✓✕✮
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❜☎✆✝✞ ✟✠✡✠☛☞✡ ✌✠✍ ☎✎✏✑ i ✒ j ✆✝✞ ✠♦✓  E
i
 ✔ E

j
 = ✕ ✟✈✖✡✗ ✌✠✍ E

i
 ✔ E

j 
= ✕✘ i ✒ j ✟✙✏✏✚✡✛

E
i
 ✟✏✜☛ E

j 
✥☛✢✥☛ ✟✥✆✣✑✚ ✤✜✦✧ ✟✏✜☛

1
E S

n

i
i★
✩ ✪  ✤✏✝✧ ✡✏✝ ❣✏✫✬✏✓✭ E

1
, E

2
, ..., E

n 
✐✮✯✐✮ ✰✐✱✲✳✴

❢✵✶✷✸✹✺✸ ❄✸✻✵✸✼✭ →✤♦✏✡✑ ✤✜✦✽

✟✏❜✓ ✟✾ ✆✿✞❀ ❁✍✏✤☛❂✏✏✝✦ ✥☛ ✠✆❃✏☛ →☛✝✦✽

♠❅✸❆✮❇✸ ❈ ✍✏✝ ✥✏☎✝ ✥✝✦✞✆✝✞ ✣✏✡✝ ✤✜✦ ✟✏✜☛ ✥✏☎✏✝✦ ✥☛ ✥✖✏♥✡ ☎✦❉✌✏✟✏✝✦ →✏ ✌✏✝✈ ✠♦❉✏✏ ✣✏✡✏ ✤✜✽ ✟✏❜✓ ✟✾

✤❊ ❜☎ ✥✖✌✏✝✈ ☎✝ ☎✦✾✦✠❋✡ ✠✬●✬✠♦✠❉✏✡ ❣✏✫✬✏✟✏✝✦ ✥☛ ✠✆❃✏☛ →☛✝✦✗

A: ‘✥✖✏♥✡ ✌✏✝✈ ☎❊ ☎✦❉✌✏ ✤✜’✽

B: ‘✥✖✏♥✡ ✌✏✝✈ ❍ →✏ ✈✿❂✏✣ ✤✜’✽

C: ‘✥✖✏♥✡ ✌✏✝✈ ■ ☎✝ →❊ ✤✜’✽

D: ‘✥✖✏♥✡ ✌✏✝✈ ❏❏ ☎✝ ✟✠❋→ ✤✜’✽

❜✬ ❣✏✫✬✏✟✏✝✦ ❊✝✦ ☎✝ →✏✜✬ ☎✝ ✌✿❑❊ ✥☛✢✥☛ ✟✥✆✣✑✚ ✤✜✦?

❆▲ ✥✖✠✡✍▼✏✚ ☎❊✠◆✫ S = {(x, y):  x, y = 1, 2, 3, 4, 5, 6} ❊✝✦ ❍❡ ✟✆✌✆ ✤✜✦✽

✡✾ A = {(1, 1), (1, 3), (1, 5), (2, 2), (2, 4), (2, 6), (3, 1), (3, 3), (3, 5), (4, 2), (4, 4),

       (4, 6), (5, 1), (5, 3), (5, 5), (6, 2), (6, 4), (6, 6)}

B = {(1, 2), (2, 1), (1, 5), (5, 1), (3, 3), (2, 4), (4, 2), (3, 6), (6, 3), (4, 5), (5, 4),

       (6, 6)}

C = {(1, 1), (2, 1), (1, 2)} ✟✏✜☛ D = {(6, 6)}

✤❊✝✦ ✥✖✏♥✡ ✤✏✝✡✏ ✤✜

A ✔ B = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1), (6, 6)} ✒ ✕

❜☎✠♦✓✧  A ✟✏✜☛ B ✥☛✢✥☛ ✟✥✆✣✑✚ ✬✤✑✦ ✤✜✦✽

❜☎✑ ✥✖→✏☛ A ✔ C ✒ ✕✘ A ✔ D ✒ ✕✘ B ✔ C ✒ ✕✘ ✟✏✜☛ B ✔ D ✒ ✕✘

❜☎ ✥✖→✏☛ ✌✿❑❊ (A, C), (A, D), (B, C), (B, D) ✥☛✢✥☛ ✟✥✆✣✑✚ ✬✤✑✦ ✤✜✽

☎✏✙✏ ✤✑ C ✔ D ✒ ✕ ❜☎✠♦✓✧ C ✟✏✜☛ D ✥☛✢✥☛ ✟✥✆✣✑✚ ❣✏✫✬✏✓✭ ✤✜✦✽

♠❅✸❆✮❇✸ ❖ ✓→ ✠☎☞✆✝✞ →✏✝ ✡✑✬ ✾✏☛ ❁❀✏♦✏ ✈✌✏ ✤✜✽ ✠✬●✬✠♦✠❉✏✡ ❣✏✫✬✏✟✏✝✦ ✥☛ ✠✆❃✏☛ →✑✠✣✓✗

A: ‘→✏✝❜✚ ✠❃❞✏ ✥✖→✫ ✬✤✑✦ ✤✏✝✡✏ ✤✜’ ,

B: ‘✡✙✌✡✗ ✓→ ✠❃❞✏ ✥✖→✫ ✤✏✝✡✏ ✤✜’ ✟✏✜☛

C: ‘→❊ ☎✝ →❊ ✍✏✝ ✠❃❞✏ ✥✖→✫ ✤✏✝✡✝ ✤✜✦’✽

☞✌✏ ✌✤ ✥☛✢✥☛ ✟✥✆✣✑✚ ✟✏✜☛ ✠✬✗▼✏✝◆✏ ❣✏✫✬✏✟✏✝✦ →✏ ☎❊✿P❃✌ ✤✜?

❆▲ ✥✠☛❂✏✏❊ →✏ ✥✖✠✡✍▼✏✚ ☎❊✠◆✫

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} ✤✜

✟✏✜☛ A = {TTT}, B = {HTT, THT, TTH}✡✙✏✏ C = {HHT, HTH, THH, HHH}
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✈✝ A ✞ B ✞ C = {TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} = S

❜✟✠✡☛, A, B ✈☞✌✍ C ✠❢✎✏☞✑✒☞ ✓☞✔❢☞☛✕ ✖✌✗✘

✟☞❧☞ ✖✙ A ✚  B = ✛, A ✚  C = ✛ ✈☞✌✍ B ✚  C = ✛

❜✟✠✡☛✜ ✓☞✔❢☞☛✕ ✢✣✤✥ ✦✑✧ ✈❢✣✟☞✍ ✈✟✗✢✣★✩ ✖✌✗ ✈❧☞☞✪✩✫ ✦✑ ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗✘

✈✩✎ A, B ✈☞✌✍ C ✬✍✭✬✍ ✈✬✦✮✙✪ ✦ ✠❢✎✏☞✑✒☞ ✓☞✔❢☞✈☞✑✗ ✯☞ ✟✥✣✰✱✢ ✝❢☞✩✑ ✖✌✗✘

✲✳✴✵✶✷✸✹ 16.2

1. ☛✯ ✬☞✟☞ ✬✑✗✧✯☞ ✮☞✩☞ ✖✌✘ ✥☞❢ ✡✙✠✮☛ ✓☞✔❢☞ E ❫✬☞✟✑ ✬✍ ✟✗✺✢☞ ✻ ✼✏☞☞✪✩☞✽ ✖✌ ✈☞✌✍ ✓☞✔❢☞ F ❫✬☞✟✑

✬✍ ✟✥ ✟✗✺✢☞ ✼✏☞☞✪✩☞✽ ✖✌✘ ★✢☞ E ✈☞✌✍ F ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗?

2. ☛✯ ✬☞✟☞ ✬✑✗✧✯☞ ✮☞✩☞ ✖✌✘ ✠❢✾❢✠✡✠✺☞✩ ✓☞✔❢☞✈☞✑✗ ✯☞ ✦✿☞✪❢ ✯✙✠✮☛✎

(i) A: ✟✗✺✢☞ ❀ ✟✑ ✯✥ ✖✌✘ (ii) B:  ✟✗✺✢☞ ❀ ✟✑ ✝❁❂✙ ✖✌✘

(iii) C:  ✟✗✺✢☞ ❃ ✯☞ ❄✣✿☞✮ ✖✌✘ (iv) D:  ✟✗✺✢☞ ✻ ✟✑ ✯✥ ✖✌✘

(v) E: ✻ ✟✑ ✝❁❂✙ ✟✥ ✟✗✺✢☞ ✖✌✘ (vi) F:  ✟✗✺✢☞ ❃ ✟✑ ✯✥ ❢✖✙✗ ✖✌✘

A ✞ B, A ✚ B, B ✞ C, E ✚ F, D ✚ E, A – C, D –  E, E ✚ F❅❆ F´  ❍☞✙ ❇☞✩ ✯✙✠✮☛✘

3.  ☛✯ ✬✍✙❈☞✿☞ ✥✑✗ ✬☞✟✑✗ ✦✑✑✧ ☛✯ ✮☞✑❁❂✑ ✯☞✑ ✬✑✗✧✯✩✑ ✖✌✗ ✈☞✌✍ ❉❢ ✬✍ ✬❊✯✔ ✟✗✺✢☞✈☞✑✗ ✯☞✑ ✠✡✺☞✩✑ ✖✌✗✘

✠❢✾❢✠✡✠✺☞✩ ✓☞✔❢☞✈☞✑✗ ✯☞ ✦✿☞✪❢ ✯✙✠✮☛✎

A: ✬❊☞❋✩ ✟✗✺✢☞✈☞✑✗ ✯☞ ✢☞✑❄ ● ✟✑ ✈✠■✯ ✖✌✘

B: ✼☞✑❢☞✑✗ ✬☞✟☞✑✗ ✬✍ ✟✗✺✢☞ ♥ ✬❊✯✔ ✖☞✑✩✙ ✖✌✘

C: ✬❊✯✔ ✟✗✺✢☞✈☞✑✗ ✯☞ ✢☞✑❄ ✯✥ ✟✑ ✯✥ ❀ ✖✌ ✈☞✌✍ ❃ ✯☞ ❄✣✿☞✮ ✖✌✘

❜❢ ✓☞✔❢☞✈☞✑✗ ✦✑✑✧ ✯☞✌❢❏✯☞✌❢ ✟✑ ✢✣✤✥ ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗❑

4. ✩✙❢ ✠✟★✯☞✑✗ ✯☞✑ ☛✯ ✝☞✍ ❉r☞✡☞ ✮☞✩☞ ✖✌✘ ✥☞❢ ✡✙✠✮☛ ✠✯ ✓☞✔❢☞ ✽✩✙❢ ✠✱▲☞ ✠✼✺☞❢☞✽ ✯☞✑  A

✟✑✜ ✓☞✔❢☞ ❫✼☞✑ ✠✱▲☞ ✈☞✌✍ ☛✯ ✬✔✫ ✠✼✺☞❢☞✽ ✯☞✑ B ✟✑✜ ✓☞✔❢☞ ❫✩✙❢ ✬✔✫ ✠✼✺☞❢☞✽ ✯☞✑ C ✈☞✌✍ ✓☞✔❢☞

✽✬✖✡✑ ✠✟★✦✑✧ ✬✍ ✠✱▲☞ ✠✼✺☞❢☞✽ ✯☞✑ D ✟✑ ✠❢▼✠✬✩ ✠✯✢☞ ❄✢☞ ✖✌✘ ✝✩☞❜☛ ✠✯ ❜❢✥✑✗ ✟✑ ✯☞✌❢

✟✙ ✓☞✔❢☞☛✕ (i) ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗❑ (ii) ✟✍✡ ✖✌✗ ? (iii) ✠✥◆ ✖✌✗ ?

5. ✩✙❢ ✠✟★✦✑✧ ☛✯ ✝☞✍ ❉r☞✡✑ ✮☞✩✑ ✖✌✗✘ ✦✿☞✪❢ ✯✙✠✮☛✘

(i) ✼☞✑ ✓☞✔❢☞☛✕ ✮☞✑ ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗✘

(ii) ✩✙❢ ✓☞✔❢☞☛✕ ✮☞✑ ✬✍✭✬✍ ✈✬✦✮✙✪ ✈☞✌✍ ✠❢✎✏☞✑✒☞ ✖✌✗✘

(iii) ✼☞✑ ✓☞✔❢☞☛✕ ✮☞✑ ✬✍✭✬✍ ✈✬✦✮✙✪ ❢✖✙✗ ✖✌✗✘

(iv) ✼☞✑ ✓☞✔❢☞☛✕ ✮☞✑ ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗ ✠✯✗✩✣ ✠❢✎✏☞✑✒☞ ❢✖✙✗ ✖✌✗✘

(v) ✩✙❢ ✓☞✔❢☞☛✕ ✮☞✑ ✬✍✭✬✍ ✈✬✦✮✙✪ ✖✌✗ ✠✯✗✩✣ ✠❢✎✏☞✑✒☞ ❢✖✙✗ ✖✌✗✘

6. ✼☞✑ ✬☞✟✑ ✬✑✗✧✦✑✧ ✮☞✩✑ ✖✗✌✘ ✓☞✔❢☞☛✕ A, B ✈☞✌✍ C ✠❢✾❢✠✡✠✺☞✩ ✬❊✯☞✍ ✟✑ ✖✌✗✎

A: ✬✖✡✑ ✬☞✟✑ ✬✍ ✟✥ ✟✗✺✢☞ ✬❊☞❋✩ ✖☞✑❢☞
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B: ✐☎✆✝ ✐✞✟✝ ✐✠ ✡☛☞✞✌ ✟✍✎✏✞ ✐✑✞✒✓ ☎✞✝✔✞

C: ✐✞✟✞✝✍ ✐✠ ✐✑✞✒✓ ✟✍✎✏✞✕✞✝✍ ✖✞ ✏✞✝✗ ✘ 5 ☎✞✝✔✞

✡✔❢✔✡✆✡✎✞✓ ✙✞✚✔✞✕✞✝✍ ✖✞ ☛✛✞✜✔ ✖✢✡✣✤✥

(i) A✦ (ii) B✫✔☎✢✍ (iii) A ✏✞ B

(iv) A ✕✞✈✠  B (v) A ✡✖✍✓✧  C ✔☎✢✍ (vi) B ✏✞ C

(vii) B ✕✞✈✠ C (viii) A ★ B✦ ★ C✦

7. ♠✐✏✧✜✩✓ ✐✑✪✔ ✬ ✖✞✝ ✭✝✡✎✞✤ ✕✞✈✠ ✡✔❢✔✡✆✡✎✞✓ ✌✝✍ ✟✮✏ ✏✞ ✕✟✮✏ ✯✓✞✰✤ ✱✕✐✔✝ ♠✲✞✠ ✖✞ ✖✞✠✛✞

✭✢✡✣✤♥✥

(i) A ✕✞✈✠ B ✐✠✳✐✠ ✕✐☛✣✢✜ ☎✈✍✴

(ii) A ✕✞✈✠ B ✐✠✳✐✠ ✕✐☛✣✢✜ ✕✞✈✠ ✡✔✥✪✞✝☞✞ ☎✈✍✴

(iii) A = B✦

(iv) A ✕✞✈✠ C ✐✠✳✐✠ ✕✐☛✣✢✜ ☎✈✍✴

(v) A ✕✞✈✠ B✦ ✐✠✳✐✠ ✕✐☛✣✢✜ ☎✈✍✴

(vi) A✦, B✦, C ✐✠✳✐✠ ✕✐☛✣✢✜ ✕✞✈✠ ✡✔✥✪✞✝☞✞ ✙✞✚✔✞✤✵ ☎✈✍✴

16.4 ✶✷✸✹✺✻✼✸ ✻✽ ✾✹✿✸❀❁❂✽✼✽✺ ❃❁✹❄❅✻✸❆❇✸ (Axiomatic Approach to Probability)

✰✟ ✕❜✏✞✏ ☛✝❈ ✐☎✆✝ ✕✔✧❉❊✝✭✞✝✍ ✌✝✍ ☎✌✔✝ ✏✞✭❋✡❉❊✖ ✐✠✢●✞✛✞❍ ✐✑✡✓✭✪✞✜ ✟✌✡☞✚ ✓■✞✞ ✰✔ ✐✠✢●✞✛✞✞✝✍ ✟✝

✟✍✯✍✡❧✓ ✙✞✚✔✞✕✞✝✍ ✐✠ ✡☛❏✞✠ ✡✖✏✞ ☎✈✴ ☎✌ ✕✐✔✝ ✭✈✡✔✖ ✣✢☛✔ ✌✝✍ ✡✖✟✢ ✙✞✚✔✞ ☛✝❈ ✙✞✡✚✓ ☎✞✝✔✝ ✖✢

✟✍❑✞✞☛✔✞ ☛✝❈ ✡✆✤ ✕✔✝✖ ✪✞▲✭✞✝✍ ✖✞ ♠✐✏✞✝✗ ✖✠✓✝ ☎✈✍✴ ✐✑✞✡✏✖✓✞ ✡✟▼✞✍✓ ✡✖✟✢ ✙✞✚✔✞ ☛✝❈ ✙✞✡✚✓ ☎✞✝✔✝ ✏✞

✔ ☎✞✝✔✝ ✖✢ ✟✍❑✞✞☛✔✞ ✖✞✝ ✤✖ ✌✞✐ ✭✝✔✝ ✖✞ ✐✑✏✞✟ ☎✈✴

✡✐❊✆✢ ✖●✞✞✕✞✝✍ ✌✝✍ ☎✌✔✝ ✡✖✟✢ ✐✠✢●✞✛✞ ✌✝✍ ☛✧❈✆ ✟✍❑✞✞✡☛✓ ✐✡✠✛✞✞✌✞✝✍ ✖✢ ✟✍✎✏✞ ◆✞✓ ☎✞✝✔✝ ✐✠❍

✡✖✟✢ ✙✞✚✔✞ ✖✢ ✐✑✞✡✏✖✓✞ ◆✞✓ ✖✠✔✝ ✖✢ ☛✧❈❊ ✡☛✡❧✏✞✝✍ ☛✝❈ ✯✞✠✝ ✌✝✍ ✐❖P✞ ☎✈✴

✡✖✟✢ ✙✞✚✔✞ ✖✢ ✐✑✞✡✏✖✓✞ ◆✞✓ ✖✠✔✝ ✖✢ ✤✖ ✕✞✈✠ ✡☛✡❧ ✕✡❑✞✗❋☎✢✓✢✏ ✭❋✡☞✚✖✞✝✛✞ ☎✈✴ ✰✟ ✓✠✢✖✞

✌✝✍ ✐✑✞✡✏✖✓✞✤✵ ✡✔❧✞✜✡✠✓ ✖✠✔✝ ☛✝❈ ✡✆✤ ✕✡❑✞✗❋☎✢✡✓✏✞✝✍ ✏✞ ✡✔✏✌✞✝✍ ✖✞✝ ❝◗❘❙❚❯ ✱depict♥ ✡✖✏✞ ✗✏✞ ☎✈✴

✌✞✔ ✆✝✍ ✡✖ ✡✖✟✢ ✏✞✭❋✡❉❊✖ ✐✠✢●✞✛✞ ✖✞ ✐✑✡✓✭✪✞✜ ✟✌✡☞✚ S ☎✈✴ ✐✑✞✡✏✖✓✞ P ✤✖ ☛✞✳✓✡☛✖

✌✞✔✢✏ ✐❈✆✔ ☎✈ ✡✣✟✖✞ ✐✑✞✍✓ S ✖✞ ✙✞✞✓ ✟✌✧❉❏✏ ☎✈❍ ✕✞✈✠ ✐✡✠✟✠ ✕✍✓✠✞✆ [0,1] ☎✈ ✣✞✝ ✡✔❢✔✡✆✡✎✞✓

✕✡❑✞✗❋☎✢✡✓✏✞✝✍ ✖✞✝ ✟✍✓✧☞✚ ✖✠✓✞ ☎✈✥

(i) ✡✖✟✢ ✙✞✚✔✞ E, ☛✝❈ ✡✆✤❍  P (E) ❱ 0

(ii) P (S) = 1

(iii) ✏✡✭ E ✕✞✈✠ F ✐✠✳✐✠ ✕✐☛✣✢✜ ✙✞✚✔✞✤✵ ☎✈✍ ✓✞✝ P(E ❲ F) = P(E) + P(F).

✕✡❑✞✗❋✡☎✓ (iii) ✟✝ ✏☎ ✕✔✧✟✡✠✓ ☎✞✝✓✞ ☎✈ ✡✖ P(❳) = 0. ✰✟✝ ✡✟▼ ✖✠✔✝ ☛✝❈ ✡✆✤ ☎✌ F = ❳ ✆✝✓✝ ☎✈✍

✕✞✈✠ ✭✝✎✞✓✝ ☎✈✍ ✡✖ E ✕✞✈✠ ❳ ✐✠✳✐✠ ✕✐☛✣✢✜ ✙✞✚✔✞✤✵ ☎✈❍ ✰✟✡✆✤ ✕✡❑✞✗❋☎✢✓ (iii) ✟✝ ☎✌ ✐✞✓✝ ☎✈✍ ✡✖
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P (E ✞ ✝) = P (E) + P ( ✝ ) ❀✟ P(E) = P(E) + P (✝) ✈✠✟✟✡☛☞ P(✝) = 0

❡✟✌ ✍✎✏✑✒ ✏✓ ✔
1
, ✔

2
, ...✱✔

n
 ✕✖✏☛✗✘✟✡ ✙❡✏✚✛ S ♦✜✢ ✕✏✣✤✟✟❡ ✥✦✧ ✈✠✟✟✡☛☞

S = {✔
1
, ✔

2
, ...✱✔

n
}✥✦❣

✕✖✟✏❀✓☛✟ ✓✎ ✈✏★✟✩✪✥✎☛✎❀ ✕✏✣★✟✟✚✟✟ ✙✜ ❀✥ ✏✌✚✓✚✟✡ ✏✌✓✍☛✟ ✥✦ ✏✓

(i) ✕✖✫❀✜✓ ✔
i 
 ✬ S ♦✜✢ ✏✍✒ 0 ✭  P (✔

i
) ✭1

(ii) P (✔
1
) + P (✔

2
) + ... + P (✔

n
) = 1

(iii) ✏✓✙✎ ❢✟✛✌✟ ✔
i
♦✜✢ ✏✍✒ P(A) =  ✮ P (✔

i
), ✔

i 
 ✬ A

✯✰✲✳✴✵✶✷ ✸❀✟✌ ✗✎✏✑✒ ✏✓ ✒✓✍ ✙❡✹✺✻❀ {✔
i
} ✓✟✜ ❧✼✽ ✾✶✲✿✶ ✓✥☛✜ ✥✦✧ ✈✟✦✣ ✙✧♦✜✢☛✌

✓✎ ✙✹✏♦❞✟ ♦✜✢ ✏✍✒ ✥❡ P(④✔
i
}) ✓✟✜ P(✔

i
) ✏✍❁✟☛✜ ✥✦✧❣

♠✗✟✥✣✤✟ ♦✜✢ ✏✍✒ ✒✓ ✏✙❂♦✜✢ ✓✟✜ ♠❃✟✍✌✜ ♦✜✢ ✕✣✎❄✟✤✟ ❡✜✧ ✥❡ ✕✖✫❀✜✓ ✕✏✣✤✟✟❡ H ✈✟✦✣ T ♦✜✢

✙✟✠✟ ✙✧❁❀✟
1

2
 ✏✌❞✟✡✏✣☛ ✓✣ ✙✓☛✜ ✥✦✧

✈✠✟✟✡☛☞ P(H) = 
1

2
 ✈✟✦✣  P(T) = 

1

2
... (1)

▲✕✚✛☛❀✟ ❀✥ ✏✌❞✟✡✣✤✟ ✗✟✜✌✟✜✧ ✕✖✏☛❅✧❞✟✜✧ ✓✟✜ ✙✧☛✹✚✛ ✓✣☛✟ ✥✦ ✈✠✟✟✡☛☞ ✕✖✫❀✜✓ ✙✧❁❀✟ ✌ ☛✟✜ ✘✟❆❇❀ ✙✜

❃✟✜✛✎ ✥✦ ✈✟✦✣ ✌ ✥✎ ✒✓ ✙✜ ❅◆❈✎ ✥✦

✈✟✦✣ P(H) + P(T) = 
1

2
 + 
1

2
 = 1

❜✙✏✍✒ ❜✙ ✗✘✟✟ ❡✜✧ ✥❡ ✓✥ ✙✓☛✜ ✥✦✧ ✏✓

H ✓✎ ✕✖✟✏❀✓☛✟ = 
1

2
  ✈✟✦✣ T ✓✎ ✕✖✟✏❀✓☛✟  = 

1

2
.

✈✟❜✒ ✥❡ P(H) = 
1

4
 ✈✟✦✣ P(T) = 

3

4
 ✍✜☛✜ ✥✦✧❣ ... (2)

❂❀✟ ❀✥ ✏✌❞✟✡✣✤✟ ✈✏★✟✩✪✥✎☛✎❀ ☛✣✎✓✟ ♦✜✢ ✕✖✏☛❅✧❞✟✜✧ ✓✟✜ ✙✧☛✹✚✛ ✓✣☛✟ ✥✦❉

✥✟❊❋ ❜✙ ✗✘✟✟ ❡✜✧ H ✓✎ ✕✖✟✏❀✓☛✟ = 
1

4
 ✈✟✦✣ T ✓✎ ✕✖✟✏❀✓☛✟ = 

3

4
 ✥✦❣

✥❡ ✕✟☛✜ ✥✦✧ ✏✓ ✗✟✜✌✟✧✜ ✕✖✟✏❀✓☛✟ ✏✌❞✟✡✣✤✟ ●❍■ ✈✟✦✣ ●❏■❋ H ✈✟✦✣ T ✓✎ ✕✖✟✏❀✓☛✟✈✟✜✧ ♦✜✢ ✏✍✒

♦✦❞ ✥✦✧❣

♦✟▲☛♦ ❡✜✧ ✗✟✜✌✟✜✧ ✕✏✣✤✟✟❡✟✜ ✧ H ☛✠✟✟ T ✓✎ ✕✖✟✏❀✓☛✟✈✟✜ ✧ ♦✜✢ ✏✍✒ ✙✧❁❀✟✒❊ ❑❡✘✟▼ p ☛✠✟✟

(1 – p) ✏✌❞✟✡✏✣☛ ✓✣ ✙✓☛✜ ✥✦✧❋ ✑❅✏✓ 0 ❖ p ❖ 1 ✈✟✦✣ P(H) + P(T) = p + (1 –  p) = 1
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❀☎ ✆✝✞✟❀✠✡✞ ✟☛☞✞✌✍✎✞ ✏✞✑ ✒✟✏✞✓✔☎✑✡✑❀ ✕✔✟✖✗✠✞✘✎✞ ✙✘✚ ✆✝✟✡✛✜☞✞✘✜ ✠✞✘ ✢✜✡✣✖✗ ✠✍✡✘ ☎✤✜✥ ✒✡✦ ☎✧

✠☎ ✢✠✡✘ ☎✤✜ ✟✠ ✟✠✢✑ ✆✍✑❞✞✎✞ ✙✘✚ ✆✟✍✎✞✞✧✞✘✜ ✙✘✚ ✢✞★✞ ✆✝✞✟❀✠✡✞ ✟✙✡✍✎✞ ✒☛✘✠ ✩❀✞ ❀☎ ✠☎☛✞

✒✟☞✠ ✈✟✪✫✞ ☎✞✘✓✞ ✟✠ ✒☛✜✡✬ ✆✝✠✞✍ ✢✘ ✟✠❀✞ ✭✞ ✢✠✡✞ ☎✤✥

✒✞✮✯ ✒✛ ✙✣✚✰ ✈✕✞☎✍✎✞✞✘✜ ✆✍ ✟✙✪✞✍ ✠✍✘✜✥

♠✱✲✳✴✵✲ ✶ ✧✞☛ ❡✑✟✭✯ ✯✠ ✆✝✟✡✕✷✞✌ ✢✧✟✖✗ S = {✸
1
, ✸

2
, ...✹✸

6
}☎✤✥ ✟☛❣☛✟❡✟✺✞✡ ✧✘✜ ✢✘ ✆✝✻❀✘✠

✆✟✍✎✞✞✧ ✙✘✚ ✟❡✯ ✠✞✤☛✐✠✞✤☛ ✢✘ ✆✝✞✟❀✠✡✞ ✟☛☞✞✌✍✎✞ ✙✤☞ ☎✤✜✼

✆✟✍✎✞✞✧ ✸
1

✸
2

✸
3

✸
4

✸
5

✸
6

(a)
1

6

1

6

1

6

1

6

1

6

1

6

(b) 1 0 0 0 0 0

(c)
1

8

2

3

1

3

1

3

1

4
✽

1

3
✽

(d)
1

12

1

12

1

6

1

6

1

6

3

2

(e) 0.1 0.2 0.3 0.4 0.5 0.6

✳✾ (a) ✆✝✟✡✛✜☞ (i): ✆✝✻❀✘✠ ✢✜✺❀✞ p (✸
i
) ☞☛✞✻✧✠ ☎✤ ✒✞✤✍ ✯✠ ✢✘ ✰✞✘✗✑ ☎✤✥

✆✝✟✡✛✜☞ (ii): ✆✝✞✟❀✠✡✞✒✞✘✜ ✠✞ ❀✞✘✓

= 
1 1 1 1 1 1

1
6 6 6 6 6 6

✿ ✿ ✿ ✿ ✿ ❁

✮✢✟❡✯ ❀☎ ✆✝✞✟❀✠✡✞ ✟☛☞✞✌✍✎✞ ✙✤☞ ☎✤✥

(b) ✆✝✟✡✛✜☞ (i): ✆✝✻❀✘✠ ✢✜✺❀✞ p(✸
i
) ❀✞ ✡✞✘ ❂ ☎✤ ❀✞ ❃ ☎✤✥

✆✝✟✡✛✜☞ (ii): ✆✝✞✟❀✠✡✞✒✞✘✜ ✠✞ ❀✞✘✓  = 1 + 0 + 0 + 0 + 0 + 0 = 1

✮✢✟❡✯ ❀☎ ✟☛☞✞✌✍✎✞ ✙✤☞ ☎✤✥

(c) ✆✝✟✡✛✜☞ (i): ✕✞✘ ✆✝✞✟❀✠✡✞✯♥ p (✸
5
) ✒✞✤✍  p(✸

6
) ➼✎✞✞✻✧✠ ☎✤✜✥ ✮✢✟❡✯ ❀☎ ✟☛☞✞✌✍✎✞ ✙✤☞

☛☎✑✜ ☎✤✥

(d) ❉❀✞✜✘✟✠ p (✸
6
) = 

3

2
> 1, ✮✢✟❡✯ ❀☎ ✆✝✞✟❀✠✡✞ ✟☛☞✞✌✍✎✞ ✙✤☞ ☛☎✑✜ ☎✤✥

(e) ❉❀✞✜✘✟✠ ✆✝✞✟❀✠✡✞✒✞✘✜ ✠✞ ❀✞✘✓ = 0.1 + 0.2 + 0.3 + 0.4 + 0.5 + 0.6 = 2.1 ☎✤ ✮✢✟❡✯ , ❀☎

✆✝✞✟❀✠✡✞ ✟☛☞✞✌✍✎✞ ✙✤☞ ☛☎✑✜ ☎✤✥
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16.4.1 ❄✝✞✟✝ ✠✡ ☛☞✝✌✍✠✎✝ ✥Probability of an event) ✱✏ ✑✒✓✔✕ ✖✓✗✓ ✘✕✘✑✙✚ ✏✛✑✓✜✢ ✑✜✢ ✣✜

✚✔✕ ✏✓ r✗✔✤✓✦✓ ✧★✩✜✢ ✪✫✬✓ ✭✮✓✯✘✰✗✘✩✚✲ ✪✓✳✗ ✴✓✗✓✵ ✭✮✓✯✘✰✶✯✷✚✲ ✑✜✢ ✸✹✔✙✸✺✻✚ ✏✗✕✜ ✸✜✻ ✘✛✱ ✘✏✶✓

✹✶✓① ✑✓✕ ✛✔✘✼✱ ✘✏ ✽✣ r✗✔✤✓✦✓ ✏✓ r✾✘✚✿✒✓✙ ✣✑✘❀✰ S ✩✳① ✽✣ r✗✔✤✓✦✓ ✸✜✻ r❁ ✻✛◗✸❂r ✩✑✜✢

0, 1, 2 ✶✓ 3 ✴✓✗✓✵ ✏✛✑✜✢ ✘✑✛ ✣✏✚✔ ✩✳✢①

✽✣ r✾✶✓✜✹ ✸✜✻ ✣✢✹✚ r✾✘✚✿✒✓✙ ✣✑✘❀✰

S = {BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG}✩✳①

✼✩✓t B ✱✏ ✮✓✯✘✰✶✯✷✚ ✶✓ ✴✓✗✓✵ ✏✛✑ ✏✓✜ ✪✓✳✗ G ✱✏ ✪✫✬✜ ✶✓ ✮✓✯✘✰✗✘✩✚ ✏✛✑ ✏✓✜ r✾✏✰

✏✗✚✓ ✩✳①

✑✓✕ ✛✔✘✼✱❡ ✘✏ r✘✗✦✓✓✑✓✜✢ ✸✜✻ ✘✛✱ ✘✕❃✕✘✛✘✴✓✚ r✾✓✘✶✏✚✓✱t ✘✕❅✓✙✘✗✚ ✏✔ ✹✽✙ ✩✳✢❆

r✾✘✚✿✒✓✙ ✘✵✢✿✯: BBB BBG BGB GBB BGG GBG GGB GGG

r✾✓✘✶✏✚✓:
1

8

1

8

1

8

1

8

1

8

1

8

1

8

1

8

✑✓✕ ✛✔✘✼✱ ❇✓✰✕✓ ❈✚❉✶✚❆ ✱✏ ✮✓✯✘✰✶✯✷✚ ✏✛✑ ✏✓ ✘✕✏✛✕✓❊ ✏✓✜ A ✣✜ ✸ ❇✓✰✕✓ ❈★✶❋✕✚✑ ✿✓✜

✮✓✯✘✰✶✯✷✚ ✏✛✑✓✜✢ ✏✓ ✘✕✏✛✕✓❊ ✏✓✜ B ✣✜ r✾✏✰ ✏✗✚✜ ✩✳✢①

◗r❀✰✚❆ A = {BGG, GBG, GGB} ✪✓✳✗  B = {BBG, BGB, GBB, BBB}

✪✵ P(A) = P( ), Ai i● ●❍ ■ ❏

= P(BGG) + P(GBG) + P(GGB) = 
1 1 1 3

8 8 8 8
❑ ❑ ▲

✪✓✳✗ P(B) = P( ), Bi i▼ ▼◆ ❖ P

= P(BBG) + P(BGB) + P(GBB) + P(BBB) = 
1 1 1 1 4 1

8 8 8 8 8 2
❘ ❘ ❘ ❙ ❙

✪✓✽✱ ✱✏ ✪★✶ r✗✔✤✓✦✓ ❈✱✏ ✘✣✷✸✜✻ ✏✓✜ ✿✓✜ ✵✓✗ ✧✬✓✛✕✓❊ r✗ ✘✸✈✓✗ ✏✗✜✢①

✽✣ r✗✔✤✓✦✓ ✏✓ r✾✘✚✿✒✓✙ ✣✑✘❀✰  S = {HH, HT, TH, TT} ✩✳①

✑✓✕ ✛✔✘✼✱ ✘✏ ✘✸✘❚✓★✕ r✘✗✦✓✓✑✓✜✢ ✸✜✻ ✘✛✱ ✘✕❃✕✘✛✘✴✓✚ r✾✓✘✶✏✚✓✱t ✘✕❅✓✙✘✗✚ ✏✔ ✹✽✙ ✩✳✢❆

P(HH) = 
1

4
, P(HT) = 

1

7
, P(TH) = 

2

7
, P(TT) = 

9

28

◗r❀✰✚✶✓ ✶✩ r✾✓✘✶✏✚✓ ✘✕❅✓✙✗✦✓ ✪✘❚✓✹✺✩✔✚✔✶ ✪✘❚✓✹✑ ✸✜✻ r✾✘✚✵✢❅✓✜✢ ✏✓✜ ✣✢✚✯❀✰ ✏✗✚✓ ✩✳① ✪✓✽✱

✪✵ ✩✑ ❇✓✰✕✓ E ❈✿✓✜✕✓✜✢ ✧✬✓✛✓✜✢ ✑✜✢ ✱✏ ✣✓ ✩✔ r✘✗✦✓✓✑ ✩✳❊ ✏✔ r✾✓✘✶✏✚✓ ❫✓✚ ✏✗✜✢①

✶✩✓t E = {HH, TT}

✪✵ ✣❚✓✔ ❯
i
❱ E ✸✜✻ ✘✛✱ P(E) = ❲P(❯

i
), = P(HH) + P(TT) = 

1 9 4

4 28 7
❘ ❙
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❄☎✆✝☎ F: ❫✞✟✠✞✡ ☛☎☞ ✌✍✎☎✏ ✑☞✒ ✌✓✔✕ ✖✗ ✘☎✞☞ ✖✙✚ F = {HH}

✈☎✙✛ P(F) = P(HH) = 
1

4

16.4.2 ❧✜ ❧✢✣✤✤✥✦ ✧★✩✪✤✤✜✤✫✬ ✭✮ ✧✯✤★✦✭✰✤ (Probability of equally likely outcomes)

✗☎✝ ✓❡✌✱✔ ✌✲ ✔✲ ✘✛❡✳☎✴☎ ✲☎ ✘✵✌✞☛✶☎✷ ✸✗✌✹✆
S = {✺

1
, ✺

2
, ..., ✺

n
} ✖✙

✗☎✝ ✓☞✚ ✌✲ ✸✻☎❡ ✘✌✛✴☎☎✗ ✸✗ ✸✚✻☎☎✼✠ ✖✙✚✕ ✈✟☎☎✷✞✽ ✘✵✾✠☞✲ ✸✛✓ ❄☎✆✝☎ ✑☞✒ ❄☎✌✆✞ ✖☎☞✝☞ ✲❡ ✸✚✻☎☎✑✝☎ ✸✗☎✝
✖✙❣
✈✟☎☎✷✞✽ ✸✻☎❡ ✺

i
 ✿ S ✑☞✒ ✌✓✔✕ P(✺

i
) = p, ✱✖☎t 0 ❀ p ❀ 1

❉✠☎☞✚✌✲
1

P( ) 1
n

i

i

❁
❂

❃❅  ❜✸✌✓✔  p + p + ... + p (n ❝☎✛) = 1

✠☎ np = 1 ✠☎  p = 
1

n

✗☎✝ ✓❡✌✱✔ ✌✲ ✘✵✌✞☛✶☎✷ ✸✗✌✹✆ S ✲❡ ✲☎☞❜✷ ✔✲ ❄☎✆✝☎ E, ❜✸ ✘✵✲☎✛ ✖✙ ✌✲ n(S) = n ✈☎✙✛
n(E) = m. ✠✌☛ ✘✵✾✠☞✲ ✘✌✛✴☎☎✗ ✸✗ ✸✚✻☎☎✼✠ ✖✙ ✞☎☞ ✠✖ ✈✝❆✸✌✛✞ ✖☎☞✞☎ ✖✙ ✌✲

P(E)
m

n
❇ = 

E ♦◗❈ ❊✉q❞②✇ ✐❢❋●❍❍■❍❦❈ ❞❤ ❏❬❦ ❛❍
♦q◗② ❏❑❦ ❍❍❢♦▲ ✐❢❋●❍❍■❍❦❈ ❞❤ ❏❬❦ ❛❍

16.4.3 ▼✤◆❖✤  'A ✦✤ B' ✭✮ ✧✯✤★✦✭✰✤ (Probability of the event ‘A or B’) ✈☎❜✔ ✈❝ ✖✗
❄☎✆✝☎ ‘A ✠☎ B’, ✲❡ ✘✵☎✌✠✲✞☎ ✈✟☎☎✷✞✽ P (A P B) ❘☎✞ ✲✛☞✚❣
✗☎✝ ✓❡✌✱✔✕ A = {HHT, HTH, THH} ✈☎✙✛ B = {HTH, THH, HHH}, ❫✔✲ ✌✸❉✑☞✒ ✲❡ ✞❡✝
♠❙☎✓☎☞✚ ✑☞✒ ✘✛❡✳☎✴☎ ✲❡ ☛☎☞ ❄☎✆✝☎✔t ✖✙✚❣
❚✘✹✆✞✠☎ A P B = {HHT, HTH, THH, HHH}

✈❝ P (A P B) = P(HHT) + P(HTH) + P(THH) + P(HHH)

✠✌☛ ✸✻☎❡ ✘✌✛✴☎☎✗ ✸✗ ✸✚✻☎☎✼✠ ✖☎☞ ✚ ✞☎☞

P (A P B) 
1 1 1 1 4 1

8 8 8 8 8 2
❯ ❱ ❱ ❱ ❯ ❯

✸☎✟☎ ✖❡ P(A) = P(HHT) + P(HTH) + P(THH) = 
3

8

✈☎✙✛ P(B) = P(HTH) + P(THH) + P(HHH) = 
3

8
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❜✝✞✟✠ P(A) + P(B) = 
3 3 6

8 8 8
✡ ☛

❀☞ ✌✍✎✏ ☞✑ ✞✒ P(A ✓ B) ✔ P(A) + P(B)

✞❢✕✖✗✘✙✚✕ HTH ✘✙✑✈ THH, A r✛✙✙ B ❡✚✕ ✜✢✙❀✞✣✎✤ ✘✥❀✥ ☞✑✕✦ P(A) + P(B) ✥✚♦ ✍✞✈✒✟✣ ❡✚✕

HTH ✘✙✑✈ THH, ✭✘✛✙✙✧r★ A ✩ B ✥✚♦ ✘✥❀✥✪ ✒✫ ✍✬✙✞❀✒r✙ ✒✙✚ ✖✙✚ ❢✙✈ ✝✞✮❡✞✟r ✞✒❀✙ ✯❀✙ ☞✑✦

✘r✰ P(A ✓ B) ✒✙✚ ❞✙r ✒✈✣✚ ✥✚♦ ✞✟✠ ☞❡✚✕  A ✩ B ✥✚♦ ✍✬✞r✖✱✙✧ ✞❢✕✖✗✘✙✚✕ ✒✫ ✍✬✙✞❀✒r✙✘✙✚✕ ✒✙✚

P(A) + P(B) ❡✚✕ ✝✚ ✲✙✏✙✣✙ ☞✙✚✯✙✦

✘✛✙✙✧r★ P(A B)✳ = P(A) P(B) P(✴ ), ✴ A Bi i✵ ✶ ✷ ✸ ✹ ✺

= P(A) P(B) P(A B)✻ ✼ ✽

✘r✰ P(A B)✳  = P(A) P(B) P(A B)✻ ✼ ✾

❖❀✙✍✒r✰ ❀✞✖ A ✘✙✑✈ B ✞✒✝✫ ✍✈✫✿✙❁✙ ✒✫ ✒✙✚❜✧ ✖✙✚ ✲✙✏✣✙✠❂ ☞✑✕ r❢ ✞✒✝✫ ✲✙✏✣✙ ✒✫ ✍✬✙✞❀✒r✙

✒✫ ✍✞✈✢✙✙✎✙✙ ✥✚♦ ✘✣✗✝✙✈ ☞❡✚✕ ✍✬✙❃r ☞✙✚r✙ ☞✑ ✞✒

❄ ❅ ❆ ❇P A B , A Bi ip❈ ❉ ❊ ❋ ●❋ ❍ ❈ .

■❀✙✚✕✞✒ A B (A B) (A B) (B A)✳ ❏ ❑ ✳ ▲ ✳ ❑ , ❜✝✞✟✠

P(A ✓ B)= ▼ ◆ ▼ ◆P( ) (A–B) P( ) A B +i i ii❊ ❋ ●❋ ❍ P ❊ ❋ ●❋ ❍ ◗ ❘ ❙P( ) B–Ai i❚ ❚❯ ❱ ❲

(■❀✙✚✕✞✒ A–B, A ✩ B ✘✙✑✈  B – A ✍✈✌✍✈ ✘✍✥❳✫✧ ☞✑✕✦ ... (1)

✝✙✛✙ ☞✫ ❨ ❩ ❨ ❩P(A) P(B) ( ) A + ( ) Bi i i ip pP ❉ ❊ ❋ ●❋ ❍ ❊ ❋ ●❋ ❍

= ❬ ❭P( ) (A–B) (A B) +i i❊ ❋ ●❋ ❍ ❈ ◗ ❪ ❫P( ) (B–A) (A B)i i❊ ❋ ●❋ ❍ ❈ ◗

= ❴ ❵ ❴ ❵P( ) (A – B) + P( ) (A B)i i i i❊ ❋ ●❋ ❍ ❊ ❋ ●❋ ❍ ◗ + ❛ ❝P( ) (B–A)i i❊ ❋ ●❋ ❍

+ ❣ ❤P( ) (A B)i i❊ ❋ ●❋ ❍ ◗

= ❥ ❦P(AUB) P( ) A Bi iP ❊ ❋ ●❋ ❍ ◗ [(1) ✥✚♦ ✍✬❀✙✚✯ ✝✚]

= P(A B)+ P(A B)❈ ◗ .

✘r✰  P(A B) P(A)+P(B) – P(A B)❈ ❉ ◗ .

❜✝ ✝❧♠✙ ✒✙ ✥✑✒✞♥✍✒ ✍✬❡✙❁✙ ✞✣✮✣✞✟✞♣✙r ✍✬✒✙✈ ✝✚ ✢✙✫ ✞✖❀✙ ❳✙ ✝✒r✙ ☞✑✦

A ✓ B = A ✓ (B – A) ❳☞✙❂ A ✘✙✑✈ B – A ✍✈✌✍✈ ✘✍✥❳✫✧ ☞✑✕✦

✘✙✑✈ B = (A ✩ B) ✓ (B – A) ❳☞✙❂  A ✩ B ✘✙✑✈ B – A ✍✈✌✍✈ ✘✍✥❳✫✧ ☞✑✕✦

✍✬✙✞❀✒r✙ ✒✫ ✘✞✢✙✯q☞✫r (iii) ⑥✙✈✙s ☞❡✚✕ ✍✬✙❃r ☞✙✚r✙ ☞✑ ✞✒
P (A  ✓ B) = P (A) + P (B – A) ... (2)

✘✙✑✈ P(B) = P ( A ✩ B) + P (B – A) ... (3)
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✭☎ ✆ ✝✞✟ ✠ ✞ ✭ ✡✆ ☛☞ ✌☞ ✍ ✞ ✎✏✑
P (A ✒ B) – P(B) = P(A) – P (A ✓ B)

❀☞ P(A ✒  B) = P(A) + P (B) – P (A ✓ B)

♠ ✎❀ ✔✕✖ ✗ ✎✘✏✙☞ ☞ ✝ ✚☞ ✞ ✛✞✍ ✜✢✣☞ ✏✞✤☞ ✭✣ ☞ ✛✥✦✘✗ ✧★ ✩ ✧✆ ✚☞ ✣ ✛✪☞ ✞✚✍ ✚✏✛✞✦ ✫☞ ✬ ✎✔ ✍ ✮ ✠ ✯❀ ☞ ✘✎✗ ✘✚❀☞ ✰☞

✠ ✚✗ ☞ ❧✱ ✲

✈✳ ✴✵✶ ✷✸ 16.1

❀ ✘✹  A ✣☞ ✱ ✏ B ✣✠ ✟❀✔✖ ✗ ✠ ✝✔ ✺✻❀ ❧☞ ✞✟ ✣ ✼☞ ☞✕ ✗ ✜ ❀ ✞ ✹ ☞ ✞✍☞ ✞✟ ✎✏✽✎✏ ✣ ✎✛✰ ✬✕ ☛☞ ✌✍☞ ✾✿ ❧☞ ✞✟ ✗ ☞ ✞ (A ✓ B) = ❁

❜✠ ✘✪✾✑ P (A ✓ B) = P (❁) = 0

✣✗ ✮ ✎✏✽✎✏ ✣ ✎✛✰ ✬✕ ☛☞ ✌✍☞ ✣☞ ✞✟ A ✣☞ ✱ ✏ B, ✛✞✦ ✘✪✾✑ ❧ ✝ ✎☞✗ ✞ ❧ ✱ ✟

P (A ✒ B) = P (A) + P (B), ✰☞ ✞ ✘✛✦ ✎t☞ ✘❀ ✚✗ ☞ ✚✬ ✣ ✘✫☞ ❂ ✥❧ ✬✗ ✭iii✆ ❧ ✬ ❧ ✱ ✲

16.4.4 ❃❄ ❅ ❆❄ ❇A-❆✉ ❈❉ ❊ ❋ ❈ ●❍❄ ■ ❏ ❋❑❄ (Probability of event 'not A') 1 ✠ ✞ 10 ✗ ✚ ✣ ✟ ✘✚✗

✎✐ ✙☞☞ ▲✚☞ ✞✟ ✛☞ ✪ ✞ ✹ ✠ ✎▼☞ ☞ ✞✟ ✛✞✦ ◆ ✞✚ ✝✞ ✟ ✠ ✞ ✾ ✚ ✎▼☞ ☞ ✘✍ ✚☞ ✪✍ ✞ ✛✞✦ ✎✏✬❖☞ ✙☞ ✚✬ ☛☞ ✌✍☞ A = {2, 4, 6, 8} ✎✏

✘✛✻☞ ✏ ✚✬✘✰✾ ✲ ✽✎❢ ✌✗❀ ☞ ✎t✘✗ ✹ P☞ ✕ ✠ ✝✘❢ ✌ S = {1, 2, 3, ...,10} ❧ ✱ ✲

❀ ✘✹ ✠✫☞ ✬ ✎✘✏✙☞ ☞ ✝☞ ✞✟ 1, 2, 3,...,10 ✚☞ ✞ ✠ ✝ ✠ ✟✫☞ ☞ ◗❀ ✝☞ ✍ ✪✞ ✟ ✗ ☞ ✞ ✎t ✯❀ ✞ ✚ ✎✘✏✙☞ ☞ ✝ ✚✬ ✎t☞ ✘❀ ✚✗☞

1

10
 ❧☞ ✞❂✬✲

✣❘ P(A) = P(2) + P(4) + P(6) + P(8)

=
1 1 1 1 4 2

10 10 10 10 10 5
❙ ❙ ❙ ❚ ❚

✠☞✼ ☞ ❧ ✬ ☛☞ ✌✍☞ ❯A-✍❧ ✬✟❱ = A❲ = {1, 3, 5, 7, 9, 10}

✣❘ P(A❲) = P(1) + P(3) + P(5) + P(7) + P(9) + P(10)

=
6 3

10 5
❚

❜✠ ✎t✚☞ ✏ P(A❲) =
3 2

1 1 P(A)
5 5

❳ ❨ ❳ ❨
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❧✝✞✝ ✟✠ ✟✡☛☞ ✌✟ ✍✝✠ ✎✏✝ ✟✑ ✒✓ A✔ ✏✞✝✝ A  ✎✕✖✎✕ ✗✎✘✙✠✚ ✗✝✑✕ ✒✛✜✢✝☛✣✝ ✤✝✥✛✝✦✧ ✟✑☞★

✗✏✜ A ✩ A✔ = ✪ ✗✝✑✕ A ✫ A✔ = S

✄✁ P(A ✫ A✔) = P(S)

✈✬ P(A) + P(A✔) = 1, ✗✒✍✝✭✮✟✠✏✝☛☞  (ii) ✗✝✑✕  (iii) ✘☛♦ ✎✯✌✝☛✭ ✰✝✕✝

✄✁ P(A✔) = P(A ✛✟✠❛) = 1 – P(A)

✗✝✱✦ ❧✡ ❧☞✍✝✝✒✘✏ ✎✒✕✲✝✝✡✝☛☞ ✘✝✳☛ ✎✕✠✴✝✲✝✝☛☞ ✘☛♦ ✒✳✦ ✘✵♦✶ ✷✸✝✟✕✲✝✝☛☞ ✘ ✎✯✢✛✝☛☞ ✎✕ ✒✘✹✝✕ ✓✕☛☞✺

✙t ✏✓ ✒✓ ✗✻✌✞✝✝ ✛ ✓✟✝ ✭✌✝ ✟✝☛★

♠✼✽✾✿❀✽ ❁❂ ✏✝✢✝ ✘☛♦ r❃ ✎❄✝✝☛☞ ✓✠ ✦✓ ✍✝✳✠❅✍✝✝✧✒✏ ✎☛☞♦✥✠ ✭✱✚ ✭❆❇✠ ✡☛☞ ❧☛ ✦✓ ✎❄✝✝ ✒✛✓✝✳✝ ✭✌✝ ✟✑★

✒✛✓✝✳☛ ✭✦ ✎❄✝☛ ✓✠ ✎✯✝✒✌✓✏✝ ❢✝✏ ✓✠✒✙✦ ✌✒✸

(i) ✎❄✝✝ ✱✚☞✥ ✓✝ ✟✑★ (ii) ✎❄✝✝ ✱❈✓✝ ✛✟✠☞ ✟✑★

(iii) ✎❄✝✝ ✓✝✳☛ ✕☞✭ ✓✝ ✟✑ (✗✞✝✝✚✏❉ ✒✹❆❊✠ ✌✝ ✟✵✓✵✡ ✓✝),

(iv) ✎❄✝✝ ✱✚☞✥ ✓✝ ✛✟✠☞ ✟✑★ (v) ✎❄✝✝ ✓✝✳☛ ✕☞✭ ✓✝ ✛✟✠☞ ✟✑★

✾❣ ✙t r❃ ✎❄✝✝☛☞ ✓✠ ✍✝✳✠❅✍✝✝✧✒✏ ✎☛☞♦✥✠ ✭✱✚ ✭❆❇✠ ✡☛☞ ✦✓ ✎❄✝✝ ✒✛✓✝✳✝ ✙✝✏✝ ✟✑ ✏✝☛ ❧☞✍✝✘ ✎✒✕✲✝✝✡✝☛☞ ✓✠

❧☞❋✌✝ r❃ ✟✑★

(i) ✡✝✛ ✳✠✒✙✦ ✤✝✥✛✝ ❡✒✛✓✝✳✝ ✭✌✝ ✎❄✝✝ ✱✚☞✥ ✓✝ ✟✑✺ ✓✝☛ A ❧☛ ✸✢✝✝✚✌✝ ✭✌✝ ✟✑★

✖✎✣✥✏✌✝ A ✡☛☞ ✗✘✌✘✝☛☞ ✓✠ ❧☞❋✌✝ ●❍ ✟✑★

✱❧✒✳✦✺ P(A) = 
13 1

52 4
■

✗✞✝✝✚✏❉✺ ✦✓ ✱❏✥ ✓✝ ✎❄✝✝ ✒✛✓✝✳✛☛ ✓✠ ✎✯✝✒✌✓✏✝  = 
1

4

(ii) ✡✝✛ ✳✠✒✙✦ ✒✓ ✤✝✥✛✝ ❡✒✛✓✝✳✝ ✭✌✝ ✎❄✝✝ ✱❈✓✝ ✟✑❑ ✓✝☛ B ❧☛ ✸✢✝✝✚✏☛ ✟✑☞★

✱❧✒✳✦ ❡✒✛✓✝✳✝ ✭✌✝ ✎❄✝✝ ✱❈✓✝ ✛✟✠☞ ✟✑❑ ✓✝☛  B✔ ❧☛ ✸✢✝✝✚✌✝ ✙✝✦✭✝★

✗t P(B✔) = 1 –  P(B) = 
4 1 12

1 1
52 13 13

▲ ▼ ▲ ▼

(iii) ✡✝✛ ✳✠✒✙✦ ✤✝✥✛✝ ❡✒✛✓✝✳✝ ✭✌✝ ✎❄✝✝ ✓✝✳☛ ✕☞✭ ✓✝ ✟✑❑ ✓✝☛ C ❧☛ ✸✢✝✝✚✏☛ ✟✑☞★

✱❧✒✳✦ ❧✡✵❜✹✌ C ✡☛☞ ✗✘✌✘✝☛☞ ✓✠ ❧☞❋✌✝  = 26

✗✞✝✝✚✏❉ P(C) = 
26 1

52 2
◆

✱❧ ✎✯✓✝✕ ✓✝✳☛ ✕☞✭ ✓✝ ✎❄✝✝ ✒✛✓✝✳✛☛ ✓✠ ✎✯✝✒✌✓✏✝  = 
1

2

(iv) ✟✡✛☛ ✷✎✌✵✚❈✏  (i) ✡☛☞ ✡✝✛✝ ✟✑ ✒✓ ✤✝✥✛✝ ❡✒✛✓✝✳✝ ✭✌✝ ✎❄✝✝ ✱✚☞✥ ✓✝ ✟✑❑ ✓✝☛ A ❧☛ ✸✢✝✝✚✏☛ ✟✑☞★

✱❧✒✳✦ ✤✝✥✛✝ ❡✒✛✓✝✳✝ ✭✌✝ ✎❄✝✝ ✱✚☞✥ ✓✝ ✛✟✠☞ ✟✑❑ ✓✝☛ A✔ ✌✝ ❡A❅✛✟✠☞❑ ❧☛ ✸✢✝✝✚✦✭☛☞★
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✈☎ P(A✫✆✝✞✟) = 1 –  P(A) = 
1 3

1
4 4

✠ ✡

(v) ❄☛☞✆☛ ✌✍✆✎☛✏☛ ✑✒☛ ✓✔☛☛ ✎☛✏✕ ✖✟✑ ✎☛ ✆✝✞✟ ✝✗✘ ✎☛✕ C✙ ✒☛ ✌C✫✆✝✞✟✘ ✚✕ ✛✜☛☛✢✒☛ ✣☛ ✚✎✤☛ ✝✗✥

✈☎ ✝✦✕✟ ✧☛✤ ✝✗ ✍✎ P(C✫✆✝✞✟) = 1 –  P(C) = 
1 1

1
2 2

★ ✩

❜✚✍✏✪✬ ✓✔☛☛ ✎☛✏✕ ✖✟✑ ✎☛ ✆ ✝☛✕✆✕ ✎✞ ✓✭☛✍✒✎✤☛ = 
1

2

♠✮✯✰✱✲✯ 11 ✪✎ ✳☛✗✏✕ ✦✕✟ ✴ ✍✵✶✎ ✝✗✟ ✍✣✆✦✕✟ ✚✕ ✷ ✏☛✏ ✖✟✑ ✎✞✬ ✸ ✆✞✏✕ ✖✟✑ ✎✞ ✈☛✗✖ ✹ ✓✞✏✕ ✖✟✑

✎✞ ✝✗✟✥ ✍✵✶✎ ✈☛✎☛✖ ✪❞✟ ✦☛✓ ✦✕✟ ✚✦✺✓ ✝✗✟✥ ✳☛✗✏✕ ✦✕✟ ✚✕ ✪✎ ✍✵✶✎ ✒☛✛✻✼✽✒☛ ✍✆✎☛✏✞ ✣☛✤✞ ✝✗✥

✓✭☛✒✍✎✤☛ ✧☛✤ ✎✞✍✣✪ ✍✎ ✍✆✎☛✏✞ ✑❜✢ ✍✵✶✎ (i) ✏☛✏ ✖✟✑ ✎✞ ✝✗ (ii) ✓✞✏✕ ✖✟✑ ✎✞ ✝✗ (iii) ✆✞✏✕ ✖✟✑

✎✞ ✝✗ (iv) ✆✞✏✕ ✖✟✑ ✎✞ ✆✝✞✟ ✝✗, (v) ✏☛✏ ✖✟✑ ✎✞ ✝✗ ✒☛ ✆✞✏✕ ✖✟✑ ✎✞ ✝✗✥

✰❣ ✍✵✶✎☛✟✕ ✎✞ ❞❢✾✏ ✚✟✿✒☛ ✴ ✝✗✥ ❜✚✍✏✪ ✚✟❀☛❞ ✓✍✖❁☛☛✦☛✕✟ ✎✞ ❞❢✾✏ ✚✟✿✒☛ ✴ ✝❢❜✢✥

✦☛✆ ✏✞✍✣✪ ❄☛☞✆☛✈☛✕✟ A, B ❞ C ✎☛✕ ❜✚ ✓✭✎☛✖ ✚✕ ✓✍✖❀☛☛✍❂☛✤ ✍✎✒☛ ✑✒☛ ✝✗✥

A: ✍✆✎☛✏✞ ✑❜✢ ✍✵✶✎ ✏☛✏ ✖✟✑ ✎✞ ✝✗✥

B: ✍✆✎☛✏✞ ✑❜✢ ✍✵✶✎ ✓✞✏✕ ✖✟✑ ✎✞ ✝✗✥

C: ✍✆✎☛✏✞ ✑❜✢ ✍✵✶✎ ✆✞✏✕ ✖✟✑ ✎✞ ✝✗✥

(i) ✏☛✏ ✖✟✑ ✎✞ ✍✵✶✎☛✕✟ ✎✞ ✚✟✿✒☛ = 4 ✈✳☛☛✢✤❃ n (A) = 4

✈✤❅ P(A) = 
4

9

(ii) ✓✞✏✕ ✖✟✑ ✎✞ ✍✵✶✎☛✕✟ ✎✞ ✚✟✿✒☛  = 2, ✈✳☛☛✢✤❃ n (B) = 2

❜✚✍✏✪✬ P(B) = 
2

9

(iii) ✆✞✏✕ ✖✟✑ ✎✞ ✍✵✶✎☛✕✟ ✎✞ ✚✟✿✒☛ = 3, ✈✳☛☛✢✤❃ n(C) = 3

❜✚✍✏✪✬ P(C) = 
3 1

9 3
✡

(iv) ✶✓❂☞✤✒☛ ❄☛☞✆☛ ✌✍✵✶✎ ✆✞✏✕ ✖✟✑ ✎✞ ✆✝✞✟ ✝✗✘  'C-✆✝✞✟' ✝✞ ✝✗ ✝✦ ✣☛✆✤✕ ✝✗✟ ✍✎

P(C-✆✝✞✟) = 1 –  P(C)

❜✚✍✏✪ P(C-✆✝✞✟) = 
1 2

1
3 3

✠ ✡

(v) ❄☛☞✆☛ ✌✏☛✏ ✖✟✑ ✎✞ ✍✵✶✎ ✒☛ ✆✞✏✕ ✖✟✑ ✎✞ ✍✵✶✎✘ ✎☛ ✚✦❢✼❆✒ ‘A ❇ C’ ✚✕ ❞✍❁☛✢✤ ✍✎✒☛

✣☛ ✚✎✤☛ ✝✗✥
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❉✝✞✟✠✡☛☞ A ✈✞✌✍ C ✎✍✏✎✍ ✈✎✑✒✓✔ ✕✞✖✗✞✘✙ ✚✌✠☞ ✛✜✡✢✘

P(A ✝✞ C) =  P (A ✣ C) = P(A) + P(C) = 
4 1 7

9 3 9
✤ ✥

♠✦✧★✩✪✧ 12 ♥✞✟ ✡✑✫✞✡✬✞✔✝✞✟✠ ✈✡✗✢ ✈✞✌✍ ✈✞✡✭✞✮✞ ✘☛ ✎✍✓✯✞✞ ✮✟✠ ✎✰✡✑✱✖ ✚✲✘✳ ✈✡✗✢ ✑✟✴ ✎✍✓✯✞✞ ✮✟✠ ✵✶✞✓✷✞✔

✚✞✟✗✟ ☛✓ ✎✰✞✡✝☛❣✞ ✸✹✸✺ ✚✌ ✈✞✌✍ ✈✞✡✭✞✮✞ ✑✟✴ ✎✍✓✯✞✞ ✮✟✠ ✵✶✞✓✷✞✔ ✚✞✟✗✟ ☛✓ ✎✰✞✡✝☛❣✞ ✸✹✻✸ ✚✌✳ ♥✞✟✗✞✟✠ ✑✟✴

✎✍✓✯✞✞ ✮✟✠ ✵✶✞✓✷✞✔ ✚✞✟✗✟ ☛✓ ✎✰✞✡✝☛❣✞ ✸✹✸✼ ✚✌✳ ✎✰✞✡✝☛❣✞ ✽✞❣ ☛✓✡✒✘ ✡☛

(a) ✈✡✗✢ ✈✞✌✍ ✈✞✡✭✞✮✞ ♥✞✟✗✞✟✠ ✎✍✓✯✞✞ ✮✟✠ ✵✶✞✓✷✞✔ ✗✚✓✠ ✚✞✟ ✎✞✘✾✟✠✳

(b) ♥✞✟✗✞✟✠ ✮✟✠ ✜✟ ☛✮ ✜✟ ☛✮ ✘☛ ✎✍✓✯✞✞ ✮✟✠ ✵✶✞✓✷✞✔ ✗✚✓✠ ✚✞✟✾✞✳

(c) ♥✞✟✗✞✟✠ ✮✟✠ ✜✟ ✑✟✴✑✢ ✘☛ ✎✍✓✯✞✞ ✮✟✠ ✵✶✞✓✷✞✔ ✚✞✟✾✞✳

★✿ ✮✞✗ ✢✓✡✒✘ E ❣✬✞✞ F ✕✞✖✗✞✈✞✟✠ ❄✈✡✗✢ ✎✍✓✯✞✞ ✵✶✞✓✷✞✔ ☛✍ ✢✟✾✞❀ ✈✞✌✍ ❄✈✞✡✭✞✮✞ ✎✍✓✯✞✞ ✵✶✞✓✷✞✔ ☛✍

✢✟✾✓❀ ☛✞✟ ②✮✭✞❁ ♥✭✞✞✔❣✟ ✚✌✠✳

✛✜✡✢✘ P(E) = 0.05, P(F) = 0.10 ✈✞✌✍ P(E ❂ F) = 0.02.

❣r

(a) ✕✞✖✗✞ ❀♥✞✟✗✞✟✠ ✎✍✓✯✞✞ ✵✶✞✓✔✷✞ ✗✚✓✠ ✚✞✠✟✾✟❀ ☛✞✟ E´ ❂  F´ ✜✟ ♥✭✞✞✔✝✞ ✒✞ ✜☛❣✞ ✚✌✳

❉✝✞✟✠✡☛ E´ ✕✞✖✗✞ ‘E-✗✚✓✠’, ✈✬✞✞✔❣❃ ❄✈✡✗✢ ✎✍✓✯✞✞ ✵✶✞✓✷✞✔ ✗✚✓✠ ☛✍✟✾✞❀ ❣✬✞✞ F´ ✕✞✖✗✞ ‘F-✗✚✓✠’, ✈✬✞✞✔❣❃

❄✈✞✡✭✞✮✞ ✎✍✓✯✞✞ ✵✶✞✓✷✞✔ ✗✚✓✠ ☛✍✟✾✓❀ ♥✭✞✞✔❣✟ ✚✌ ✠✳

✜✞✬✞ ✚✓ E´ ❂ F´ = (E ✣ F)´ (▼✓❅✮✞✟✍✾✗❃ ✡✗✝✮ ❆✞✍✞)

✈r P(E ✣  F) = P(E) + P(F) –  P(E ❂ F)

✝✞ P(E ✣ F) = 0.05 + 0.10 –  0.02 = 0.13

✛✜✡✢✘ P(E´ ❂ F´) = P(E ✣ F)´ = 1 –  P(E ✣ F) = 1 –  0.13 = 0.87

(b) P(♥✞✟✗✞✟✠ ✮✟✠ ✜✟ ☛✮ ✜✟ ☛✮ ✘☛ ✵✶✞✓✷✞✔ ✗✚✓✠ ✚✞✟✾✞)

= 1 –  P(♥✞✟✗✞✟✠ ✵✶✞✓✷✞✔ ✚✞✟✠✾✟)

= 1 –  0.02 = 0.98

(c) ✕✞✖✗✞ ❄♥✞✟✗✞✟✠ ✮✟ ✜✟ ✑✟✴✑✢ ✘☛ ✵✶✞✓✷✞✔ ✚✞✟✾✞❀ ✡✗❇✗✡✢✡❈✞❣ ✕✞✖✗✞ ✑✟✴ ✜✮❊✎ ✚✌❁

❄✈✡✗✢ ✵✶✞✓✷✞✔ ✚✞✟✾✞ ✈✞✌✍ ✈✞✡✭✞✮✞ ✵✶✞✓✷✞✔ ✗✚✓✠ ✚✞✟✾✓❀

✝✞ ❄✈✡✗✢ ✵✶✞✓✷✞✔ ✗✚✓✠ ✚✞✟✾✞ ✈✞✌✍ ✈✞✡✭✞✮✞ ✵✶✞✓✷✞✔ ✚✞✟✾✓❀

✈✬✞✞✔❣❃ E ❂ F´ ✝✞  E´ ❂  F ✒✚✞✙ E ❂ F´ ✈✞✌✍  E´ ❂ F ✎✍✏✎✍ ✈✎✑✒✓✔ ✚✌✠✳

✛✜✡✢✘☞ P (♥✞✟✗✞✟✠ ✮✟✠ ✜✟ ✑✟✴✑✢ ✘☛ ✵✶✞✓✷✞✔ ✚✞✟✾✞)

= P(E ❂ F´ ✝✞  E´ ❂ F)

= P(E ❂ F´) + P(E´ ❂ F) = P (E) – P(E ❂ F) + P(F) – P (E ❂ F)

= 0.05 – 0.02 + 0.10 – 0.02 = 0.11
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♠☎✆✝✞✟✆ 13 ✥✠✡ ☛☞✌✍✠✠✡✎ ✏ ✥✠✡ ✑✒✓✠✔✠✡✎ ✏✡✕ ✖✗✘✙ ✗✡✎ ✖✡ ✥✠✡ ✚✔✑✛✜✔✠✡✎ ✢✣ ✤✢ ✖✑✗✑✜ ✢✠ ✦✧★ ✢✩★✠

✙❣✪ ☛✫✠✑✔✢✜✠ ✛✔✠ ✙❣ ✑✢ ✦✑✧✜ ✖✑✗✑✜ ✗✡✎ (a) ✢✠✡❞✬ ☛☞✌✍✠ ★ ✙✠✡? (b) ✤✢ ☛☞✌✍✠ ✙✠✡ ? (c) ✥✠✡★✠✡✎ ✙✣

☛☞✌✍✠ ✙✠✡✎?

✝✭ ✖✗✘✙ ✗✡✎ ✚✔✑✛✜✔✠✡✎ ✢✣ ✏☞✕✮ ✖✎✯✔✠ = 2 + 2 = 4. ❞★ ❜✠✩ ✚✔✑✛✜✔✠✡✎ ✗✡✎ ✖✡ ✥✠✡ ✢✠✡ 4C
2
 ✜✩✣✏✡✕ ✖✡

❜☞★✠ ♣✠ ✖✢✜✠ ✙❣✪

(a) ✖✑✗✑✜ ✗✡✎ ✢✠✡❞✬ ☛☞✌✍✠ ★ ✙✠✡★✡ ✢✠ ❧✰✠✬ ✙❣ ✑✢ ✖✑✗✑✜ ✗✡✎ ✥✠✡ ✑✒✓✠✔✠✱ ✙❣ ✎✪ ✥✠✡ ✑✒✓✠✔✠✡✎ ✗✡✎ ✖✡ ✥✠✡★✠✡✎ ✏✡✕

❜☞★★✡ ✏✡✕ 2C
2
 = 1✜✩✣✢✠ ✙❣✪

❞✖✑✮✤  P✲✢✠✡❞✬ ☛☞✌✍✠ ★✙✣✎✳

2
2

4
2

C 1 2 1 1

4 3 6C

✴ ✴
✵ ✵ ✵

✴

(b) ✖✑✗✑✜ ✗✡✎ ✤✢ ☛☞✌✍✠ ✙✠✡★✡ ✢✠ ✜✠✶☛✔✬ ✙❣ ✑✢ ❞✖✗✡✎ ✤✢ ✒✓✠✣ ✙❣  2 ☛☞✌✍✠✠✡✎ ✗✡✎ ✖✡ ✤✢ ☛☞✌✍✠ ❜☞★★✡

✏✡✕  2C
1
 ✜✩✣✏✡✕ ✙❣ ✎ ✜✰✠✠ ✥✠✡ ✑✒✓✠✔✠✡✎ ✗✡✎ ✖✡ ✤✢ ❜☞★★✡ ✏✡✕ r✠✣ 2C

1
 ✜✩✣✏✡✕ ✙❣ ✎✪ ✥✠✡★✠✡✎ ❜☞★✠✏✠✡✎ ✢✠✡ ✤✢ ✖✠✰✠

✢✩★✡ ✏✡✕ 2C
1 
×

 

2C
1
 ✜✩✣✏✡✕ ✙❣✎✪

❞✖✑✮✤  P✲✤✢ ☛☞✷✍✠✳

2 2
1 1

4
2

C C 2 2 2

2 3 3C

✴ ✴
✵ ✵ ✵

✴

(c) ✥✠✡ ☛☞✌✍✠✠✡✎ ✢✠✡ 2C
2 
✜✩✣✢✠✡✎ ✖✡ ❜☞★✠ ♣✠ ✖✢✜✠ ✙❣✪

❧✜✈ P✲✥✠✡ ☛☞✌✍✠✳ 

2
2

4 4
2 2

C 1 1

6C C
✵ ✵ ✵

✐✸✹✺✻✼✽✾ 16.3

1. ☛✫✑✜✥✿✠✬ ✖✗✑✍❀  S  =  {❁
1
, ❁

2
, ❁

3
, ❁

4
, ❁

5
, ❁

6
, ❁

7
}✏✡✕ ☛✑✩♦✠✠✗✠✡✎ ✏✡✕ ✑✮✤ ✑★❂★✑✮✑✯✠✜ ✗✡✎ ✖✡

✢✠❣★ ✖✡ ☛✫✠✑✔✢✜✠ ✑★❃✠✬✩♦✠ ✏❣❃ ★✙✣✎ ✙❣✈

☛✑✩♦✠✠✗ ❁
1

❁
2

❁
3

❁
4

❁
5

❁
6

❁
7

(a) 0.1 0.01 0.05 0.03 0.01 0.2 0.6

(b)
1

7

1

7

1

7

1

7

1

7

1

7

1

7

(c) 0.1 0.2 0.3 0.4 0.5 0.6 0.7

(d) – 0.1 0.2 0.3         0.4       – 0.2 0.1 0.3

(e)
1

14

2

14

3

14

4

14

5

14

6

14

15

14
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2. ✱✝ ✞✟✠ ✝✡ ☛✡ ☞ ✌✡ ✍ ✎✏ ✡ ✑✡ ✒✡ ✓✡ ✔✕✖ ✝✗ ✟☞ ✝✗ ✱✝ ✘✙✚ ✘✛✡ ✜ ✓ ✔✡☞ ✢☞ ✝✣ ✠ ✤✡ ✘✛✡ ✞ ✤✝✓✡ ✔✕?

3. ✱✝ ✘✡✟✡ ✘☞ ✥✦ ✝✡ ✒✡ ✓✡ ✔✕✖ ✞✢ ✧✢ ✞ ✑✞★✡ ✓ ✩✡ ✙✢✡ ✪✡ ☞✥ ✝✣ ✘✛✡ ✞ ✤✝✓✡ ✫✡ ✓ ✝✣✞ ✒✱✬

(i) ✱✝ ✪✭✡ ✡ ✮ ✤ ✟✥ ★ ✤✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(ii) ✸ ✤✡ ✸ ✟☞ ✌ ✯ ✰ ✣ ✟✥ ★ ✤✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(iii) ✶ ✤✡ ✶ ✟☞ ✏✡ ☞ ✙ ✣ ✟✥ ★ ✤✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(iv) ✏ ✬ ✟☞ ✌✯ ✰✣ ✟✥ ★ ✤✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(v) ✏ ✬ ✟☞ ✏ ✡☞ ✙ ✣ ✟ ✥ ★ ✤✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

4. ✓✡ r✡ ✝✣ ✲✯ ✳ ✣ ✴☞✦ ✵ ✷ ✘ ✹✡ ✡ ☞✥ ✗☞✥ ✟☞ ✱ ✝ ✘ ✹✡✡ ✤✡ ☛✺ ✻✏ ✤✡ ✞✢ ✝✡ ✑✡ ✲ ✤✡ ✔✕ ✖

(a) ✘✛✞ ✓ ☛r✡ ✼ ✟✗✞✽✙ ✗☞✥ ✞ ✝✓✢ ☞ ✞✌ ✥ ☛✾ ✔✕✥ ✿

(b) ✘ ✹✡☞ ✝✡ ✔✾ ✝✾ ✗ ✝✡ ❀✠ ✝✡ ✔✡ ☞✢ ☞ ✝✣ ✘✛✡ ✞ ✤✝✓✡ ✠ ✤✡ ✔✕ ✿

(c) ✘✛ ✡✞ ✤ ✝✓✡ ✫ ✡ ✓ ✝✣✞ ✒✱ ✞ ✝ ✘ ✹✡ ✡ (i) ❀✠ ✝✡ ✔✕ (ii) ✝✡ ✑☞ ✍✥✲ ✝✡ ✔✕✖

5. ✱✝ ✪✢ ✞✭ ✡✢ ✓ ❁unbiased❂ ✞✟✠ ✝✡ ✞ ✒✟ ✴☞✦ ✱ ✝ ✓✑ ✘✍ ✶ ✪✡ ✕✍ ☛❃✟✍☞ ✓ ✑ ✘✍ ❄ ✪✥✞ ✝✓ ✔✕

✓❅✡ ✡ ✱ ✝ ✪✢✞✭✡ ✢ ✓ ✘✡ ✟✡ ☛✡☞ ✢✡ ☞✥ ✝✡ ☞ ✎✏✡ ✑✡ ✒✡ ✓✡ ✔✕✖ ✘✛ ✡✞ ✤ ✝✓✡ ✫✡ ✓ ✝✣✞ ✒✱ ✞✝ ✘✛ ✝✙ ✟✥ ★ ✤✡ ✪✡☞ ✥

✝✡ ✤✡ ☞✲ (i) 3 ✔✕✖  (ii) 12 ✔✕✖

6. ✢✲✍ ✘✞✍✽✡ ☛✚ ✗☞✥ ✉✡ ✍ ✘✾❆✽✡ ✴ ✏ ✬ ✞❇❈✡ ✤✡ ❉ ✔✕ ✥✖ ✤✞☛ ✱ ✝ ✟✞✗ ✞✓ ✴☞✦ ✞ ✑✱ ✤✡ ☛✺ ✻✏ ✤✡ ✱ ✝ ✘✞✍✽✡ ☛✚

✟ ☛❇ ✤ ✉✾✢ ✡ ✲ ✤✡ ✔✕ ✓✡ ☞ ✱ ✝ ❇❈✡ ✣ ✴☞✦ ✉✾✢ ☞ ✒✡ ✢ ☞ ✝✣ ✞✝✓✢ ✣ ✟✥ ✭✡ ✡ ✴✢ ✡ ✔✕ ✿

7. ✱✝ ✪✢ ✞✭ ✡ ✢ ✓ ✞✟✠ ✴☞✦ ✝✡ ☞ ✉✡✍ ✌✡ ✍ ✎✏ ✡ ✑✡ ✒✡ ✓✡ ✔✕ ✪✡✕ ✍ ✱ ✝ ❊✤✞✠ ✓ ✘✛ ❋ ✤☞ ✝ ✞✉ ✹✡ ✘✍ ✱ ✝ ●

✒✣✓ ✓✡ ✔✕ ✪✡ ✕✍ ✘✛ ❋✤☞ ✝ ✘✙✚ ✘✍ ✶ t✵ ❍ ● ✔✡ ✍ ✓✡ ✔✕✖ ❀✟ ✘✍ ✣■✡ ❏✡ ✴☞ ✦ ✘✛✞ ✓☛r✡ ✼ ✟✗ ✞✽✙ ✟☞ ✫ ✡ ✓ ✝✣✞ ✒✱

✞✝ ✪✡✘ ✉✡✍ ✎✏ ✡ ✑✡ ☞✥ ✗☞✥ ✞✝✓✢ ✣ ✞ ✴✞✭✡ ❢✢ ✍✡ ✞r✡ ✤✡ ❉ ✘✛ ✡ ✜ ✓ ✝✍ ✟ ✝✓☞ ✔✕✥✖ ✟✡ ❅✡ ✔✣ ❀ ✢ ✍✡ ✞r✡ ✤✡ ☞✥ ✗ ☞✥

✟☞ ✘✛ ❋✤☞ ✝ ✝✣ ✘✛✡ ✞ ✤✝✓✡ ✭✡ ✣ ✫✡ ✓ ✝✣✞✒✱✿

8. ✓✣✢ ✞✟✠ ✴☞✦ ✱ ✝ ✌ ✡✍ ✎✏ ✡ ✑☞ ✒✡ ✓☞ ✔✕ ✥✖ ✞✢ ✧✢ ✞✑✞ ★✡ ✓ ✝✣ ✘✛✡ ✞ ✤✝✓✡ ✫✡ ✓ ✝✣✞✒✱ ✬

(i) ✓✣✢ ✞✉ ✹✡ ✘✛ ✝✙ ✔✡ ☞✢✡ (ii) ✷ ✞✉ ✹✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(iii) ❢✤❃✢ ✓✗ ✷ ✞✉ ✹✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡ (iv) ✪✞✈✝✓✗ ✷ ✞✉ ✹✡ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(v) ✱✝ ✭✡ ✣ ✞✉ ✹✡ ✘✛ ✝✙ ✢ ✔✡☞ ✢✡ (vi) ✸ ✘✙✚ ✘✛ ✝✙ ✔✡☞ ✢✡

(vii) ✓❅✤ ✓✬ ✷ ✘✙✚ ✘✛ ✝✙ ✔✡ ☞✢ ✡ (viii) ✝✡ ☞❀ ✼ ✭✡ ✣ ✘✙ ✚ ✢ ✘✛ ✝✙ ✔✡ ☞✢ ✡

(ix) ✪✞ ✈✝✓✗ ✷ ✘✙✚ ✘✛ ✝✙ ✔✡ ☞✢ ✡

9. ✤✞ ☛ ✞ ✝✟ ✣ ✩✡ ✙✢✡ A ✝✣ ✘✛ ✡✞ ✤ ✝✓✡
2

11
 ✔✕ ✓✡☞ ✩✡ ✙✢✡ ❣A-✢ ✔✣✥ ❑ ✝✣ ✘✛✡ ✞ ✤ ✝✓✡ ✫✡ ✓ ✝✣✞ ✒✱✖

10. r✡ ▲ ☛ 'ASSASSINATION' ✟☞ ✱✝ ✪■✡ ✍ ✤✡ ☛✺ ✻✏ ✤✡ ✉✾✢ ✡ ✒✡ ✓✡ ✔✕✖ ✘✛✡ ✞ ✤✝✓✡ ✫✡ ✓ ✝✣✞ ✒✱ ✞ ✝

✉ ✾✢ ✡ ✲ ✤✡ ✪■✡ ✍ (i) ✱ ✝ ❇ ✴✍ (vowel) ✔✕ (ii) ✱ ✝ ❊✤✥ ✒✢ (consonant)  ✔✕✖
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11. ✱☎ ✆ ✝✞✟✠ ✡☛☞ ✱ ☎ ✌✍ ✎✏✑ ✒ ✓ ☛ ✔ ✕ ✑ ☎ ☎✠ ✓ ☞✖✍ ✝✗ ✝☛ ☞ ✡☛ ☞ ✓ ☛ ✘ ✙ ✎✚ ✝✛✜ ✢ ✎✚ ✝ ✛✜ ✓ ☞✖✍ ✝✱✣ ✍ ✝✤ ✥✦✘✍ ✝

♣✧✜ ✑ ✝ ★✩ ✗✝✩✟ ✍ ✎✤ ✍ ☛ ♣✧✜ ✠ ✪✫✬ ✘ ✙ ✓ ☞✖✍ ✝✱✣ ✭ ✜ ✘ ✙ ✓ ☞ ✖✍ ✝ ✗✝ ☛☞ ✓ ☛ ✡ ☛✆ ✖ ✝✝✑ ✠ ★✩ ☞✮ ✎✯ ✛★☛☞ ✆ ✝✞✟✠

✓ ✎✡✎✑ ✜ ☛ ❧✰ ✲✬ ✎✜ ✳✝✬ ✎✟✑ ☎✟ ✟ ✖ ✝ ✝ ★✩✮ ✑ ✝ ☛ ✲★ ✌✍ ✎✏✑ ✫✜ ✝ ✡ ✯✠✑ ✯✝✑ ✝ ★✩✴ ✆✝✞✟✠ ✲☛✵ ✖ ✝☛ ✆ ✡☛☞ ✫✜ ✝ ✡

✯✠✑ ✜ ☛ ☎✠ ❧t ✝ ✎✍ ☎✑ ✝ ✏✍ ✝ ★✩ ✶ [✓ ☞ ✲☛ ✵✑ ✙ ✓ ☞✖✍ ✝✗ ✝☛ ☞ ✲☛✵ ❧t ✝✷✑ ★✝ ☛✜ ☛ ☎✝ ✸ ✡ ✡ ★✹ ✲❧✰ ✺✝✬ ✜ ★✠ ☞ ★✩]

12. ✯✝✣ ♣ ☎✠ ✎✯✱ ✎☎ ✎✜ ✻✜ ❧t ✝ ✎✍ ☎✑ ✝✱✣ P(A) ✗✝✩✟  P(B) ✍ ✧ ✎✏✑ ✓ ☞✪✑ ❀consistently✼ ❧ ✎✟ ✚✝ ✝ ✎✽✝✑

☎✠ ✪✫✬ ★✩ ☞ ✙

(i) P(A) = 0.5,  P(B) = 0.7,  P(A ✾ B) = 0.6

(ii) P(A) = 0.5, P(B) = 0.4, P(A ✿ B) = 0.8

13. ✎✜ ✻✜ ✎✆✎✖ ✝✑ ✓ ✝✟ ✺✝✠ ✡☛☞ ✖ ✝ ✝ ✆✠ ❢❁ ✝ ✝✜ ✚ ✝✎✟✱ ✙

P(A) P(B) P(A ❂ B) P(A ❃ B)

(i)
1

3

1

5

1

15
. . .

(ii) 0.35 . . . 0.25 0.6

(iii) 0.5 0.35 . . . 0.7

14. P(A) = 
3

5
 ✗✝✩✟  P(B) = 

1

5
, ✎✤ ✍ ✝ ✪✍ ✝ ★✩✴ ✍ ✎✤ A ✗✝✩✟ B ❧✟❢❧✟ ✗❧ ✲✯✠✬ ✐✝✞✜ ✝✱✣ ★✩ ☞✮ ✑ ✝ ☛

P(A ✍ ✝ B), ❄✝✑ ☎✠ ✎✯✱✴

15. ✍ ✎✤  E ✗✝✩✟ F ✐✝✞✜ ✝✱✣ ✫✓ ❧t ☎✝✟ ★✩ ☞ ✎☎ P(E) = 
1

4
, P(F) = 

1

2
 ✗✝✩✟  P(E ✗ ✝✩ ✟ F) = 

1

8
, ✑ ✝ ☛

❄✝✑ ☎✠ ✎✯✱  (i) P(E ✍ ✝ F)  (ii) P(E✢✜ ★✠ ☞ ✗✝✩✟ F✢✜ ★✠ ☞)✴

16. ✐✝✞✜ ✝✱✣  E ✗ ✝✩✟ F ✫✓ ❧t ☎✝✟ ★✩ ☞ ✎☎ P(E ✢✜ ★✠ ☞ ✗✝✩ ✟ F✢✜ ★✠ ☞) = 0.25, ❝✑ ✝ ✫✱ ✎☎ E ✗✝✩✟ F ❧✟❢❧✟

✗❧ ✲✯✠✬ ★✩ ☞ ✍ ✝ ✜ ★✠ ☞✶

17. ✐✝✞✜ ✝✱✣ A ✗✝✩✟  B ✫✓ ❧t ☎✝✟ ★✩ ☞ ✎☎ P(A) = 0.42, P(B) = 0.48 ✗ ✝✩✟  P(A ✗✝✩✟ B) = 0.16.

❄✝✑ ☎✠ ✎✯✱✙

(i) P(A✢✜ ★ ✠ ☞) (ii) P(B✢✜ ★✠ ☞) (iii) P(A ✍ ✝ B)

18. ✱☎ ❧ ✝ ❅❆✝ ✝ ✆ ✝ ☎✠ ☎❇✝ ✝ XI ✲☛ ✵ 40% ✎✲❈ ✝❁ ✝✠✬ ✪✎✺✝✑ ❧❉❊✑ ☛ ★✩ ☞ ✗✝✩✟ 30% ✯✠ ✲ ✎✲❄ ✝✜ ❧❉ ❊✑ ☛ ★✩ ☞✴

☎❇ ✝✝ ✲☛✵ 10% ✎✲❈ ✝❁ ✝✠✬ ✪✎✺✝✑ ✗✝✩✟ ✯✠ ✲ ✎✲❄✝✜ ✤ ✝ ☛✜ ✝ ☛☞ ❧❉ ❊✑ ☛ ★✩ ☞✴ ✍ ✎✤ ☎❇✝ ✝ ☎✝ ✱ ☎ ✎✲❈ ✝❁ ✝✠✬

✍ ✝✤ ✥✦✘✍ ✝ ♣✧✜ ✝ ✯✝✑ ✝ ★✩ ✮ ✑ ✝☛ ❧t ✝ ✎✍ ☎✑ ✝ ❄✝✑ ☎✠ ✎✯✱ ✎☎ ✲★ ✪✎✺✝✑ ✍ ✝ ✯✠✲ ✎✲❄ ✝✜ ❧❉ ❊✑ ✝ ★✝ ☛✪✝✴

19. ✱☎ ❧t ✲☛❆✝ ❧✟✠ ❇✝ ✝ ☎✝☛ ✤ ✝ ☛ ❧✟✠ ❇✝ ✺✝ ✝ ☛☞ ❀Tests✼✲☛✵ ✗✝✳ ✝✟ ❧✟ ❋ ☛✺✝✠❝● ✎☎✍ ✝ ✯✝✑ ✝ ★✩✴ ✎☎✓✠

✍ ✝✤ ✥✦✘ ✍ ✝ ♣✧ ✜ ☛ ✪✱ ✎✲❈ ✝❁ ✝✠✬ ☎✠ ❧ ★✆ ☛ ❧✟✠ ❇✝ ✺✝ ✡☛☞ ✭ ❍ ✝✠✺✝✬ ★✝ ☛✜ ☛ ☎✠ ❧t ✝✍ ✎☎✑ ✝ 0.8 ★✩ ✗✝✩✟ ✤✰ ✓✟ ☛

❧✟✠ ❇✝ ✺✝ ✡☛ ☞ ✭ ❍ ✝✠ ✺✝✬ ★✝ ☛✜ ☛ ☎✠ ❧t ✝ ✎✍ ☎✑ ✝ 0.7 ★✩✴ ✤ ✝☛✜ ✝ ☛☞ ✡☛☞ ✓ ☛ ☎✡ ✓ ☛ ☎✡ ✱ ☎ ❧✟✠❇ ✝✺✝ ✭❍ ✝✠ ✺✝✬ ☎✟✜ ☛

☎✠ ❧t ✝ ✎✍ ☎✑ ✝ 0.95 ★✩✴ ✤ ✝ ☛✜ ✝ ☛☞ ❧✟✠❇ ✝ ✺✝✝ ☛☞ ☎✝ ☛ ✭ ❍ ✝✠ ✺✝✬ ☎✟✜ ☛ ☎✠ ❧t ✝ ✎✍ ☎✑ ✝ ✏✍ ✝ ★✩ ✶
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20. ✱✝ ✞✟✠✡☛✡☞✌ ✟✍✎ ✏✑✞✒✓ ✔✕☞✖✡✡ ✟✍✎ ✏✑✗✘✍✙☞ ✏✡✚✕ ✞✛✑✜☞ ✜✡✍✢✡✍✑ ✞✟✣✡✤✡✍✑ ✝✡✍ ✥✦✡☞✧✡✌ ✝✕✢✍ ✝☞ ✔✘✡✞✤✝✒✡

0.5 ✛✚ ✏✡✚✕ ✜✡✍✢✡✍✑ ✓✍✑ ★✍ ✝✡✍✩✌ ✪✡☞ ✞✟✣✡✤ ✥✦✡☞✧✡✌ ✢ ✝✕✢✍ ✝☞ ✔✘✡✞✤✝✒✡ 0.1 ✛✚❣ ✤✞✜ ✏✑✗✘✍✫✡☞ ✝☞

✔✕☞✖✡✡ ✥✦✡☞✧✡✌ ✝✕✢✍ ✝☞ ✔✘✡✞✤✝✒✡ 0.75 ✛✡✍ ✒✡✍ ✞✛✑✜☞ ✝☞ ✔✕☞✖✡✡ ✥✦✡☞✧✡✌ ✝✕✢✍ ✝☞ ✔✘✡✞✤✝✒✡ ✬✤✡

✛✚✭

21. ✱✝ ✝✖✡✡ ✟✍✎ 60 ✞✟✠✡✮☛✡✤✡✍✑ ✓✍✑ ★✍ 30 ✢✍ ✱✢✯ ★☞✯ ★☞✯ ✰NCC✲✳ 32 ✢✍ ✱✢✯ ✱★✯ ✱★✯ ✰NSS✲

✏✡✚✕ 24 ✢✍ ✜✡✍✢✡✍✑ ✝✡✍ ✴✵✢✡ ✛✚❣ ✤✞✜ ✩✢✓✍✑ ★✍ ✱✝ ✞✟✠✡☛✡☞✌ ✤✡✜✶✷✸✤✡ ✴✵✢✡ ✗✤✡ ✛✚ ✒✡✍ ✔✘✡✞✤✝✒✡

❑✡✒ ✝☞✞✙✱ ✞✝

(i) ✞✟✠✡☛✡☞✌ ✢✍ ✱✢✯★☞✯★☞✯ ✤✡ ✱✢✯✱★✯✱★✯ ✝✡✍ ✴✵✢✡ ✛✚❣

(ii) ✞✟✠✡☛✡☞✌ ✢✍ ✢ ✒✡✍ ✱✢✯★☞✯★☞✯ ✏✡✚✕ ✢ ✛☞ ✱✢✯✱★✯✱★✯ ✝✡✍ ✴✵✢✡ ✛✚❣

(iii) ✞✟✠✡☛✡☞✌ ✢✍ ✱✢✯✱★✯✱★✯ ✝✡✍ ✴✵✢✡ ✛✚ ✞✝✑✒✵ ✱✢✯★☞✯★☞✯ ✝✡✍ ✢✛☞✑ ✴✵✢✡ ✛✚❣

❢✹❢✹✺ ✻✼✽✾✿❀✽

♠❁❂❃❄❅❂ 14 ✸✵✞◆❆✤✡✍✑ ✓✍✑ ✟☞✢✡ ✢✍ ✴✡✕ ❇✡✛✕✡✍✑ A, B, C ✏✡✚✕ D ✝☞ ✤✡✜✶✷✸✤✡ ❞✓ ✓✍✑ ✤✡❈✡✡ ✝☞❣ ✬✤✡

✔✘✡✞✤✝✒✡ ✛✚ ✞✝ ✥★✢✍

(i) A ✝☞ ✤✡❈✡✡ B ★✍ ✔✛❧✍ ✝☞?

(ii) A ✝☞ ✤✡❈✡✡ B ★✍ ✔✛❧✍ ✏✡✚✕ B ✝☞ C ★✍ ✔✛❧✍ ✝☞?

(iii) A ✝☞ ★❉★✍ ✔✛❧✍ ✏✡✚✕ B ✝☞ ★❉★✍ ✏✑✒ ✓✍✑ ✤✡❈✡✡ ✝☞?

(iv) A ✝☞ ✤✡ ✒✡✍ ★❉★✍ ✔✛❧✍ ✤✡ ✜❊★✕✍ ❋☛✡✡✢ ✔✕ ✤✡❈✡✡ ✝☞?

(v) A ✝☞ ✤✡❈✡✡ B ★✍ ✱✝✜✓ ✔✛❧✍ ✝☞?

❃●  ✟☞✢✡ ♦✡✕✡ ✴✡✕ ❇✡✛✕✡✍✑ A, B, C, ✏✡✚✕ D ✝☞ ✤✡❈✡✡ ✟✍✎ ✞✟✞✪✡❍✢ ■✑✗✡✍✑ ✝☞ ★✑❏✤✡ 4! ✏☛✡✡✌✒✈ ▲▼ ✛✚❣

✩★✞❧✱ n (S) = 24 ✬✤✡✍✑✞✝ ✔✘✤✡✍✗ ✝☞ ✔✘✞✒✜❇✡✌ ★✓✞✣◆ ✟✍✎ ✏✟✤✟✡✍✑ ✝☞ ★✑❏✤✡ ▲▼ ✛✚❣ ✤✍ ★✪✡☞ ✔✞✕✧✡✡✓

★✓ ★✑✪✡✡❖✤ ✓✡✢✍ ✗✱ ✛✚✑❣ ✩★ ✔✕☞✖✡✧✡ ✝✡ ✔✘✞✒✜❇✡✌ ★✓✞✣◆

S = {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB

BACD, BADC, BDAC, BDCA, BCAD, BCDA

CABD, CADB, CBDA, CBAD, CDAB, CDBA

DABC, DACB, DBCA, DBAC, DCAB, DCBA} ✛✚❣

(i) ✓✡✢ ❧☞✞✙✱ ❡✡◆✢✡ P✟☞✢✡ A ✝☞ ✤✡❈✡✡ B ★✍ ✔✛❧✍ ✝✕✒☞ ✛✚✳◗ ✝✡✍ E ★✍ ✜❇✡✡✌✒✍ ✛✚✑❣

✩★✞❧✱ E = {ABCD, CABD, DABC, ABDC, CADB, DACB

 ACBD, ACDB, ADBC, CDAB, DCAB, ADCB}

✩★ ✔✘✝✡✕ ❘ ❙
❘ ❙

❘ ❙

E 12 1
P E

S 24 2

n

n
❚ ❚ ❚
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(ii) ❡☎✆ ✝✞✟✠✡ ☛☎☞✆☎ ✌✍✞✆☎ ✆✎ A ❞✞ ✏☎✑☎☎ B ❧✎ ✒✓✝✎ ✔☎✕✖ B ❞✞ ✏☎✑☎☎ C ❧✎ ✒✓✝✎ ❞✞✗ ❞☎✎ F

❧✎ ✘✙☎☎✚✛✎ ✓✕✜✢

✏✓☎❀ F = {ABCD, DABC, ABDC, ADBC}

❜❧✟✝✡ ✣ ✤
✣ ✤

✣ ✤

F 4 1
P F

S 24 6

n

n
✥ ✥ ✥

✟✍❢☎✦✧☎✏☎✎✜ ❞☎✎ ❧✝☎✓ ✘✞ ✠☎✛✞ ✓✕ ✟❞ (iii), (iv) ✍ (v) ❞✞ ✒★☎✟✏❞✛☎ ✩✍✏✜ ✪☎✛ ❞✖✎✜✢

♠✫✬✭✮✯✬ 15 ✠✰ ✛☎✙☎ ✍✎✱ 52 ✒✐☎☎✎✜ ❞✞ ✲✳✴✞ ❧✎ 7 ✒✐☎☎✎✜ ❞☎ ✡❞ ❧❡✵✓ ✰✆☎✏☎ ✠☎✛☎ ✓✕ ✛☎✎ ❜❧ ✰☎✛

❞✞ ✒★☎✟✏❞✛☎ ✪☎✛ ❞✞✟✠✡ ✟❞ ❜❧❡✎✜ (i) ❧☎✖✎ ✰☎✘✙☎☎✓ ✙☎☎✟❡✝ ✓✜✕ (ii) ✛✧✏✛r 3 ✰☎✘✙☎☎✓ ✓✜✕ (iii) ❯✏✵✆✛❡

3 ✰☎✘✙☎☎✓ ✓✕✜✢

✭❣ ❧❡✵✓☎✎✜ ❞✞ ✍✶✱✝ ❧✜✷☎✍ ❧✜✸✏☎ = 52C
7

(i) ✹ ✰☎✘✙☎☎✓☎✎✜ ❧✟✓✛ ❧❡✵✓☎✎ ✜ ❞✞ ❧✜✸✏☎  = 4C
4
 × 48C

3
 (✔❯✏ 3 ✒✐☎✎ ✙☎✎✺☎ 48 ✒✐☎☎✎✜ ❡✎✜ ❧✎ ✻✶✆✎

✠☎✛✎ ✓✕✜)

✔✛r P (❧❡✵✓ ❡✎✜ ✻☎✖ ✰☎✘✙☎☎✓) = 

4 48
4 3

52
7

C C 1

7735C

✼
✽

(ii) ✾ ✰☎✘✙☎☎✓ ✔☎✕✖ ✹ ✔❯✏ ✒✐☎☎✎✜ ✍☎✝✎ ❧❡✵✓☎✎✜ ❞✞ ❧✜✸✏☎  = 4 48
3 4C C✿

❜❧✟✝✡ P (✛✧✏✛r ✾ ✰☎✘✙☎☎✓) =  

4 48
3 4

52
7

C C 9

1547C

❁
❂

(iii) P(❯✏✵✆✛❡ ✾ ✰☎✘✙☎☎✓)

= P(✛✧✏✛r ✾ ✰☎✘✙☎☎✓) + P(✹ ✰☎✘✙☎☎✓)

=  
9 1 46

1547 7735 7735
❃ ❄

♠✫✬✭✮✯✬ 16 ✏✟✘ A, B, C ✟❞❧✞ ✏☎✘❅✟❆❇❞ ✒★✏☎✎✲ ✍✎✱ ❧✜✲✛ ✛✞✆ ☛☎☞✆☎✡❀ ✓☎✎✜ ✛☎✎ ✟❧❈ ❞✞✟✠✡ ✟❞

❉ ❊ ❉ ❊ ❉ ❊ ❉ ❊ ❉ ❊ ❉ ❊P A B C P A P B P C P A B P A C❋ ❋ ● ❍ ❍ ■ ❏ ■ ❏

  ❑ ▲ ❑ ▲P B C P A B C■ ❏ ❍ ❏ ❏

✭❣ ✟✍✻☎✟✖✡ E = B ▼ C ✛✰

P(A ▼ B ▼ C ) = P(A ▼ E)

= ◆ ❖ ◆ ❖ P ◗P A P E P A E❍ ■ ❏  ... (1)
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✈✝ P(E) = P(B ✞ C)

= ✟ ✠ ✟ ✠ ✟ ✠P B P C P B C✡ ☛ ☞ ... (2)

❧✌✍✌ ✎✏ ✑ ✒A E A B C☞ ✓ ☞ ✔  = ✕ ✖ ✕ ✖A B A C☞ ✔ ☞ [❧✗✘✙✚✛✌✜✢ ✣✜✤ ❧✢✥✌ ✦✧ ❧✣★✩✪✫✬ ✣✜✤

✩✣❢✧✭✌ ✩✪✛✗ ✮✌✧✌]

✈❢✯ ✰ ✱P A E☞  = ✲ ✳ ✲ ✳P A B P A C☞ ✡ ☞  – ✴ ✵ ✴ ✵P[ A B A C ]☞ ☞ ☞

= ✲ ✳ ✲ ✳P A B P A C☞ ✡ ☞  – ✶ ✷P A B C☞ ☞ ... (3)

✸✹✺ ✈✌✻✧ ✸✼✺ ✽✌✜ ✸✾✺ ✗✜✢ ✦✿✛✌✜❀ ✽✧✪✜ ✦✧

❁ ❂P A B C✔ ✔ = ❃ ❄ ❃ ❄ ❃ ❄ ❃ ❄P A P B P C P B C✡ ✡ ☛ ☞ –

 P(A ❅ B) – P(A ❅ C) – P(A ❅ B ❅ C)

♠❆❇❈❉❊❇ 17 ❋✽ ✩✧●✜ ❍✌✻■❏ (relay race) ✗✜✢ ✦✌❡✚ ❑✏✗✌✜✢ A, B, C, D ✈✌✻✧ E ✪✜ ✉✌✌❀ ✩●✛✌▲

(a) A, B ✈✌✻✧ C ✣✜✤ ♦✗▼✌✯ ✦✎●✌◆ ❍❖❧✧✌ ✣ ❢✏❧✧✌ P✍✌✌✪ ✦✌✪✜ ✽✏ ◗✛✌ ✦✿✌✩✛✽❢✌ ✎✻❘
(b) A, B ✈✌✻✧ C ✣✜✤ ✦✎●✜ ❢✏✪ P✍✌✌✪✌✜✢ ✸✩✽❧✏ ✉✌✏ ♦✗✺ ✦✧ ✧✎✪✜ ✽✏ ◗✛✌ ✦✿✌✩✛✽❢✌ ✎✻❘
✸✗✌✪ ●✏✩❙❋ ✩✽ ❧✉✌✏ ✈✢✩❢✗ ♦✗ ❧✗ ❧✢✉✌✌❚✛ ✎✻✢▲✺

❈❣ ✛✩❍ ✎✗ ✦✎●✜ ❢✏✪ P✍✌✌✪✌✜ ✢ ✣✜✤ ✩●❋ ✈✢✩❢✗ ♦✗✌✜✢ ✣✜✤ ✦✿✩❢❍▼✌★ ❧✗✩✫❑ ✦✧ ✩✣✚✌✧ ✽✧✜✢ ❢✌✜ ✦✌❋❡❀✜ ✩✽

❜❧✗✜✢ 5
3P , i.e., ❯ ❱

5!

5 3 !☛  = 5 × 4 × 3 = 60 ✦✿✩❢❍▼✌★ ✩✝✢❍✘ ✎✻✢ ✈✌✻✧ ✦✿❲✛✜✽ ✽✏ ✦✿✌✩✛✽❢✌
1

60
✎✻▲

(a) A,B ✈✌✻✧ C ♦✗▼✌✯ ✦✿✍✌✗◆ ❍❖❧✧✜ ✣ ❢✏❧✧✜ P✍✌✌✪ ✦✧ ✧✎❢✜ ✎✻✢▲ ❜❧✣✜✤ ✩●❋ ❋✽ ✎✏ ✈✢✩❢✗ ♦✗

✎✻ ✈✍✌✌★❢❳ ABC

✈❢✯ P(A, B ✈✌✻✧ C ♦✗▼✌✯ ✦✿✍✌✗◆ ❍❖❧✧✜ ✣ ❢✏❧✧✜ P✍✌✌✪ ✦✧ ✧✎❢✜ ✎✻✢) = 
1

60

(b) A, B ✈✌✻✧ C ✦✎●✜ ❢✏✪ P✍✌✌✪✌✜✢ ✦✧ ✎✻✢▲ ❜❧✣✜✤ ✩●❋ A, B ✈✌✻✧ C ✣✜✤ ✩●❋ ✼❨ ❢✧✏✣✜✤ ✎✻✢▲ ❜❧✩●❋

❜❧ ✥✌❑✪✌ ✣✜✤ ❧✢❀❢ ✼❨ ✦✿✩❢❍▼✌★ ✩✝✢❍✘ ✎✌✜ ✢❀✜▲

✈❢✯ P (A, B ✈✌✻✧ C ✦✎●✜ ❢✏✪ P✍✌✌✪✌✜✢ ✦✧ ✧✎❢✜ ✎✻✢) 
3! 6 1

60 60 10
❩ ❩ ❩

❬❭❬❭❪ ❫❴❵❛❝❭❞❤

1. ❋✽ ✩■❥✝✜ ✗✜✢ ✾❦ ●✌●◆ ✹❦ ✪✏●✏ ✣ ✼❦ ✎✧✏ ❀✌✜✩●✛✌❡ ✧♥✌✏ ✎✻ ✢▲ ✩■❥✝✜ ❧✜ ♣ ❀✌✜✩●✛✌❡ ✛✌❍q✙r✛✌

✩✪✽✌●✏ ❙✌❢✏ ✎✻✢▲ ✦✿✌✩✛✽❢✌ ◗✛✌ ✎✻ ✩✽

(i) ❧✉✌✏ ❀✌✜✩●✛✌❡ ✪✏●✏ ✎✻✢ ? (ii) ✽✗ ❧✜ ✽✗ ❋✽ ❀✌✜●✏ ✎✧✏ ✎✻?
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2. r☎✆☎ ✝✞✟ ✠✡ ☛☞☎☎✞✌ ✍✎ ✏✍ ✑✒✓✎ r✔✕ ☛✞✌✟✖✎ ✗✘✙ ✗✚✛✎ ✜✞ ✢ ☛☞☎✞ ✣✤✍☎✥✞ ✦☎r✞ ✕✧✌★ ✘✜ ✩☎r ✍✎

❉✪☎ ☛✫☎✣✪✍r☎ ✕✧ ✣✍ ✣✤✍☎✥✞ ✗✏ ☛☞☎☎✞✌ ✬✞✌ ✭ ✘✙✌✖ ✑☎✧✔ ✏✍ ✕✮✍✮✬ ✍☎ ☛☞☎☎ ✕✧✯

3. ✏✍ ☛☎✜✞ ✝✞✟ ✱☎✞ ☛✟✥✍☎✞✌ ✬✞✌ ✜✞ ☛✫✰✪✞✍ ☛✔ ✜✌✲✪☎ ✳✴✵ ✑✌✣✍r ✕✧✶ r✎✤ ☛✟✥✍☎✞✌ ✬✞✌ ☛✫✰✪✞✍ ☛✔ ✜✌✲✪☎

✳✡✵ ✑✌✣✍r ✕✧ ✑☎✧✔ ✏✍ ☛✟✥✍ ☛✔ ✜✌✲✪☎ ✳✭✵ ✑✌✣✍r ✕✧★ ✪✣✱ ☛☎✜☎ ✏✍ ✩☎✔ ☛✞✌✟✍☎ ✦☎r☎ ✕✧✶

r☎✞ ✣✤✷✤✣✥✣✲☎r ✸☎r ✍✎✣✦✏✹

(i) P(2) (ii) P(1 ✪☎ 3) (iii) P(3-✤✕✎✌)

4. ✏✍ ✥☎✖✔✎ ✬✞✌ ✴✺✺✺✺ ✣✖✍✖ ✩✞✻✞ ✗✏ ✣✦✤✬✞✌ ✱✜ ✜✬☎✤ ✘✤☎✬ ✣✱✏ ✦☎✤✞ ✕✧✌★ ✍☎✞✘✙ ✼☎✎ ✘✙✤☎✬ ✤

✣✬✥✤✞ ✍✎ ☛✫☎✣✪✍r☎ ❉✪☎ ✕✧ ✪✣✱ ✑☎☛  (a) ✏✍ ✣✖✍✖ ✲☎✔✎✱r✞ ✕✧✌ (b) ✱☎✞ ✣✖✍✖ ✲☎✔✎✱r✞ ✕✧✌

(c) ✴✺ ✣✖✍✖ ✲☎✔✎✱r✞ ✕✧✌✯

5. 100 ✣✝❢☎✣✽☎✙✪☎✞✌ ✬✞✌ ✜✞ ✢✺ ✑☎✧✔ ✾✺ ✣✝❢☎✣✽☎✙✪☎✞✌ ✝✞✟ ✱☎✞ ✝✗✙ ✩✤☎✏ ✗✏ ✕✧✌★ ✪✣✱ ✑☎☛ ✑☎✧✔ ✑☎☛✍☎

✏✍ ✣✬✿☎ ✴✺✺ ✣✝❢☎✣✽☎✙✪☎✞✌ ✬✞✌ ✕✧✌ r☎✞ ☛✫☎✣✪✍r☎ ❉✪☎ ✕✧ ✣✍

(a) ✑☎☛ ✱☎✞✤☎✞✌ ✏✍ ✕✎ ✝✗✙ ✬✞✌ ✕☎✞✌?

(b) ✑☎☛ ✱☎✞✤☎✞✌ ✑✥✗✈✑✥✗ ✝✗☎✞❀ ✬✞✌ ✕☎✞✌?

6. r✎✤ ❁✪✣❉r✪☎✞✌ ✝✞✟ ✣✥✏ r✎✤ ☛✿☎ ✣✥✲☎✝☎✏ ✗✏ ✕✧✌ ✑☎✧✔ ☛✫✰✪✞✍ ✝✞✟ ✣✥✏ ☛r☎ ✣✥✲☎☎ ✏✍ ✣✥☛✟☎☛✟☎

✕✧★ ☛✿☎☎✞✌ ✍☎✞ ✣✥☛✟☎☛✟☎✞✌ ✬✞✌ ✪☎✱❣✒✓✪☎ ✘✜ ☛✫✍☎✔ ✚☎✥☎ ✗✪☎ ✣✍ ☛✫✰✪✞✍ ✣✥☛✟☎☛✞✟ ✬✞✌ ✏✍ ✕✎ ☛✿☎

✕✧★ ☛✫☎✣✪✍r☎ ✸☎r ✍✎✣✦✏ ✣✍ ✍✬ ✜✞ ✍✬ ✏✍ ☛✿☎ ✑☛✤✞ ✜✕✎ ✣✥☛✟☎☛✞✟ ✬✞✌ ✚☎✥☎ ✗✪☎ ✕✧★

7. A ✑☎✧✔ B ✱☎✞ ♥☎✖✤☎✏❂ ✘✜ ☛✫✍☎✔ ✕✧✌ ✣✍ P(A) = 0.54, P(B) = 0.69 ✑☎✧✔ P(A ❃ B) = 0.35.

✸☎r ✍✎✣✦✏✹

(i) P(A ❄ B) (ii) P(A´ ❃ B´) (iii) P(A ❃ B´) (iv) P(B ❃ A´)

8. ✏✍ ✜✌❅✽☎☎ ✝✞✟ ✍✬✙✻☎✣✔✪☎✞✌ ✬✞✌ ✜✞ ✠ ✍✬✙✻☎✣✔✪☎✞✌ ✍☎ ✻✪✤ ☛✫✩✌❆ ✜✣✬✣r ✝✞✟ ✣✥✏ ✣✍✪☎ ✗✪☎ ✕✧★

☛☎❂✻ ✍✬✙✻☎✣✔✪☎✞✌ ✍☎ ✐✪☎✞✔☎ ✣✤✷✤✣✥✣✲☎r ✕✧✹

Ø❡ ✉❦❡ ❇❈❊❋ ●❦❍■ ❏❑▲❦❦▼◆❊ ❡▼❊❖

1. ✕✔✎✆☎ M 30

2. ✔☎✞✕✤ M 33

3. ✆☎✎r✥ F 46

4. ✏✞✣✥✜ F 28

5. ✜✥✎✬ M 41

✘✜ ✜✬❜✕ ✜✞ ☛✫✝❉r☎ ☛✱ ✝✞✟ ✣✥✏ ✪☎✱❣✒✓✪☎ ✏✍ ❁✪✣❉r ✍☎ ✻✪✤ ✣✍✪☎ ✗✪☎★ ☛✫✝❉r☎ ✝✞✟ ☛✮P◗☎

✪☎ ✭✠ ✝◗☎✙ ✜✞ ✑✣❆✍ ✑☎✪✮ ✍☎ ✕☎✞✤✞ ✍✎ ❉✪☎ ☛✫☎✣✪✍r☎ ✕✧✯

9. ✪✣✱ ✺✶ ✴✶ ✭✶ ✠ ✑☎✧✔ ❘ ✑✌✍☎✞✌ ❙☎✔☎ ✠✺✺✺ ✜✞ ✩✚❚✎ ✻☎✔ ✑✌✍☎✞✌ ✍✎ ✜✌✲✪☎ ✍☎ ✪☎✱❣✒✓✪☎ ✣✤✬☎✙❯☎

✣✍✪☎ ✗✪☎ ✕☎✞ r☎✞ ☛☎❂✻ ✜✞ ✼☎☎❱✪ ✜✌✲✪☎ ✝✞✟ ✣✤✬☎✙❯☎ ✍✎ ❉✪☎ ☛✫☎✣✪✍r☎ ✕✧ ✦✩✶

(i) ✑✌✍☎✞✌ ✍✎ ☛✮✤✔☎✝❣✣☞☎ ✤✕✎✌ ✍✎ ✦☎✏✯ (ii) ✑✌✍☎✞✌ ✍✎ ☛✮✤✔☎✝❣✣☞☎ ✍✎ ✦☎✏✯
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10. ❢✝✞✟ ✠✡☛☞✟ ✌✍✎ ✏✑✒✍ ✓✍✔ ☞✑✕ ☞✖ ✒✗✍ ✘☛✔ ❢✙✚✓✍✔ ✛✜✢✣✍✝ ✛✕ ✤ ✞✍ ✥ ✏✝ ✦✤ ✠✔✝ ✠✔❢✝✏ ✘☛✔✧

✏✑✒✑ ☞✑✕ ✠✔✝✑✍✔ ✌✍✎ r✝ ❢✌★✑✍✩✑ ✖✓ ✪✠✔✝✑✍✔ ✝✟ ✛✫✚✕✑✌✬❢✭✑ ✚✘✟✔✮ ✯✑✕✑ ✘✟ ✰✑✫✒✏✑ ✘☛✧ ✱✞ ✲✑✏

✝✟ ❞✣✑ ✛✜✑❢✣✝✏✑ ✘☛ ❢✝ ✝✑✍✱✳ ✴✣❢❞✏ ✠✡☛☞✟ ✰✑✑✍✒✚✍ ✌✍✎ ❢✒r ✞✘✟ ✖✓ ✝✑ ✛✏✑ ✒✗✑ ✒✍✵

❧✶✷✶✸✹✶

✱✞ ✠❜✣✑✣ ✓✍✔ ✘✓✚✍ ✛✜✑❢✣✝✏✑ ✝✟ ✠❢✺✑✗✬✘✟✏✟✣ ✏✕✟✝✑ ✌✍✎ ❢✌✩✑✣ ✓✍✔ ✛✻✼✑ ✘☛✧ ✱✞ ✠❜✣✑✣ ✝✟ ✓✫✰✣

❢✌★✑✍✩✑✏✑r✽ ❢✚✾✚❢✒❢✰✑✏ ✘☛✔✿

❀ ❁❂❃❄❅❆❇❈ ❉❊❃❋●✿ ✞✺✑✟ ✞✔✺✑✑❢✌✏ ✛❢✕❍✑✑✓✑✍✔ ✝✑ ✞✓✫■☞✣

❀ ❁❂❃❄❅❆❇❈ ❃❏❑❅▲✿ ✛✜❢✏▼★✑✳ ✞✓❢✩✡ ✌✍✎ ✠✌✣✌

❀ ◆❇●❖❇✿ ✛✜❢✏▼★✑✳ ✞✓❢✩✡ ✝✑ r✝ P✛✞✓✫■☞✣

❀ ✈❉❑◗❇❘ ◆❇●❖❇✿ ❢✕❞✏ ✞✓✫■☞✣

❀ ❃❖❃❆❙❄ ◆❇●❖❇✿ ✛❚❍✑✳ ✛✜❢✏▼★✑✳ ✞✓❢✩✡

❀ ❁❯❱❲ ◆❇●❖❇ ❳❇ ❖❨❩❑❬◆❇●❖❇ : ✞✓✫■☞✣  A❭ ✣✑ S – A

❀ ◆❇●❖❇ A ❳❇ B✿ ✞✓✫■☞✣ A ❪ B

❀ ◆❇●❖❇ A ✈❇❫❱ B✿ ✞✓✫■☞✣ A ❴ B

❀ ◆❇●❖❇ A ❃❲❑❄▲ B ❖❨❩❑✿ ✞✓✫■☞✣ A – B

❀ ❁❱❵❁❱ ✈❁❘❛❩❈ ◆❇●❖❇❝❡✿ A ✠✑☛✕ B  ✛✕❣✛✕ ✠✛✌✙✟✳ ✘✑✍✏✟ ✘☛✔ ✣❢▼ A ❤  B =❥

❀ ❃❖❦❆❇♠❋❇ ❘ ❁❱❵❁❱ ✈❁❘❛❩❈ ◆❇●❖❇❝❡ ✿ ♥✑✡✚✑r✽ E
1
, E

2
,..., E

n
 ✛✕❣✛✕ ✠✛✌✙✟✳ ✌ ❢✚✿★✑✍✩✑

✘☛✔ ✣❢▼ E
1
 ❪ E

2
 ❪ ... ❪ E

n
  = S ✠✑☛✕ E

i 
 ❴ E

j
 = ♦  V i ♣ j

❀ ❁❂❇❃❳❲❄❇ : ✛✜✢✣✍✝ ✛✜❢✏▼★✑✳ ❢✲✔▼✫ q
i 
✌✍✎ ✞✔✗✏ r✝ ✞✔✰✣✑ P (q

i
) r✍✞✟ ✘☛ ❢✝

(i) 0 s P (q
i
)  s 1 (ii) t ✉P ✇i①  ✞✺✑✟  q

i ②S = 1

(iii) P(A) = ③ ④P ✇i① ✞✺✑✟ ⑤ i  
⑥ A

✞✔✰✣✑  P(q
i
)   ✛❢✕❍✑✑✓ q

i
. ✝✟ ✛✜✑❢✣✝✏✑ ✝✘✑ ✙✑✏✑ ✘☛✧

❀ ❉❊ ❉❑◗❇❇❃❘❄ ❁❃❱⑦❇❇❊ : ✞✓✑✚ ✛✜✑❢✣✝✏✑ ✌✑✒✍ ✞✺✑✟ ✛❢✕❍✑✑✓

❀ ◆❇●❖❇ ❲❩ ❁❂❇❃❳❲❄❇ : r✝ ✞✓ ✞✔✺✑✑❢✌✏ ✛❢✕❍✑✑✓✑✍✔ ✌✑✒✍ ✛❢✕❢✓✏ ✛✜❢✏▼★✑✳ ✞✓❢✩✡ ✌✍✎ ❢✒r

♥✑✡✚✑ A ✝✟ ✛✜✑❢✣✝✏✑
(A)

P(A)
(S)

n

n
⑧ ,✙✘✑✽ n(A) = ✞✓✫■☞✣ A ✓✍✔ ✠✌✣✌✑✍✔ ✝✟ ✞✔✰✣✑

✠✑☛✕ n(S) = ✞✓✫■☞✣ S ✓✍✔ ✠✌✣✌✑✍✔ ✝✟ ✞✔✰✣✑

❀ ✣❢▼ A ✠✑☛✕ B ✝✑✍✱✳ ▼✑✍ ♥✑✡✚✑r✽ ✘☛✔⑨ ✏✑✍
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P(A ❀☎ B) = P (A) + P(B) – P (A ✈☎✆✝ B)

❧✞✟✠✡❀✟☛ P (A ☞ B) = P (A) + P (B) – P (A ✌  B)

✍ ❀✎✏ A ✈☎✆✝ B ✐✝✑✐✝ ✈✐✒✓✔✕ ✖✆✗✘ ✟☎✙ P (A ❀☎ B) = P(A) + P(B)

✍ ✎❢❧✔ ✚☎✛✜☎ A ✒✙♦ ✎✢✣

P(A–✜✖✔✗) = 1 – P(A)

✱✤✥✦✧★✥✩✪ ✫✬✭✮✯✰★✥✲

✐✳☎✎❀❢✟☎ ✎❧✴☎✗✟ ❢☎ ✎✒❢☎❧✘ ✵✎✶☎✟ ❢✔ ✈✷❀ ✸☎☎✹☎☎✈☎✙✗ ❢✔ ✺☎☎✻✎✟✘ ✼❀☎✒✖☎✎✝❢ ❢☎✝✶☎☎✙✗ ❧✙

✖✠✈☎ ✖✆❣ ✽❧❢✔ ✾✿✐✎❁☎ ❂❃✒✔✗ ✸☎✟☎❄✏✔ ✞✙✗ ✖✠✽✕ ❅☎✔ ✓❆ ✽✛✢✔ ✜✙ ✣❢ ✎❇✎❢✿❧❢ ✟❅☎☎ ✵✎✶☎✟❈

Jerome Cardan ❉❂❊❋❂●❂❊❍❃■ ✜✙ ✽❧ ✎✒❏☎❀ ✐✝ ✐✖✢✔ ✐✠✑✟❢ ❑❧✗❀☎✙✵ ✒✙♦ ✹☎✙✢☎✙✗ ✐✝✘

❉Biber de Ludo Aleae■ ✎✢✹☎✔❣ ❀✖ ✐✠✑✟❢ ✾✜✒✙♦ ✞✝✶☎☎✙✐✝☎✗✟ ❧✜▲ ❂❃▼▼ ✞✙✗ ✐✳❢☎✎✸☎✟ ✖✠✽✕❣

❧✜▲ ❂❃❊◆ ✞✙✗✘ Chevaliar de Mere ✜☎✞❢ ✓✠✈☎✝✔ ✜✙✘ ✐☎❧✙ ❧✙ ❧✗❆✎❖✟ ✒✠♦P ❧✞✑❀☎✈☎✙✗

❢☎✙ ✢✙❢✝ ❧✠✐✳✎❧✴ ✐✳♦✗☎❧✔❧✔ ✏☎✸☎✕✎✜❢ ✣✒✗ ✵✎✶☎✟❈ Blaise Pascal ❉❂❃◗▼●❂❃❃◗■ ❧✙ ❧✗✐✒✕♦

✎❢❀☎❣ Pascal ✽❧ ✐✳❢☎✝ ❢✔ ❧✞✑❀☎✈☎✙✗ ✞✙✗ ❘✎❇ ✢✙✜✙ ✢✵✙ ✈☎✆✝ ✾✷✖☎✙✗✜✙ ✽❧❢✔ ❇❇☎✕ ✎✒✹❀☎✟

✐✳♦☎✗❧✔❧✔ ✵✎✶☎✟❈ Pierre de Fermat ❉❂❃❋❂●❂❃❃❊■ ❧✙ ❢✔❣ Pascal ✈☎✆✝ Fermat ✏☎✙✜☎✙✗ ✜✙

✑✒✟✗❙☎ ❚✐ ❧✙ ❧✞✑❀☎✈☎✙✗ ❢☎✙ ✖✢ ✎❢❀☎❣

Pascal ✈☎✆✝ Fermat ✒✙♦ ✈✎✟✎✝❯✟ ✣❢ ❱❇ ✎✜✒☎❧✔ Christian Huygenes

❉❂❲◗❲●❂❃❲❊■✘ ✣❢ ✎✑✒❧ ✎✜✒☎❧✔ J.Bernoulli ❉❂❃❊❂●❂❍❋❊■✘ ✣❢ ✐✳♦☎✗❧✔❧✔ A.De

Moivre ❉❂❃❃❍●❂❍❊◆■✘ ✣❢ ✈✷❀ ✐✳♦☎✗❧ ✎✜✒☎❧✔ Pierre Laplace ❉❂❍◆❲●❂❳◗❍■ ✟❅☎☎

❚❧✔ P.L.Chebyechav ❉❂❳◗❂●❂❳❲◆■✘ A.A.Morkov ❉❂❳❊❃●❂❲◗◗■ ✈☎✆✝

A.N.Kolmogorove ✜✙ ✺☎✔ ✐✳☎✎❀❢✟☎ ✎❧✴☎✗✟ ✞✙✗ ✎✒✎✸☎❏✛ ❀☎✙✵✏☎✜ ✎✏❀☎❣ ✐✳☎✎❀❢✟☎ ✎❧✴☎✗✟ ✒✙♦

✈✎✺☎✵❨✖✔✎✟❢✝✶☎ ❢☎ ❩✙❀ Kolmogorove ❢☎✙ ✎✞✢☎ ✖✆❣ ❧✜ ❂❲▼▼ ✞✙✗ ✐✳❢☎✎✸☎✟ ✾✜❢✔ ✐✠✑✟❢

❑✐✳☎✎❀❢✟☎ ✒✙♦ ✈☎❖☎✝❫ ❉Foundation of Probability■ ✞✙✗ ✐✳☎✎❀❢✟☎ ❢☎✙ ❧✞✠❬❇❀ ✐♦✢✜ ✒✙♦

❚✐ ✞✙✗ ✐✳✑✟✠✟ ✎❢❀☎ ✵❀☎ ✖✆ ✈☎✆✝ ❀✖ ✐✠✑✟❢ ✣❢ ❯✢☎✎❧❢ ❉Classic■ ✞☎✜✔ ✓☎✟✔ ✖✆❣

— ❭ —



A.1.1 ✥�✁✂✄☎� (Introduction)

t✆✝✞ ✟✠ ✡☛☞✌✍ ✡✞✆✎ ✏✑✒✞✓ ✔✑✕ ✡✖✗✞✗ ✘ ✍✑✙ ✚✚✞✛ ✜✞✑ ✚☞✠✓ ✜✆✢ ✣✠ ✡☛✙✤ ✦✧✞✑✙ ✔✞★✑ ✡☛☞✌✍
a

1
, a

2
, ..., a

n
, ... ✠✞✑ ✡☛✙✤ ✡☛☞✌✍ ✠✜✞ t✞✤✞ ✜✆ ✡✞✆✎ ❞✝✠✞ ✟☛✟✧✛✩✪ ✟✠✗✞ ✫✗✞ ✗✞✑✫ ✡✬✞✞✛✤✭✭

a
1
 + a

2
 + a

3
 + ... + a

n
 + ... ✢ t✞✑ ✡☛✙✤ ✡☛☞✌✍ ✔✑✕ ✝✜✚✞✎✓ ✜✞✑✢ ✣✠ ✡☛✙✤ ✏✑✒✞✓ ✠✜★✞✤✞ ✜✆❪ ✟✝✫✍✞

✝✙✔✑✕✤☛ ✦❧✟✤ ✠✞ ✦✮✗✞✑✫ ✠✎✤✑ ✜☞✣✢ ❞✝ ✏✑✒✞✓ ✠✞✑ ✯✞✑✪✑ ✰✦ ✍✑✙✢ ✱✞✓ ✧✲✞✞✛✗✞ t✞ ✝✠✤✞ ✜✆✢ ✡✬✞✞✛✤✭✭

a
1
 + a

2
 + a

3
 + .  . .  + a

n
 + . . . = 

1

k

k

a
✳
✴✵

❞✝ ✡✖✗✞✗ ✍✑✙✢ ✜✍ ✠☞✯ ✟✔✲✞✑✩✞ ✦✮✠✞✎ ✠✓ ✏✑✒✞✓ ✠✞ ✡✖✗✗☛ ✠✎✑✙✫✑ ✟t☛✠✓ ✟✔✟✱✞❜☛ ✠✟✶☛ ✦✮✲☛
✠✓ ✟✷✬✞✟✤✗✞✑✙ ✍✑✙ ✡✞✔✲✗✠✤✞ ✜✞✑ ✝✠✤✓ ✜✆❪
A.1.2  ✂☎❢✸ ✹��✺�✻☎ ✼✽✾ ✂✿❀ ✂❁❂❃ ❂❄✄✽❅ (Binomial Theorem for any Index)

✡✖✗✞✗ ✈ ✍✑✙✢ ✜✍☛✑ ✟❆✦✧ ✦✮✍✑✗ ✠✞ ✡❇✗✗☛ ✟✠✗✞ ✟t✝✍✑✙ ❈✞✞✤✞✙✠ ✣✠ ❇☛ ✦❉✒✞✞❊✠ ✬✞✞❪ ❞✝
✡☛☞✱✞✞✫ ✍✑✙ ✜✍ ✣✠ ✡✦✑❋✞✞✔●✕✤ ✝✞✍✞❜✗ ✰✦ ✠✓ ✦✮✍✑✗ ❍✤✞✣■✫✑✢ ✟t✝✍✑✙ ❈✞✞✤✞✙✠ ✡✞✔✲✗✠ ✰✦ ✝✑ ✣✠
✝✙✦❉✒✞✛ ✝✙❏✗✞ ☛✜✓✙ ✜✆❪ ✗✜ ✜✍✑✙ ✣✠ ✟✔✲✞✑✩✞ ✦✮✠✞✎ ✠✓ ✡☛✙✤ ✏✑✒✞✓ ✧✑✤✞ ✜✆✢ ✟t✝✑ ❑▲▼◆ ❖P◗❘❙ ✠✜✤✑ ✜✆✙❪
✜✍ ✠☞✯ ✡☛☞✦✮✗✞✑✫✢ ❣✧✞✜✎✒✞✞✑✙ ✔✑✕ ❆✞✎✞ ✧✲✞✞✛✤✑ ✜✆✙❪

✜✍ ✗✜ ✝❉❚✞ t✞☛✤✑ ✜✆✙❯
(1 + x)n = 

n

C
0
 + 

n

C
1
 x + . . .  + 

n

C
n
 xn

✗✜✞■ n ➼✒✞✑✤✎ ✦❉✒✞✞❊✠ ✜✆❪ ✦✮✑✟❋✞✤ ✠✎✑✙✢ ✟✠ ✗✟✧✢ ✜✍ ➼✒✞✞❱✍✠ ✦❉✒✞✞❊✠ ✡✬✞✔✞ ✣✠ ✟✱✞❜☛ ✠✞✑
❈✞✞✤✞✙✠ n ✔✑✕ ❍✧★✑ ✍✑✙ ✎❏✞✤✑ ✜✆✙✢ ✤❍ ✝✙✗✞✑t☛✞✑✙ n

C
r
 ✠✞ ✠✞✑❞✛ ✡✬✞✛ ☛✜✓✙ ✎✜ t✞✤✞❪

✡❍ ✜✍✢ ✟❆✦✧ ✦✮✍✑✗ ❣✦✦✟❲✞ ✝✟✜✤ ✠✞✑ ✣✠ ✡☛✙✤ ✏✑✒✞✓ ❆✞✎✞ ❍✤✞✤✑ ✜✆✙✢ ✟t✝✍✑✙ ❈✞✞✤✞✙✠✢ ✣✠
✦❉✒✞✛ ✝✙❏✗✞ ☛ ✜✞✑✠✎✢ ✣✠ ➼✒✞ ✡✬✞✔✞ ✣✠ ✟✱✞❜☛ ✜✆❪
▼✐❳P❨

❩ ❬ ❩ ❬ ❩ ❬❩ ❬2 3
1 1 2

1 1 ...
1.2 1.2.3

m m m m m m
x mx x x

❭ ❭ ❭❫ ❴ ❫ ❫ ❫ ❫
✔✆❇ ✜✆✙ t❍ ✱✞✓  1x ❵ .

1

❛❝❡❤ ❥❦♠♥♦ (Infinite Series)

♣qrqs✉✇①
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❢☎✆✝✞✟✠ ❧✡☛☞✡✌✍✎✏☛✑✒ ✓✔✡✌ ✕✍✖✗✘ ✖✒  | x | < 1 ✥✙✡✡✑✚✛✛ – 1< x <❆ ✒✡ ✎✜✖✚✢✣☞ ✥✡☛✤✔✒ ✦✧ ✔✖✕

m ✘✒ ✱★✡ ✎✏★✡✡✩✒ ✥✙✡✡✑✚✛ ✖✪✡✫✌ ✦✧❆

✬ ✭ ✬ ✭ ✬ ✭
✬ ✭✬ ✭

✬ ✭
2 22 3

1 2 1 2 2 2 ...
1.2

✮ ✯ ✯
✯ ✰ ✲ ✯ ✯ ✲ ✯ ✲

✥✙✡✡✑✚✛✛ 1= 1 + 4 + 12 + . . .

✔✦ ❧✣✪✡☛ ✌✦✍✣ ✦✧❆

2. ✓✔✡✌ ✕✍✖✗✘ ✖✒è (1+ x)m, ✗✦✡t m ✘✒ ✱★✡✡✳✴✒ ✎✏★✡✡✩✒ ✥✙✡☛✡ ✘✒ ✖✪✡✫✌ ✦✧è ☛✵✶ ✖☛✷✚✡✸ ✴✵✣

✎✕✡✵✣ ✒✍ ✥✌✣✚ ❧✣r✔✡ ✦✡✵✚✍ ✦✧❆

✖☛✹✡✸ ✒✸✵✣ (a + b)m

 
 = 1 1

m m

mb b
a a

a a

✺ ✻✼ ✽ ✼ ✽
✾ ✿ ✾❀ ❁ ❀ ❁❂ ❃

❄ ❅ ❄ ❅❇ ❈

  =
❉ ❊

2
1

1 ...
1.2

m
m mb b

a m
a a

✺ ✻❋ ✼ ✽
✾ ✾ ✾❂ ❃❀ ❁

❄ ❅❂ ❃❇ ❈

 =
● ❍1 2 2

1
...

1.2

m m m
m m

a ma b a b■ ■❏
❑ ❑ ❑

✔✦ ✖☛✷✚✡✸ ☛✧☞ ✦✧ ✗✢ 1▲
b

a
 ✥✙✡☛✡ ✈❧☛✵✶ ✚▼◆✔✡✣✒ ✗✢ | b | < | a |

❖ P❖ P ❖ P1 2 ... 1

1.2.3...

m r r
m m m m r a b

r

◗❘ ❘ ❘ ❙
, (a + b)m ☛✵✶ ✖☛✷✚✡✸ ✴✵✣ ♦✔✡✎✒ ✎✕ ✦✧❆

✖❚✎✕ ✎✜✴✵✔ ☛✵✶ ✒▼❯ ✖☛✤✡✵❱✡ ✎✜✒✸★✡ ✖✌❲✌✖❳✖r✡✚ ✦✧✣è ✗✦✡t ✦✴ ✒◆✎✌✡ ✒✸✚✵ ✦✧✣ ✖✒  1x ❨ ,

✈✫✦✵✣ ✖☛❜✡✖✙✡✑✔✡✵✣ ☛✵✶ ✥✪✔✡❧ ☛✵✶ ✖❳✘ ❯✡✵❩❬ ✖✕✔✡ ❭✔✡ ✦✧❪

1. (1 + x) – 1 = 1 – x + x2 – x3 + . . .

2. (1 – x) – 1 = 1 + x + x2 + x3 + . . .

3. (1 + x) – 2 = 1 –2 x + 3x2  –  4x3 + . . .

4. (1  –  x) – 2 = 1 +2x + 3x2 + 4x3 + . . .

♠❫❴❵❛❝❴ 1

1

2

1
2

x
❞

✼ ✽
❋❀ ❁

❄ ❅
, ✒✡ ✖☛✷✚✡✸ ✒✍✖✗✘è ✗✢ | x | < 2
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❣✟ ✠✡ ☛☞✌✍✎ ✏✑✎✒ ✠✓✔

1

2
1

2

x
✕

✖ ✗✘✙ ✚
✛ ✜

 =
2

1 1 3

2 2 2
1

1 2 1 2 2

x x
...

.

✢ ✣ ✢ ✣✢ ✣✤ ✤ ✤✥ ✦ ✥ ✦✥ ✦✤✢ ✣ ✢ ✣✧ ★ ✧ ★✧ ★✩ ✩ ✤ ✩✥ ✦ ✥ ✦
✧ ★ ✧ ★

=
23

1 ...
4 32

✪ ✪ ✪
x x

A.1.3 ✫✬✭✮ ✯✰✱✲✲✳✴✲✵ ✶✳✱✲✷ (Infinite Geometric Series)

✸✹✺✌✺ ✻ ✼✒✽✾ ✿✌✌❀ ✻❁❂ ❃✒✾ ❄✏ ✸❅❆❇✡ a
1
, a

2
, a

3
, ...  a

n 
①❈❉❊❊❋●❊❍ ✏✠■✌✎✌ ✠✓✾

✺❏❑
1▲k

k

a

a
 = r (❏❢▼✌✑) t◆ k = 1, 2, 3, . . ., n–1. ❏✼❖✌✒P✌✏✑✾ ✺❏❑ ✠✡ a

1
 = a, ✡✌❅✒✔✾ ✎◆

☛❏✑✐✌✌✡✎◗ ✸❅❆❇✡ a, ar, ar2, . . ., arn–1

 
 ✏✌✒ ❀❆✐✌✌✒❞✌✑ ❘✒❙❚❯ ✏✌ ✡✌❅✏ ❱☛ ✏✠✌ t✌✎✌ ✠✓❲ ☛✠■✒✾ ✠✡❅✒

☛❏✑❏✡✎ ❘✒✐✌❯ a + ar + ar2 +  . . . +, arn – 1 ✏✌ ✺✌✒❀ ☛☞✌✍✎ ✏✑❅✒ ✼✒✽ ❃❳❨✌ ✏❯ ❩❩✌❬ ✏❯ ▼✌❯✾ t✌✒ ❏✏

❏❅❭❅❏■❏❪✌✎ ❃❳❨✌ ❫✌✑✌ ❏❑✺✌ t✌✎✌ ✠✓

❴ ❵1
S

1

n

n

a r

r

❛
❜

❛
.

❝❃ ✿✌✌❀ ✡✒✔✾ ✠✡ ✸❅✔✎ ❀❆✐✌✌✒❞✌✑ ❘✒✐✌❯ a + ar + ar2 + . . . + arn – 1 +. . . ✏✌✒ ✺✌✒❀ ☛☞✌✍✎ ✏✑❅✒
✏✌ ❃❳❨✌ ◆✎✌❄❡❀✒ ✸✌✓✑ ❝❃❯ ✏✌✒ ❤❑✌✠✑✐✌✌✒✔ ✼✒✽ ❃✌▼✌ ❃✡❥✒✔❀✒❲

✡✌❅ ■❯❏t❄ ❏✏
2 4

1, , ,...
3 9

 ❑❯ ✠❆❝❬ ❀❆✐✌✌✒❞✌✑ ❘✒❙❚❯ ✠✓❲

✺✠✌❡ a = 1, r = 
2

3
, ✠✡✒✔ ☛☞✌✍✎ ✠✓

2
1

23
S 3 1

2 3
1

3

n

n

n

❦ ❧♠ ♥ ♦ ♣ q❦ ❧r s✉ ✉ ♠✇ ②♥ ♦
r s✇ ②③ ④♠

... (1)
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✈☎✆✝✞ ✟✠✡☛ ☞ ✟✠✡☛ n ✥☎ ✌☎✍ ✎✏✑✒☎ ✟☎✒☎ ✓✠✞
2

3

n
✔ ✕
✖ ✗
✘ ✙

♦☛✚ ✛✜♦✓☎✢ ✥☎ ✈✣✜✜✍ ✥✢☛✤✦

n 1 5 10 20

2

3

n
✧ ★
✩ ✪
✫ ✬

0.6667 0.1316872428 0.01734152992 0.00030072866

✓✌ ✣✜☎✍ ❣☛✒☛ ✓✠✤ ✭✥ ✟✠✡☛☞✟✠✡☛ n ✥☎ ✌☎✍ ✎✏✑✒☎ ✟☎✒☎ ✓✠ ♦✠✡☛☞♦✠✡☛
2

3

n
✧ ★
✩ ✪✫ ✬

✮☎✯✰✜ ♦☛✚ ✭✍✥✱

✓☎☛✒☎ ✟☎✒☎ ✓✠✦ ✲✭✳☎✒✴✜ ✵☎☎✶☎☎ ✌☛✤✞ ✓✌ ✥✓✒☛ ✓✠✤ ✭✥ ✟✠✡☛ n ✥☎ ✌☎✍ ✈❞✜✤✒ ✎✷✑☎ ✓☎☛✒☎ ✟☎✒☎ ✓✠✞
2

3

n
✧ ★
✩ ✪
✫ ✬

✥☎

✌☎✍ ✈❞✜✤✒ ❡☎☛✱☎ ✓☎☛✒☎ ✟☎✒☎ ✓✠✦ ❣✯✡✢☛ ✮☎✸❣☎☛✤ ✌☛✤ ✟✠✡☛
2

, 0
3

n

n
✧ ★✹✺ ✹✩ ✪
✫ ✬

✻✭✢✳☎☎✌✼♦✽✻ ✓✌ ❣☛✾☎✒☛

✓✠✤ ✭✥ ✈✡✴✌ ✻❣☎☛✤ ✥☎ ✜☎☛✲ S = 3 ✻✿☎❀✒ ✓☎☛✒☎ ✓✠ ✈❁☎☎❂✒❃❃ ✈✍✤✒ ✲❄✳☎☎☛❅☎✢ ❆☛✏✑✴  a, ar, ar2, ..., ♦☛✚ ✭❇✝✞
✜✭❣ ✡☎♦❂ ✈✍❄✻☎✒ r ✥☎ ✡✤✾✜☎❞✌✥ ✌☎✍ ❈ ✡☛ ✥✌ ✓✠✞ ✒✎

❉ ❊1

1

❋
●

❋

n

n

a r
S

r 1 1

n
a ar

r r
❍ ■
■ ■

✆✡ ✭✼❁☎✭✒ ✌☛✤✞ 0n
r ❏  ✟✠✡☛ ❑▲n  ▼✜☎☛✤✭✥ | | 1◆r  ✈☎✠✢ ✒✎ 0

1

n
ar

r
❖

P

✆✡✭❇✝
1

n

a
S

r
◗

❘
 as n❙❚ .

✻✿✒✴✥☎❞✌✥ ✒☎✠✢ ✻✢✞ ✈✍✤✒ ✲❄✳☎☎☛❅☎✢ ❆☛✳☎✴ ✌☛✤ ✈✍✤✒ ✒✥ ✜☎☛✲✞ S ❯☎✢☎ ✭✍✭❣❂✶✱ ✭✥✜☎ ✟☎✒☎ ✓✠✦ ✆✡

✻✿✥☎✢✞ ✓✌☛✤ ✻✿☎❀✒ ✓☎☛✒☎ ✓✠  S
1

a

r
❱
❲

♠❣☎✓✢✳☎ ♦☛✚ ✭❇✝

(i) 2 3

1 1 1 1
1 ... 2

12 2 2 1
2

❳ ❳ ❳ ❳ ❨ ❨
❩
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(ii) 2 3

1 1 1 1 1 2
1 ...

112 32 2 11
22

✟ ✠ ✟ ✠ ✡ ✡ ✡
☛ ☞ ✠✟ ✟✌ ✍
✎ ✏

♠ ✑✒ ✓✔✕✒ ✖ ❢✗✘ ✗ ❢✙ ❢✚ ✛ ✜ ✢✣ ✤✛ ✛ ✥✦✛ ✧ ★✥ ✩✪ ✫ ✬✥✭ ✮ ✗✯ ✜ ✰✱✛ ✥✯ ✜✲ ✳✛ ✥✢ ✴ ✵✛ ✜ ✲ ✫❢✶✷✸

5 5 5
, , ,....

4 16 64

✹ ✹

✓❣ ✳❀✛ ✺
5

4
a

✹
✻ ✮✛ ✼✧

1

4
r ✻ ✹ ✽✾✬✥✭ ✾✛ ✿✛ | | 1r ❁ .

✽✾ ❢✙ ✷✴ ✮ ✗✯ ✜ ✜✲ ✳ ✛✥ ✢ = 

5 5

4 4 1
1 5

1
4 4

❂ ❂

❃ ❃ ❂
❄

A.1.4  ♣❅❆ ❇ ❇❈ ❇❉❊ ❋ ●❍■ ❇ ❋ (Exponential Series)

❡❀✛ ✗ ❢❏✬✾ ✢ ❢✤✛ ✜ ✵✴ Leonhard Euler 1707 – 1783 ✗✥ ✴ ❑▲ ▼ ◆ ❡✥✯ ✮ ✰✗ ✫ ✲ ✙ ✗ ✰✛ ❖P✳ ✰✣❏ ✜✲ ❡✥✯

✾✯✚ ✳✛ e ✲✛ ✥ ✰❞❏ ✜✛ ❢✬ ✜ ❢✲✳ ✛ ◗ ❢✶✾ ✰❞✲✛ ✧ ❘ ✬♦✦✛ ✬✥ ✭ ✮ ❙✳✳ ✗ ❡✥✯ ❚ ✰✳✛ ✥✢ ✫ ❀ ✼ ❚✾ ✫ ✰❞✲✛ ✧ e ✲ ✙✗ ✬✥✭

✮ ❙✳ ✳ ✗ ❡✥✯ ❚ ✰✳ ✛ ✥✢ ✫ ❀ ✼◗

✾✯✚ ✳✛ ✮✛ ✥✯ ✲ ✫ ❢✗✘ ✗ ❢✙❢✚ ✛ ✜ ✮ ✗✯ ✜ ★ ✥✩✪ ✫ ✲✛✥ ✙ ✫❢✶✷✸

1 1 1 1
1 ...

1! 2! 3! 4!
❯ ❯ ❯ ❯ ❯ ... (1)

(1) ❡ ✥✯ ✱ ✫ ✢ ✽❱ ★ ✥ ✤✛ ✫ ✲✛ ✳✛ ✥✢ ✴ ✾✯ ✚✳ ✛ e ⑥ ✛✧✛ ❢✗ ❢✱❱❲❳ ❢✲✳✛ ✶✛ ✜✛ ❀✼◗

✮ ✛ ✽✷ ❀❡ ✾✯✚ ✳✛ e ✬✥✭ ❡✛ ✗ ✲✛ ✮✛ ✲✙ ✗ ✲✧✥✯ ◗

❨✳✛ ✥✯ ❢✲ ★✥ ✤✛ ✫ (1) ✲✛ ✰❞❩✳✥ ✲ ✰✱ ❬✗✛ ❩❡✲ ❀✼✯◗ ✽✾ ❢✙✷ ✽✾✲✛ ✳✛ ✥✢ ❭✛ ✫ ❬ ✗✛ ❩❡✲ ❀ ✼◗ ❢✗✘ ✗❢✙❢✚✛ ✜

✱✛ ✥ ✳ ✛ ✥✢✛ ✥✯ ✲✛ ✥ ✙✫❢✶✷ ✸

1 1 1 1
... ...

3! 4! 5! !n
❯ ❯ ❯ ❯ ❯ ... (2)

✮✛✼✧ 2 3 4 1

1 1 1 1
.... ...

2 2 2 2
n❪❫ ❫ ❫ ❫ ❫ ... (3)

❙✳✛ ✗ ✱ ✫❢✶✷✴ ❢✲
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1 1

3! 6
☎  ✈✆✝✞ 2

1 1

42
✟ , ❜✠✠✡ ☛☞✡✌ ✍✎✆✏✑ ☛✆✡✑✆ ☛✝✒ 2

1 1

3! 2
✓

1 1

4! 24
☎  ✈✆✝✞ 3

1 1

82
✟ , ❜✠✠✡ ☛☞✡✌ ✍✎✆✏✑ ☛✆✡✑✆ ☛✝✒ 3

1 1

4! 2
✓

1 1

5! 120
☎  ✈✆✝✞ 4

1 1

162
✟ , ❜✠✠✡ ☛☞✡✌ ✍✎✆✏✑ ☛✆✡✑✆ ☛✝ 4

1 1

5! 2
✓ .

❜✠✔✕✖✒ ✠☞✗✘✔✙✆✑✆ ✚✆✞✆✒ ☛☞ ✛☛ ✠✛✑✡ ☛✝✌ ✔✛

1

1 1

! 2nn ✜✓ , t✢ n > 2

☛☞ ✍✎✡✔❣✆✑ ✛✞✑✡ ☛✝✌ ✔✛ ✣✤✥ ✛✆ ✍✎✦✧✡✛ ✍★✒ ✣✩✥ ✛✆ ✍✎✦✧✡✛ ✠✌✪✑ ✍★ ✠✡ ✛☞ ☛✝

❜✠✔✕✖✒ 2 3 4 1

1 1 1 1 1 1 1 1
... ... ...

3! 4! 5! ! 2 2 2 2nn ✫
✬ ✭ ✬ ✭

✮ ✮ ✮ ✮ ✯ ✮ ✮ ✮ ✮ ✮✰ ✱ ✰ ✱
✲ ✳ ✲ ✳

... (4)

✣✴✥ ✗✡✵ ★✆✡✶✆✡✌ ✍❣✆✆✡✌ ☞✡✌
1 1

1
1! 2!

✷ ✸
✹ ✹✺ ✻

✼ ✽
 t✆✡✾✿✶✡ ✍✞✒ ☛☞✡✌ ✍✎✆✏✑ ☛✆✡✑✆ ☛✝

1 1 1 1 1 1
1 ... ...

1! 2! 3! 4! 5! !n

✷ ✸ ✷ ✸
✹ ✹ ✹ ✹ ✹ ✹ ✹ ✹✺ ✻ ✺ ✻

✼ ✽ ✼ ✽

2 3 4 1

1 1 1 1 1 1
1 ... ...

1! 2! 2 2 2 2n❀
❁ ❂❃ ❄ ❃ ❄

❅ ❆ ❆ ❆ ❆ ❆ ❆ ❆ ❆❇ ❈❉ ❊ ❉ ❊
❋ ● ❋ ●❍ ■

... (5)

= 2 3 4 1

1 1 1 1 1
1 1 ... ...

2 2 2 2 2n❀
❁ ❂❃ ❄
❆ ❆ ❆ ❆ ❆ ❆ ❆ ❆❇ ❈❉ ❊
❋ ●❍ ■

= 
1

1 1 2
1

1
2

❏ ❑ ❏

▲
 = 3

✣▼✥ ✛✆ ✗✆☞ ✍❣✆✒ ◆✡❖✆P ✣◗✥ ✛✆✡ ★❘✆✆❙✑✆ ☛✝✒ ❜✠✔✕✖ e < 3 ✈✆✝✞ ✠✆❚✆ ☛P e > 2 ✈✑❯ 2 < e < 3

❢❱❲❳❨❩❬  x ♣✞ ✗✡✵ ✍★✆✡✌ ☞✡✌ ♣✞❭✆✆✑✆✌✛P ◆✡❖✆P ✛✆✡ ✔✶❪✶✔✕✔❫✆✑ ❴✍ ☞✡✌ ✍✎✔★❙❘✆✑ ✔✛✧✆ t✆ ✠✛✑✆ ☛✝❯
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2 3

1 ... ...
1! 2! 3! !

n
x x x x x

e
n

✟ ✠ ✠ ✠ ✠ ✠ ✠

♠✡☛☞✌✍☛ 3 x ❞✎ ✏✑✑✒ ✓✑✔✎ ✕✖✗✑✎ ✓✖✘ ✙✚ ✛✖✜✢ e2x+3 ❞✑ ✣✓✤✒✑✥ ❞✥✦✖ ✚✥ x2 ❞✑ ✧★✗✑✑✜❞ ✩✑✒ ❞✎✣✪✫✬

☞❣ ♣✥✏✑✑✒✑✜❞✎ ✕✖✗✑✎ ✛✖✜

2 3

1 ...
1! 2! 3!

x x x x
e ✭ ✮ ✮ ✮ ✮

x ✓✖✘ ✤♦✑✑✦ ✚✥ 2x + 3 ✥❥✑✒✖ ✯★✫✢ ✯✛✖✜ ✚✰✑✱✒ ✯✑✖✒✑ ✯✲

✳ ✴ ✳ ✴
2

2 3
2 3 2 3

1 ...
1! 2!

x
x x

e ✵ ✶ ✶
✷ ✶ ✶ ✶

❀✯✑✸
✹ ✺2 3

!

n
x

n

✶
 = 

(3+2 )

!

nx

n
 ❖❀✑✚❞ ✚✻ ✯✲✬

✣❢✚✻ ✚✰✛✖❀ ❢✑✥✑ ✼✽❞✑ ✣✓✤✒✑✥ ✼✽ ✚✰❞✑✥ ✣❞❀✑ ✪✑ ✽❞✒✑ ✯✲

✾ ✿ ✾ ✿ ✾ ✿
21 2

1 2

1
3 C 3 2 C 3 2 2

nn n n n n
x x ... x .

n!

❁ ❁❂ ❃❄ ❄ ❄ ❄❅ ❆

❀✯✑✸ x2 ❞✎ ✏✑✑✒
2 2

2C 3 2

!

❇n n

n
✯✲✬

✼✽✣✔✫ ✽✜✚❜✗✑❈ ✕✖✗✑✎ ✛✖✜ x2 ❞✎ ✏✑✑✒ ✯✲ ❉ is

2 2
2

2

C 3 2n n

n n!

❊❋

●
❍  =

■ ❏ 2

2

1 3
2

!

n

n

n n

n

❑▲

▼

◆
P

= ◗ ❘

–2

2

3
2

2 !

n

n n

❙

❚ ❯❱   [n! = n (n – 1) (n  –  2)!❞✑ ✚✰❀✑✖✧ ❞✥✒✖ ✯★✫]

=

2 33 3 3
2 1 ...

1! 2! 3!

❲ ❳
✶ ✶ ✶ ✶❨ ❩

❬ ❭
 = 2e3 .

✼✽✣✔✫     e2x+3 ✓✖✘ ✣✓✤✒✑✥ ✛✖✜✢ x2 ❞✎ ✏✑✑✒ 2e3 ✯✲

❪❫❴❵❛❝  e2x+3 = e3 . e2x
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=

2 3
3 2 (2 ) (2 )

1 ...
1! 2! 3!

x x x
e
☎ ✆
✝ ✝ ✝ ✝✞ ✟

✠ ✡

❜☛ ☞✌✍✎✏ e2x+3 ✥✑✒ ✓✥✔✕✎✏ ✖✑✗  x2 ✍✘ ✙✎✎✕   

2
3 32
. 2

2!
e e✚ ✛✜

♠✢✣✤✦✧✣ 4 e2 ✍✎ ✖✎★✩ ✪✍ ✫✬✎✖✭✥ ✔✮✎✎★ ✕✍ ☞✯✰✎✎✱✓✍✕ ✍✏✥✑✒ ✲✎✕ ✍✘✓✳✪✴

✤❣ x ✥✑✒ ☞✫✎✑✗ ✖✑✗✩ ✵✏✙✎✎✕✎✗✍✘ ✶✑✰✎✘ ✍✎ ☛✯✷✎ ☞✌✸✎✑✹ ✍✏★✑ ☞✏✩ ✛✖✑✗ ☞✌✎✺✕ ✛✎✑✕✎ ✛✜ ✻

ex =

2 3

1
1! 2! 3! !

n
x x x x

... ...
n

✼ ✼ ✼ ✼ ✼ ✼

x = 2, ✏✽✎★✑ ☞✏✩ ✛✖✑✗ ☞✌✎✺✕ ✛✎✑✕✎ ✛✜✩

e2 =

2 3 4 5 62 2 2 2 2 2
1 ...

1! 2! 3! 4! 5! 6!
✼ ✼ ✼ ✼ ✼ ✼ ✼

=
4 4 4

1 2 2 ...
3 3 15 45

✾
✿ ✿ ✿ ✿ ✿ ✿ ✿

❀ ☞✛✭✑ ☛✎✕ ☞✫✎✑✗ ✍✎ ✸✎✑✹ ❀  7.355

✈❁✸✮✎✎✩ ✛✖ ☞✌✎✺✕ ✍✏✕✑ ✛✜✗✩

e2 <

2 3 4 5 2 3

2 3

2 2 2 2 2 2 2 2
1 1 ...

1! 2! 3! 4! 5! 6 6 6

❂ ❃ ❂ ❃
✝ ✝ ✝ ✝ ✝ ✝ ✝ ✝ ✝❄ ❅ ❄ ❅

❆ ❇ ❆ ❇

=

2
4 1 1

7 1 ...
15 3 3

❂ ❃❂ ❃
✝ ✝ ✝ ✝❄ ❅❄ ❅❄ ❅❆ ❇❆ ❇

 = 

4 1
7

115
1

3

❈ ❉
❊ ❋

● ❊ ❋
❊ ❋❍❊ ❋
■ ❏

 = 
2

7 7.4
5

❑ ▲ .

❜☛ ☞✌✍✎✏ e2 ✍✎ ✖✎★ 7.355 ✈✎✜✏ 7.4 ✥✑✒ ▼✘✵ ✛✎✑✕✎ ✛✜✴ ❜☛✓✭✪✩ e2 ✍✎ ✖✎★✩ ✪✍ ✫✬✎✖✭✥

✔✮✎✎★ ✕✍ ☞✯✰✎✎✱✓✍✕ ✍✏✥✑✒ 7.4 ☞✌✎✺✕ ✛✎✑✕✎ ✛✜✴

A.1.5 ②◆❖P◗❘❖❙❚❯ ❱❲❘❖❚ (Logarithmic Series)

✪✍ ✈❁✸ ✖✛❳✥☞✯✰✎❨ ✶✑✰✎✘ ✭✙✎❩✹✰✎✍✘✸ ✶✑✰✎✘ ✛✜ ✳✎✑✓✍ ✈★✗✕ ✶✑✰✎✘ ✥✑✒ ❬☞ ✖✑✗ ✛✜✴ ✛✖ ✓★❭★✓✭✓✽✎✕
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✐✟✠✡☛☛☞ ✟✌✍☛ ✎✐✐✟✏☛ ✑✒✓ ✔✒✕✒ ✖✗✘ ✙☛✗✠ ✚✛✜☛ ✙✍✢✐✣✤☛✒✥ ✦✜ ✎✔☛✖✠✡☛ ✧☛✠☛ ✛☞★☛✦✩✥✒✪

✫✬✭✮✯ ✤✟✔ | x | < 1, ✕✌

✰ ✱
2 3

log 1 ...
2 3

e

x x
x x✲ ✳ ✴ ✲ ✴

✚✛ ✐✣☞✒✤ ✜❜ ✔☛✚✵ ✐✶☛ ✜❜ ✷✒✡☛❜✸ ②✹✺✻✼✽✺✾✿✯ ✷✒✡☛❜ ✜✖❀☛✕❜ ✖✗❁

❂❢❃❄✫✽✺✿    log
e
 (1 + x) ✜☛ ✟✑❞✕☛✠✸ x = 1 ✑✒✓ ✟❀✦ ✌✗❅ ✖✗❁

log
e
 (1 + x) ✑✒✓ ✟✑❞✕☛✠ ☞✒✘ x = 1 ✠❥☛✍✒ ✐✠✸ ✖☞✒✘ ✐✣☛❆✕ ✖☛✒✕☛ ✖✗✸

1 1 1
log 2 1– – ...

2 3 4
e ❇ ❈ ❈

♠❉✺❊❋✽✺ 5 ✤✟✔ ,● ❍  ✛☞❜✜✠✡☛ 2 0x px q■ ❏ ❑ ✑✒✓ ☞▲❀ ✖✗✘✸ ✕☛✒ ✟✛▼ ✜❜✟◆✦ ✟✜✪

❖ P ◗ ❘
2 2 3 3

2 2 3log 1
2 3

e px qx x x x
❙ ✲❚ ❙ ✲❚

✲ ✲ ✳ ❙ ✴❚ ✴ ✲ – ...

❊② ✔☛✤☛✩ ✐✶☛ = 

2 2 3 3 2 2 3 3

... ...
2 3 2 3

x x x x
x x

❯ ❱ ❯ ❱● ● ❍ ❍
● ■ ❏ ■ ❏ ❍ ■ ❏ ■❲ ❳ ❲ ❳
❨ ❩ ❨ ❩

= ❬ ❭ ❬ ❭log 1 log 1e x x❏ ● ❏ ❏❍

= ❪ ❫❴ ❵
2log 1e x x❛ ❝❛ ❡ ❛ ❝❡

= ❣ ❤
2log 1e px qx❦ ❦   = ✌☛✤☛✩ ✐✶☛

✤✖☛✩✸ ✖☞✍✒ ●❏ ❍ = p ✙☛✗✠ q●❍ ❑ ✜☛ ✐✣✤☛✒✥ ✟✜✤☛ ✖✗ ◆☛✒✸ ✖☞ ✟✧❧☛☛✕❜✤ ✛☞❜✜✠✡☛ ✑✒✓ ✟✔✦

☞▲❀☛✒ ✘ ✧☛✠☛ ◆☛✍✕✒ ✖✗✘❁ ✖☞✍✒ ✤✖ ☞☛✍ ✟❀✤☛ ✖✗ ✟✜ | |x● < 1 ✙☛✗✠ | |x❍ < 1✖✗❁

— ♥♥ —
































































































